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Abstrak 
Waran ekuiti adalah instrumen yang dikeluarkan oleh syarikat yang memberi pemegang 
saham keistimewaan untuk membeli saham pada harga pelaksanaan tertentu dalam 
jangka masa tertentu. Berdasarkan kepada kajian empirikal, model penentuan harga 
opsyen Black-Scholes tidak sesuai dalam menentukan harga waran kerana kedua-dua 
andaian ruapan tetap dan kadar faedah tetap dalam model adalah tidak serasi. Kajian 
ini mencadangkan model hibrid Heston-Cox-Ingersoll-Ross (Heston-CIR) untuk 
mengenal pasti kesan ruapan stokastik dan kadar faedah stokastik dalam penentuan 
harga waran ekuiti. Kajian ini membangunkan formula baru bagi penentuan harga 
analitikal untuk waran ekuiti dengan menggunakan pendekatan transformasi Cauchy 
dan persamaan pembezaan separa. Kaedah pengoptimuman setempat digunakan untuk 
mencari anggaran nilai parameter dengan menentukur model Heston-CIR. 
Keberkesanan model dinilai melalui kajian empirik menggunakan data Bursa Malaysia. 
Model cadangan menunjukkan penambahbaikan yang bererti pada masa pengiraan 
anggaran sembilan parameter model, antara 38.12 hingga 62.62 saat berbanding model 
sedia ada. Selanjutnya, kajian empirikal menunjukkan model cadangan adalah tepat jika 
dibandingkan dengan pasaran sebenar sepanjang tempoh lima tahun. Model ini 
menunjukkan ralat penentuan harga terkecil berbanding model sedia ada. Hasil dapatan 
juga menunjukkan peluang moneyness bagi waran ekuiti, 88.75% daripada waran 
adalah menguntungkan. Kesimpulannya, model cadangan menunjukkan prestasi 
terbaik dalam mengenal pasti kesan ruapan stokastik dan kadar faedah stokastik dalam 
penentuan harga waran ekuiti. 

Keywords: Waran ekuiti, Ruapan stokastik, Kadar faedah stokastik, Model Heston-
CIR. 
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Abstract 
Equity warrants are instruments issued by a company that give the stockholder the 
privilege of buying a stock at a certain strike price within a particular timeframe. 
Motivated by empirical studies, the Black-Scholes option pricing model is not suitable 
to price a warrant since both assumptions of constant volatility and constant interest 
rates in the model are incompatible. This study proposed the Heston-Cox-Ingersoll-
Ross (Heston-CIR) hybrid model to identify the effects of stochastic volatility and 
stochastic interest rates in pricing equity warrants. The study constructed new analytical 
pricing formulas for equity warrants by using Cauchy transformation and partial 
differential equation approaches. The local optimization method is employed to obtain 
the estimated parameter values by calibrating the Heston-CIR model. The effectiveness 
of the proposed model is investigated through the empirical study using the data from 
Bursa Malaysia. The proposed model shows significant improvement on the 
computation time in estimating nine model parameters, ranging from 38.12 to 62.62 
seconds compared to the existing models. Moreover, the empirical study suggested that 
the proposed model is accurate when compared to the real market over five years 
period. This model also produced smallest pricing errors among the existing models. 
The finding also suggested equity warrants in moneyness opportunity, 88.75% of the 
warrants are profitable. In conclusion, the proposed model performs the best in 
identifying the effects of stochastic volatility and stochastic interest rates in pricing 
equity warrants. 

Keywords: Equity warrants, Stochastic volatility, Stochastic interest rates, Heston-CIR 
model. 
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CHAPTER ONE 

INTRODUCTION 

This chapter aims to provide a comprehensive overview and pertinent information 

linking to this research. Section 1.1 and Section 1.2 are devoted to the background of 

the study and information about warrants in Malaysia. Section 1.3 stipulates the 

stochastic elements with focus on the stochastic volatility and stochastic interest rates, 

followed by Section 1.4 which discusses the problem statement. Section 1.5 and Section 

1.6 present the research questions and research objectives, respectively. Next is Section 

1.7 which highlights the limitation of the study, whereas Section 1.8 underlines the 

significance of the research. Finally, Section 1.9 provides the outline of the thesis. 

1.1 Background of the Study 

A derivative is a financial instrument that procures value from an underlying asset. This 

underlying asset might be any currency, equity, interest rate or commodity. Moreover, 

derivatives play an essential role in the financial system and are also found important 

in risk management. In Malaysia, several risk management products are options or 

embedded options, for example, equity warrants and call warrants (Qizam, Irdiansyah, 

& Haron, 2015). In agreement with Gunawan, Ibrahim and Rahim (2017), warrants 

have been considered as a leveraging instrument for investment that have the potential 

to generate greater capital gains. 

Being a derivative, warrant is a type of contract that confers upon the contract holder 

the right, but without necessity to purchase or sell the underlying asset at a 

predetermined price until the fixed expiration date. Here, the predetermined price is 

also known as the exercise price, which is fixed. Furthermore, the expiration date refers 

to the date when the privilege to purchase or sell warrants become obsolete. There are 



2 
 

many benefits of investing in warrants, including allowing investors to lock up the price 

of the underlying assets until maturity (Mansor & Jaffar, 2014), low-cost entry to invest 

in a company’s stock, evade investors from the potential losses since warrants is a tool 

of hedging (Abdoh et al., 2019), and small initial premium payments. Besides that, 

warrants generally are viewed as one of the leveraging instruments for investment and 

accepted as an investment tool with high returns. In addition, warrants are actively 

traded on several financial markets, like the German Stock Exchange and Hong Kong 

Stock Exchange (Wong, Lean, McAleer, & Tsai, 2018).   

Conceptually, warrants and call options are quite similar for shares of common stock, 

which are securities owned by a public company (Qizam, Irdiansyah, & Haron, 2015). 

Here, a call option relates to an option buying assets on or before a certain date at an 

agreed price. Nonetheless, there are some features that differentiate warrants and call 

options. Warrants result in dilution when exercised from the same firm during issuance 

of new stocks (Hamid & Ismail, 2018), whereas options do not involve the issuance of 

new stock. This dilution effect represents the depreciation of the share price due to the 

increasing number of outstanding shares in the company as a result of the issuance of 

new shares (Haron, 2014). In addition, the maturity period also differs with warrants 

having typically 5 to 10 years maturity, while options usually having a less than one 

year maturity (Haron, 2014; Qizam, Irdiansyah, & Haron, 2015).  

The warrant market in Malaysia has gained popularity since warrants were first listed 

and traded in Bursa Malaysia in year 1994.  Bursa Malaysia is the stock exchange of 

Malaysia located in Kuala Lumpur, and formerly known as the Kuala Lumpur Stock 

Exchange (KLSE). It works as a platform offering various exchanged-related products 

and services to sell securities to public companies, groups, and governments. Generally, 
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the Malaysian warrant market is small, allegedly showing that warrants can be more 

volatile which may be due to the presence of more active traders in the market.  

Figure 1.1 illustrates warrants’ development in Bursa Malaysia from the year 2010 to 

2019. From the figure, the number of listed warrants in Bursa Malaysia had grown 

considerably from the year 2010 to 2012. Yet, Bursa Malaysia had only 398 listed 

warrants in the year 2013, showing a decline of 79 warrants from the previous year. In 

the following year, the market interest began to recover with a 32.41% increase which 

was equal to 527 listed warrants. Further, it can be observed that the number of listed 

warrants reduced from 527 to 503 between the year 2014 and 2015, which constituted 

a slight drop of 4.55%. This was probably due to Malaysia’s weak market position 

driven by some factors such as high-priced transportation, higher fuel price, and rise in 

electricity tariffs. Apart from this decrement, the warrants’ investment started to 

increase progressively from the year 2016 to 2019, indicating sustainable development 

in economic growth.   

 

Figure 1.1.  The Development of Warrants in Bursa Malaysia from the year 2010 to 

2019 
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Source. Bursa Malaysia, (2021).   

Warrants are certainly significant for the Malaysian financial market based on its 

aggressive growth over the years. Moreover, it has been discovered that raising capital 

through the issuance of equity warrants is more appealing to investors and cost-

effective for the firm (Xiao et al., 2014). In essence, issuance of warrants is an 

interesting financial investment not only in Malaysia, but also in China, Hong Kong, 

and America. By this means, warrants always have important impacts on a particular 

country’s economic performance as well as its financial stability. Therefore, it is very 

intriguing to study Malaysian warrants to provide benefits in the financial environment 

in respect of warrant pricing. Yet, a recent work by Xiao and Zhang (2016) disclosed 

that the problems in warrant pricing have been studied both theoretically and 

practically, however, there are still some remaining concerns. These revolving issues 

in the literature will be explained in detail in Chapter Two.  

1.2 Warrants in Bursa Malaysia 

In Malaysia, basically two major types of warrants exist, namely equity warrants and 

structured warrants. These two types of warrants will be elaborated in the following 

two subsections.  

1.2.1 Equity Warrants 

An equity warrant is also known as a stock warrant. It is issued by the company itself 

to raise money which give owners the privilege to purchase a firm’s share using a 

specific price within the contract duration. In this way, if an investor exercises a 

warrant, the shares that comply with the obligation shall not be received from other 

investors but directly from the company. Besides that, the company will also issue new 

shares for the transaction upon exercising the warrant. Once new shares are issued, the 
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company’s shares will rise and earnings per share will decrease. The warrants issuance 

may help to lower the company’s financing costs and secure additional capital. Aside 

from this, equity warrants have codes that can be found in the Bursa market such as 

WA, WB, or WC. ‘W’ refers to the representative code of equity warrants, while the 

‘A/B/C’ is the sequence of the warrants issued that can go up to ‘Z’ based on the 

company’s issuance in distributing warrants. Some examples of equity warrants are 

APPASIA-WA, DIGISTA-WB, and EG-WC. 

1.2.2 Structured Warrants 

Structured warrants or exchange-traded options are the type of warrants issued by 

financial institutions. In this instance, AmBank Berhad, CIMB Bank Berhad, Kenanga 

Maybank Investment Bank Berhad, RHB Investment and Bank Macquarie Capital 

Securities (Malaysia) Sdn Bhd are some examples of licensed issuers for structured 

warrants in Malaysia. The purpose of having a structured warrant is to generate capital 

liquidity in the market. In addition, structured warrants can be classified into call and 

put warrants, and callable bull or bear certificate. The callable bull or bear certificate 

are the financial tools that offer investors with leveraged asset investment, which may 

consist of an index or single stock. According to Mansor and Jaffar (2014), the 

warrants’ names are coded with the letters ‘CA’, ‘HB’, ‘JB’ and ‘KB’. The code ‘C’ 

stands for call warrants, code ‘H’ symbolizes the put warrants, code ‘J’ represents 

callable bull certificate warrants, and the code ‘K’ stands for callable bear certificate 

warrants. 

1.2.3 Hybrid Pricing Formulation for Equity Warrants 

Deterministic hybrid models were proposed by many researches in the preceding years, 

but practically very few studies thoroughly studied stochastic hybrid models (Pola et 

al., 2003). Despite the characteristic of deterministic hybrid models which can represent 
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a broad range of behaviors, stochastic elements are particularly significant in modeling 

due to the uncertainty inherent in most practical applications. Basically, a hybrid model 

is a combination of two or more different models where this combination can be 

depicted as being the most beneficial. Some advantages of stochastic hybrid models are 

analytically tractable from the perspective of option pricing as well as risk management 

and being a sensibly realistic and practical model for the market data (Benth & 

Koekebakker, 2008). 

Preliminary work by Brigo and Mercurio (2007) indicated that the assumption of 

constant interest rates in the Black-Scholes model may be generalized by incorporating 

the stochastic Hull-White interest rate model. Nevertheless, the Black-Scholes-Hull-

White model proposed by these authors was not initially intended to value hybrid 

products but to improve the accuracy of long-term options. Additionally, the hybrid 

models of stochastic volatility and local volatility were explored in Chen, Grzelak and 

Oosterlee (2012), and Cozma, Mariapragassam and Reisinger (2018; 2019). Even 

though these researches presented analytical pricing formulas for European options, 

Monte Carlo techniques and simulation were generally involved to price more complex 

hybrid products. Besides that, studies conducted by Grzelak and Oosterlee (2011), and 

Kim, Yoon, and Yu (2014) adopted hybrid models to price financial derivatives. At this 

point, Grzelak and Oosterlee (2011) adopted the Heston–Hull–White and Heston–CIR 

hybrid models in their study to test the correlation issues of European products pricing. 

Meanwhile, a study by Kim, Yoon, and Yu (2014) incorporated a multi-scale stochastic 

volatility model and the Hull–White interest rate model as a hybrid model and applied 

them to find an estimate for call options prices.   
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Thereupon, motivated by all these studies and following the information regarding 

warrants development in Malaysia as described in Section 1.1, it would be interesting 

to act upon financial modeling and estimate equity warrants under a hybrid pricing 

model. Although many hybrid pricing models have been proposed for pricing various 

financial derivatives in the literature, the utilization of hybrid model for warrants 

pricing in both theoretical and empirical contexts has not been implemented yet. 

Thereby, in this work, a novel pricing formulation for equity warrants is introduced by 

predicating on a hybrid model of stochastic volatility and stochastic interest rates, which 

fills the gap in the current literature. We shall discuss this gap further in Section 1.4.  

1.3 Stochastic Elements 

Stochastic is a synonym of “random”. Dunbar  (2016) reported that stochastic is 

commonly used in comparison to “deterministic”, which specializes in nonrandom 

events. Specifically, stochastic calculus is a subject area in mathematics that works on 

stochastic processes which characterize the variations in time of random events. It is 

acknowledged as the most robust tool in financial mathematics regarding the 

assumptions that asset prices behave randomly under uncertainties. Most of stochastic 

processes are predicated on continuous functions, but it is non differentiable. In this 

regard, it entails to the new form of calculus termed as Itô Calculus.  

The most crucial and extensively used stochastic process is the Brownian motion, which 

models random continuous motion. In finance, the basic application of Brownian 

motion is to model the randomness of an asset price in the Black-Scholes model. It is 

applied as a model for asset pricing through the Wiener Process. Besides that, stochastic 

models are also frequently used by researchers in many different fields such as science, 
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engineering, business studies, and economics to model real world situations. This may 

help them to understand, analyze, and make inferences about random processes.   

Accordingly, two main stochastic elements are considered in this research, namely 

stochastic volatility and stochastic interest rate. These elements are described in the 

next subsections, along with other related concepts that will be further employed in the 

following chapters. 

1.3.1 Stochastic Volatility 

Volatility refers to a measure of statistical price fluctuation for a financial derivative 

under a certain duration. It may also be described as the changeability of the variable, 

where the more fluctuating the variables throughout the period, the more volatile the 

variables can be. In essence, volatility is a significant notion in the field of finance, 

regarded as a symbol of investment risk, and important in evaluating the stock 

performance. In this regard, volatility is commonly used to depict dispersion from the 

price, an expected value, or model. The traditional option pricing theory started with 

Black and Scholes (1973) who addressed volatility as a crucial role in acquiring an 

option value. However, it turns out that the volatility parameter in the Black-Scholes 

model is unobservable. Even though historical data can be used to compute the 

volatility, the theoretical value of an option depends on its future volatility during its 

whole life span. Given this, stochastic volatility is introduced to rectify this 

circumstance by permitting the underlying asset’s price volatility to vary as a random 

variable. Hence, the following paragraph will further explain this stochastic volatility 

and its application in the financial and economic context.  

The notion of stochastic volatility concerns the fact that the asset’s volatility differs 

randomly and is non-stationary or constant, in opposition to the one proposed in 
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the Black-Scholes model. It is a procedure that involves the return variation dynamics 

with unobservable information which is impossible to estimate utilizing current 

available data. In such a way, the researchers on the financial market are aware of the 

fact that time-varying stochastic volatility may greatly contribute to the dynamics of 

the financial price movements. Herewith, stochastic volatility consults to the modeling 

of volatility by applying time-dependent stochastic processes, considering the variance 

of the underlying asset returns varies randomly over a period of time.   

In practical applications, stochastic volatility models are commonly adopted to price 

many financial derivatives, primarily options. In the framework of these stochastic 

volatility models, the volatility is characterized as a stochastic process, in place of being 

a constant. Additionally, stochastic volatility models are amongst the various 

extensions of the Black-Scholes model that are regularly applied by experts in financial 

markets. These models had been nominated to model the volatility changeability and to 

capture the volatility skew. Moreover, stochastic volatility models are more specific 

and accurate in comparison to constant volatility models and local volatility models. As 

pointed out by Gatheral (2011), the accuracy of the stochastic volatility models in 

capturing stock price distributions caused a reliable option valuation compared to those 

acquired from the Black-Scholes model. Despite the fact of accuracy in estimating 

derivative prices, modeling stochastic volatility necessitates complexity in 

computational and involves intense intricacy in fitting parameters to the prices of the 

current derivatives.  

1.3.2 Stochastic Interest Rates 

An interest rate explains the interest amount that must be paid in due time, as being part 

of the amount deposited, lent, or borrowed. Interest rate is a vital determinant in the 

https://www.investopedia.com/terms/b/blackscholes.asp
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financial economy since it impacts significant investment and purchasing decisions for 

small households. In addition, the interest rate is an influential component in the 

monetary policy of the government. The necessity for this is that the government can 

monitor consumption by decreasing or increasing interest rates. Apart from that, the 

interest rate also has sensitivity towards the price of financial derivatives. As mentioned 

by Hull (2006), interest rates have been applied in plenty of literature and play a major 

function in derivatives pricing. From this perspective, interest rates become an 

important parameter for valuing the prices of derivatives on the financial market. 

Nonetheless, in reality, the interest rate is not known beforehand and moves 

stochastically. It is comprehensible that the derivatives valuation cannot yield a constant 

interest rate as it was contrary to the fact. Without doubt, a stochastic interest rate 

represents variations on the market significantly greater than a deterministic interest 

rate (Eisenberg, 2015). Further on, some concepts on stochastic interest rates which are 

essential in the forthcoming chapters are discussed. 

Many derivative pricing problems can be resolved by employing a stochastic approach 

to term structure modeling, some instances are the valuation of options, variance swaps, 

warrants, and bonds. It is worth mentioning that most of these derivatives pricing 

models commonly assumed interest rates as nonrandom. Alongside this, the pricing 

models that assumed constant interest rates were also appealing and frequently applied 

by most academic scholars due to their simplicity. However, as discussed previously, 

the interest rates move randomly either in downward or upward sloping.  

Over the past decades, many scholars have deemed modeling interest rates and their 

applications to price financial derivatives utilizing stochastic approaches. In a 

continuous-time setting, the derivation of stochastic partial differential equations 
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(PDEs) may help to capture the variations in the underlying unknown state factor. These 

approaches can be found in Vasicek (1977), Cox, Ingersoll and Ross (1985), Heath, 

Jarrow and Merton (1992) and Hull and White (1993). In a general sense, the researches 

that examined the interest rates term structure, adjustment, or extension were predicated 

on the Black-Scholes model. However, some early empirical findings demonstrated that 

the stochastic interest rates models might not be appropriate for pricing and hedging 

short term derivatives, see Bakshi, Cao and Chen (1997) and Kim (2002). In spite of 

the fact that the impacts of stochastic interest rates are generally disregarded in the case 

of short-term contracts, they become increasingly important and relevant as time 

increases. Aside from this, stochastic interest rate models may also be exploited to 

check the concepts of macroeconomics, such as rational expectations and unbiased 

estimators for future spot rates.  

1.4 Problem Statement  

Many studies concerning equity warrants were found utilizing the prominent Black-

Scholes model which had been investigated to possess numerous flaws (Mansor & 

Jaffar, 2014; Aziz et al., 2015) and result in warrants mispricing. This is attributable to 

the fact that options and warrants have similar variables such as underlying asset, strike 

price and expiry date. Additionally, the Black-Scholes model is also one of the famous 

models used in pricing options in most markets, including Malaysia (Arulanandam, Sin, 

& Muita, 2017). They reported that this might be because the pricing model is 

mathematically straightforward and easy to implement. However, majority of scholars 

had criticized some of the assumptions in this model. These assumptions include no 

equity-dividend paying, the inadequacy of arbitrage opportunity, no transaction costs, 

constant volatility, and constant interest rate. Therefore, this study focuses on two 

assumptions in the Black-Scholes model, specifically constant volatility and constant 
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interest rate, which are related to the current warrants’ pricing scenario. The following 

paragraphs justifies the reason of focusing on these two assumptions.  

In the options and warrants pricing literature, a variety of volatility models were 

suggested. Constant volatility was mainly addressed due to its simplicity in derivation. 

However, many empirical studies on stock volatility showed that the volatility is not 

constant (Blattberg & Gonedes, 1974; Scott, 1987). Prior work by Geske and Roll 

(1983) observed that the stock volatility is non-stationary which could be a potential 

cause for the variance bias. To overcome this circumstance, Hull and White (1987) 

studied the stochastic volatility in the Black-Scholes model to address the pricing 

formula’s solution in series form. They predicted that the volatility and asset prices had 

negative relationship and discovered that the findings were affected by the stochastic 

parameters. Moreover, according to the findings in Huang and Chen (2002), the Hull-

White stochastic volatility model offered the most precise estimates since it procured 

the lowest root mean square error (RMSE) among the 10 warrants tested in their study. 

Hence, it is crucial to consider the volatility as a stochastic process, as it could boost 

the accuracy of estimates for certain financial derivatives. Moreover, in recent years, 

Gunawan, Ibrahim and Rahim (2017) investigated the effectiveness of two existing 

models, namely the Black-Scholes model and the dilution-adjusted Black-Scholes 

model. They applied these two models to price warrants traded in the Malaysian market 

and found that the price of warrants increased as the volatility increased. In this way, it 

can be inferred that volatility might greatly affect the price of a warrant. Therefore, they 

emphasized that the application of stochastic volatility to warrant pricing should be 

examined in the future. 
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On the other hand, the assumption of interest rates being constant in the Black-Scholes 

are unable to justify the fluctuation of interest rates over time. Due to this assumption, 

financial derivatives had suffered from significant pricing errors for being incapable to 

portray characteristics of financial markets. At the earliest, Lauterbach and Schultz 

(1990) tested more than 25,000 US daily warrants using the Black-Scholes model and 

the constant elasticity of variance (CEV) model to evaluate their capabilities in pricing 

warrants. The authors found that the Black-Scholes model consistently mispriced out-

of-money (OTM) warrants. Additionally, they asserted that the assumption of constant 

interest rates in the model could be unsuitable in estimating warrants prices with a long-

life span. This was supported by Xiao et al. (2014) who revealed that it is inappropriate 

to model the interest rates as constants for long term-warrants because the rates shifted 

eventually. Furthermore, Mwamba, Thabo, & Uwilingiye (2014) pointed out that the 

short rate is among the variables applied in the valuation of financial derivatives which 

involves complex modelling due to their different features. One of the derivative 

features is that interest rates expose random variables that are stochastic and shift over 

time. In such a case, the concept of stochastic interest rates must be considered in 

valuing equity warrants to allow the fluctuations in the underlying price.  

In the past few years, many research papers have presented warrant pricing models in 

the literature. Nevertheless, in compliance with our present knowledge, a warrant 

pricing model that establishes the hybrid model of stochastic volatility and stochastic 

interest rate has not been implemented yet. In this thesis, analytical pricing formulas 

are constructed for equity warrants as a hybrid model involving stochastic volatility 

from the Heston model together with stochastic interest rates from the Cox-Ingersoll-

Ross (CIR) model, which is later examined in the empirical setting. This hybrid model 

extends the work by Xiao et al. (2014) where stochastic volatility was neglected in their 
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study. Alongside this, they applied the Vasicek interest rate model to describe the 

variations of the short rate in pricing equity warrants. However, their choice of interest 

rate model enables for negative interest rate, which is an inappropriate characteristic in 

financial economics.  

Apart from these two famous assumption, we also examined warrant moneyness in this 

study. This is due to the fact that Sakti and Qoyum (2017) indicated that warrants 

moneyness has a crucial relationship with warrants mispricing. They deduced that the 

moneyness value will decrease when warrant mispricing is high. In their study, they 

applied the Black-Scholes model to four selected companies listed in Bursa Malaysia 

to ascertain warrant prices. Besides that, Bendob and Bentouir (2019) tested the 

performance of the Monte Carlo simulation method, the Binomial model, and the 

Black-Scholes model when moneyness categories were ignored or taken into account.  

