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Abstrak

Topologi merupakan salah satu bidang tumpuan matematik. Kebelakangan ini, topologi
menjadi komponen penting matematik gunaan kerana pelbagai kegunaannya dalam
memahami masalah kehidupan sebenar. Konsep asas ruang topologi (X, 7) berkait
rapat dengan set terbuka. Operasi pada 7 telah dikaji oleh ramai penyelidik. Antara
operasi yang telah dikaji ialah terbuka-v, pra-terbuka-v, semi-terbuka-v, terbuka-v-b,
terbuka-y-3 dan terbuka-a-y. Walau bagaimanapun, pentakrifan kelas set baharu
operasi v pada topologi 7 dengan menggabungkan operasi sedia ada belum pernah
diteroka. Sehubungan itu, kajian ini bertujuan mentakrif beberapa kelas set baharu,
membina kelas fungsi baharu serta memperkenal jenis aksiom pemisahan dan ruang
pemisahan baharu berasaskan set terbuka-. Kelas baharu yang terbina ialah set sekata-
terbuka-y dan terbuka-y-Ps. Set peluaran-7.,-Pg, pedalaman-7.,-Pg, terbitan-7,-FPs dan
sempadan-7,-Pg turut terbentuk hasil dari takrifan set terbuka-y-Ps dan pelengkapnya.
Set terbuka-y-Ps dan pedalaman-7,-Pgs seterusnya digunakan untuk mentakrif kelas set
baharu bagi set terbuka-y-Ps yang dinamakan set tertutup teritlak-y-Pg. Seterusnya,
beberapa kelas fungsi baharu yang dikenali sebagai selanjar-v- Ps, selanjar-(y, 3)-Ps dan
tak terlerai-(v, 3)-Ps yang berasaskan set terbuka-vy-Ps diperkenalkan. Selanjutnya,
beberapa jenis fungsi-y-Ps yang lain seperti terbuka-(3-Ps dan terbuka-(vy, 3)-Ps
dibina. Di samping itu, beberapa kelas aksiom pemisahan-~-Pg baharu diperkenal dengan
menggunakan set terbuka-y-Fs dan pelengkapnya serta set tertutup teritlak-v-Ps.
Perhubungan dan sifat bagi setiap kelas set, fungsi-y-FPs dan aksiom pemisahan-v-Pg
turut terbentuk. Kesimpulannya, kajian ini telah berjaya mentakrif beberapa kelas set
baharu dengan menggunakan operasi  pada topologi 7.

Kata kunci: Set terbuka sekata-v, set -y-FPs, fungsi -y-Fs, aksiom pemisahan -y- Pk,
ruang--y.

il



Abstract

Topology is one of the focus areas in mathematics. Recently, topology has become an
important component in applied mathematics due to its vast applications in
understanding real life problems. The basic concept of topological space (X, 7) deals with
open sets. Operations on 7 have been investigated by numerous researchers. Among these
operations are y-open, y-preopen, y-semiopen, y-b-open, v-3-open and a-y-open which
involve 7,-Pgs-interior and 7,-Pgs-closure. However, no one has attempted to
define new class of set using operation 7 on the topology 7 by combining the existing
operations. This study, therefore, aims to define new classes of sets, construct new
classes of functions, and introduce new types of separation axioms and spaces using the
concept of y-open sets. The new classes developed are y-regular-open and - Ps-open
sets. By applying -Ps-open sets and their complements, the notions of 7. -FPg-closure,
7,-Ps-interior, 7,- Ps-derived set and 7.,- Ps-boundary of a set are established. The notions
of - Ps-open and 7., - Ps-closure sets are then used to define a new class of y-Ps-open sets
called ~y-Ps-generalised closed sets. Moreover, several new classes of functions called
~-Pg-continuous, (v, 3)-Ps-continuous and (v, 3)-Ps-irresolute functions in term of
~v-Ps-open sets are introduced. Furthermore, other types of v-Pg -functions such as
p-Ps-open and (7, 3)-Ps-open are constructed. In addition, some new classes of
~v-Pg-separation axioms are established by using - Ps-open and its complement as well
as - Ps-generalised closed sets. The relationships and properties of each class of sets,
~v-Ps-functions and ~-Pgs- separation axioms are also established. In conclusion, this
study has succeeded in defining new classes of sets using operation  on the topology 7.

Keywords: v-regular-open set, ~-Ps- sets, v-FPs- functions, 7y- Pg- separation axioms,
- spaces.

iii



Acknowledgement

In the Name of Allah, the Most Gracious and the Most Merciful

First and foremost, I must sincerely thank my mother who has supported me in her prayers
to God to protect and guide me in the right way. I would also like to take this opportunity
to express my deepest gratitude to all my family members and friends. This dissertation

would have not been possible without them.
I heartily thank my two supervisors, Dr. Nazihah Ahmad and Prof. Dr. Zurni Omar,
for all their support and guidance during the past three years. Without their incredible

knowledge and encouragement, this dissertation would have not been completed.

Lastly, I offer my regards and blessings to all of those who supported me in any respect

during the completion of the dissertation.

v



Declaration Associated With This Thesis

. Asaad B.A., Ahmad N. and Omar Z. (2013). v-Regular-Open Sets and y-Extremally
Disconnected Spaces, Mathematical Theory and Modeling, 3(12), 132-141.

. Asaad B.A., Ahmad N. and Omar Z. (2013). v-Ps-Open Sets in Topological Spaces,
Proceedings of the 1°' Innovation and Analytics Conference and Exhibition, UUM

Press, Sintok, 75-80.

. Asaad B.A., Ahmad N. and Omar Z. (2014). - Ps-Functions in Topological Spaces,
International Journal of Mathematical Analysis, 8(6), 285-300.
DOI: http://dx.doi.org/10.12988/ijma.2014.4121

. Asaad B.A., Ahmad N. and Omar Z. (2014). ~-Ps-Generalized Closed Sets and
v-Ps-T' 1 Spaces, International Journal of Pure and Applied Mathematics, 93(2),
243-260. DOI: http://dx.doi.org/10.12732/ijpam.v93i2.9

. Asaad B.A., Ahmad N. and Omar Z. (2015). (v, B)-Ps-Irresolute and
(v, 8)-Ps-Continuous Functions, [International Journal of Pure and Applied

Mathematics, 99(1), 77-96. DOI: http://dx.doi.org