They adopted the Nifty50 option index with 2 years period from 25 July 2014 to 30 

June 2016. The results constituted that the Black-Sholes model and the Binomial model 

had better outcomes with lower volatility when the moneyness was ignored. Emphasize 

that plenty of literature have reported computing moneyness in different ways. Some 

of them are presented as 𝐺

𝐹(𝑡)
 (Cuadro-Sáez, Peña, & Romo, 2003),  𝑆(𝑡)−𝐺

−𝑟𝑡

𝐺−𝑟𝑡
 (Sakti & 

Qoyum, 2017) , and 𝑆(𝑡)
𝐺

 (Bendob & Bentouir, 2019), where 𝐹(𝑡), 𝑆(𝑡) and 𝐺 are the 

future price. Stock price of underlying asset at time 𝑡, and the strike price respectively. 

1.5 Research Questions  

In the limelight, this research addresses the impacts of stochastic volatility and 

stochastic interest rates on equity warrant prices. Therefore, the following research 

questions are considered in this thesis: 
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1. What are the prime parameters and variables affecting warrant pricing in 

Malaysia? 

2. How can the derivation for warrant pricing model with stochastic volatility and 

stochastic interest rate be conducted? 

3. How can the implementation of the hybrid warrant pricing formula be carried 

out?  

4. How can the performance of the new hybrid pricing formulation for equity 

warrants be investigated? 

1.6 Research Objectives 

The main objective of this study is to develop a dynamic hybrid pricing formulation for 

equity warrants in Malaysia, by incorporating stochastic volatility from the Heston 

model and stochastic interest rate from the Cox-Ingersoll-Ross (CIR) model. To 

understand and achieve this main objective, the following sub-objectives should be 

fulfilled  

1. To develop a mathematical model consisting of the prime parameters and 

variables for equity warrants in Malaysia with stochastic volatility and 

stochastic interest rates. 

2. To obtain analytical derivations for a hybrid pricing model for equity warrants.  

3. To carry out the implementation of the hybrid warrant pricing formula using 

suitable parameter estimation and numerical techniques. 

4. To test the performance of the new hybrid pricing formulation for equity 

warrants.  



16 
 

1.7 Limitation of the Study 

This section highlights three main limitations that have arisen during this research. The 

first limitation is regarding the construction of our research questions and research 

objectives as outlined in Section 1.5 and Section 1.6 respectively. We specifically 

address our research questions and objectives to investigate the Malaysian warrant 

market under stochastic factors. Apart from this, another limitation is the lack of past 

studies in our research area. There are very few prior researches on warrant pricing 

particularly in Malaysia, since most researches that are linked to derivatives normally 

focused on options. This lack of information limits our research since we are obliged to 

convey a comprehensive review of the accessible literature with the purpose of 

establishing a robust foundation for a better grasp of the problem being examined. 

Furthermore, the third limitation arises from our sample data which only considers a 

period of 5 to 10 years.  It is worth mentioning that we selected the five years’ timeframe 

by reviewing some papers that studied warrant pricing in Malaysia (Mansor & Jaffar, 

2014; Aziz et al., 2015; Qizam, Irdiansyah, & Haron, 2015). The vast majority of these 

researches only considered data less than five years’ time in their studies. Thus, we had 

chosen five years of data as large sample sizes allow a more precise estimate to interpret 

significant results. However, the results and conclusions obtained from our study may 

not always be robust to a prolonged period.  

1.8 Significance of the Study 

The findings of this study are intended to provide benefits in the financial context in 

terms of warrant pricing. In this instance, the findings obtained offer a solution to 

discover the appropriate method to price equity warrants accurately. In addition to that, 

it is also expected that the findings would be employed as a reference for other 

researchers to conduct comparable research. Moreover, according to Mansor and Jaffar 
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(2014), warrant holders always face difficulties in making decisions to hold or sell 

warrants on expiry dates, since they are unaware of which warrant will ensure them a 

huge profit. Throughout this sense, this study will redound to the benefit of prospective 

investors and warrant holders to consider the practicality of hybrid models in the 

estimation of stock warrants in Malaysia. Besides that, this study gives significance to 

the improvement in equity warrants pricing, not just in Malaysia but also in other 

countries in the financial field. The findings will bestow to the empirical studies of 

warrant value traded in emerging markets, and encourage more research into warrants 

valuation and other derivatives listed on Bursa Malaysia. 

1.9 Outline of the Thesis 

In this chapter, we introduced the context of our research, the problem statement, the 

research questions as well as research objectives. The limitation and significance of the 

study are also covered in this chapter. Thus, the rest of the thesis is organized along 

with the subsequent chapters. 

Chapter Two provides a significant review of related works of literature. We covered 

the literature on equity warrants’ current issues, the Black-Scholes model, and then 

identifies the issues revolving in this model. Besides that, a detail review for both 

stochastic volatility models and stochastic interest rates models is also presented in this 

chapter. Additionally, the justifications of choosing the Heston-CIR model are given 

for the sake of this thesis.  

Next, Chapter Three gives an essential insight into the theory of mathematical finance 

that are necessary to grasp the remaining of the thesis. There are three main sections in 

this chapter consisting of mathematical tools, prelude of finance, and ended with the 
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conclusion of the chapter. In any event, this chapter is designed to help the readers 

understand the whole research preliminaries for the subject matter. 

In addition, Chapter Four outlines the methodology applied in the study which response 

to the research questions written in Section 1.5. We first discuss the research design to 

provide a plan for this research to accurately examine the topic involved. Then, we 

move to the research framework comprising four phases, namely problem identification 

and data collection method, model development, computational experiments, as well as 

model analysis and validation. These four phases are briefly described in this chapter. 

Then, we end up Chapter Four by introducing the notion of warrant moneyness in the 

financial context.   

Chapter Five presents the derivation of an analytical formula for equity warrants under 

the derivation of the Heston-CIR model. In order to apply this analytic formula to 

realistic context, we then calibrate our model using the secondary data from Bursa 

Malaysia. Then, the applicability of the Heston-CIR model, the Black-Scholes model 

and the Noreen Wolfson model to financial applications are investigated and compared 

against the real market data. Moreover, the validations and efficiency of each model are 

carried out using statistical error measurements. In the subsequent section, we provide 

the status of warrant moneyness to discover the most profitable warrants at a later date.  

Finally, Chapter Six concludes the thesis. We highlight the limitations of our work and 

offer some recommendations for future study. 
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CHAPTER TWO 

LITERATURE REVIEW 

This chapter reviews the crucial literature to acquire insights into the existing research 

that is related to our topic. Section 2.1 introduces the general description of equity 

warrants along with the revolving current issues that could lead to major mispricing in 

warrants. In Section 2.2, a review of the Black-Scholes model is dictated, supported 

with some review concerning issues on its constant volatility and constant interest rate. 

In the subsequent, Section 2.3 and Section 2.4 present the extensive literature review 

on stochastic volatility models and stochastic interest rate models in the financial 

environment. Section 2.5 addresses the justification for choosing the Heston-CIR model 

in this thesis, and the last section outlines the concluding remarks.  

2.1 Equity Warrants  

Warrants provide the shareholders and investors the incentive to diversify their 

investments which helps them to gain higher returns. To achieve this, an accurate 

warrant pricing model is demanded to make investment decisions that later may turn 

into better profitability. According to Mansor and Jaffar (2014), the warrant market is 

a prevalent financial derivative in Malaysia among investors. Apart from its fame in 

Malaysia, warrants have also become a popular investment and are extremely required 

by the market, mainly in the Asia Pacific region (Sakti & Qoyum, 2017).  

As explained in Chapter One, the valuation methods employed to price options can also 

be utilized on warrants, since both financial derivatives share many similarities (Aziz 

et al., 2015). However, the majority of scholars concentrated on option pricing since 

the procedures involved to price warrants are much complex compared to the ones to 

price options (Londani, 2013). One of the problems in warrant pricing is that warrants 
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typically have longer maturities than options, which associates that several of the 

suppositions in the Black-Scholes model as unrealistic. Aside from that, former work 

by Ukhov (2004) reported that the most conceptual problem concerns new shares being 

issued once warrants are exercised. This issue arises the necessity to modify the warrant 

valuation formula in order to acquire accurate results of warrant prices. In this context, 

researchers involved in the financial derivatives field are required to comprehend the 

potential issues on equity warrants and focus on developing appropriate techniques to 

value equity warrants. To remedy this, we discuss some issues on equity warrants that 

are still unresolved in financial economics in the following subsections.  

2.1.1 Issues on Equity Warrants  

The entail subsection deal with the issues related to equity warrants, namely erroneous 

pricing, constant volatility, constant interest rates, dilution effect, unobservable 

variables, uncertain mean-reverting, jump-diffusion model, and fractional Brownian 

motion.  

Table 2.1  

A brief overview of equity warrants’ issues 

Research 
information Related issues Prior research findings  

Geske and Roll 
(1984) 

Erroneous 
pricing 

• The Black-Scholes model has several 
erroneous, one of which is the strike price 
of the underlying asset.  

Black (1975)  • The forward price was equivalent to the at-
the-money warrants’ strike price,  

  • Presumed that the forward price for the 
present discounted value was the current 
market price. 

Geske and Roll, 
(1984)  
 
 

 • The Black-Scholes model overpriced out-
of-money options, underpriced in-the-
money options. 
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Shastri and 
Sirodom (1995) 

 The model also may provide an estimate 
and fair price if there was a constant 
elasticity of variance process when the 
stock value was stochastically produced. 

Sakti and Qoyum 
(2017) 

 • The time to maturity is significantly related 
to warrant mispricing since longer maturity 
confers a positive effect on increasing 
warrant pricing errors. 

  • The mispricing in the Black-Scholes was 
likely to worsen with the increase in 
maturity. 

Abbasi (2015)  • A valuation model allows for variation to 
evolve overtime should be used since the 
lifetime of a warrant is typically over a 
year.  

  • The CEV model would be more applicable 
to price warrants compared to the Black-
Scholes model. 

Edeki, Owoloko 
and Ugbebor 
(2016) 

Constant 
volatility 

• Many volatility models are suggested in 
the literature for option pricing, but most of 
them presume constant volatility. 

Fan, Luo, and Lu 
(2017) 

 • The assumption of constant volatility is 
extensively utilized in the actual markets, 
such as in the utilization of the Black-
Scholes model. 

Haron (2014)  • The study implemented the Black-Scholes 
model to price Malaysian warrants for six 
years. 

  • The findings revealed that the estimated 
warrant values were mispriced. 

Hull (2009) Constant interest 
rate 

 

• Market observations showed that the 
constant interest rates assumption could 
not explain how interest rates evolve in 
relation to time. 

Kim, Yoon, and 
Yu (2014) 

 • Interest rates change randomly over time, 
thus the changeability may contribute 
significantly to the behavior of the price 
fluctuations. 

Kyun (2004)  • The warrant value increased with the 
increment of interest rate. 

Xiao et al. (2014)  • Conjecturing the interest rate as constant 
was incompatible with the long life 
warrants as the rates evolved eventually. 

  • In order to allow this evolvement, the issue 
of warrant pricing under stochastic interest 
rates must be considered significantly. 
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Black and Scholes 
(1973) 

Dilution effect • The pricing errors appeared when warrants 
were mistakenly valued as options, where 
dilution effects were disregarded.  

Xiao and Zhang 
(2016) 

 • Many theoretical and empirical models for 
equity warrants have been demonstrated in 
the literature since the 1970s. 

Galai and 
Schneller (1978) 

 • Introduced the theory of dilution effect in 
warrant pricing. 

  • They proved that the Black-Scholes Option 
Pricing Model and other option pricing 
models can be generalized to incorporate 
dilution to price warrants.  

  • They suggested three generalisations of 
dilution factor that can be incorporated into 
option pricing models. 

  • They also proved that the increment in the 
firm value was countered by the dilution 
feature after the exercise of warrants has 
occurred. 

Noreen and 
Wolfson (1981) 

 • Noreen and Wolfson also established the 
pricing formula with dilution factor to 
compute warrant prices.  

  • The dilution factor used in this model was 
𝑁

𝑁+𝑀𝑘
.  

Handley (2002)  • Herewith, this research identified that the 
correction for dilution was needed and the 
fallacy of ignoring dilution should be 
dispelled.  

Abínzano and 
Navas (2013) 

 • The authors mentioned that the dilution 
correction should be necessary for the 
warrants to be treated as equity ownership 
in the firm. 

• This corresponds to the recent theoretical 
study of Roslan, Ibrahim, and Karim 
(2020), where dilution effects are taken 
into account to price equity warrants. 

Schulz and 
Trautmann (1994), 
Handley (2002), 
Lim and Terry 
(2003), Ukhov 
(2004) 

Unobservable 
variables 

 

• These studies had conducted researches on 
the correction for dilution. 

• However, the formulations applied in these 
studies involved the knowledge of a firm 
value as the function of warrant value, 
which was generally unobservable. 

Schulz and 
Trautmann (1994), 
and Ukhov (2004) 

 • The authors suggested the pricing methods 
for warrants should be predicated on the 
underlying asset price and volatility to 
solve such problems. 
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  • Schulz and Trautmann (1994) found out 
that the stock price volatility allowed 
investigation of non-stationary stock 
volatility when warrants were outstanding. 

  • Ukhov (2004) stated that the stock prices 
and volatility could be observed when a 
firm issued new warrant. 

  • The firm value and warrants’ volatility 
were highlighted in his study as 
unobservable variables.  

Bhat and Arekar 
(2016) 

 • For the case of the Black-Scholes formula, 
the underlying asset’s volatility is the only 
unobservable parameter. 

  • One way to estimate this parameter is by 
deriving the volatility from the physical 
asset returns utilizing economic tools, 
namely, maximum likelihood estimation. 

Liu (2009) Uncertain mean-
reverting 

 

• An uncertain stock model was first 
introduced in 2009, known as Liu’s stock 
model. 

Peng and Yao 
(2011) 

 • The authors established a stock model of 
uncertain mean-reverting to describe the 
long-term stock price.  

Foad (2017)  • Foad (2017) was the first researcher who 
examined equity warrants in an uncertain 
context, assuming that the firm value is 
based on uncertain differential equations. 

  • He provided formulas to compute equity 
warrants value based on Liu’s (2009) stock 
model. 

Tian, Yang, and 
Kar (2019) 

 • The equity warrant pricing that relies on 
the stock model of mean-reverting in an 
uncertain environment was investigated.  

  • They confirmed that their method was 
more efficient when it comes to helping 
customers make the right investment 
decisions 

Merton (1976)  Jump-diffusion 
model 

 

• The first researcher discovered the jump-
diffusion models and addressed the 
problem of fat tails simultaneously. 

Xiao and Zhang 
(2016) 

 • The diffusion-type models are insufficient, 
both in terms of their descriptive power and 
the mispricing they could induce.  

  • The main reason for this mispricing was 
that the dynamics of firm behavior could 
not be captured by these diffusion-type 
processes. 
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Su, Wang, and 
Wang (2018) 

 • The effects of default risk on warrant bonds 
prices, by presuming that the jump-
diffusion model governs the stock price 
were studied.  

  • The results revealed that the warrant bonds 
value was decreasing along with the 
increase in conversion price, and the prices 
were found to increase with the recovery 
rate values. 

Zhou and Zhang 
(2020) 

 • The consideration of debt of levered firms 
and the dynamics of the firm’s value was 
investigated for warrant pricing in a firm 
with debts.  

  • The result showed that higher face value’s 
debt would result in greater warrant values. 

Misiran (2016) Fractional 
Brownian 

motion (fBm) 

• The fBm characterizes the long-range 
dependence, an event that might occur in 
the time series data analysis. 

  • The fBm is a Gaussian process family 
indexed by the Hurst parameter interval, 
𝐻 ∈ (0,1). 

Wang, Wu, Zhou, 
and Jing (2012); 
Najafi and 
Mehrdoust (2017) 

 • Many researchers focused on the Gaussian 
process and used it to represent the random 
element of financial models. 

Yerlikaya-Özkurt, 
Vardar-Acar, 
Yolcu-Okur, & 
Weber (2014) 

 • The fBm with Hurst parameter, 𝐻 > 1/2 is 
known as a persistent process.  

• The increment of fBm with 𝐻 < 1/2 is 
referred to as an anti-persistent process. 

  • For the case of fBm with Hurst parameter 
𝐻 = 1/2, it is the Brownian motion with 
independent increments. 

Christoph & 
Schachermayer 
(2017) 

 • The fBm is not a Markov process or semi-
martingale, in which stochastic process 
real value is not specified on the 
probability space, except for the case 𝐻 =
 1/2. 

Rostek (2009)  • The Itô calculus could not be applied to 
evaluate fBm process while using this 
method in stochastic financial models. 

Zili (2006)  • To solve this problem, the mixed fractional 
Brownian motion (mfBm) should be 
applied to expose random elements in 
financial models 

Zhang, Xiao, and 
He (2009) 

 • The researchers developed equity warrants 
pricing model under fBm.  
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  • They demonstrated that the proposed 
pricing model was an econometric model 
which not only fulfills the equity warrants’ 
properties but was also amenable to 
accommodate some properties for options. 

  • They also expanded this warrant pricing 
formula to cover warrants on a stock that 
provided dividends, and this had revealed 
the dependency observed for the increment 
of stock returns. 

As a whole, financial instruments typically emanate from the Black-Scholes model, 

which estimates the variation of financial instruments in course of time including equity 

warrants. Even though there are eight main issues established here, only two issues 

namely constant volatility and constant interest rates will be the focus of this study. The 

reason for choosing these two issues is due to these two highly reported discrepancies 

of the Black-Scholes model in the literature. In particular, this research focuses on 

estimating the price of equity warrants in Malaysia which considers hybridization of 

stochastic volatility and stochastic interest rate. The next section will further describe 

about the Black-Scholes model, with some review concerning issues on its volatility 

and interest rate.  

2.2 The Black-Scholes Model 

The Black-Scholes model (Black & Scholes, 1973) is classified among the most 

significant option pricing models, which offers a theoretical estimate for call or put 

European options. In this instance, the warrant value, 𝑊𝐵𝑆 is equivalent to the call 

option value, 𝐶(𝑆(𝑡), 𝑡) along with a similar exercise price and duration until the date 

of expiration, given by  

𝑊𝐵𝑆 = 𝐶(𝑆(𝑡), 𝑡) = 𝑆(𝑡)𝛷(𝑑1
𝐵𝑆) − 𝐺𝑒−𝑟(𝑇−𝑡)𝛷(𝑑2

𝐵𝑆),   (2.1) 

where 𝑑1𝐵𝑆 =
𝑙𝑛(

𝑆(𝑡)

𝐺
)+(𝑟+

𝜎𝑠
2

2
)(𝑇−𝑡)

𝜎𝑆√𝑇−𝑡
, 𝑑2

𝐵𝑆 = 𝑑1
𝐵𝑆 − 𝜎𝑆√𝑇 − 𝑡, 𝑆(𝑡) is the stock price at time 

𝑡, 𝛷 is the cumulative distribution function (CDF) of standard normal distribution, 𝐺 is 
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the strike price, 𝑇 − 𝑡 is the time to expiration, 𝜎𝑆  is the standard deviation of the log-

returns, and 𝑟 is the rate of interest which is also called the force of interest. The current 

price of the stock, maturity time, risk-free rate, strike price, and underlying stock 

volatility are the five parameters required in this model.  

Furthermore, the Black-Scholes model has several assumptions that are inappropriate 

to portray real-world situations; hence, continually applying the Black-Scholes formula 

to real-world situations can potentially lead to inaccurate estimations. 

Assumption 2.1 The Black-Scholes model holds the important assumptions   

i. The returns on the underlying stocks are normally distributed where the 

volatility on the market is constant in due time; 

ii. The risk free rate is constant for all maturities; 

iii. Securities trading is continuous, and no transaction costs are involved; 

iv. Short selling is authorized and all assets are perfectly divisible; 

v. No dividends on stock are paid; 

vi. There exists no riskless arbitrage opportunity. 

Apart from pricing European options, the Black-Scholes model has widely been applied 

for pricing many other financial derivatives since its emergence. In this instance, Okaro, 

Okeke, and Uzondu (2018), Beytollahi and Zeinali (2020), and Rujivan et al. (2020) 

employed the notorious Black-Scholes model to price the contract prices of palm oil 

futures, forecast the credit default swap, and value the SET50 index, respectively. 

Thereby, for this reason, we incorporate the Black-Scholes model as one of the 

comparison models in this study.  

Alongside this, the applicability of the Black-Scholes model towards the valuation of 

warrant markets was also examined by several researchers, such as Ferri, Kremer, and 
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Oberhelman (1986), Kyun (2004) and Aziz et al. (2015). These studies had shown 

different results and findings in their research concerning the performance of the Black-

Scholes model. Notably, the study by Ferri, Kremer, and Oberhelman (1986) reported 

that the Black-Scholes model was found to perform well and more accurate compared 

to other pricing models considered. Regardless of this findings, in the forthcoming 

years, Kyun (2004) and Aziz et al. (2015) revealed that the Black-Scholes model was 

inappropriate to use in modeling the real data. Their investigations exhibited that this 

model serves to overestimate both in-the money (ITM) and out-of-the money (OTM) 

warrants in Malaysia. Based on all these findings, it can be inferred that there is 

inconsistency with the general empirical findings regarding the applicability of the 

Black-Scholes model. Therefore, we employed the Black-Scholes model in this study 

to test its performance on the warrant market in Malaysia, using our provided set of 

data. 

Furthermore, even though the application of the Black-Scholes model was well-known 

among investors, vast of prior researchers have demonstrated that the model was not 

appropriate to apply in real-life situations since there were disparities between market 

prices and model calculated prices (Shastri & Tandon, 1986; Jordan & William, 1986; 

Blomeyer & Boyd, 1988; Baile, 1987; Lauterbach & Schultz, 1990). This was proven 

by Wu, Ma and Wang (2012) who employed this celebrated model and the Generalized 

AutoRegressive Conditional Heteroskedasticity (GARCH) diffusion model to analyze 

warrant prices traded on Hong Kong stock exchanges. The results showed that the 

market prices for warrants were different from those calculated by the Black-Scholes 

model. Besided that, the study also proved that the GARCH model outperformed the 

Black-Scholes model in warrant pricing. Their empirical results reported that the mean 

absolute percentage error (MAPE) for GARCH diffusion model was 8.12%, while the 
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Black-Scholes model produced a MAPE of 24.65%. Due to these disparities between 

the prices of actual stocks and the Black-Scholes model, it can be inferred that the model 

was not reliable and accurate to price call options (Krznaric, 2016). The author also 

mentioned that to compensate for the shortcomings in the Black-Scholes model, some 

modifications of market assumptions should be revised, particularly in respect of 

constant volatility and constant interest rates.  

2.2.1 Issues on Constant Volatility  

The underlying asset’s volatility is undoubtedly the most important and extensively 

discussed parameter in the Black-Scholes model (Janková, 2018). It is characterized by 

the standard deviation denoted by 𝜎. The model implies that the traded assets prices 

follow a geometric Brownian motion (gBm) with constant volatility. According to 

Arulanandam, Sin, and Muita (2017), volatility may be constant in the short term but 

never remains constant over a long term period. Accordingly, various scholars 

conducted investigations relating to long-term derivatives in order to evaluate the 

pricing accuracy of the Black-Scholes model. 

Aziz et al. (2015) examined the Black-Scholes model’s performance on three call 

warrants listed in Bursa Malaysia and concluded that all warrants had been 

overestimated. They further perceived that the call warrants were overvalued when the 

volatility was high. In addition, Sakti and Qoyum (2017) also mentioned that the 

volatility has a positive indication with mispricing, meaning that the value of warrants’ 

mispricing is huge if the volatility is high. Besides that, Kumar and Agrawal (2017) 

explored the utilization of the Black-Scholes model to price Indian stock options and 

discovered that this model mispriced options significantly. In this way, a similar 

concern in Sakti and Qoyum (2017) had been highlighted by the authors where an 

increase in stock volatility could lead to an increase in mispricing. Therefore, volatility 
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has an essential role in the relation of actual and theoretical value since higher 

volatility values created huge gaps between the actual and theoretical values 

(Srivastava & Shastri, 2018). Without doubt, constant volatility is unable to clearly 

explain observed market prices for valuation of options, unless it is adjusted or 

modified (Edeki, Ugbebor, & Owoloko, 2015). 

2.2.2 Issues on Constant Interest Rates  

The Black-Scholes model hold the assumption of constant interest rates, similar to the 

model’s assumption of constant volatility. Formerly, researchers by Leonard and Solt 

(1990), and Lauterbach and Schultz (1990) claimed assuming constant property of the 

interest rates in the Black-Scholes model may be unsuitable to price long life warrants. 

Leonard and Solt (1990) observed that this model consistently underestimated out-of-

money warrants for a lifespan of at minimum two years maturity.  This is because 

longer maturity period increases the volatility of interest rates (Abudy & Izhakian, 

2013). Apart from that, Carmichael and Bustamante (2014) declared that such 

assumption may not have a strong impact on short-time investments, but impacts on 

long-term investments as the existence of interest rate fluctuations may generate 

differences between the estimate and actual prices. In the following years, Krznaric 

(2016) reported that the utilization of constant interest rate is one of the constraints in 

the Black-Scholes model since interest rate is not constant in the actual market but 

change rapidly for a certain period. In line with Zhang et al. (2018), they encompassed 

that the correction and evolution of the interest rates based on the Black-Scholes model 

should be done. In their paper, the Vasicek interest rate model was employed to portray 

the interest rates structure to estimate the call option prices concerning the designed 

investment strategy to hedge the risk on a stock market.  
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In general, the renowned Black-Scholes model strictly takes both constant volatility 

and interest rates assumptions, which are known to be infringed. Additionally, these 

two assumptions are specifically related to the issues on equity warrants described in 

Subsection 2.1 which are constant volatility and constant interest rates.  To rectify this 

situation, the application of stochastic volatility and stochastic interest rate has become 

pertinent to represent crucial features in financial markets. Herewith, the preceding 

sections portray the stochastic volatility models and stochastic interest rates models that 

are essential to resolve these issues by requiring volatility and interest rates to differ 

over time.  

2.3 Stochastic Volatility Models  

This section addresses the application of stochastic volatility models in finance. In the 

past few years, it has become progressively crucial to utilize the notion of stochastic 

volatility models to portray financial uncertainty (Andersen & Benzoni, 2010). 

Therewith, some descriptions related to the Constant Elasticity of Variance model, 

Heston model, 3/2 model, and Stochastic Alpha Beta Rho model are discussed in the 

following subsections. These stochastic volatility type models treat the volatility of 

underlying security as a random process, which governed by state variables.  

2.3.1 Constant Elasticity of Variance (CEV) Model   

In the year 1975, John Cox derived the famed CEV model as an extension of the gBm 

to form the asset prices model. Prior to introducing the CEV model, assume that the 

price of the underlying asset follows a standard model for geometric Brownian motion 

𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡)𝑑𝑤(𝑡). 

Hereby, in a stochastic volatility model, the constant volatility 𝜎 in the above equation 

is replaced by a deterministic function of a stochastic process, where it portrays the 

https://en.wikipedia.org/wiki/Random_process
https://en.wikipedia.org/wiki/State_variable
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stochastic differential equation (SDE) solution. Herewith, the CEV model explains a 

process that is developed based on the following stochastic differential equation 

𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + 𝜎𝑆𝜗(𝑡)𝑑𝑤(𝑡). 

Here, S is the price of an asset at time 𝑡, 𝜇 is an expected instantaneous return of the 

stock, 𝜎 is the volatility, 𝜗 is the elasticity of variance that monitors the connection 

between volatility and price, 𝜎𝑆𝜗(𝑡) is the stochastic volatility, and 𝑤(𝑡) is the random 

term represented by the Wiener process.  

The CEV model is recognized as an essential characteristic for the asset price models 

and may be regarded as an interpretation of the volatility smile and implied volatility 

skewed (Li et al., 2017). A volatility smile represents a graph shape that appears when 

the strike price is plotted, while implied volatility skewed is the forecast of market 

observation of a probable movement in an asset’s price. Moreover, Burtnyak and 

Malytska (2018) pointed out that the CEV model is capable of having closed-form 

solutions for the default probability and European vanilla options. A vanilla option 

offers the holder the right, but not the responsibility, to purchase or sell stocks at a fixed 

price for a specified time. Nonetheless, the main disadvantages of this model are the 

high dependency between the volatility level and default probability as well as the 

deficiency of independence between the default probability and the skewness (Atlan & 

Leblanc, 2005). In their paper, they make some modifications to the CEV model by 

adding stochasticity in the volatility to deal with these disadvantages. 

2.3.2 Heston Model  

The well-known assumption of constant volatility in the Black-Scholes formula aroused 

multitude of problems in pricing derivatives. The Heston model is one of the 

continuous-time stochastic volatility models which significantly refines the Black-

https://en.wikipedia.org/wiki/Stochastic_differential_equation
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Scholes model. In this way, he presented a closed-form formula that can be 

implemented to value plain vanilla options. Under the Heston model, the function of 

volatility, 𝑣(𝑡), portrays the stochastic differential equation (SDE) solution, which 

obeys the Cox–Ingersoll–Ross (CIR) process described as follows 

{
𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 +√𝑣(𝑡)𝑆(𝑡)𝑑𝑤1(𝑡),    

𝑑𝑣(𝑡)  = 𝜅(𝜃 − 𝑣(𝑡))𝑑𝑡 + 𝜎√𝑣(𝑡)𝑑𝑤2(𝑡),
 

(2.2) 

 

where 𝑤1(𝑡) and 𝑤2(𝑡) are correlated Brownian processes with 𝜌 ∈ [−1,1].  The 

parameter of 𝜅, 𝜃, and 𝜎 represent return-to-the-mean speed, long-term mean, and 

volatility, respectively.  

The availability of the Heston model’s closed-form formula is notably important in the 

calibration procedure to find the parameters that replicate market prices (Crisóstomo, 

2014). However, the Heston model’s implementation needs more complex mathematics 

in contrast to the Black-Scholes model and faces challenging processes in model 

calibration to match the market value.  

Additionally, the SDE above is presumed to comply with the Feller condition (or a CIR 

process), 2𝜅𝜃 ≥ 𝜎2, therefore the process 𝑣(𝑡) constantly produce nonnegative values. 

Feller’s boundary classification for the one-dimensional diffusion process (Feller, 

1954) states that 

i. The origin is unattainable if and only if 2𝜅𝜃 ≥ 𝜎2; 

ii. The origin is nonregular, attainable, and reflecting boundary if and only if 

2𝜅𝜃 ≥ 𝜎2;  

iii. Infinity is a natural boundary.  

Most notably, the Heston model provides analytical pricing formula that can contribute 

to high efficiency and accuracy in terms of pricing options and calibrating models. 
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Moreover, this model provides rigorous mathematical findings and possesses the 

positivity of the volatility process, besides taking into consideration the mean-reverting 

parameters (Kim and Wee, 2014).  

2.3.3 3/2 Model  

The non-affine 3/2 model of Heston (1993) and Platen (1997) is called 3/2 due to its 

presumption of the variance process which differs randomly with 𝑣(𝑡)3/2. This model 

implements the flipped of a CIR, that is the inverse of a CIR process, and the term of 

diffusion and mean-reverting includes the process increased to the power 3/2 (Grasselli, 

2017). The 3/2 model is expressed by  

𝑑𝑣(𝑡) = 𝑣(𝑡)(𝜃 − 𝜅𝑣(𝑡))𝑑𝑡 + 𝜎𝑣(𝑡)3/2𝑑𝑤(𝑡). 

In the formula above, 𝑣(𝑡) is the stochastic rate variable, 𝜃 is long-term mean, 𝜅𝑣(𝑡) is 

the non-constant speed of mean reversion, 𝜎 is the volatility of variance, and 𝑤(𝑡) is 

the Wiener process.  

Formerly, the 3/2 model had been employed to model the short interest rates 

evolvement (Ahn & Gao, 1999). Their model offered analytical solutions for bond 

prices and a concave correlation within the yields and rate of interest. As a result, they 

indicated that their model performed the single-factor affine models in both time series 

and cross-sectional analysis. As part of a new framework, Car and Sun (2007) presented 

the 3/2 model to simulate variance swap prices and they indicated the model had no 

market price restrictions on volatility risk. Moreover, they claimed that this model was 

a great benefit over other stochastic volatility models as they involved the market price 

of volatility risk for price contingency claims to be specified.  In addition to its 

extension in Baldeaux and Badran (2013), the 3/2 model exhibited consistent modeling 

between index options and volatility derivatives. Yet, the implied volatilities in the 3/2 

model are downward sloping, which is inconsistent with market data. 
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2.3.4 Stochastic Alpha Beta Rho (SABR) Model  

The stochastic Alpha Beta Rho model first showed up in the pioneering work of Hagan, 

Kumar, Lesniewski and Woodward (Hagan et al., 2002). In mathematical finance, the 

SABR model is usable for forward prices that are normally applied to model interest 

rate derivatives. The parameters alpha, beta, and rho will be calibrated in this model. 

The SABR model dynamics satisfy 

{
𝑑𝐹(𝑡) = 𝜎(𝑖)(𝐹(𝑖))𝛽𝑑𝑤(𝑡)

𝑑𝜎(𝑡) = 𝑣𝜎(𝑡)𝑑𝑍(𝑡).
 

In the above stochastic differential equation, correlation exists between 𝑤(𝑡) and 𝑍(𝑡); 

𝑑𝑤(𝑡)𝑑𝑍(𝑡) = 𝜌𝑑𝑡. Additionally, 𝛽 is a constant parameter, 𝑣 is volatility of 𝜎(𝑡) 

which satisfy the conditions 0 ≤ 𝛽 ≤ 1, 𝑣 ≥ 0, 𝐹 is the forward price of an asset, and 

𝜎 is the stochastic rate variables. However, the SABR model possesses a complex 

mathematical structure that hinders scholars from establishing closed-form solutions to 

evaluate associated financial derivatives (Cai, Song, & Chen, 2017). These include 

European options, swaptions, and forward start options. A European option is a type of 

options contract with an expiration date that restricts its execution. Likewise, a swaption 

is also an option that grants its buyer the right, without the responsibility to participate 

in a swap contract with another party, for example, an interest rate swap. Moreover, a 

forward start option is a sort of exotic option that is purchased now but begins at a 

future date with an expiration date specified in a future time. The authors claimed that 

previous publications mostly relied on partial differential equation techniques to 

develop the asymptotic expansions to price options under the SABR model.  

2.4 Stochastic Interest Rates Models  

The modeling of interest rates and related financial derivatives with stochastic interest 

rates has appeared to be extremely important in financial mathematics. In this section, 

https://www.investopedia.com/terms/e/exoticoption.asp
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the Vasicek, Hull-White, Heath–Jarrow–Morton, Cox−Ingersoll−Ross, Ho-Lee, and 

London Interbank Offered Rates models are explored. 

2.4.1 Vasicek Interest Rate Model  

In previous decades, numerous classical interest rate models were designed to match 

the characteristics of the derivative pricing model. Being one of the primitive interest 

rate models, the Vasicek model (1977) addresses interest rate as a stochastic variable. 

The Vasicek model has a straightforward mathematical structure that enables the 

explicit formula for numerous derivatives of interest rate to be found. The general 

Vasicek interest rate model is given by 

𝑑𝑟(𝑡) = 𝛼(𝛽 − 𝑟(𝑡))𝑑𝑡 + 𝜂𝑑𝑤(𝑡), 

where 𝛼, 𝛽 and 𝜂 are the return to the mean speed, long-term mean, and volatility, 

respectively. The parameter 𝑟(𝑡) is the interest rate conveyed by the short-rate, and 

𝑤(𝑡) is the Wiener process. According to Orlando, Mininni and Bufalo (2020), the 

Vasicek model enables for negative rates in which it is unwanted situation in financial 

economics and may generate irrational results. Nevertheless, this model remains 

famous among investors for its extremely tractable and practicable to discover 

analytical expressions for many interest rate securities (Alobaidi, 2017).  

2.4.2 Cox Ingersoll Ross (CIR) Model  

The Cox-Ingersoll-Ross (CIR) model was developed in 1985 by John C. Cox, Jonathan 

E. Ingersoll and Stephen A. Ross as an extension of the Vasicek model (Vasicek, 1977). 

In the CIR model, the square root component for interest rate represents the randomness 

of interest rate with a constant coefficient as follows  

𝑑𝑟(𝑡) = 𝛼(𝛽 − 𝑟(𝑡))𝑑𝑡 + 𝜂√𝑟(𝑡)𝑑𝑤3(𝑡), (2.3) 

where 𝑤(𝑡) is a Wiener process, the parameters 𝛼 and 𝜂 are the rate of modifications to 

the mean 𝛽 and the volatility respectively, and 𝑟(𝑡) denotes the risk-free interest rate.  
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In addition, a process satisfying the Equation (2.2) is called the CIR process by 

presuming 2𝛼𝛽 ≥ 𝜂2 and thus ensuring that the interest rate is positive. The CIR 

process has been utilized extensively in financial modeling, comprising the interest rate 

modeling and stochastic volatility dynamics in the Heston model. A comprehensive 

literature on this subject may be accessed from Kuchuk-latsenko and Mishura (2015), 

and Kuchuk-latsenko and Munchak (2016). Recently, Flore and Nappo (2019) reported 

that the CIR model has a distinctive non-negative solution for all initial values with 

probability one, which is very crucial and commonly used to model the interest rates. 

They also claimed that the incremental variance is proportional to the present value 

which the term structure can be determined directly.  

In addition, the CIR model is an affine term structure model which concerns zero-

coupon bond prices into a spot interest rate model. Hence, in conformity with Brigo 

and Mercurio (2007), the zero-coupon bond price at time 𝑡 with maturity 𝑇 can be 

expressed as 

𝑃(𝑟, 𝑡, 𝑇) = 𝐴(𝑡, 𝑇)𝑒−𝐵(𝑡,𝑇)𝑟(𝑡). (2.3) 

with 𝐴(𝑡, 𝑇) and 𝐵(𝑡, 𝑇) defined as follows  

𝐴(𝑡, 𝑇) =

(

 
 

2(𝑒
(𝛼∗+√(𝛼∗)2+2𝜂2)

(𝑇−𝑡)
2 )(√(𝛼∗)2+2𝜂2)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

)

 
 

2𝛼∗𝛽∗

𝜂2

, 

and                    

𝐵(𝑡, 𝑇) =

2(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

. 
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2.4.3 Ho-Lee Model 

Ho and Lee (1986) established a short rate model, known as the Ho-Lee model. This 

model is commonly used to price swaptions, bond options, and other related interest 

rate derivatives. Apart from the Vasicek model and the CIR model, the Ho-Lee model 

depicts the increment of interest rate as the random term and time function. The Ho-

Lee model is presented by 

𝑑𝑟(𝑡) = 𝑐(𝑡)𝑑𝑡 + 𝜂𝑑𝑤(𝑡), 

where 𝑐(𝑡) and 𝜂 are the time-dependent of the drift term and the volatility parameter, 

respectively. The Ho-Lee model is the first interest rate model without arbitrage. 

However, comparable to the Vasicek model, the Ho-Lee model also permits negative 

rates even though the interest rate should never be below zero in the real-world 

(Lawson, 2015). The author also reported that, apart from this main drawback, the Ho-

Lee model is considerably more convenient compared to other stochastic interest rate 

models and it allows calibration to reproduce observed market prices.  

2.4.4 Hull-White (HW) Model  

The Hull-White model (Hull & White, 1990) is a one-factor interest rate model applied 

to value derivatives that are associated with the interest rates. In this present model, it 

has time-varying parameters, indicating that both the drift and interest rates variables 

are time function of 𝑡. Considering this, John Hull and Alan White disclosed a paper 

generating the Hull-White model and has the subsequent dynamics  

𝑑𝑟(𝑡) = (𝑐(𝑡) − 𝛼(𝑡)𝑟(𝑡))𝑑𝑡 + 𝜂(𝑡)𝑑𝑤(𝑡), 

where 𝑐(𝑡) is time-dependent of the drift term, 𝛼(𝑡) is the reversion rate, 𝑟(𝑡) is the rate 

of interest, 𝜂(𝑡) is the volatility, and 𝑤(𝑡) is the Wiener process.  Referring to 

Goudenege, Molent and Zanette (2019), the HW model’s main benefit is the availability 

of closed-form formulas to evaluate the prices of caplets, swaptions, and bonds. A 

https://en.wikipedia.org/wiki/Swaptions
https://en.wikipedia.org/wiki/Bond_option
https://en.wikipedia.org/wiki/Interest_rate_derivatives
https://en.wikipedia.org/wiki/Interest_rate_derivatives
https://www.investopedia.com/terms/i/interest-rate-derivative.asp
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caplet is a type of call option predicated on interest rates. This feature allows a 

relatively simple calibration process. Nevertheless, the HW model fails to represent the 

relationship between the spot price of numerous maturities (Zhu, 2015).  

2.4.5 Heath-Jarrow-Morton (HJM) Model  

The HJM model was developed in the year 1992 by David Heath, Robert A. Jarrow, 

and Andrew Morton. This model is specifically captured for forward interest rate, of 

which  

𝑑𝑓(𝑡, 𝑇) = 𝑎(𝑡, 𝑇)𝑑𝑡 + 𝜎(𝑡, 𝑇)𝑑𝑤(𝑡), 

where 𝑑𝑓(𝑡, 𝑇) represents the instantaneous forward interest rate of zero-coupon bond 

at time  𝑇, which is presumed to gratify the above stochastic differential equation, both 

𝑎 and 𝜎 are adapted processes, and 𝑤(𝑡) represent the Wiener process. Here, an adapted 

process means a stochastic process 𝑋 is adapted if 𝑋(𝑡) is known at time for every 

realisation and each time 𝑡 ≥ 0. This model brings together the ideas of all 

aforementioned interest rate models but comes with forward market interest rates to 

price bonds of varying maturities. As specified by Jarrow and Van Deventer (2015), 

the HJM model is compatible with positive and negative forward rates. In such a way, 

the authors also mentioned that this model may offer a better estimation for zero-coupon 

bonds and cash in financial economics. 

2.4.6 London Interbank Offered Rates (LIBOR)  

In finance, LIBOR is the most crucial rate of interest in which the major financial 

institutions may provide loans from each other on an unsecured basis (Duffie & Stein, 

2015). The LIBOR rates dynamics satisfy 

𝑑𝐿𝑗(𝑡) = 𝜇𝑗𝐿𝑗(𝑡)𝑑𝑡 + 𝜎𝑗𝐿𝑗(𝑡)𝑑𝑤(𝑡),         𝑗 = 1, . . . , 𝑀, 
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where, 𝜇𝑗 and  𝜎𝑗   are adapted processes that rely on the current vector of interest rate 

𝐿𝑗(𝑡). 𝐿𝑗(𝑡) represent the forward rate at time [𝑇𝑗 , 𝑇𝑗+1], and 𝑤(𝑡) is the Brownian 

motion with d-dimensions, 𝑤1(𝑡)…𝑤𝑑−1(𝑡). In line with Iwuoha (2020), LIBOR has 

been widely applied by practitioners in financial markets around the world since the 

beginning of the 1980s as a benchmark to identify the payable rate in involved 

transactions. These transactions are mainly in Euro, Pound Sterling, Japanese Yen, 

Swiss Franc, and US Dollars. Moreover, caps and floors can be estimated by using the 

pricing formulas of LIBOR models. However, there were difficulties faced by these 

advanced instruments to be calibrated by using classical models for evaluation in the 

emerging market. These were due to some behaviors of the underlying asset where 

interest rates are used both for the reduction and determination of the payoff from the 

derivative, and also the volatilities of the yield curve vary greatly over time.  

2.5 Justification for Choosing Heston-CIR Model 

In this research, we will in particular incorporate the Heston stochastic volatility model 

with the CIR stochastic interest rate model based on several reasons. In the context of 

the Heston model, its availability of the closed-form formula assists in the precision of 

the calculation since systematic errors would arise via numerical solutions with no 

closed-form solutions (He & Zhu, 2018). Further, the mean-reverting parameter is 

considered in this model and has shown the best empirical findings as against other 

stochastic volatility models that ignored this parameter (Al-Hagyan, 2018). On the 

other hand, three reasons can account for the success of the CIR model. First, the CIR 

model is popular in modeling interest rate, where it is doable to be derived in closed-

form for the function of an integrated CIR process (Tong & Liu, 2018). Second, this 

model allows the interest rate to be positive with certain parameters restrictions (Lu, 
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2014). As importantly, the CIR model can generate a skewed distribution that fits 

historical data more closely.  

In the Heston-CIR model framework, a closed-form formula is generally available 

when pricing options which can save effort and much time in the calibration of the 

model. Besides that, many basic properties encountered the volatility process itself, for 

example, the mean-reverting property and non-negative property remain persistent 

comply with empirical research findings. Additionally, plenty of empirical evidence 

had proposed that a hybrid of the Heston model and the CIR model may contribute to 

enhanced model performance (He & Lin, 2019; Yu, Liu, Wu & Wiwatanapataphee, 

2021). 

2.6 Conclusion 

An extensive literature review has been discussed in this chapter. It begins with an 

introduction of equity warrants and discusses the issues related to equity warrants. Prior 

to introducing the stochastic models of volatility and interest rates, we first reviewed 

the Black-Scholes model along with the relevant information regarding this model. 

Moreover, Section 2.5 supports the justification for implementing the Heston-CIR 

model in this study to price equity warrants.  
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CHAPTER THREE 

FOUNDATIONS OF MATHEMATICS AND FINANCE  

This chapter provides an overview of the fundamental ideas, definitions, and theorems 

that will be utilized throughout the rest of the thesis. First, Section 3.1 underpins the 

essentials of mathematical theory that are critical to the methods and techniques 

employed in this study. These essential facts include topics on basic probability 

concepts, stochastic calculus, Feynman Kac theorem, Cauchy problem, coordinate 

transformation, and heat equation. Next in line is Section 3.2 which outlines the 

financial concepts that are necessary to this current research. The concluding remarks 

are presented in the last section.  

3.1 Mathematical tools 

This section introduces the basic mathematical concepts to portray the crucial tools in 

formulating a hybrid model for equity warrants with randomness elements. The bulk of 

the material in this section comes from Mikosch (1998), Shreve (2004), and Dunbar 

(2016).  

3.1.1 Basic probability concepts  

A probability space is defined as a triplet (Ω, ℱ, ℙ) where Ω is the sample space that 

contains all possible outcomes 𝜔 of the random experiment, 𝜔 ∈ Ω, the event space ℱ 

is a collection of subsets of  Ω that has the structure of a 𝜎-algebra, and ℙ is the 

probability measure.   

Definition 3.1 A probability measure ℙ is a function ℙ:ℱ → [0,1] that assigns each 

occurrence of every set A ∈ 𝐹 in the event space (Ω, ℱ). Thus, a probability measure ℙ 

meets the following requirements 
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i. ℙ(Ω) = 1; 

ii. If 𝐴𝑖 ∈ 𝐹  are mutually disjoint, then ℙ(⋃ 𝐴𝑖
∞
𝑖=1 ) = ∑ ℙ∞

𝑖=1 (𝐴𝑖). 

Definition 3.2 A 𝜎-algebra (or 𝜎-field) ℱ is a collection of subsets of Ω if 

i. It is not an empty set, Ω ∈ ℱ; 

ii. If 𝐴 ∈ ℱ, then 𝐴𝐶 ∈ ℱ; 

iii. If 𝐴𝑖 ∈ ℱ for 𝑖 = 1,2, .., then ⋃ 𝐴𝑖 ∈ ℱ
∞
𝑖=1  and ⋂ 𝐴𝑖 ∈ ℱ

∞
𝑖=1 . 

Definition 3.3 A random variable 𝛾 = 𝛾(𝜔) assigns a real-valued function 𝛾 ∶ Ω ↦ ℝ 

on (Ω, ℱ, ℙ) which fulfills the property that for any subset of ℝ𝑛 which is a Borel set ℬ, 

the subset of Ω determined by 

𝛾−1(ℬ) = {𝜔: 𝛾(𝜔) ∈ ℬ} 

belongs to ℱ. Alternatively stated, 𝛾 is an ℱ-measurable function. In this regard, the 

Borel sets are the sets that can be generated from open sets or their complements based 

on the countable unions and intersections. We now move forward with the details of 

stochastic process and stochastic calculus. 

3.1.2 Stochastic process and stochastic calculus  

The prices of commodity and stock, foreign exchange rates, and interest rates fluctuate 

in random ways which implies that they are not easy to predict (Hordahl & Packer, 

2007). The appropriate mathematical tools which are capable to deal with these kinds 

of derivatives’ prices are listed in this subsection.  

Definition 3.4 A stochastic process {𝛸(𝑡): 𝑡 ∈ 𝑇} on probability space (Ω, ℱ, ℙ) is a 

accumulation of random variables, where 𝑇 ⊆ ℝ.  

Definition 3.5 The collection {ℱ(𝑡), 𝑡 ≥ 0} of 𝜎-algebra ℱ is called filtration if 

ℱ(𝑠) ⊆ ℱ(𝑡), for all 0 ≤ 𝑠 ≤ 𝑡. 
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A notable example of stochastic process is the Brownian motion. It is the observation 

of very small pollen grains suspended in water that was initially made by botanist 

Robert Brown in year 1827. This extremely erratic state of movement yielded the idea 

of the Brownian motion, which is prescribed as follows 

Definition 3.6 A Brownian motion or a Wiener process is a stochastic process 𝑤(𝑡), 

for 𝑡 ≥  0, which complies  

i. 𝑤(0) = 0; 

ii. The distribution of 𝑤(𝑡) − 𝑤(𝑠) is independent increments for every 𝑡 and 𝑠, 

with 𝑠 < 𝑡; 

iii. 𝑤(𝑡) − 𝑤(𝑠) is distributed as a normal distribution 𝑁(0, 𝑡), with mean zero and 

variance 𝑡 –  𝑠; 

iv. 𝑤(𝑡) has continuous trajectories.  

The Brownian motion is a martingale. A martingale is defined as a sequence of random 

variables at any given time having a random variable’s conditional mean of the next 

value in the sequence equivalent to the current value. The mathematical definitions of 

martingales are written below. 

Definition 3.7 A general stochastic process {𝛸(𝑡): 𝑡 ∈ 𝑇} is called ℱ(𝑡)-martingale on 

(Ω, ℱ, ℙ) if the subsequent conditions are satisfied 

i. 𝛸 is adapted to the ℱ(t)-filtration, such that the random variable 𝛸(𝑡) can be 

identified by the information accessible at time 𝑡;  

ii. 𝔼[𝑋(𝑡)] < ∞, for all 𝑡; 

iii. 𝔼[𝑋(𝑡)|ℱ(𝑠)] = 𝑋(𝑠), for all 0 ≤ 𝑠 ≤ 𝑡. 

Further details on martingales and their functions in stochastic calculus may be obtained 

from Rogers and Williams (2000), and Øksendal (2003). Next, we discuss the notion 
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of Itô’s lemma, which is extensively utilized in financial mathematics and generally 

acknowledged in the Black–Scholes formula’s derivation. 

3.1.2.1 Itô’s lemma 

Itô’s lemma or Itô formula constitutes a basis for differentiation of functions involving 

stochastic process and has become extremely important in mathematical finance. For 

events dealing with random variables, Itô’s lemma is widely used to acquire the 

derivative of a time-dependent function of stochastic processes. This is because 

functions of stochastic processes cannot be solved using ordinary calculus. Moreover, 

Itô’s Lemma is employed in stochastic Calculus, in which the methodologies used in 

the application of stochastic differential equations and finance are further extended. The 

Itô’s lemma characteristics are given in the subsequent theorem. 

A stochastic process {𝛸(𝑡): 𝑡 ∈ 𝑇} with filtration {ℱ(𝑡), 𝑡 ≥ 0} is called Itô process if 

its stochastic differential equation (SDE) follows  

𝑑𝛸(𝑡) = 𝜇(𝑡, 𝛸(𝑡))𝑑𝑡 + 𝜎(𝑡, 𝛸(𝑡))𝑑𝑤(𝑡),     

where 𝜇(𝑡, 𝛸(𝑡)) and 𝜎(𝑡, 𝛸(𝑡)) are adapted to ℱ(t)-filtration, and 𝑤(𝑡) is the standard 

Brownian motion. Next, we have the Itôs lemma, which is essentially the chain rule for 

stochastic processes. 

Theorem 3.1 (Mikosch, 1998) (Itô’s Lemma) Assume 𝑓(𝑡, 𝛸(𝑡)) is a twice 

differentiable function and {𝛸(𝑡): 𝑡 ∈ 𝑇} is an Itô process. Then its stochastic 

differential can be derived as 

𝑓(𝑡,𝛸(𝑡))  = 𝐹(𝑡,𝛸(0))+ ∫
𝜕𝑓

𝜕𝑡
(𝑠,𝛸(𝑠))𝑑𝑠 + ∫

𝜕𝑓

𝜕𝑥
(𝑠,𝛸(𝑠))𝑑𝛸(𝑠)

𝑡

0

𝑡

0
+   

                                                
1

2
∫
𝜕2𝑓

𝜕𝑥2
(𝑠,𝛸(𝑠))(𝑑𝑋(𝑠))

2
,

𝑡

0

 

(3.1) 

where the quadratic term (𝑑𝑋(𝑠))
2
= 𝑑𝑠 is the covariation of the process 𝛸(𝑡). 

https://almostsuremath.com/2010/01/18/quadratic-variations-and-integration-by-parts/#scn_ibp_thm1
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The Itô’s lemma offers the respective chain rule for differentials in a stochastic context. 

Therewith, it can be derived by developing the function prior to the second derivative 

using the Taylor series expansion and keeping the terms up to the first order derivative 

in the increments of time and the second order in the Brownian motion.  

3.1.2.2 Feynman-Kac formula 

The Feynman-Kac formula forms a remarkable connection between the theory of partial 

differential equations (PDEs) and SDEs. Some sources of the Feynman-Kac formula 

can be found in Patel (2013) and He (2017). 

Theorem 3.2  (Shreve, 2004) (Feynman-Kac) Consider an Itô process {𝛸(𝑡): 𝑡 ∈ 𝑇}, let 

𝑇 > 0 for 𝑡 ∈ [0, 𝑇], and 𝑋(𝑡) = 𝑥. Let 𝑔(𝑦) be a Borel-measurable function. The 

function ℎ(𝑡, 𝑥) is specified as 

ℎ(𝑡, 𝑥) = 𝔼[𝑔(𝑥(𝑇))]. (3.2) 

Then ℎ(𝑥, 𝑡) satisfies the PDE 

𝜕ℎ

𝜕𝑡
(𝑡, 𝑥) + 𝜇(𝑡, 𝑥)

𝜕ℎ

𝜕𝑥
+
1

2
𝜎(𝑡, 𝑥)2

𝜕2ℎ

𝜕𝑥2
= 0, (3.3) 

with terminal condition 

ℎ(𝑇, 𝑥) = 𝑔(𝑥), for all 𝑥. (3.4) 

3.1.3 Cauchy problem  

A Cauchy problem requires a solution for a differential equation that satisfies specified 

conditions. A Cauchy problem can be a boundary value problem or an initial value 

problem. It must be mentioned that Cauchy problems resulting from financial 

mathematics are difficult to be analyzed (Hilber, Matache, & Schwab, 2005). 

Consider the second order partial differential equation  
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𝑎
𝜕2𝑢

𝜕𝑥2
+ 2𝑏

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝑐

𝜕2𝑢

𝜕𝑦2
+ 𝐹(𝜕𝑥𝑢, 𝜕𝑦𝑢, 𝑢, 𝑥, 𝑦) = 0, 

(3.5) 

where 𝐹(𝜕𝑥𝑢, 𝜕𝑦𝑢, 𝑢, 𝑥, 𝑦) is a given function. In general, Equation (3.5) can be 

categorized as parabolic, hyperbolic, or elliptic equations. In regard to this study, the 

parabolic partial differential equation is specifically obtained, whereas this PDEs 

attempt to identify processes that change over time, including particle diffusion, heat 

conduction, and pricing of derivative instruments. In fact, Equation (3.5) is called 

parabolic if  

𝑏2 − 4𝑎𝑐 = 0, 

with characteristics 𝑑𝑦
𝑑𝑥
=

𝑏

𝑎
.  Thereby, the Cauchy problem’s solution is considered for 

the obtained parabolic PDE where those PDEs can be solved explicitly. Moreover, 

Equation (3.5) prescribed values on a given curve 𝐶 described parametrically as 

𝑥 = 𝜙(𝜗), 𝑦 = 𝜓(𝜗), (3.6) 

for 𝜗𝜖𝐼, where 𝜗 is a parameter and 𝐼 is an interval 𝜗0 ≤ 𝜗 ≤ 𝜗1. Now, let 𝑓(𝜗) and 

𝑔(𝜗) be the two functions prescribed along curve 𝐶. Accordingly, the Cauchy problem 

comprises in obtaining the solution 𝑢(𝑥, 𝑦) which meets the conditions 

{
𝑢(𝜙(𝜗),𝜓(𝜗)) = 𝑓(𝜗),

    
𝜕𝑢

𝜕𝑛
(𝜙(𝜗),𝜓(𝜗)) = 𝑔(𝜗),

 
 

(3.7) 

where 𝜗 ∈ 𝐼 and 𝑛 is a distance measured along the normal to 𝐶, the partial derivatives 

𝜕𝑢

𝜕𝑥
 and 𝜕𝑢

𝜕𝑦
 are uniquely determined on 𝐶 by these conditions. Further information on the 

importance of fundamental solutions to the Cauchy problems can be found in the 

literature (Miller, 1977; Cannon, 1984).  
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3.1.4 Coordinate transformation 

Partial differential equations play a key role in characterizing many industrial, physical 

and biological processes. Nonetheless, there is no universal mathematical tools for 

solving certain models of PDEs that necessitate the utilization of analytical methods. In 

line with Poularikas (2018), the various types of linear and nonlinear PDEs that are 

commonly found in science and engineering can be solved by transform methods. These 

methods include the Laplace transform, Fourier transform, Hankel transform, and 

Cauchy transform. Here, the ideas from the notion transformations are applied for 

constructing a method to solve Cauchy problem. Additionally, the solution could be 

significantly facilitated by applying relevant and appropriate coordinate 

transformations (Polyanin, 2001). 

Given the general linear second order PDE with two independent variables  

𝑎(𝑥, 𝑦)
𝜕2𝑢

𝜕𝑥2
+ 2𝑏(𝑥, 𝑦)

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝑐(𝑥, 𝑦)

𝜕2𝑢

𝜕𝑦2
+ 𝑑(𝑥, 𝑦)

𝜕𝑢

𝜕𝑥
+ 𝑒(𝑥, 𝑦)

𝜕𝑢

𝜕𝑦
+ 

 

                   𝑓(𝑥, 𝑦)𝑢 = 𝑔(𝑥, 𝑦),   (3.8) 

it may be reduced by a coordinate transformation to the heat, Laplace, or wave 

equations.  Mathematically, the second order PDEs is formed on the potential for 

reducing Equation (3.8) by coordinate transformation to canonical form. This canonical 

form refers to the new simplest form of the PDE after it has been transformed. As a 

result, coordinate transformation reduces Equation (3.8) to the following form  

𝜕2𝑢

𝜕𝜂̂2
+ (lower order terms) = 0, 

which is the canonical form for parabolic PDEs. Remark that this equation has similar 

terms as the heat equation 𝜕𝑢
𝜕𝜏
−
𝜕2𝑢

𝜕𝜂̂2
= 0, which will describe in more detail in the next 
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subsection. In such cases, from Equation (3.8), let independent variables 𝑥 and 𝑦 to the 

new coordinate system 𝜁 and 𝜑 and compute the partial derivatives  

𝜕𝑢

𝜕𝑥
 

 
= 

𝜕𝑢

𝜕𝜁

𝜕𝜁

𝜕𝑥
+
𝜕𝑢

𝜕𝜑

𝜕𝜑

𝜕𝑥
, 

𝜕𝑢

𝜕𝑦
 

 
= 
 

𝜕𝑢

𝜕𝜁

𝜕𝜁

𝜕𝑦
+
𝜕𝑢

𝜕𝜑

𝜕𝜑

𝜕𝑦
 

𝜕2𝑢

𝜕𝑥2
 

 
= 
 

𝜕2𝑢

𝜕𝜁2
(
𝜕𝜁

𝜕𝑥
)
2

+ 2
𝜕2𝑢

𝜕𝜁𝜕𝜑

𝜕𝜁

𝜕𝑥

𝜕𝜑

𝜕𝑥
+
𝜕2𝑢

𝜕𝜑2
(
𝜕𝜑

𝜕𝑥
)
2

+
𝜕𝑢

𝜕𝜁

𝜕2𝜁

𝜕𝑥2
+
𝜕𝑢

𝜕𝜑

𝜕2𝜑

𝜕𝑥2
, 

𝜕2𝑢

𝜕𝑦2
 

 
= 
 

𝜕2𝑢

𝜕𝜁2
(
𝜕𝜁

𝜕𝑦
)
2

+ 2
𝜕2𝑢

𝜕𝜁𝜕𝜑

𝜕𝜁

𝜕𝑦

𝜕𝜑

𝜕𝑦
+
𝜕2𝑢

𝜕𝜑2
(
𝜕𝜑

𝜕𝑦
)
2

+
𝜕𝑢

𝜕𝜁

𝜕2𝜁

𝜕𝑦2
+
𝜕𝑢

𝜕𝜑

𝜕2𝜑

𝜕𝑦2
, 

𝜕2𝑢

𝜕𝑥𝜕𝑦
 

 
= 

𝜕2𝑢

𝜕𝜁2
𝜕𝜁

𝜕𝑥

𝜕𝜁

𝜕𝑦
+
𝜕2𝑢

𝜕𝜁𝜕𝜑
(
𝜕𝜁

𝜕𝑥

𝜕𝜑

𝜕𝑦
+
𝜕𝜁

𝜕𝑦

𝜕𝜑

𝜕𝑥
) +

𝜕2𝑢

𝜕𝜑2
𝜕𝜑

𝜕𝑥

𝜕𝜑

𝜕𝑦
+
𝜕𝑢

𝜕𝜁

𝜕2𝜁

𝜕𝑥𝜕𝑦
+ 

        
𝜕𝑢

𝜕𝜑

𝜕2𝜑

𝜕𝑥𝜕𝑦
. 

Substitute these results into the original Equation (3.8) to acquire a new form  

𝐴
𝜕2𝑢

𝜕𝜁2
+ 2𝐵

𝜕2𝑢

𝜕𝜁𝜕𝜑
+ 𝐶

𝜕2𝑢

𝜕𝜑2
+ 𝐹(𝑢𝜁 , 𝑢𝜑 , 𝑢, 𝜁, 𝜑) = 0, 

(3.9) 

where the new coefficients are 

 
𝐴 

 
= 𝑎 (

𝜕𝜁

𝜕𝑥
)
2

+ 2𝑏
𝜕𝜁

𝜕𝑥

𝜕𝜁

𝜕𝑦
+ 𝑐 (

𝜕𝜁

𝜕𝑦
)
2

, 

 
𝐵 

 
= 𝑎

𝜕𝜁

𝜕𝑥

𝜕𝜑

𝜕𝑥
+ 𝑏 (

𝜕𝜁

𝜕𝑥

𝜕𝜑

𝜕𝑦
+
𝜕𝜁

𝜕𝑦

𝜕𝜑

𝜕𝑥
) + 𝑐

𝜕𝜁

𝜕𝑦

𝜕𝜑

𝜕𝑦
, 

 
𝐶 

 
= 𝑎 (

𝜕𝜑

𝜕𝑥
)
2

+ 2𝑏
𝜕𝜑

𝜕𝑥

𝜕𝜑

𝜕𝑦
+ 𝑐 (

𝜕𝜑

𝜕𝑦
)
2

. 

Next, we introduced the basic concept of the heat equation, which is used to derive the 

final equation of equity warrant’s price. 
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3.1.5 Heat equation and solution 

In mathematics and sciences, the heat equation is an important specific partial 

differential equation that describes the heat distribution or temperature changes for a 

given period. It is a differential equation involving one dependent variable and two 

independent variables. The concept of the heat equation was first set out by Joseph 

Fourier in the year 1822 to represent the heat distribution or the temperature field in a 

given region over time.  

The general form of the heat equation 

𝜕𝑢

𝜕𝜏
−
𝜕2𝑢

𝜕𝜂̂2
= 0, −∞ < 𝜂̂ < ∞, 𝜏 > 0, 

(3.10) 

with the initial condition 𝑢(𝜂̂, 0) = 𝑓(𝑥). In what follows, according to the fundamental 

solution of the heat equation, the solution to the above equation is given by the 

following integral 

𝑢(𝜂̂, 𝜏) =
1

√4𝜋𝜏
∫ 𝑓(𝜉)
+∞

−∞

𝑒− 
(𝜂̂−𝜉)2

4𝜏 𝑑𝜉, 
(3.11) 

where 𝑓(𝜉) is the terminal condition of the financial derivative. The heat equation is 

significantly crucial in diverse scientific fields, such as it is applied in as the diffusion 

equation and is linked to Brownian motions through the Fokker-Planck equation in 

statistics (Njogu, 2009). Besides that, in relation to the analysis of chemical diffusion 

and other relevant processes, the diffusion equation is the broader version of the heat 

equation. Then, we proceed with some basic concepts in finance which will be 

employed in developing the pricing model for equity warrants.  

3.2 Prelude of finance  

This section serves as a preface for the basics of asset pricing and the involved pricing 

model in this thesis namely the Noreen Wolfson model. In addition, the important 
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notions on model calibration and parameter estimation, which are required in the 

succeeding chapters are also provided here.  

3.2.1 Fundamental theorems of asset pricing  

We provide the fundamental pricing context on how financial derivatives can be 

procured at a fair price. This fair price refers to the sale price at which the buyer and 

the seller have agreed to sell a particular security. In the derivatives market, if the 

market is complete, then it concerns no arbitrage opportunity. Hereby, martingale can 

be a relevant factor in determining if arbitrage exists. In fact, Harrison and David 

(1979), and Harrison and Pliska (1981) established two fundamental theorems of asset 

pricing to indicate the relation among risk-neutral measure, existence of arbitrage 

opportunities, and market completeness. At this point, a risk-neutral measure is a 

probability measure in which the share price of each stock is equal to its discounted 

expectation under this measure. Arbitrage is the process of purchasing an asset in one 

market and selling it simultaneously in another market at a premium cost, allowing 

investors to acquire more profit from the price difference between two or more markets. 

Additionally, market completeness refers to a marketplace with an equilibrium price 

for every underlying asset in every possible state worldwide. Hence, these two 

fundamental theorems are presented in the following. 

Theorem 3.3 (Shreve, 2004) (First Fundamental Theorem of Asset Pricing). A financial 

market is arbitrage-free if and only if there exists at least one risk-neutral measure.   

Theorem 3.4 (Shreve, 2004) (Second Fundamental Theorem of Asset Pricing). A 

financial market is complete if and only if there exists a unique risk-neutral measure. 

In view of the above theorems, if a financial market is dynamically complete and 

concerns no arbitrage opportunity, then there is a unique risk-neutral probability 
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measure. For example in the Black-Scholes model, the option price is unique since the 

underlying asset’s price follows a geometric Brownian motion which makes the market 

complete. Besides that, for a financial market with arbitrage, there is no risk-neutral 

measure, while if the financial market is incomplete with no arbitrage opportunity, there 

exist multiple risk-neutral measures.   

3.2.2 Warrants  

The capital market in Malaysia offers diverse instruments with each having their level 

of risks and returns concerning to different investors. Warrants is one of the instruments 

that has gained immense popularity since released in the market. In fact, warrants have 

been mentioned in the "Electronic Business Review" as one of the best investment 

opportunities, as well as in "The Economist" magazine which claimed that warrants are 

very useful for building long-term portfolios. 

Definition 3.8 A warrant is a security that grants holders the privilege, but not the 

responsibility to purchase or sell a particular asset at a specified price which is also 

entitled the strike price on the expiry date. 

In Malaysia, warrants trading activities have greatly enhanced since its establishment 

in 1973. However, the Malaysian warrants are comparatively small in size, hence, these 

warrants may be more volatile compared to the ones issued in China or other Asian 

countries. Furthermore, if a warrant is exercised, the company shall issue extra shares 

which is best described as the dilution effect. Accordingly, these warrants are sold to 

the investor at the contract’s agreed price. Moreover, selling and buying warrants that 

issued more shares is possible at this time as well. In most cases, companies issued 

shares for other reasons such as increasing capital efficiency or chances of growing 

sales.  
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In this study, without loss of generality, 𝑊(𝑡) is denoted as the equity warrant’s price 

at the current time of 𝑡, and the stock price is symbolized as 𝑆(𝑡) with the strike price 

of 𝐺. According to Xiao et al. (2014), the price of the corresponding warrant can be 

expressed as 

𝑊(𝑡) =
1

𝑁+𝑀𝑘
(𝑘𝑆(𝑡) − 𝑁𝐺)+,  (3.12) 

where 𝑁 and 𝑀 are the number of shares and warrants outstanding respectively, and  𝑘 

is the share per warrant. The symbol + signifies the warrant’s role as a call or put option.  

Definition 3.9 The call option holder gives the responsibility to buy the underlying 

asset at a particular date for an agreed price. The payoff at expiration is expressed by  

𝐶(𝑆(𝑡), 𝑡, 𝐺) = (𝑆(𝑡) − 𝐺)+ = {
𝑆(𝑡) − 𝐺,         𝑆(𝑡) > 𝐺,
0              , 𝑆(𝑡) ≤ 𝐺 .

 

Otherwise, the corresponding put option can be characterized by 

𝑃(𝑆(𝑡), 𝑡, 𝐺) = (𝐺 − 𝑆(𝑡))
+
= {

𝐺 − 𝑆(𝑡),         𝐺 > 𝑆(𝑡),
0              , 𝐺 ≤ 𝑆(𝑡).

 

The option enables the holder to buy or sell the underlying asset, instead of being 

obligated to buy or sell the underlying asset at a certain date in the future.  

3.2.3 The Noreen Wolfson model 

In the event of exercising a warrant, a company issues new shares that cause the dilution 

effect. This effect has led the stock price to fall as the dilution decreases the earnings 

per share of a company. Thereby, it may hinder the stock price from rising, making it 

crucial for researchers to consider the dilution effect in pricing warrants. However, most 

studies had neglected this effect since they commonly utilized option pricing models 

and further evaluated warrants as call options (Qizam, Irdiansyah, & Haron, 2015; 

Mansor & Jaffar, 2014; Gunawan, Ibrahim, & Rahim, 2017).  
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Accordingly, Noreen and Wolfson (1981) initially proposed dilution adjustment by 

adding dilution factor to the Black-Scholes formula. This model assumes the underlying 

price 𝑆(𝑡) to follow a constant elasticity of variance (CEV) diffusion process of the 

form 

𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡)𝜗/2𝑑𝑤(𝑡),  

where 𝜇, 𝜎 and 𝜃 are constant parameters, the function of the stock price is 𝑆(𝑡), and 

𝑤(𝑡) is the Brownian motion. The parameter 𝜗 governs the connection between 

volatility and price, and there exist two particular cases of the CEV process consisting 

of 𝜗 = 1 and 𝜗 = 2. If 𝜗 = 1, the standard deviation of the price process is decreasing 

𝑆(𝑡). For the case 𝜗 = 2, the standard deviation of the price process is proportional to 

𝑆(𝑡), thus, the volatility shows a tendency to increase as its price increases and the 

prices are log-normal distributed. This leads to the notorious valuation formula of Black 

and Scholes (1973).  

Thereby, using the Black and Scholes valuation formula with 𝜗 = 2, Noreen and 

Wolfson (1981) introduced the concept of computing warrants’ prices with dilution 

factor formalized as follows  

𝑊𝑁𝑊 =
𝑁

𝑁 +𝑀𝑘
𝑆(𝑡)𝛷(𝑑1

𝑁𝑊) − 𝐺𝑒−𝑟(𝑇−𝑡)𝛷(𝑑2
𝑁𝑊), 

(3.13) 

where 𝑁,𝑀 and 𝑘 are the amount of outstanding stock shares, amount of outstanding 

warrants, and exercise ratio. The Noreen Wolfson model comprises eight parameters, 

where five parameters are similar to the parameters used in the Black-Scholes model 

and can be acquired using the same technique as in the Black-Scholes model. The 

leftover parameters are placed in the dilution factor involving the number of shares, 

warrants outstanding, and the exercise ratio which can also be extricated from the data.  



54 
 

Initially, Noreen and Wolfson (1981) are intrigued in the valuation of executive stock 

options (ESOs). However, they used US warrant prices that were identical to the ESOs 

since ESOs were not traded (Veld, 2003). This implies that the Noreen Wolfson model 

primarily examined the valuation of long-term warrants and is appropriate to be 

implemented in this study as it possesses characteristics of equity warrants. Moreover, 

as mentioned earlier, the Noreen Wolfson model considers the stock dilution upon the 

exercise of the warrants, but this dilution is ignored in the Black-Scholes model (Noreen 

& Wolfson, 1981). Essentially, it is important to consider the stock dilution as it may 

affect both outstanding shares and firm equity (Chang & Liao, 2010). In fact, the 

proposed model also considered this dilution effect, which may be supported the 

justification to contemplate this model as a comparison model in this study.  

In addition, the application of the Noreen Wolfson model in estimating equity warrants 

prices can be seen in Xiao et al. (2014), and Xiao and Zhang (2016). The findings in 

Xiao et al. (2014) demonstrated that this model produced the highest pricing errors 

among the models considered in their study. Further, they mentioned that the existing 

pricing models underpriced equity warrants in the vast of circumstances. In contrast to 

Xiao and Zhang (2016), they added the discounted value of the promised lowest price 

to the Noreen Wolfson model. This is because an equity warrant with a promised lowest 

is one of the latest issues appearing in the China warrant market. As a result, the 

modified Noreen Wolfson model had superior performance compared to existing 

pricing models consisting of the modified Black–Scholes model, the modified 

Lauterbach–Schultz, and the Ukhov model. The authors claimed that the reason for this 

performance was due to dilution effect accounted in the modified Noreen Wolfson 

model. 
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However, according to Galai (1989) and Sidenius (1996), it is unnecessary to make any 

improvement in warrant pricing models as the stock price will react to the warrant 

issuance announcement date. This was supported by Crouhy and Galai (1991) who 

declared that the dilution adjustment suggested by Noreen and Wolfson (1981) in the 

Black-Scholes formula has already considered the stock price, which represents the 

potential impacts of dilution. Thereby, a dilution adjustment could be disregarded since 

the stochastic process is followed by the underlying stock. 

3.2.4 Model calibration and parameter estimation 

In finance, model calibration indicates the process of tuning the model parameters to 

replicate observed market prices and it obliges extremely efficient and effective 

optimization techniques. In the course of performing the calibration, it is commonly 

used to diminish the absolute value of the mean squared error (MSE) as well as the 

relative value of the mean squared error (RVMSE) between the model and market 

prices (Chang, Wang, & Zhang, 2021). Moreover, the main advantage of the model 

calibration is that it enhances the predictive capability and improves the efficacy of the 

model. In this sense, we are assured of reliable results in estimating derivative prices. 

Accordingly, building upon prior research, we characterize model calibration as a 

parameter estimation problem, since many situations in which the real values of model 

parameters are unknown and unobservable in the market.   

In line with He (2017), there are two key stages in calibrating mathematical models. 

The initial stage is data filtering since the raw data could be containing some noise 

error. After the filtered data is acquired, it is possible to move on to the next stage, 

which is parameter estimation. In order to ascertain the model parameters, the mean 

squared error (MSE) can be considered as the objective function in order to measure 

the relative difference between model and market prices. However, He (2017) also 
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claimed that the model calibration is complex because model parameters always need 

to be estimated numerically with an optimization technique. Therewith, famous local 

optimization techniques such as the least square method can be utilized as the key tool 

of optimization. The model parameters can be finally procured with the selected 

objective function and the optimization technique.   

Additionally, the interested readers can refer to the literature and books with 

applications in various fields and computer vision regarding model calibration and 

parameter estimation, such as Sørensen (2000) and Iacus (2008; 2011).   

3.3 Conclusion 

This chapter has addressed the necessary mathematical and financial backgrounds for 

this study. It begins with an introduction of mathematical tools comprising of the basic 

probability concept, stochastic process and stochastic calculus, Cauchy problem, 

coordinate transform and heat equation. Furthermore, a finance prelude is also written 

regarding the fundamental theorems of asset pricing, the characteristics of warrants, 

and accompanied by discussions on the pricing models involved to carry out the study. 

A review of model calibration and parameter estimation, along with the description of 

warrant moneyness are also covered in this chapter.  

 

 

 

 

 

 

 

 



57 
 

CHAPTER FOUR 

METHODOLOGY 

This chapter provides the details of the methods used to perform an empirical study 

with the aim of providing the answers towards the research questions. A suitable and 

appropriate method is crucial to assure the validation, accuracy, and effectiveness of 

the experimental design, data analysis, and findings of the study. Therefore, we will 

discuss on the research framework in Section 4.1, which comprises problem 

identification and data collection method, model development, computational 

experiments, as well as model analysis and validation. Following this is Section 4.2 

which introduces warrant moneyness in the financial environment and ended with 

Section 4.3 which summarizes this chapter.  

4.1 Research Framework 

This research involved four phases namely problem identification and data collection, 

development of hybrid model for warrant pricing, computational experiments, and 

model analysis and validation. These phases are displayed in Figure 4.1 and will be 

explained in detail in the following subsections. 

 

Phase 1: Problem Identification and Data Collection 
Method 

Phase 2: Development of Hybrid Equity Warrants 
Pricing Model

Phase 3: Computational Experiments

Phase 4: Model Analysis and Validation
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Figure 4.1. Research framework 

Note that the arrow in Figure 4.1 indicates that if the results obtained in Phase 4 are not 

satisfactory and convincing, the second phase in the research framework must be 

conducted again until the end of the whole framework. This is important to ensure that 

no mistake is made during the derivation and implementation of the model.  

4.1.1 Phase 1: Problem Identification and Data Collection Method  

In the context of warrants pricing, many pricing models which had been used as 

alternatives such as the Black-Scholes model, had been observed to hold many flaws in 

mispricing warrants. In Chapter Two, we previously raise the reader’s attention to 

revolving issues on equity warrants to highlight the rationale of developing a new 

mathematical model for pricing equity warrants with stochastic volatility and stochastic 

interest rates. 

Moving further, data collection for this study was conducted through secondary 

sources. The data for this study were obtained from the website of Bursa Malaysia 

Berhad. In addition, some data which were not available online will also be purchased 

from the company. Bursa Malaysia was chosen as the source of data for some reasons, 

such as being cost-effective and time-saving. In this study, only one type of financial 

derivative from Bursa Malaysia was considered, namely equity warrants.  

The present study included a total observation of 160 company warrants data from 32 

companies quoted from December 2015 to December 2019. We first made data filtering 

from the raw data obtained to choose the companies and the number of data to be 

associated. Originally, there were altogether 7974 data from 1329 companies. We 

removed the companies that might suggest data errors due to incomplete information, 

such as the number of shares outstanding, and mid-price values. Some examples of the 
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company warrants involved in this study were APPASIA-WA, DNONCE-WA, LBS-

WB, SERSOL-WA, and WZSATU-WA.  

4.1.2 Phase 2: Development of Hybrid Model for Equity Warrants 

In this phase, the model variables and the respective values to be incorporated in the 

study were finalized. The involved variables in the data were the number of shares and 

warrants outstanding, strike price, conversion ratio, maturity period, and mid-price. At 

this point, the integration of the Heston stochastic volatility model coupled with 

stochastic interest rate of the Cox-Ingersoll-Ross (CIR) model was developed as a 

hybrid model. The governing stochastic equations were solved, and analytical pricing 

formulas were derived for this equity warrants hybrid model.   

4.1.3 Phase 3: Computational Experiments  

4.1.3.1 Model Calibration 

Calibration of models is an initial stage in accrediting and quantifying computational 

simulations and comprises two major phases namely the parameter specification and 

parameter estimation (Shoarinezhad, Wieprecht, & Haun, 2020). As pointed out by 

Mrázek and Pospíšil (2017), calibration is an essential process, and dealing with the 

more intricate mathematical model will make this process more complex. Here, 

calibration implies ascertaining the model parameters in this study according to the 

market data of equity warrants. Furthermore, to identify the optimal parameters, it will 

be necessary to (i) specify a measure to quantify the distance between model and market 

price, and (ii) execute an optimization scheme to establish the parameter values that 

diminish such distance. As reported by Loerx and Sachs (2012), optimization-based 

calibration techniques provide more consistency and are pertinent to most financial 

models. Given this, input parameters that are unobservable from the market data were 
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required to determine equity warrant prices using the Heston-CIR model developed 

earlier.  

The calibration starts with the recognition of a loss function to be minimized. It relates 

to the aim of the calibration which is to ensure that the model prices match the market 

prices by diminishing the error margin between the estimated prices from the model 

and market prices. In this study, the loss function was set as the mean squared error 

(MSE) specified by  

𝑀𝑆𝐸 =
1

𝑛
(∑ 𝑊𝑖 −𝑊𝑖

Ω𝑁
𝑖=1 )

2
, 

with a set of 𝑛 warrants, 𝑊𝑖 is the market price, and 𝑊𝑖
Ω  is the model price. In 

particular, the parameters in Ω that need to be calibrated were given in Table 4.1. 

Table 4.1  

List of the calibrated parameters involved in this study  

Parameters Ω Definition 
𝑘∗ Mean reversion speed for instantaneous variance 
 𝜃∗ Long-term mean for instantaneous variance 
𝜎 The volatility of the variance process 
𝛼∗  Mean reversion speed for instantaneous rate 
𝛽∗ Long-term mean for instantaneous rate 
𝜂 The volatility of the interest rate 

𝑣(0) Initial volatility 
𝑟(0) Initial interest rate 
𝜌 The correlation coefficient between the stock price and the volatility 

Therefore, by calibrating these parameter values, we attempted to achieve an estimated 

value for the underlying asset that is compatible with the market price of equity 

warrants.  

We proceeded further by considering functions from MATLAB’s Optimization 

Toolbox, which is MATLAB’s lsqnonlin to identify the optimal parameters of Ω. The 

optimization technique of lsqnonlin is a local optimizer that identifies a less than or 
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equal solution to other points around it (Paulin & Lindström, 2020). Specifically, it is 

a form of least squares analysis that fixes the issues of nonlinear least squares, notably 

nonlinear data fitting issues. In contrast, a global optimization identifies the lowest 

point of all points at the cost of computation. There are some differences of opinion for 

both techniques; however, we decided to employ a local optimizer as they are facile 

and faster.  

Furthermore, Zhang et al. (2015) stated that the lsqnonlin optimization technique has 

the advantage of having low computational costs since it requires a relatively small 

sample. Besides that, the application of local optimization technique also leads to 

reliable and accurate numerical results with few iterations (Jankowska, Karageorghis, 

& Chen, 2018). Since lsqnonlin seeks solutions that mitigate the sum of the squared 

functions for all 𝑥 values, we were required to come out with lower bounds (lb) and 

upper bounds (ub). However, this optimization technique is responsive to the selection 

of the initial point x0. The effective way to deal with the responsiveness is to specify 

the acceptable solutions range (Wu, 2019). In light of this, lsqnonlin (fun, x0, lb, ub) 

begins at the initial point x0, and executes a minimum value of sum of squares from the 

functions specified in fun. The lb and ub represent the minimum and maximum possible 

values that would produce the estimated values, respectively. Note that the result 

procured by lsqnonlin is predicated on the selection of x0. We set these values by 

referring to Jin, van der Wel and Oorschot (2019) to procure parameters of the Heston-

CIR model that were well-matched and consistent in a financial sense.  

4.1.3.2 Model Implementation  

The calibration and implementation technique for the Heston model was provided by 

Crisóstomo (2014), which began with the formulation of the European call option price 
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as demonstrated in Heston (1993). Prominently, the model implementation in 

MATLAB consisted of two main stages,  

INPUT:  Stock market data, initial parameter values, lower and upper bounds of 

parameters.  

Stage 1:  Local calibration for parameter estimation. 

Stage 2 : Optimization of cost function using least square method (LSM) 

(i) Characteristic function 

(ii) Price 

OUTPUT:   Cost function value. 

Algorithm 1 

Input the stock market data, lower and upper bounds of parameters; 

Initiate parameter values; 

Repeat 
Call calibration function; 

Evaluate Cost function using least square method; 

Call characteristic function; 

Call price function; 

Update new cost function value; 

Until optimized parameter estimation; 

Print the best solution; 

Print equity warrants value and best parameter values. 

4.1.4 Phase 4: Model Analysis and Validation 

Warrant valuation has become a crucial issue in corporate finance as well as in risk 

management.  As a result, the warrant market in Malaysia now needs a viable pricing 

model to lead the investors, warrant holders, and other parties involved to assist their 

decisions. Moreover, it may also raise considerable attention among researchers around 

the world to utilize the developed pricing model to evaluate other financial derivatives. 
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In this phase, two existing pricing models namely the Black-Scholes Model (1973) and 

the Noreen Wolfson Model (1981) are presented for comparison with the proposed 

model in this study. Other recent stochastic models were not considered as comparison 

models in this study since they might require more advanced theoretical and numerical 

skills to compute the warrant prices. This is especially important for calibration to the 

market price involving complex techniques of unknown parameters, which will be 

complicated and time-consuming. Herewith, the Noreen Wolfson model is 

mathematically tractable and manageable in terms of computation time and space, since 

it only requires the interest rate and volatility to be estimated (Abínzano & Navas, 

2013). Additionally, the effectiveness of these models against the real market data were 

also investigated for validation purposes, along with the computation time executed by 

each model, respectively.  

Moreover, we also provided the statistical error measurements to further examine the 

accuracy of each model. By means of this, the pricing errors for each model were 

compared with the proposed model in terms of the mean absolute error (MAE), the 

mean average percentage error (MAPE), and the root mean squared error (RMSE). The 

following formulas represent the errors, respectively. 

𝑀𝐴𝐸 = 1

𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒
∑|𝑀𝑎𝑟𝑘𝑒𝑡 𝑝𝑟𝑖𝑐𝑒 − 𝑀𝑜𝑑𝑒𝑙 𝑝𝑟𝑖𝑐𝑒|,  

𝑀𝐴𝑃𝐸 = 1

𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒
∑|

𝑀𝑎𝑟𝑘𝑒𝑡 𝑝𝑟𝑖𝑐𝑒 − 𝑀𝑜𝑑𝑒𝑙 𝑝𝑟𝑖𝑐𝑒

𝑀𝑎𝑟𝑘𝑒𝑡 𝑝𝑟𝑖𝑐𝑒
| , 

 

𝑅𝑀𝑆𝐸 = 
√

1

𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑖𝑧𝑒
∑(𝑀𝑎𝑟𝑘𝑒𝑡 𝑝𝑟𝑖𝑐𝑒 − 𝑀𝑜𝑑𝑒𝑙 𝑝𝑟𝑖𝑐𝑒)2 

(4.1) 

According to Amar, Sudiaro and Herliansyah (2019), the accuracy can be defined by 

assessing the proximity between the model prices and the market prices. Therefore, the 

accuracy measurement for numerical prediction of MAE, MAPE and RMSE will 
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indicate the least value in identifying the best model. This also means that the estimation 

model best fits the market data if the considered errors are the smallest among all.  

4.2 Warrant Moneyness 

Moneyness is a terminology of a derivative pertaining its strike price to the underlying 

asset price. In brief, moneyness is the phrase used when referring to the cost-

effectiveness of a warrant, which may help investors and warrant holders in their 

investment decision-making process. Generally, it is the position of warrants’ stock 

price concerning the strike price, most commonly a call warrant or a put warrant. 

Herewith, moneyness is a threefold category, specifically at-the-money (ATM), in-the-

money (ITM) and out-of-the-money (OTM). In this regard, the applicability of 

moneyness categories may vary according to the nature of a call or put warrant, which 

will be explained below.   

In the context of call warrants, ATM is the scenario in which the strike price is equal to 

the stock price of the underlying asset. Next, if the strike price is below the stock price, 

the warrant is said to be ITM with positive time value and intrinsic value. Intrinsic value 

is the difference between the stock price and strike price of the underlying asset, which 

determines whether an asset is worth to a company. Meanwhile, OTM happens if the 

strike price exceeds the stock price. This moneyness groups of warrants are categorized 

as follows  

𝑀𝑜𝑛𝑒𝑦𝑛𝑒𝑠𝑠 {
𝐴𝑇𝑀, 𝐺 = 𝑆(𝑡),
𝐼𝑇𝑀, 𝐺 < 𝑆(𝑡),
𝑂𝑇𝑀, 𝐺 > 𝑆(𝑡),

 

where 𝐺 and 𝑆(𝑡) are the strike price and the stock price of underlying asset, 

respectively.  
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Additionally, the warrants’ moneyness illustrates whether a warrant would result in a 

positive, negative or zero cash flow, which are determined according to the following 

warrant status;  

i. at-the-money (ATM): the warrant holder would acquire zero cash flow, neither 

a gain nor a loss, if the warrant is exercised promptly; 

ii.  in-the-money (ITM): the warrant holder would acquire positive cash flow if the 

warrant is exercised promptly; and  

iii. out-of-the money (OTM): the warrant holder would acquire negative cash flow 

if the warrant is exercised promptly. 

For the case of put warrants, it should be highlighted that the notions of ITM and OTM 

are contrary to the notions of call warrants. In this study, we thoroughly evaluated 

moneyness by way of comparison between the strike price and stock price of warrants. 

4.3 Conclusion  

This chapter has discussed the methodological aspects of this study. It begins with an 

introduction then followed by explanations regarding the research design applied in this 

study. Furthermore, a research framework is also designed accompanied by discussions 

on the phases involved to carry out the study. Moreover, we also outlined the steps to 

acquire warrant moneyness to identify the warrant’s profitability. Finally, the findings 

from the data analysis will be presented in Chapter Five. 
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CHAPTER FIVE 

RESULTS AND ANALYSIS 

This chapter presents an analytical formula for pricing equity warrants established 

under the derivation of the Heston-CIR model, along with its implementation and 

analysis of the findings. Section 5.1 and Section 5.2 describe the model structure and 

its development in pricing equity warrants, respectively. In Section 5.3, we estimated 

the model parameters and conducted empirical experiments to investigate the aspects 

of model validation and efficiency, followed by Section 5.4 which discusses the results 

of warrant moneyness in the considered research timeframe. Finally, Section 5.5 

concludes this chapter.  

5.1 The Model Structure 

In this section, a hybrid model which incorporates the Heston stochastic volatility 

model and the Cox–Ingersoll–Ross (CIR) stochastic interest rate model, known as the 

Heston-CIR model is exhibited. Consider the following general Heston–CIR model 

𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + √𝑣(𝑡)𝑆(𝑡)𝑑𝑤1(𝑡),  

𝑑𝑣(𝑡)  = 𝜅(𝜃 − 𝑣(𝑡))𝑑𝑡 + 𝜎√𝑣(𝑡)𝑑𝑤2(𝑡),  

𝑑𝑟(𝑡)  = 𝛼(𝛽 − 𝑟(𝑡))𝑑𝑡 + 𝜂√𝑟(𝑡)𝑑𝑤3(𝑡), (5.1) 

where 𝑆(𝑡), 𝑣(𝑡) and 𝑟(𝑡) are the asset price, the instantaneous variance and 

instantaneous interest rate at time 𝑡, respectively. In this regard, 𝑑𝑆, 𝑑𝑣 and 𝑑𝑟 are the 

dynamics of the asset price, volatility, and interest rate. The asset price 𝑆(𝑡) and 

variance 𝑣(𝑡) follow the Heston model (Heston, 1993), whereas and the instantaneous 

interest rate 𝑟(𝑡) is described by the CIR model (Cox, Ingersoll , & Ross, 1985). 

Specifically, this study combines the Heston stochastic volatility model and the CIR 

stochastic interest rate model into a model known as the Heston-CIR model to price 
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equity warrants. Further, in the stochastic instantaneous variance process of 𝑣(𝑡), the 

parameter κ is the mean-reversion speed, 𝜃 is the long-term mean and 𝜎 is the volatility. 

Besides that, in the stochastic instantaneous interest rate of 𝑟(𝑡), 𝛼 is the mean-

reversion speed, 𝛽 is the long-term mean, and 𝜂 is the volatility.  

It shall be presumed that the Brownian motions involved in Equation (5.1) are 

determined by (𝑑𝑤1(𝑡), 𝑑𝑤2(𝑡)) = 𝜌𝑑𝑡, (𝑑𝑤1(𝑡), 𝑑𝑤3(𝑡)) = 0,  and 

(𝑑𝑤2(𝑡), 𝑑𝑤3(𝑡)) = 0 with the correlation coefficient of −1 ≤ 𝜌 ≤ 1 and 0 ≤ 𝑡 ≤ 𝑇. 

Moreover, to ensure that the square root processes in 𝑣(𝑡) and 𝑟(𝑡) are constantly 

positive, the constraints 2𝜅𝜃 ≥ 𝜎2 and 2𝛼𝛽 ≥ 𝜂2 are required, respectively (Safaei, 

Neisy, & Nematollahi, 2019). 

Hence, under the risk-neutral probability measure ℚ, equation (5.1) can be transformed 

into the following system of stochastic differential equations  

{

𝑑𝑆(𝑡) = 𝑟(𝑡)𝑆(𝑡)𝑑𝑡 +√𝑣(𝑡)𝑆(𝑡)𝑑𝑤̃1(𝑡),    

𝑑𝑣(𝑡)  = 𝜅∗(𝜃∗ − 𝑣(𝑡))𝑑𝑡 + 𝜎√𝑣(𝑡)𝑑𝑤̃2(𝑡),

𝑑𝑟(𝑡)  = 𝛼∗(𝛽∗ − 𝑟(𝑡))𝑑𝑡 + 𝜂√𝑟(𝑡)𝑑𝑤̃3(𝑡),

 

 

  (5.2)     

with the risk-neutral parameters  𝜅∗ = 𝜅 + 𝜆1, 𝜃
∗ =

𝜅𝜃

𝜅+𝜆1
,  𝛼∗ = 𝛼 + 𝜆2, 𝛽

∗ =
𝛼𝛽

𝛼+𝜆2
 , 

and 𝑤̃𝑖(𝑡)(1 ≤ 𝑖 ≤ 3) is characterized as the Brownian motions under ℚ. 𝜆𝑗  (𝑗 = 1,2) 

is the premium of volatility or interest rate risk. 

As mentioned above, this Heston-CIR hybrid model involves the elements of stochastic 

interest rates. This requires the utilization of the bond price as the numeraire. If the risk-

free interest rate follows the CIR model provided in the dynamics of Equation (5.2), 

then according to Brigo and Mercurio (2007), the price of a zero-coupon bond, 

𝑃(𝑟, 𝑡, 𝑇), with maturity 𝑇 at time 𝑡 ∈ [0, 𝑇]  can be specified as 
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𝑃(𝑟, 𝑡, 𝑇) = 𝐴(𝑡, 𝑇)𝑒−𝐵(𝑡,𝑇)𝑟(𝑡),  

where 𝐴(𝑡, 𝑇) =

(

 
 

2(𝑒
(𝛼∗+√(𝛼∗)2+2𝜂2)

(𝑇−𝑡)
2 )(√(𝛼∗)2+2𝜂2)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

)

 
 

2𝛼∗𝛽∗

𝜂2

and 

𝐵(𝑡, 𝑇) =

2(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

  . 

Following Cao, Lian and Roslan (2016), the subsequent system under the forward 

measure ℚ𝑇 is achieved using the Cholesky decomposition of a correlation matrix and 

the Radon-Nikodym derivative such that 

[
 
 
 
 
𝑑𝑆(𝑡)

𝑆(𝑡)

𝑑𝑣(𝑡)

𝑑𝑟(𝑡)

 

]
 
 
 
 

=

[
 
 
 
 

𝑟(𝑡)

𝜅∗(𝜃∗ − 𝑣(𝑡))

𝛼∗𝛽∗ − [𝛼∗ + 𝐵(𝑡, 𝑇)𝜂2]𝑟(𝑡)]
 
 
 
 

𝑑𝑡 + 𝛴 × 𝑪 × 

[
 
 
 
 
𝑑𝑤1

∗(𝑡)

𝑑𝑤2
∗(𝑡)

𝑑𝑤3
∗(𝑡)]

 
 
 
 

  , 

where 𝑤𝑖∗(𝑡)(1 ≤ 𝑖 ≤ 3) is the Brownian motions under ℚ𝑇, 

𝛴 =

[
 
 
 
 √𝑣(𝑡) 0 0

0 𝜎√𝑣(𝑡) 0

0 0 𝜂√𝑟(𝑡)]
 
 
 
 

,   𝑪 =

[
 
 
 
 
1 0 0

𝜌 √1 − 𝜌2 0

0 0 1]
 
 
 
 

 , 

 

𝐵(𝑡, 𝑇) =

2(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

 ,  

 

and  
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[
 
 
 
 
𝑑𝑤̃1(𝑡)

𝑑𝑤̃2(𝑡)

𝑑𝑤̃3(𝑡)]
 
 
 
 

= 𝑪 ×

[
 
 
 
 

  

𝑑𝑤1
∗(𝑡)

𝑑𝑤2
∗(𝑡)  

𝑑𝑤3
∗(𝑡) ]

 
 
 
 

 . 

 

(5.3) 

5.2 Heston-CIR Model for Pricing Equity Warrants  

We now demonstrate the specific procedures to find an analytical formula for valuing 

equity warrants using the Heston-CIR model. Using the dynamics of Equation (5.3), 

we assumed that the price of the equity warrant, 𝑊(𝑡), with maturity 𝑇 at time 𝑡 ∈ [0, 𝑇] 

addresses the following partial differential equation (PDE) 

𝜕𝑊

𝜕𝑡
+
1

2
𝑣𝑆2

𝜕2𝑊

𝜕𝑆2
+
1

2
𝜎2𝑣

𝜕2𝑊

𝜕𝑣2
+
1

2
𝜂2𝑟

𝜕2𝑊

𝜕𝑟2
+ 𝑟𝑆

𝜕𝑊

𝜕𝑆
+ 𝑘∗(𝜃∗ − 𝑣)

𝜕𝑊

𝜕𝑣
+ 

                     [𝛼∗𝛽∗ − (𝛼∗ + 𝐵(𝑡, 𝑇)𝜂2)𝑟]
𝜕𝑊

𝜕𝑟
+ 𝜌𝜎𝑣𝑆

𝜕2𝑊

𝜕𝑆𝜕𝑣
= 0 

 

(5.4) 

with the boundary condition  

𝑊(𝑡) =
1

𝑁 +𝑀𝑘
(𝑘𝑆(𝑡) − 𝑁𝐺)+. (5.5) 

The PDE in Equation (5.4) is derived by applying the Feynman Kac theorem which 

admits the stochastic representation.  

Theorem 5.1. The price of an equity warrant  𝑊(𝑡) for 𝑡 ∈ [0, 𝑇] is 

𝑊(𝑡)(𝑆(𝑡), 𝑣(𝑡), 𝑟(𝑡), 𝑡) =
1

𝑁+𝑀𝑘
[𝑘𝑆(𝑡)𝜙(𝑑1) − 𝑁𝐺𝑒

−𝑟(𝑇−𝑡)𝜙(𝑑2)], (5.6) 

where 

 
𝑑1 

 
= 

𝑙𝑛
𝑘𝑆
𝑁𝐺 − 𝑙𝑛 𝑃

(𝑟, 𝑡, 𝑇) +
1
2𝐿
(𝑇 − 𝑡) +

1
2𝑄

√𝐿(𝑇 − 𝑡) + 𝑄 
, 

𝑃(𝑟, 𝑡, 𝑇) = 𝐴(𝑡, 𝑇)𝑒−𝐵(𝑡,𝑇)𝑟(𝑡), 
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𝐴(𝑡, 𝑇) 

 

= 

(

 
 

2(𝑒
(𝛼∗+√(𝛼∗)2+2𝜂2)

(𝑇−𝑡)
2 )(√(𝛼∗)2+2𝜂2)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

)

 
 

2𝛼∗𝛽∗

𝜂2

, 

 

𝐵(𝑡, 𝑇) 

 

= 
2(𝑒

(𝑇−𝑡)√(𝛼∗)2+2𝜂2
−1)

(2√(𝛼∗)2+2𝜂2)+(𝛼∗+√(𝛼∗)2+2𝜂2)(𝑒
(𝑇−𝑡)√(𝛼∗)2+2𝜂2

−1)

, 

𝐿(𝑇 − 𝑡) = 𝑣(𝑡), 

 
𝑄 

 
= 𝜂2𝑟∫ (

2(𝑒2𝑅 − 2𝑒𝑅 + 1)

2((𝑎∗)2 + 2𝜂2) + (𝑒𝑅 − 1)(𝐶)
)𝑑𝑠 

𝑇

𝑡

, 

𝑅 = (𝑇 − 𝑠)√(𝑎∗)2 + 2𝜂2, 

𝐶 = (𝑎∗√(𝑎∗)2 + 2𝜂2 + (𝑎∗)2 + 3𝜂2 + (𝑒𝑅)((𝑎∗)2 +  𝑎∗√(𝑎∗)2 + 2𝜂2 +

𝜂2)), 

 
𝑑2 

 
= 𝑑1 −√𝐿(𝑇 − 𝑡) + 𝜂

2𝑟∫ 𝐵2(𝑠, 𝑇)𝑑𝑠 ,
𝑇

𝑡

 

and 𝜙 is the cumulative distribution function (CDF) of standard normal distribution. It 

should be mentioned that Equations (5.7-5.17) below are used to achieve the result of 

Theorem 5.1. 

It appears that Equation (5.4) is a parabolic PDE with variable coefficients. Thus, the 

definite solution of Equation (5.4) should be transformed into a Cauchy problem. Here, 

we set up the succeeding coordinate transforms of 

𝑦 =
𝑆

𝑃(𝑟,𝑡,𝑇)
,  𝑊̂(𝑦, 𝑡, 𝐿) =

𝑊(𝑆,𝑣,𝑟,𝑇)

𝑃(𝑟,𝑡,𝑇)
,   and   𝐿 = 𝑣, 

and obtained the following expressions 
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{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
𝜕𝑊

𝜕𝑡
= 𝑊̂

𝜕𝑃

𝜕𝑡
+ 𝑃

𝜕𝑊̂

𝜕𝑡
+ 𝑃

𝜕𝑊̂

𝜕𝑦

𝜕𝑦

𝜕𝑡
=  𝑊̂

𝜕𝑃

𝜕𝑡
+ 𝑃

𝜕𝑊̂

𝜕𝑡
− 𝑦

𝜕𝑊̂

𝜕𝑦

𝜕𝑃

𝜕𝑡
,          

𝜕𝑊

𝜕𝑆
= 𝑃

𝜕𝑊̂

𝜕𝑦

𝜕𝑦

𝜕𝑆
=
𝜕𝑊̂

𝜕𝑦
,                                                                                      

𝜕2𝑊

𝜕𝑆2
=
𝜕2𝑊̂

𝜕𝑦2
𝜕𝑦

𝜕𝑆
=
𝜕2𝑊̂

𝜕𝑦2
(
1

𝑃
),                                                                          

𝜕𝑊

𝜕𝑣
= 𝑃

𝜕𝑊̂

𝜕𝐿

𝜕𝐿

𝜕𝑣
= 𝑃

𝜕𝑊̂

𝜕𝐿
,                                                                                 

𝜕2𝑊

𝜕𝑣2
= 𝑃

𝜕2𝑊̂

𝜕𝐿2
𝜕𝐿

𝜕𝑣
= 𝑃 (

𝜕2𝑊̂

𝜕𝐿2
),                                                                      

𝜕𝑊

𝜕𝑟
= 𝑊̂

𝜕𝑃

𝜕𝑟
+ 𝑃 (

𝜕𝑊̂

𝜕𝑦
(−

𝑦

𝑃

𝜕𝑃

𝜕𝑟
)) =  𝑊̂

𝜕𝑃

𝜕𝑟
− 𝑦

𝜕𝑊̂

𝜕𝑦

𝜕𝑃

𝜕𝑟
 ,                       

𝜕2𝑊

𝜕𝑟2
= 𝑊̂

𝜕2𝑃

𝜕𝑟2
− 𝑦

𝜕𝑊̂

𝜕𝑦

𝜕2𝑃

𝜕𝑟2
+
𝑦2

𝑃

𝜕2𝑊̂

𝜕𝑦2
(
𝜕𝑃

𝜕𝑟
)
2

,                                          

𝜕2𝑊

𝜕𝑆𝜕𝑣
=
𝜕2𝑊̂

𝜕𝑆𝜕𝐿
.                                                                                                    

 

  

 

 

 

 

 

(5.7) 

Note that 𝑆2 = 𝑦2𝑃2, 𝜕𝑃

𝜕𝑟
= −𝑃(𝑟, 𝑡, 𝑇)𝐵(𝑡, 𝑇) and 𝜕2𝑃

𝜕𝑟2
= 𝑃(𝑟, 𝑡, 𝑇)𝐵2(𝑡, 𝑇). 

Substituting Equation (5.7) into Equation (5.4) leads to  

                  𝑊̂
𝜕𝑃

𝜕𝑡
+ 𝑃

𝜕𝑊̂

𝜕𝑡
− 𝑦

𝜕𝑊̂

𝜕𝑦

𝜕𝑃

𝜕𝑡
+
1

2
𝑣𝑆2 (

𝜕2𝑊̂

𝜕𝑦2
)(
1

𝑃
) +

1

2
𝜎2𝑣 (𝑃

𝜕2𝑊̂

𝜕𝐿2
) + 

                                 
1

2
𝜂2𝑟 (𝑊̂(𝑃𝐵2) − 𝑦

𝜕𝑊̂

𝜕𝑦
(𝑃𝐵2) +

𝑦2

𝑃

𝜕2𝑊̂

𝜕𝑦2
(−𝑃𝐵)2) + 𝑟𝑆 (

𝜕𝑊̂

𝜕𝑦
) + 

                                 𝑘∗(𝜃∗ − 𝑣)(𝑃
𝜕𝑊̂

𝜕𝐿
) + 𝜌𝜎𝑣𝑆 (

𝜕2𝑊̂

𝜕𝑆𝜕𝐿
) = 0 

   𝑃
𝜕𝑊̂

𝜕𝑡
+
1

2
𝑣𝑆2 (

𝜕2𝑊̂

𝜕𝑦2
) (

1

𝑃
) +

1

2
𝜎2𝑣 (𝑃

𝜕2𝑊̂

𝜕𝐿2
) +

1

2
𝜂2𝑟 ((𝑦2𝑃𝐵2)

𝜕2𝑊̂

𝜕𝑦2
) = 0, 

                  
𝜕𝑊̂

𝜕𝑡
+
1

2
𝑦2𝐿 (

𝜕2𝑊̂

𝜕𝑦2
) +

1

2
𝜎2𝐿 (

𝜕2𝑊̂

𝜕𝐿2
) +

1

2
𝜂2𝑟 ((𝑦𝐵2(𝑡, 𝑇))

𝜕2𝑊̂

𝜕𝑦2
) = 0. (5.8) 

Next, let us denote 𝑥 = ln 𝑦 and Equation (5.8) becomes 

𝜕𝑊̂

𝜕𝑡
−
1

2
𝐿
𝜕𝑊̂

𝜕𝑥
+
1

2
𝐿
𝜕2𝑊̂

𝜕𝑥2
+
1

2
𝜎2𝐿(

𝜕2𝑊̂

𝜕𝐿2
) −

1

2
𝜂2𝑟𝐵2(𝑡, 𝑇)

𝜕𝑊̂

𝜕𝑥
+
1

2
𝜂2𝑟𝐵2(𝑡, 𝑇)

𝜕2𝑊̂

𝜕𝑥2
= 0. (5.9) 

We specified the function 𝑊̂(𝑦, 𝑡, 𝐿) = 𝑢(𝜂̂, 𝜏, 𝜆̂) and 𝜂̂ = 𝑥 + 𝛼̂(𝑡), where 𝛼̂(𝑇) =

𝜔(𝑇) = 0 , 𝜏 = 𝜔(𝑡) and 𝜆̂ = 𝐿 + ℎ(𝑡). As a result, we obtained  

𝜕𝑊̂

𝜕𝑡
=
𝜕𝑢

𝜕𝜂̂
𝛼̂′(𝑡) +

𝜕𝑢

𝜕𝜏
𝜔′(𝑡) +

𝜕𝑢

𝜕𝜆̂
ℎ′(𝑡), 
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𝜕𝑊̂

𝜕𝑥
=
𝜕𝑢

𝜕𝜂̂
(
𝜕𝜂̂

𝜕𝑥
) =

𝜕𝑢

𝜕𝜂̂
, 

𝜕2𝑊̂

𝜕𝑥2
=
𝜕2𝑢

𝜕𝜂̂2
, 

𝜕𝑊̂

𝜕𝐿
=
𝜕𝑢

𝜕𝜆̂
  

and 

𝜕2𝑊̂

𝜕𝐿2
=
𝜕2𝑢

𝜕𝜆̂2
. (5.10) 

Predicated on Equations (5.9-5.10), Equation (5.9) can be expressed as 

𝜕𝑢

𝜕𝜂̂
[𝛼̂′(𝑡) −

1

2
𝐿 −

1

2
𝜂2𝑟𝐵2(𝑡, 𝑇)] +

𝜕2𝑢

𝜕𝜂̂2
[
1

2
𝐿 +

1

2
𝜂2𝑟𝐵2(𝑡, 𝑇)] +

𝜕𝑢

𝜕𝜏
𝜔′(𝑡) + 

              
𝜕𝑢

𝜕𝜆̂
ℎ′(𝑡)  +

1

2
𝜎2𝐿 (

𝜕2𝑢

𝜕𝜆̂2
) = 0. 

 

(5.11) 

Following Xiao et al. (2014), assume 𝜕
2𝑢

𝜕𝜂̂2
 and 𝜕

2𝑢

𝜕𝜆̂2
 to be in the following form  

𝜕2𝑢

𝜕𝜂̂2
=

𝜕𝑢

𝜕𝜏
 and 𝜕

2𝑢

𝜕𝜆̂2
=

𝜕𝑢

𝜕𝜆̂
 ,                         (5.12) 

subject to the final condition 𝑢(𝜂̂, 0, 𝜆̂) = 1

𝑁+𝑀𝑘
(𝑘𝑒𝜂̂ −𝑁𝐺)+. Further, we let 

{
 
 

 
 𝛼̂

′(𝑡) =
1

2
𝐿 +

1

2
𝜂2𝑟𝐵2(𝑡, 𝑇) ,    

𝜔′(𝑡) = −
1

2
𝐿 −

1

2
𝜂2𝑟𝐵2(𝑡, 𝑇),

ℎ′(𝑡) = −
1

2
𝜎2𝐿.                            

                          

 

(5.13) 

By integrating Equation (5.13) with respect to the variable s, we obtained 

{
 
 

 
 𝛼̂(𝑡) = ∫ (

1

2
𝐿 +

1

2
𝜂2𝑟𝐵2(𝑠, 𝑇) ) 𝑑𝑠,

𝑇

𝑡
     

𝜔(𝑡) = −∫ (
1

2
𝐿 +

1

2
𝜂2𝑟𝐵2(𝑠, 𝑇))  𝑑𝑠

𝑇

𝑡

ℎ(𝑡) = −∫ (
1

2
𝜎2𝐿)

𝑇

𝑡
 𝑑𝑠.                          

,                          

 

(5.14) 

Based on Equation (3.11), it is noteworthy that Equation (5.12) alludes to an explicit 

solution of a one-dimensional heat equation that can be written as 

𝑢(𝜂̂, 𝜏, 𝜆̂) =
1

2√𝜋𝜏
∫

1

𝑁 +𝑀𝑘

+∞

−∞

(𝑘𝑒𝜉 −𝑁𝐺)
+
𝑒− 

(𝜂̂−𝜉)2

4𝜏 𝑑𝜉. 
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Subsequently, in line with Xiao et al. (2014), 

𝑊̂ = 𝑢(𝜂̂, 𝜏, 𝜆̂) =
1

2√𝜋𝜏
∫

1

𝑁 +𝑀𝑘

+∞

𝑙𝑛
𝑁𝐺
𝑘

(𝑘𝑒𝜉 − 𝑁𝐺)𝑒−
(𝜂̂−𝜉)2

4𝜏 𝑑𝜉, 

                             =
𝑘

2√𝜋𝜏
∫

𝑒𝜉𝑒−
(𝜂̂−𝜉)2

4𝜏

𝑁 +𝑀𝑘
𝑑𝜉 −

𝑁𝐺

2√𝜋𝜏
∫

𝑒−
(𝜂̂−𝜉)2

4𝜏

𝑁 +𝑀𝑘

+∞

𝑙𝑛
𝑁𝐺
𝑘

+∞

𝑙𝑛
𝑁𝐺
𝑘

𝑑𝜉, 

                             = 𝐼1 − 𝐼2. 

   

 

 

(5.15) 

We first computed 𝐼2 by presuming 𝑧2 =
𝜂̂−𝜉

√2𝜏
 and −√2𝜏𝑑𝑧2 = 𝑑𝜉. Hence, the 

expression of 𝐼2 is given by 

 𝐼2 

 

= 

𝑁𝐺

2√𝜋𝜏
∫   

𝑒−
(𝜂̂−𝜉)2

4𝜏

𝑁 +𝑀𝑘

+∞

𝑙𝑛
𝑁𝐺
𝑘

𝑑𝜉, 
 

 
 

= 
𝑁𝐺

(𝑁 +𝑀𝑘)

1

2√𝜋𝜏
∫   𝑒−

𝑧2
2

2 (−√2𝜏)𝑑𝑧2

𝜂̂−𝑙𝑛
𝑁𝐺
𝑘

√2𝜏

−∞

 

 

 
 

= 
𝑁𝐺

𝑁 +𝑀𝑘

1

√2𝜋
∫   𝑒−

𝑧2
2

2  𝑑𝑧2

𝜂̂−𝑙𝑛
𝑁𝐺
𝑘

√2𝜏

−∞

 

 

 = 𝑁𝐺

𝑁 +𝑀𝑘
𝜙(𝑑2), 

(5.16) 

where 

𝑑2 =
𝑙𝑛
𝑘𝑆
𝑁𝐺 − 𝑙𝑛 𝑃

(𝑡, 𝑇) −
1
2𝐿
(𝑇 − 𝑡) −

1
2𝑄

√𝐿(𝑇 − 𝑡) + 𝑄 
, 

𝑄 = 𝜂2𝑟∫ (
2(𝑒2𝑅 − 2𝑒𝑅 + 1)

2((𝑎∗)2 + 2𝜂2) + (𝑒𝑅 − 1)(𝐶)
) 𝑑𝑠

𝑇

𝑡

, 

𝑅 = (𝑇 − 𝑠)√(𝑎∗)2 + 2𝜂2, 

and 

𝐶 = (𝑎∗√(𝑎∗)2 + 2𝜂2 + (𝑎∗)2 + 3𝜂2 + (𝑒𝑅)((𝑎∗)2 + 𝑎∗√(𝑎∗)2 + 2𝜂2 + 𝜂2)). 

In a very similar way, we expressed 𝐼1 by letting 𝑧1 =
𝜂̂−𝜉+2𝜏

√2𝜏
 and −√2𝜏𝑑𝑧1 = 𝑑𝜉. We 

obtained 
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𝐼1 =

1

2√𝜋𝜏
∫   

𝑘𝑒𝜉

𝑁 +𝑀𝑘

+∞

𝑙𝑛
𝑁𝐺
𝑘

𝑒−
(𝜂̂−𝜉)2

4𝜏 𝑑𝜉, 

     =
𝑘𝑒𝜂̂+𝜏

(𝑁 +𝑀𝑘)2√𝜋𝜏
∫   𝑒−

𝑧1
2

2 (−√2𝜏)𝑑𝑧1

− 𝑙𝑛
𝑁𝐺
𝑘
+𝜂̂+2𝜏

√2𝜏

−∞

, 

    =
𝑘𝑆(𝑇)

𝑁+𝑀𝑘

1

𝑃(𝑟,𝑡,𝑇)
𝜙(𝑑1), 

 

 

 

(5.17) 

where 

𝑑1 =
𝑙𝑛
𝑘𝑆
𝑁𝐺

− 𝑙𝑛 𝑃(𝑟, 𝑡, 𝑇) +
1
2
𝐿(𝑇 − 𝑡) +

1
2
𝑄

√𝐿(𝑇 − 𝑡) + 𝑄
, 

𝑄 = 𝜂2𝑟∫ (
2(𝑒2𝑅 − 2𝑒𝑅 + 1)

2((𝑎∗)2 + 2𝜂2) + (𝑒𝑅 − 1)(𝐶)
) 𝑑𝑠 ,

𝑇

𝑡

 

𝑅 = (𝑇 − 𝑠)√(𝑎∗)2 + 2𝜂2, 

and 

𝐶 = (𝑎∗√(𝑎∗)2 + 2𝜂2 + (𝑎∗)2 + 3𝜂2 + (𝑒𝑅)((𝑎∗)2 + 𝑎∗√(𝑎∗)2 + 2𝜂2 + 𝜂2)). 

As a result, the coveted outcome given in Theorem 5.1 is obtained by the integration of 

Equations (5.15-5.17), alongside the relationship 𝑊(𝑆, 𝑣, 𝑟, 𝑡) = 𝑊̂(𝑦, 𝑡, 𝐿)𝑃(𝑟, 𝑡, 𝑇). The 

closed-form solution obtained here is applied in the empirical sense in the next section, 

to examine its effectiveness and accuracy.  

5.3 Empirical Applications 

In this section, we firstly display the data used and provide the results of parameter 

estimation for the three models considered in this study. These estimated parameters 

were then used to implement the models to realistic contexts. The models’ efficiency is 

also evaluated based on the elapsed time recorded by each model respectively. Further 

on, we tested the models in terms of model validation which concerns the proximity 

between the estimated equity warrant prices and the real market prices. Finally, we 
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present the pricing analysis to further validate the accuracy of each model and their 

ability to be applied in financial environments. 

 5.3.1 Dataset Description 

As explained in Chapter Four, data from Bursa Malaysia is selected in this study to 

reflect the Malaysian market. The warrant prices considered consist of 32 warrant 

companies listed from December 2015 to December 2019. The variables namely 

warrants outstanding (millions), shares outstanding (millions), exercise price, share per 

warrant, maturity period, and mid-price were extracted from the market data. The 

formulas from the proposed model, the Black-Scholes model and the Noreen Wolfson 

model were employed using these market data to find the respective estimated warrant 

prices. As a summary, the lists of equity warrants used in this study are reported in 

Table 5.1 below.  

Table 5.1  

List of the equity warrants involved in this study  

Number  Equity Warrants Issuer 

1 APPASIA-WA APPASIA Berhad 

2 AZRB-WA Ahmad Zaki Resources Berhad 

3 BIMB-WA BIMB Holdings Berhad 

4 BTM-WB BTM Resources Berhad 

5 DIGISTA-WB Digistar Corporation Berhad 

6 DNONCE-WA D'nonce Technology Berhad 

7 DOMINAN-WA Dominant Enterprise Berhad 

8 DPS-WB DPS Resources Berhad 

9 ECOWLD-WA Eco World Development Group Berhad 

10 EG-WC EG Industries Berhad 

11 GPA-WA GPA Holdings Berhad  

12 GUNUNG-WB Gunung Capital Berhad 
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13 INIX-WA Inix Technologies Holdings Berhad 

14 JIANKUN-WA Jiankun International Berhad 

15 KIMLUN-WA Kimlun Corporation Berhad 

16 LBS-WB LBS Bina Group Berhad 

17 LEWEKO-WB Leweko Resources Berhad 

18 LUSTER-WB Luster Industries Berhad 

19 MAGNA-WB Magna Prima Berhad 

20 MBL-WA Muar Ban Lee Group Berhad 

21 MCLEAN-WB Mclean Technologies Berhad 

22 OCK-WA Ock Group Berhad 

23 PENSONI-WB Pensonic Holdings Berhad 

24 POHUAT-WB Poh Huat Resources Holdings Berhad 

25 REACH-WA Reach Energy Berhad 

26 SERSOL-WA Sersol Berhad 

27 SOLID-WA Solid Automotive Berhad 

28 SRIDGE-WA Silver Ridge Holdings Berhad 

29 SYMLIFE-WB Symphony Life Berhad 

30 THRIVEN-WB Thriven Global Berhad 

31 WCT-WE WCT Holdings Berhad 

32 WZSATU-WA WZ Satu Berhad 

 

5.3.2 Parameter Estimation and Model Efficiency 

Section 5.2 demonstrates the formula derivation for pricing equity warrants under a 

hybrid model of stochastic volatility and stochastic interest rates. In this way, several 

inaccessible model parameters from the market data had to be estimated to employ the 

developed pricing formula in a practical setting. The parameters 𝜅∗, 𝜃∗, 𝜎, 𝛼∗,

𝛽∗, 𝜂, 𝑣(0), 𝑟(0) and 𝜌 involved in Equation (5.6) were estimated by minimizing the 

absolute value of MSE between the real market and model prices. The same technique 

was also used to calibrate parameters in the comparison models in this study. 

Additionally, the elapsed times for all three models were recorded to investigate the 
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models’ efficiency. Therewith, Table 5.2 listed the values of lb, ub and x0 values 

involved in this study, and all estimated parameters obtained along with the elapsed 

time for each model are exhibited in Tables 5.3-5.5.   

Table 5.2  

Upper bounds, lower bounds and initial points of the involved model parameters  

 𝜿∗ 𝜽∗ 𝝈 𝜶∗ 𝜷∗ 𝜼 𝒗(𝟎) 𝒓(𝟎) 𝝆 
Lower 
bound 
(lb) 

0 0 0 0 -1 0 0 0 -1 

Upper 
bound 
(ub) 

5 1 1 5 1 1 1 1 1 

Initial 
point 
(x0) 

4 0.5 0.1 3 1 1 1 1 0.5 

Table 5.3  

Estimated parameters in the proposed model, Equation (5.6), for year 2015-2019 

Parameters 2015 2016 2017 2018 2019 
𝑘∗ 4 4 4 4 4 
 𝜃∗ 0.5 0.5 0.5 0.5 0.5 
𝜎 0.1 0.1 0.1 0.1 0.1 
𝛼∗  0.1489 0.1349 0.15 0.1949 0.2403 
𝛽∗ 1 1 1 1 1 
𝜂 1 1 1 1 0.7477 

𝑣(0) 1 1 1 1 1 
𝑟(0) 1 1 1 1 1 
𝜌 0.5 0.5 0.5 0.5 0.5 

Elapsed 
time 

(seconds) 

*38.123191 *41.044956 *42.061290 *43.164952 *62.618016 

Table 5.4  

Estimated parameters in the Black-Scholes model, Equation (2.1), for year 2015-2019 

Parameters 2015 2016 2017 2018 2019 
𝑣(0) 1 1 1 1 1 
𝑟(0) 1 1 1 1 1 

Elapsed time 
(seconds) 

9.402161 7.304098 8.885484 7.948858 7.480020 
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Table 5.5  

Estimated parameters in the Noreen Wolfson model, Equation (3.13), for year 2015-

2019 

Parameters 2015 2016 2017 2018 2019 
𝑣(0) 0.0000 0.0000 0.0000 0.0401 0.0234 
𝑟(0) 0.3485 0.2825 0.2939 0.0281 0.0144 

Elapsed time 
(seconds) 

72.579133 87.835694 72.574449 156.449332 139.517296 

In Table 5.3, it is apparent that the calibration processes for the proposed model are less 

time-consuming even though nine parameters are required in the model. This can be 

seen that the elapsed time of 38.12 to 62.62 seconds was considerably fast compared to 

the Noreen Wolfson model, which is tabulated in Table 5.5. Needless to say, the Noreen 

Wolfson model took a long calibration time of 72.57 to 156.45 seconds, despite only 

requiring two estimated parameters. It is also interesting to note that in year 2015, the 

Black-Scholes model took approximately 4.7 seconds to estimate one parameter since 

the model required 9.4 seconds for two estimated parameters. Based on this calculation, 

calibrating nine parameters in the proposed model should take 42 or more seconds. 

However, the proposed model was capable of doing it in less time, resulting in 38.12 

seconds. Besides that, the requirement of only two parameters to be estimated in the 

Black-Scholes model makes the calibration processes less time-consuming, being about 

7.3 to 9.4 seconds.  

As a whole, it can be inferred that the performance of the proposed model was 

significantly efficient in calibrating nine model parameters, compared to the Black-

Scholes model and the Noreen Wolfson model. Our findings are in agreement with Liu, 

Borovykh, Grzelak and Oosterlee (2019) who stated that calibrating financial models 

should be in accordance with an accurate and speed valuation procedure. They also 

reported that a quick and precise calibration process is essential in realistic pricing and 
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risk management. The results of model validation will be presented in the next 

subsection. 

5.3.3 Model Validation 

In this subsection, the validation phase was conducted where all the three models in this 

study were examined to determine the associated degree of accurate representation for 

the warrant prices. For this purpose, the prices obtained by these models were compared 

with the market prices. The results obtained from the year 2015 until the year 2019 are 

listed in Tables 5.6–5.10.  

Table 5.6  

Empirical performance of the proposed model, the Black-Scholes model, and the 

Noreen Wolfson model against the market price in year 2015 

Warrants Proposed model 
(RM) 

Black-Scholes 
model (RM) 

Noreen Wolfson 
model (RM) 

Market 
price 
(RM) 

APPASIA-WA 0.080000000574791 0.080003664824940 0.061549782101358 0.0800 
AZRB-WA 0.238000001704934 0.238024795405410 0.108161452747248 0.2380 
BIMB-WA 0.343000002824984 0.343156472448375 -0.603326470540900 0.3430 
BTM-WB 0.155000004011743 0.155006906248942 0.096943711986730 0.1550 
DIGISTA-WB 0.075000000677126 0.075009369273828 0.037183084996244 0.0750 
DNONCE-WA 0.083000000000000 0.083907520256001 0.069712255166650 0.0830 
DOMINAN-WA 0.283000000000000 0.288717639718196 0.138933493031117 0.2830 
DPS-WB 0.058000000176084 0.058003157647147 0.043688340892262 0.0580 
ECOWLD-WA 0.418000000000014 0.419348721008430 0.218521898884149 0.4180 
EG-WC 0.735000000000000 0.737267668914963 0.643528629436075 0.7350 
GPA-WA 0.033000000087343 0.033002812446657 0.018037291849583 0.0330 
GUNUNG-WB 0.128000003174455 0.128013400932196 0.037728742915178 0.1280 
INIX-WA 0.028000000000000 0.028272355808932 0.023987401622079 0.0280 
JIANKUN-WA 0.088000000001574 0.088168477595226 0.065647894368278 0.0880 
KIMLUN-WA 0.413000008093895 0.413058868525811 0.136825780118719 0.4130 
LBS-WB 0.260000000000000 0.266553216556657 -0.050185698922461 0.2600 
LEWEKO-WB 0.073000000000000 0.073881290353642 0.036628121381425 0.0730 
LUSTER-WB 0.038000000038174 0.038003713058675 0.024600258031909 0.0380 
MAGNA-WB 0.343000000000000 0.346434767708419 0.222849636704769 0.3430 
MBL-WA 0.215000008672113 0.215027140033617 0.033666912394268 0.2150 
MCLEAN-WB 0.073000000000000 0.074221435170927 0.050497561428592 0.0730 
OCK-WA 0.183000000000000 0.186011639393832 0.098178408090710 0.1830 
PENSONI-WB 0.188000007693864 0.188016930585542 0.084783840225892 0.1880 
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POHUAT-WB 1.025000000000000 1.029687584199990 0.774690200147753 1.0250 
REACH-WA 0.053000000002837 0.053114262051472 -0.037488670420523 0.0530 
SERSOL-WA 0.128000000937069 0.128005200678780 0.108653294160070 0.1280 
SOLID-WA 0.923000000000000 0.925412512227668 0.794381389303398 0.9230 
SRIDGE-WA 0.058000001750893 0.058004016101141 0.037877602187818 0.0580 
SYMLIFE-WB 0.223000000000944 0.223558569789955 0.136434838063479 0.2230 
THRIVEN-WB 0.113000000000000 0.115626296918640 0.082471369943301 0.1130 
WCT-WE 0.188000000000000 0.197794739133998 -0.051233367370565 0.1880 
WZSATU-WA 0.750000002879264 0.750021166640739 0.550547163125643 0.7500 

*Comparable to market price: Orange; Negative prices: Pink 

Table 5.7  

Empirical performance of the proposed model, the Black-Scholes model, and the 

Noreen Wolfson model against the market price in year 2016 

Warrants Proposed model 
(RM) 

Black-Scholes model 
(RM) 

Noreen Wolfson 
model (RM) 

Market 
price 
(RM) 

APPASIA-WA 0.248000000700596 0.248003731957531 0.219475048697368 0.2480 
AZRB-WA 0.243000001261332 0.243024751724781 0.154723565675058 0.2430 
BIMB-WA 0.273000002454681 0.273158239444897 -0.645230887977214 0.2730 
BTM-WB 0.158000002310785 0.158006822911536 0.132217683269131 0.1580 
DIGISTA-WB 0.065000000471245 0.065004672265969 0.022636426429228 0.0650 
DNONCE-WA 0.073000000000000 0.073951969423668 0.049036328136129 0.0730 
DOMINAN-WA 0.198000000000000 0.203812963061792 0.050688694550608 0.1980 
DPS-WB 0.038000000111218 0.038003134008338 0.030756360774174 0.0380 
ECOWLD-WA 0.370000000000005 0.371378584361358 0.259153012000682 0.3700 
EG-WC 0.533000000000000 0.535248899020325 0.473592435261704 0.5330 
GPA-WA 0.028000000069474 0.028002815342464 0.016339457077336 0.0280 
GUNUNG-WB 0.173000002627014 0.173013421500363 0.097572613410435 0.1730 
INIX-WA 0.023000000000000 0.023381324875077 0.018214499145476 0.0230 
JIANKUN-WA 0.080000000001585 0.080170581812770 0.059075704397721 0.0800 
KIMLUN-WA 0.673000008973558 0.673059961550395 0.292424110878836 0.6730 
LBS-WB 0.415000000000000 0.421957715325841 0.120226156403359 0.4150 
LEWEKO-WB 0.055000000000000 0.055779174330316 0.053207739779309 0.0550 
LUSTER-WB 0.028000000015157 0.028003262019334 0.024650390874453 0.0280 
MAGNA-WB 0.530000000000000 0.533470687212387 0.411173509089886 0.5300 
MBL-WA 0.405000007318534 0.405027173286708 0.250462312705650 0.4050 
MCLEAN-WB 0.045000000000000 0.046171967084362 0.039198302139023 0.0450 
OCK-WA 0.208000000000000 0.211117377728254 0.126691199602151 0.2080 
PENSONI-WB 0.208000006198493 0.208016936298032 0.128151928800124 0.2080 
POHUAT-WB 0.773000000000000 0.777667315939536 0.587173532620918 0.7730 
REACH-WA 0.113000000002323 0.113105091820657 0.058338478709327 0.1130 
SERSOL-WA 0.105000000638528 0.105005169718590 0.094864026420517 0.1050 
SOLID-WA 0.748000000000000 0.750417510897621 0.647544328570765 0.7480 
SRIDGE-WA 0.053000001185461 0.053005118963523 0.044698129225113 0.0530 
SYMLIFE-WB 0.133000000000571 0.133652033273481 0.087708804193130 0.1330 
THRIVEN-WB 0.070000000000000 0.072121724407344 0.069530345445800 0.0700 
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WCT-WE 0.183000000000000 0.192967559698116 -0.026919543938599 0.1830 
WZSATU-WA 0.603000001833349 0.603017661520493 0.460744738644571 0.6030 

*Comparable to market price: Orange; Negative prices: Pink 

Table 5.8  

Empirical performance of the proposed model, the Black-Scholes model, and the 

Noreen Wolfson model against the market price in year 2017 

Warrants Proposed model 
(RM) 

Black-Scholes model 
(RM) 

Noreen Wolfson 
model (RM) 

Market 
price 
(RM) 

APPASIA-WA 0.258000000732646 0.258003986898520 0.227873201248974 0.2580 
AZRB-WA 0.510000001959723 0.510025354703685 0.361592796601072 0.5100 
BIMB-WA 0.293000003322003 0.293159492769425 -0.748689863709231 0.2930 
BTM-WB 0.163000003089889 0.163007010660897 0.132204040021189 0.1630 
DIGISTA-WB 0.065000000232599 0.065009525001375 0.055469212789090 0.0650 
DNONCE-WA 0.193000000000000 0.193960829943653 0.166235417342544 0.1930 
DOMINAN-WA 0.230000000000000 0.235853295323269 0.052311285930470 0.2300 
DPS-WB 0.043000000157844 0.043003142742167 0.034131386415820 0.0430 
ECOWLD-WA 0.353000000000007 0.354394033139407 0.218756486034227 0.3530 
EG-WC 0.393000000000000 0.394906779707981 0.341300552158534 0.3930 
GPA-WA 0.038000000083237 0.038002805960465 0.027415596055572 0.0380 
GUNUNG-WB 0.128000002816721 0.128013335565788 0.069760151685293 0.1280 
INIX-WA 0.098000000000000 0.098392526154015 0.092394185898286 0.0980 
JIANKUN-WA 0.075000000002615 0.075178259644932 0.040511157223537 0.0750 
KIMLUN-WA 0.605000012527321 0.605060656721254 0.128582384595424 0.6050 
LBS-WB 1.075000000000000 1.082081775205040 0.753810884307047 1.0750 
LEWEKO-WB 0.180000000000000 0.180871918703608 0.156392900645786 0.1800 
LUSTER-WB 0.048000000043929 0.048003802000813 0.032273751119959 0.0480 
MAGNA-WB 0.410000000000000 0.413496368860322 0.279202830442013 0.4100 
MBL-WA 0.555000010548163 0.555027284182284 0.357738332890442 0.5550 
MCLEAN-WB 0.063000000000000 0.064203790181999 0.051319792203753 0.0630 
OCK-WA 0.258000000000000 0.261160832836519 0.141595513312721 0.2580 
PENSONI-WB 0.215000007683273 0.215016918123451 0.134949784625696 0.2150 
POHUAT-WB 0.795000000000000 0.799816911809095 0.582972731035629 0.7950 
REACH-WA 0.113000000001263 0.113101661166390 0.094054477318919 0.1130 
SERSOL-WA 0.095000001033086 0.095005217071485 0.078435082116587 0.0950 
SOLID-WA 0.138000000000000 0.138832788979855 0.100073684149699 0.1380 
SRIDGE-WA 0.063000002364377 0.063005216491152 0.041812527271741 0.0630 
SYMLIFE-WB 0.170000000000977 0.170656933906508 0.107990110948132 0.1700 
THRIVEN-WB 0.045000000000000 0.047266202837387 0.042514543243636 0.0450 
WCT-WE 0.263000000000000 0.273019777538920 0.092564716252831 0.2630 
WZSATU-WA 0.543000002306095 0.543017646593045 0.402166492759913 0.5430 

*Comparable to market price: Orange; Negative prices: Pink  
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Table 5.9  

Empirical performance of the proposed model, the Black-Scholes model, and the 

Noreen Wolfson model against the market price in year 2018  

Warrants Proposed model 
(RM) 

Black-Scholes model 
(RM) 

Noreen Wolfson 
model (RM) 

Market 
price 
(RM) 

APPASIA-WA 0.040000000797450 0.040003892564869 0.039961015728140 0.0400 
AZRB-WA 0.103000001527921 0.103021641544174 0.102999999745481 0.1030 
BIMB-WA 0.138000005665921 0.138159336471103 -0.118997541391386 0.1380 
BTM-WB 0.040000002394644 0.040006840219525 0.040000000000000 0.0400 
DIGISTA-WB 0.030000000184336 0.030009008192324 0.030000000000000 0.0300 
DNONCE-WA 0.128000000000000 0.129123606872644 0.112729169624829 0.1280 
DOMINAN-WA 0.063000000000000 0.068916217912329 -0.059131694597317 0.0630 
DPS-WB 0.023000000267042 0.023003109631697 0.022999916591967 0.0230 
ECOWLD-WA 0.178000000000008 0.179345421615540 0.178000000000003 0.1780 
EG-WC 0.165000000000000 0.166916919040366 0.149035598977923 0.1650 
GPA-WA 0.018000000196653 0.018002810962309 0.015346085719489 0.0180 
GUNUNG-WB 0.045000005245761 0.045013282012611 0.039084797000964 0.0450 
INIX-WA 0.033000000000000 0.033393433551250 0.032999988560665 0.0330 
JIANKUN-WA 0.060000000010420 0.060181127018681 0.022971085006337 0.0600 
KIMLUN-WA 0.260000012593268 0.260059462387752 0.259610494648743 0.2600 
LBS-WB 0.220000000000000 0.223008872570598 0.211205895265941 0.2200 
LEWEKO-WB 0.043000000000000 0.043801194846018 0.043000000000385 0.0430 
LUSTER-WB 0.028000000073885 0.028003759341141 0.027967190107352 0.0280 
MAGNA-WB 0.180000000000000 0.183461634807858 0.151992505247840 0.1800 
MBL-WA 0.323000019842525 0.323028117261753 0.136465949783279 0.3230 
MCLEAN-WB 0.028000000000000 0.029153994724313 0.028000000000610 0.0280 
OCK-WA 0.083000000000000 0.085933428413465 0.083000000000373 0.0830 
PENSONI-WB 0.133000012916104 0.133016799549546 0.128189505142210 0.1330 
POHUAT-WB 0.495000000000000 0.499825179720500 0.339601714727856 0.4950 
REACH-WA 0.068000000001872 0.068099196562549 0.068000000000000 0.0680 
SERSOL-WA 0.035000001296996 0.035005100803210 0.034999999985233 0.0350 
SOLID-WA 0.093000000000000 0.093830943304784 0.071684222080888 0.0930 
SRIDGE-WA 0.083000006366859 0.083005574512705 0.042449763153731 0.0830 
SYMLIFE-WB 0.028000000000214 0.028480767187900 0.028000000000001 0.0280 
THRIVEN-WB 0.055000000000000 0.056601020931662 0.054999999998737 0.0550 
WCT-WE 0.053000000000000 0.061754544783652 0.053000000004992 0.0530 
WZSATU-WA 0.075000000849504 0.075012860933505 0.074999999926222 0.0750 

*Comparable to market price: Orange; Negative prices: Pink  
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Table 5.10  

Empirical performance of the proposed model, the Black-Scholes model, and the 

Noreen Wolfson model against the market price in year 2019 

Warrants Proposed model 
(RM) 

Black-Scholes model 
(RM) 

Noreen Wolfson 
model (RM) 

Market 
price (RM) 

APPASIA-WA 0.088000000148371 0.088003911241669 0.087999999599448 0.0880 
AZRB-WA 0.185000000252882 0.185021826487930 0.185000012667902 0.1850 
BIMB-WA 0.228000000898383 0.228161972782689 -0.142658164109784 0.2280 
BTM-WB 0.118000000811604 0.118007073166777 0.118000000265438 0.1180 
DIGISTA-WB 0.018000000015144 0.018008826943339 0.017999998883439 0.0180 
DNONCE-WA 0.143000000000000 0.144221829989413 0.117231397420016 0.1430 
DOMINAN-WA 0.035000000000000 0.040910128322483 -0.00669191357909 0.0350 
DPS-WB 0.038000000046692 0.038003138601671 0.038000001808442 0.0380 
ECOWLD-WA 0.238000000000001 0.239310845183885 0.237997956243465 0.2380 
EG-WC 0.073000000000000 0.074886997907047 0.072998472180433 0.0730 
GPA-WA 0.038000000026699 0.038002812446657 0.037996430564936 0.0380 
GUNUNG-WB 0.128000001404027 0.128013511178868 0.068131134316527 0.1280 
INIX-WA 0.008000000000000 0.008388436672718 0.007999580490398 0.0080 
JIANKUN-WA 0.068000000001654 0.068180165926507 0.063899230814451 0.0680 
KIMLUN-WA 0.268000002196129 0.268060075128766 0.267999930104137 0.2680 
LBS-WB 0.053000000000000 0.056001902808156 0.052996951364994 0.0530 
LEWEKO-WB 0.038000000000000 0.038883164529267 0.033908702611220 0.0380 
LUSTER-WB 0.033000000010146 0.033003804846294 0.032999996417490 0.0330 
MAGNA-WB 0.148000000000000 0.151424957865071 0.148008008031926 0.1480 
MBL-WA 0.575000003707543 0.575028596447827 0.435687160159400 0.5750 
MCLEAN-WB 0.055000000000000 0.056185033788423 0.054998277662008 0.0550 
OCK-WA 0.083000000000000 0.086138038990056 0.083007965529168 0.0830 
PENSONI-WB 0.060000001570295 0.060016564798600 0.059999987905250 0.0600 
POHUAT-WB 0.503000004130376 0.508049875850608 0.396327043165984 0.5030 
REACH-WA 0.038000000000000 0.038093627633135 0.038000076559532 0.0380 
SERSOL-WA 0.040000000003767 0.040005117238332 0.039999995411248 0.0400 
SOLID-WA 0.073000000304881 0.073829804501047 0.067066161240971 0.0730 
SRIDGE-WA 0.108000000000000 0.108005744689100 0.077646920955374 0.1080 
SYMLIFE-WB 0.018000000306296 0.018492654421785 0.017999853332627 0.0180 
THRIVEN-WB 0.018000000000017 0.019666842277308 0.018003450106710 0.0180 
WCT-WE 0.038000000000000 0.047206517044160 0.037992244768305 0.0380 
WZSATU-WA 0.103000000161639 0.103012459727034 0.103000017526188 0.1030 

*Comparable to market price: Orange; Negative prices: Pink  

Referring to Tables 5.6–5.10, the results revealed that the proposed model (in orange 

color) had the best performance by far, followed by the Black-Scholes model, and the 

Noreen Wolfson model which performed the worst. In particular, the proposed model 

achieved good results over the years since the warrants’ estimated prices obtained were 
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approximately equal to the warrants’ market prices. Undoubtedly, it is clear that the 

proposed model is extremely hard to beat by the other two models considered.  

Apart from that, the Black-Scholes model considerably overestimated warrant prices 

compared to the proposed model. For example, Table 5.7 displays that some warrants 

such as BIMB-WA, DOMINAN-WA, and ECOWOLD-WA overestimated the market 

prices by RM0.00015823944, RM0.00581296306, and RM0.00137858436 

respectively. Even though these overestimations are very small, which is less than a 

cent, it is discovered that the price differences for the proposed model are smaller, each 

resulting in RM 2.45468096E-9, RM0, and RM4.9960036E-15. Moreover, the findings 

indicate that one traded warrant has lost than a cent, thus, if warrants are traded in large 

quantities, such as 10 000 units, a company may suffer a significant loss due to these 

overestimations. This justifies that even though the Black-Scholes model might also be 

able to predict a majority of warrant prices considered in this study, however, it could 

not precisely represent the entire market price. The related reasoning is that the Black-

Scholes model holds the assumptions of constant volatility and constant interest rate, 

which is against the real market phenomenon. Nonetheless, it can be observed that the 

Black-Scholes model was superior in estimating warrant prices than the Noreen 

Wolfson model.  

As shown in Tables 5.6-5.10, the Noreen Wolfson model reported the worst 

performance amongst the models, particularly in the years 2015 to 2017. We discovered 

that 6.875% of estimated warrant prices generated by this model resulted in negative 

prices (in pink color) throughout the five years. Such results were inappropriate since 

warrant prices should never be negative. On the other hand, this model shows a slight 

improvement in the years 2018 and 2019 as the predicted prices obtained for some 

warrants were almost equivalent to market prices. For instance, out of the 32 warrants, 



85 
 

17 warrants in year 2018 and 22 warrants in year 2019 were discovered to be almost 

similar to the market prices.  

In essence, these results imply that the proposed model gave superior results compared 

to the Black-Scholes model and the Noreen Wolfson model. Further, we visually 

compared the estimated warrant prices for these three models against the actual market 

prices, as displayed in Figures 5.1-5.5 below.    

 

 

 

 

 

 

 

 

 

Figure 5.1. Estimated warrant prices for the proposed model, the Black-Scholes model, 

and the Noreen Wolfson model against the market price for year 2015 
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Figure 5.2. Estimated warrant prices for the proposed model, the Black-Scholes model, 

and the Noreen Wolfson model against the market price for year 2016 
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Figure 5.3. Estimated warrant prices for the proposed model, the Black-Scholes model, 

and the Noreen Wolfson model against the market price for year 2017 
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Figure 5.4. Estimated warrant prices for the proposed model, the Black-Scholes model, 

and the Noreen Wolfson model against the market price for year 2018 
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Figure 5.5. Estimated warrant prices for the proposed model, the Black-Scholes model, 

and the Noreen Wolfson model against the market price for year 2019 

From the findings in Figures 5.1-5.5, the solid line pattern of the proposed model clearly 

showed a similar trend as the market price. This reveals that the proposed model almost 

100% conform to the market price. Contrary to the proposed model, there was a small 

gap between the Black-Scholes model and the market price from the years 2015-2019. 

Despite some price differences, the red line of the Black-Scholes model still managed 

to follow the market price pattern. However, Figure 5.1 shows that some warrants 

calculated from the Black-Scholes model were distant from the market price. Moreover, 

notice that the estimated warrant prices calculated from the proposed model and the 

Black-Scholes model were relatively close for some warrants, suggesting that the plot 

lines of these two estimated warrant prices appeared to have very small differences. 

Contrarily, there are unexpected fall in some warrant prices from the Noreen Wolfson 

model due to the negative values obtained in all considered years. It is evident that the 
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two lines from the Noreen Wolfson model and market price were not good lines of fit. 

This is particularly important to show that this model should not be chosen to price 

equity warrants for the data considered in this study.  

From the above findings, the proposed model was validated using the market data to be 

the best model in estimating warrant prices, since it generated outstanding results in its 

performance. Moreover, to further compare the performance accuracy of each model, 

we conducted pricing analysis which is explained in detail the next subsection. 

5.3.4 Pricing Analysis 

Upon completion of the model validation phase, we proceed with the calculation of the 

pricing errors to explore the accuracy of the three models. As mentioned in Chapter 

Four, the mean absolute error (MAE), mean absolute percentage error (MAPE), and 

root mean square error (RMSE) were chosen as measurement criterion for comparison. 

The scale of judgment using MAE, MAPE and RMSE values focus on the smallest 

value which is regarded as the best. The level of accuracy of the models is summarized 

in the Tables 5.11-5.15. The results from these tables are calculated using Equation 4.1 

stated in Chapter Four. 

Table 5.11  

The pricing errors of the proposed model, the Black-Scholes model, and the Noreen 

Wolfson model in year 2015 

Errors Proposed model Black-Scholes model Noreen Wolfson 
model 

 MAE {1.35319E-09} 0.00144800973934 0.12492262037343 
 MAPE (7.22701E-09) 0.00682421027709 0.54688518050022 
 RMSE [2.79527E-09] 0.00272513337126 0.21131903099817 
*MAE: Red; MAPE: Green; RMSE: Blue 

 

 



91 
 

Table 5.12 

The pricing errors of the proposed model, the Black-Scholes model, and the Noreen 

Wolfson model in year 2016 

Errors Proposed model Black-Scholes model Noreen Wolfson 
model  

 MAE {1.13043E-09} 0.00146016727456 0.10759001778087 
 MAPE (4.77358E-09) 0.00778280021382 0.41975189114179 
 RMSE [2.48916E-09] 0.00277225510439 0.20121088479459 
*MAE: Red; MAPE: Green; RMSE: Blue 

Table 5.13  

The pricing errors of the proposed model, the Black-Scholes model, and the Noreen 

Wolfson model in year 2017 

Errors Proposed model Black-Scholes model  Noreen Wolfson 
model 

MAE {1.52831E-09} 0.00142362754452 0.11950887047077 
MAPE (6.17151E-09) 0.00636789327638 0.40481695329482 
RMSE [3.41041E-09] 0.00276940210685 0.22872894531028 
*MAE: Red; MAPE: Green; RMSE: Blue 

Table 5.14  

The pricing errors of the proposed model, the Black-Scholes model, and the Noreen 

Wolfson model in year 2018 

Errors Proposed model Black-Scholes model Noreen Wolfson 
model 

MAE {2.19473E-09} 0.00122434688289 0.02818232309285 
MAPE (1.92459E-08) 0.01562445449550 0.21117442460036 
RMSE [5.09460E-09] 0.00235187076420 0.06726636305672 
*MAE: Red; MAPE: Green; RMSE: Blue 

Table 5.15  

The pricing errors of the proposed model, the Black-Scholes model, and the Noreen 

Wolfson model in year 2019 

Errors Proposed model Black-Scholes model Noreen Wolfson 
model 

MAE {4.99892E-10} 0.00125707060739 0.02464038076790 
MAPE (3.11961E-09) 0.02534732795222 0.13907183879248 
RMSE [1.14338E-09] 0.00242815410303 0.07398294871201 
*MAE: Red; MAPE: Green; RMSE: Blue 



92 
 

From the tables above, the results obtained were consistent with those reported in 

Tables 5.6-5.10, where the proposed model was the most accurate at estimating equity 

warrants since it generated the smallest values for MAE (in red color), MAPE (in green 

color) and RMSE (in blue color), respectively. These findings display the capability of 

the proposed model to be implemented in the real financial environment. Besides that, 

it can be ascertained that the Black-Scholes model performed significantly better than 

the Noreen Wolfson model as it produced lower MAE, MAPE and RMSE values 

compared to the Noreen Wolfson model. In this way, the Noreen Wolfson model 

obviously led to significant pricing errors. In fact, the previous section had 

demonstrated that this model is inappropriate in pricing warrants. It is also important to 

emphasize that this model recorded the highest MAPE of 54.69% in 2015 compared to 

the proposed model and the Black-Scholes model. Additionally, the Noreen Wolfson 

model’s value of MAPE was also the highest among all three models throughout the 

years. A similar pattern was perceived by Xiao et al. (2014) since their empirical 

findings exposed that the Noreen Wolfson model performed worse than the Black-

Scholes model. They proved that the Black-Scholes model and the Noreen Wolfson 

model induced MAPE of 35.26% and 37.67%, respectively.  

Based on the discussion of pricing analysis, we are confident of our newly derived 

pricing formula comprising of the hybridization of stochastic volatility and stochastic 

interest rate as a better choice than the Black-Scholes model and the Noreen Wolfson 

model. Moreover, the proposed model was validated in estimating equity warrants in 

Bursa Malaysia since it is consistent with the observed market prices. Therefore, our 

results and findings justifies that a hybridization of the Heston-CIR model is capable in 

contributing to significant improvement of financial model performance. 
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5.4 Warrants’ Moneyness Status 

This section will manifest the findings regarding warrants’ moneyness as laid out in 

Section 4.3 of Chapter Four.  Pursuant to Bacha (2012), there are two critical factors in 

describing moneyness; (i) moneyness is permanently deemed as the long position, 

instead of the seller position, and (ii) it is a comparison between the strike price and 

stock price of underlying asset. In this thesis, we determined moneyness utilizing the 

second factor, which had also being considered by Klinpratoom (2010) and Melek and 

Sakarya (2018). The outputs in terms of warrants’ moneyness status are disclosed in 

Tables 5.16-5.20, which were obtained by examining the prices computed from the 

proposed model against the stock price for the years 2015 until 2019. The reason for 

using the proposed model as the benchmark for the strike price is due to its efficiency 

in estimating equity warrant prices which resembles the real market and procured the 

least error among considered models in this study. 

Table 5.16  

Moneyness status of equity warrants in year 2015  

Warrants  Stock price 
(RM) 

Strike price (RM) Moneyness status 

APPASIA-WA 0.0887 0.080000000574791 ITM 
AZRB-WA 0.4885 0.238000001704934 ITM 
BIMB-WA 3.5690 0.343000002824984 ITM 
BTM-WB 0.1828 0.155000004011743 ITM 
DIGISTA-WB 0.1576 0.075000000677126 ITM 
DNONCE-WA 0.1439 0.083000000000000 ITM 
DOMINAN-WA 0.9344 0.283000000000000 ITM 
DPS-WB 0.0645 0.058000000176084 ITM 
ECOWLD-WA 1.2230 0.418000000000014 ITM 
EG-WC 0.4435 0.735000000000000 OTM 
GPA-WA 0.0704 0.033000000087343 ITM 
GUNUNG-WB 0.3215 0.128000003174455 ITM 
INIX-WA 0.0577 0.028000000000000 ITM 
JIANKUN-WA 0.1791 0.088000000001574 ITM 
KIMLUN-WA 1.1040 0.413000008093895 ITM 
LBS-WB 1.1961 0.260000000000000 ITM 
LEWEKO-WB 0.1793 0.073000000000000 ITM 



94 
 

LUSTER-WB 0.0571 0.038000000038174 ITM 
MAGNA-WB 0.7476 0.343000000000000 ITM 
MBL-WA 0.6400 0.215000008672113 ITM 
MCLEAN-WB 0.1577 0.073000000000000 ITM 
OCK-WA 0.5355 0.183000000000000 ITM 
PENSONI-WB 0.4557 0.188000007693864 ITM 
POHUAT-WB 1.0148 1.025000000000000 OTM 
REACH-WA 0.5916 0.053000000002837 ITM 
SERSOL-WA 0.1045 0.128000000937069 OTM 
SOLID-WA 0.5070 0.923000000000000 OTM 
SRIDGE-WA 0.1226 0.058000001750893 ITM 
SYMLIFE-WB 0.6608 0.223000000000944 ITM 
THRIVEN-WB 0.3371 0.113000000000000 ITM 
WCT-WE 1.4753 0.188000000000000 ITM 
WZSATU-WA 0.5870 0.750000002879264 OTM 

*OTM: Purple; ITM: Black  

Table 5.17  

Moneyness status of equity warrants in year 2016 

Warrants  Stock price 
(RM) 

Strike price (RM) Moneyness status 

APPASIA-WA 0.1265 0.248000000700596 OTM 
AZRB-WA 0.4704 0.243000001261332 ITM 
BIMB-WA 3.9956 0.273000002454681 ITM 
BTM-WB 0.1380 0.158000002310785 OTM 
DIGISTA-WB 0.1384 0.065000000471245 ITM 
DNONCE-WA 0.2038 0.073000000000000 ITM 
DOMINAN-WA 1.0624 0.198000000000000 ITM 
DPS-WB 0.0600 0.038000000111218 ITM 
ECOWLD-WA 1.1400 0.370000000000005 ITM 
EG-WC 0.4150 0.533000000000000 OTM 
GPA-WA 0.0700 0.028000000069474 ITM 
GUNUNG-WB 0.3333 0.173000002627014 ITM 
INIX-WA 0.0640 0.023000000000000 ITM 
JIANKUN-WA 0.2051 0.080000000001585 ITM 
KIMLUN-WA 1.4870 0.673000008973558 ITM 
LBS-WB 1.2500 0.415000000000000 ITM 
LEWEKO-WB 0.0786 0.055000000000000 ITM 
LUSTER-WB 0.0400 0.028000000015157 ITM 
MAGNA-WB 0.8255 0.530000000000000 ITM 
MBL-WA 0.6705 0.405000007318534 ITM 
MCLEAN-WB 0.1207 0.045000000000000 ITM 
OCK-WA 0.5865 0.208000000000000 ITM 
PENSONI-WB 0.4592 0.208000006198493 ITM 
POHUAT-WB 0.9747 0.773000000000000 ITM 
REACH-WA 0.5549 0.113000000002323 ITM 
SERSOL-WA 0.0932 0.105000000638528 OTM 
SOLID-WA 0.4960 0.748000000000000 OTM 
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SRIDGE-WA 0.0862 0.053000001185461 ITM 
SYMLIFE-WB 0.5724 0.133000000000571 ITM 
THRIVEN-WB 0.1480 0.070000000000000 ITM 
WCT-WE 1.5888 0.183000000000000 ITM 
WZSATU-WA 0.5000 0.603000001833349 OTM 
*OTM: Purple; ITM: Black  

Table 5.18  

Moneyness status of equity warrants in year 2017 

Warrants  Stock price 
(RM) 

Strike price (RM) Moneyness status 

APPASIA-WA 0.1232 0.258000000732646 OTM 
AZRB-WA 0.5813 0.510000001959723 ITM 
BIMB-WA 4.1454 0.293000003322003 ITM 
BTM-WB 0.1441 0.163000003089889 OTM 
DIGISTA-WB 0.0985 0.065000000232599 ITM 
DNONCE-WA 0.2074 0.193000000000000 ITM 
DOMINAN-WA 1.1155 0.230000000000000 ITM 
DPS-WB 0.0586 0.043000000157844 ITM 
ECOWLD-WA 1.1788 0.353000000000007 ITM 
EG-WC 0.3448 0.393000000000000 OTM 
GPA-WA 0.0670 0.038000000083237 ITM 
GUNUNG-WB 0.2874 0.128000002816721 ITM 
INIX-WA 0.0650 0.098000000000000 OTM 
JIANKUN-WA 0.2400 0.075000000002615 ITM 
KIMLUN-WA 1.6251 0.605000012527321 ITM 
LBS-WB 1.2662 1.075000000000000 ITM 
LEWEKO-WB 0.1641 0.180000000000000 OTM 
LUSTER-WB 0.0700 0.048000000043929 ITM 
MAGNA-WB 0.8404 0.410000000000000 ITM 
MBL-WA 0.7407 0.555000010548163 ITM 
MCLEAN-WB 0.1429 0.063000000000000 ITM 
OCK-WA 0.6587 0.258000000000000 ITM 
PENSONI-WB 0.4482 0.215000007683273 ITM 
POHUAT-WB 1.0000 0.795000000000000 ITM 
REACH-WA 0.3555 0.113000000001263 ITM 
SERSOL-WA 0.1113 0.095000001033086 ITM 
SOLID-WA 0.2131 0.138000000000000 ITM 
SRIDGE-WA 0.1249 0.063000002364377 ITM 
SYMLIFE-WB 0.6187 0.170000000000977 ITM 
THRIVEN-WB 0.1994 0.045000000000000 ITM 
WCT-WE 1.4370 0.263000000000000 ITM 
WZSATU-WA 0.4878 0.543000002306095 OTM 

*OTM: Purple; ITM: Black  
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Table 5.19  

Moneyness status of equity warrants in year 2018 

Warrants  Stock price 
(RM) 

Strike price (RM) Moneyness status 

APPASIA-WA 0.0726 0.040000000797450 ITM 
AZRB-WA 0.2632 0.103000001527921 ITM 
BIMB-WA 3.4574 0.138000005665921 ITM 
BTM-WB 0.0692 0.040000002394644 ITM 
DIGISTA-WB 0.0464 0.030000000184336 ITM 
DNONCE-WA 0.2237 0.128000000000000 ITM 
DOMINAN-WA 1.2191 0.063000000000000 ITM 
DPS-WB 0.0480 0.023000000267042 ITM 
ECOWLD-WA 0.8348 0.178000000000008 ITM 
EG-WC 0.3610 0.165000000000000 ITM 
GPA-WA 0.0696 0.018000000196653 ITM 
GUNUNG-WB 0.2636 0.045000005245761 ITM 
INIX-WA 0.0630 0.033000000000000 ITM 
JIANKUN-WA 0.2954 0.060000000010420 ITM 
KIMLUN-WA 0.9257 0.260000012593268 ITM 
LBS-WB 0.4537 0.220000000000000 ITM 
LEWEKO-WB 0.0920 0.043000000000000 ITM 
LUSTER-WB 0.0556 0.028000000073885 ITM 
MAGNA-WB 0.7720 0.180000000000000 ITM 
MBL-WA 0.7623 0.323000019842525 ITM 
MCLEAN-WB 0.1102 0.028000000000000 ITM 
OCK-WA 0.3796 0.083000000000000 ITM 
PENSONI-WB 0.3851 0.133000012916104 ITM 
POHUAT-WB 1.0067 0.495000000000000   ITM 
REACH-WA 0.2698 0.068000000001872 ITM 
SERSOL-WA 0.0736 0.035000001296996 ITM 
SOLID-WA 0.2032 0.093000000000000 ITM 
SRIDGE-WA 0.1765 0.083000006366859 ITM 
SYMLIFE-WB 0.3179 0.028000000000214 ITM 
THRIVEN-WB 0.1690 0.055000000000000 ITM 
WCT-WE 0.6576 0.053000000000000 ITM 
WZSATU-WA 0.1570 0.075000000849504 ITM 

*OTM: Purple; ITM: Black  

Table 5.20  

Moneyness status of equity warrants in year 2019 

Warrants  Stock price 
(RM) 

Strike price (RM) Moneyness status 

APPASIA-WA 0.0847 0.088000000148371   OTM 
AZRB-WA 0.3052 0.185000000252882 ITM 
BIMB-WA 4.1956 0.228000000898383 ITM 
BTM-WB 0.1250 0.118000000811604 ITM 
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DIGISTA-WB 0.0371 0.018000000015144 ITM 
DNONCE-WA 0.2533 0.143000000000000 ITM 
DOMINAN-WA 1.2082 0.035000000000000 ITM 
DPS-WB 0.0571 0.038000000046692 ITM 
ECOWLD-WA 0.6694 0.238000000000001 ITM 
EG-WC 0.3351 0.073000000000000 ITM 
GPA-WA 0.0704 0.038000000026699 ITM 
GUNUNG-WB 0.3924 0.128000001404027 ITM 
INIX-WA 0.0455 0.008000000000000 ITM 
JIANKUN-WA 0.2749 0.068000000001654 ITM 
KIMLUN-WA 1.0579 0.268000002196129 ITM 
LBS-WB 0.4471 0.053000000000000 ITM 
LEWEKO-WB 0.1826 0.038000000000000 ITM 
LUSTER-WB 0.0643 0.033000000010146 ITM 
MAGNA-WB 0.7083 0.148000000000000 ITM 
MBL-WA 0.8000 0.575000003707543 ITM 
MCLEAN-WB 0.1292 0.055000000000000 ITM 
OCK-WA 0.5224 0.083000000000000 ITM 
PENSONI-WB 0.2932 0.060000001570295 ITM 
POHUAT-WB 1.0134 0.503000004130376 ITM 
REACH-WA 0.1576 0.038000000000000 ITM 
SERSOL-WA 0.0777 0.040000000003767 ITM 
SOLID-WA 0.1953 0.073000000304881 ITM 
SRIDGE-WA 0.1832 0.108000000000000 ITM 
SYMLIFE-WB 0.3876 0.018000000306296 ITM 
THRIVEN-WB 0.1776 0.018000000000017 ITM 
WCT-WE 0.8536 0.038000000000000 ITM 
WZSATU-WA 0.1702 0.103000000161639 ITM 

*OTM: Purple; ITM: Black  

According to Tables 5.16-5.20, majority of the warrants in year 2015 to 2019 were ITM 

that gives the warrant holders the chance to make profit since these warrants’ exercise 

prices were cheaper than its underlying price. Therefore, it is vital for warrant holders 

to make a wise decision when purchasing warrants from a particular company, based 

on the estimation of strike prices obtained from pricing models which mostly reflects 

the real market. This allows them to choose the best warrant with the most cost-effective 

and more benefits in the future. In the contrary, it can be perceived that only 18 warrants 

in the list throughout the considered timeframe were OTM warrants (listed in purple 

color). The warrants with this OTM status were not profitable for the investors. As a 

matter of fact, warrant is the right to buy stocks which describe the investors’ 



98 
 

expectations of their underlying stock. Therefore, from this point of view, the respective 

warrants’ stock price has failed to fulfill the investors’ expectation of the future stock 

values. Besides that, it is apparent that out of the 160 equity warrants considered, none 

of them are ATM warrants. Hence, on average, 88.75% of the call warrants in this study 

were ITM, and the remaining 11.25% call warrants were OTM. Thus, we deduce that 

88.75% of the warrants in this study gave profits to the investors. 

5.5 Conclusion 

In this chapter, we derived a closed-form pricing formula for equity warrants using the 

Heston model that incorporates the CIR model as a hybrid model. All unknown 

parameters involved in this pricing formula were estimated using local optimization 

technique and the outcomes of the parameter estimation and elapsed time were 

recorded. Then, we carried out the empirical analysis and investigated the model 

validation of the proposed model, the Black-Scholes model, and the Noreen Wolfson 

model in replicating market prices. Furthermore, we exhibited the findings of these 

models and quantitatively compared their performance using statistical error 

measurements. According to the results obtained, the proposed model provided the best 

estimated warrant prices over the years and produced reasonable time when calibrating 

nine required parameters. As a result, we found that the empirical performance of the 

proposed model was most efficient and can be applied in the real financial environment. 

Additionally, in Section 5.4, we investigated the warrants’ moneyness status using the 

proposed model and found that most of the warrants gave investors positive returns, 

since 88.75% of the listed call warrants were ITM. Therefore, investors could receive 

benefits from their equity warrants investment via utilizing the pricing formula which 

best reflects the real market. 

 



99 
 

CHAPTER SIX 

CONCLUSIONS AND RECOMMENDATIONS 

This chapter concludes the study by addressing the general conclusion and several 

recommendations for the study. In what follows, Section 6.1 discusses the conclusion 

of this research and Section 6.2 suggests some potential directions for future works. 

6.1 Conclusion  

In this thesis, we investigate equity warrants pricing via the hybridization of stochastic 

volatility and stochastic interest rates models. In particular, two assumptions in the 

Black-Scholes model regarding constant volatility and constant interest rates are found 

not compatible with the real financial environments. In such situations, this study 

establishes a hybrid model that incorporates the Heston stochastic volatility model 

along with the CIR stochastic interest rate model into warrants pricing. As stated in 

Chapter One, this hybrid model extends the work by Xiao et al. (2014), where we 

consider the volatility as additional stochastic variables in this study. In brief, we intend 

to accurately and efficiently price equity warrants under stochastic factors, both in 

theory and practice contexts, which may benefit researchers in academia as well as the 

practitioners in the financial market. 

In Chapter One, we present the background of our study, some important descriptions 

of the involved financial derivative which is equity warrants, and the stochastic 

elements which form the backbones of this study. Additionally, the problem statement, 

research questions and objectives, limitation and significance of the study are also 

covered in this chapter. In the subsequent, Chapter Two reviews the issues of equity 

warrants, the celebrated Black-Scholes model and the issues grasp by this model. 
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Besides that, a comprehensive literature review on the traditional models of stochastic 

volatility and stochastic interest rates are presented as well as the justification for 

adopting the Heston-CIR model in this thesis.  

Next, Chapter Three offers the reader insights into the related mathematical and 

financial theories. Following the study in Chapter Four, we outline an overview of our 

research methodology by describing the specific techniques or procedures utilized in 

the study. We first discuss the research design that conveys a clear research plan in 

order to achieve robust findings and results. In essence, the research is conducted over 

four phases including problem identification and data collection method, development 

of hybrid model for equity warrants, computational experiments together with model 

analysis and validation. Additionally, we also present the fundamental concept of 

warrant moneyness which plays a significant role in determining the valuable status of 

warrants. 

Following this is Chapter Five where we derive analytical pricing formulas for equity 

warrants under the Heston-CIR model. Particularly, we adopt the Cauchy problem for 

heat equations and resolve it using PDE techniques. Upon applying this analytic pricing 

formula, we calibrate our model by performing the lsqnonlin optimization technique in 

MATLAB. The purpose of calibration is to determine the model parameters that reduce 

the discrepancy between the model predictions and market data. As a result, we notice 

that all estimated parameters acquired seemed rational as they appear to be within the 

lower bound and upper bound ranges. In addition to that, the elapsed time to calibrate 

nine parameters in the proposed model is validated to be fast, being about 38.12 to 

62.62 seconds.  
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We subsequently conduct an empirical analysis to examine the pricing performance of 

the proposed model as well as two existing pricing models namely the Black-Scholes 

model, and the Noreen Wolfson model against the real market. The empirical results 

indicate that the proposed model greatly outperforms the Black-Scholes model and the 

Noreen Wolfson model. In detail, the proposed model generate reasonable results from 

2015 to 2019 since the warrants’ estimated prices acquired are nearly equivalent to the 

warrants’ market prices. This validates that the proposed model has great potential and 

convenient to be applied in real markets. We further examine its effectiveness together 

with the Black-Scholes model and the Noreen Wolfson model by utilizing statistical 

error measurements in terms of the mean absolute error, mean absolute percentage 

error, and root mean square error. Consequently, the outcomes reveal that the proposed 

model produces the least error among the considered models. This corresponds to the 

findings obtained in the previous empirical analysis that the proposed model is the most 

accurate to value equity warrants.  

Moreover, apart from being the most efficient pricing formula as discussed above, we 

also confer the warrants’ moneyness status to identify the most profitable and valuable 

warrants at future date. In what follows, our results disclose that 88.75% of the listed 

call warrants are ITM, and the remaining 11.25% were OTM. Apart from ITM and 

OTM warrants, none of the listed warrants are ATM. As a result, the most percentage 

contribute to ITM warrants, indicating that most warrants granted investors good 

returns. In this context, ITM call warrants signify the strike price is below the stock 

price of the underlying asset, as described in Chapter Four. Thus, the investors have the 

chance to purchase the security lower than its current market price, which may provide 

them benefit from their investment.  
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As a whole, the findings and results achieved in this study lead to a satisfactory and 

great conclusion, where the proposed model may be regarded as a reliable pricing tools 

for equity warrants. From this point of view, we conclude that the prices computed by 

the proposed model are consistent and very close to the market prices, regardless of 

other two existing pricing models considered which underpriced or overpriced equity 

warrants. Thereby, our analytical pricing formula verifies that it is essentially important 

to incorporate stochastic volatility and stochastic interest into equity warrants pricing.  

6.2 Recommendations for Future Works 

Finally, we end this thesis with three recommendations that are worth examining in the 

future. To date, the company warrants data involved in this study are within the lifespan 

of 5 to 10 years. For this reason, further investigation may consider a longer expiry time 

for equity warrants which may be up to 15 years for examining the particular effect of 

variables used. Besides that, as explained in Chapter One, we mainly focus our study 

on the equity warrants listed in Bursa Malaysia. Accordingly, we suggest future work 

to verify whether our results and findings are consistent with the use of other samples 

from different warrant markets. Hence, applying different samples from different 

markets can make a valuable contribution to this study.  

Moreover, the Heston-CIR model proposed in this thesis only allows the correlation 

between the underlying stock price and volatility. Also, the proposed model does not 

attempt to entail jumps in either the underlying stock price, volatility, or interest rates. 

In this way, it would be of interest for future studies to incorporate random jumps and 

full correlation structure in the proposed model to offer some insights into the reliability 

of the results obtained herein. Furthermore, apart from the utilization of the Heston-

CIR model, many other recent stochastic models can be explored to portray the dynamic 
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processes in financial environments. For instance, one can consider the LIBOR market 

model with the incorporation of the SABR stochastic volatility model for pricing other 

financial derivatives such as options, variance swaps, caps, and floors. Additionally, to 

extend our model’s application in future research, introducing the process of multi-scale 

volatility and interest rate would be beneficial, which could better reflect the dynamics 

of the market. This is due to the market in a certain manner demonstrates the impact of 

more than one volatility and interest rate.   
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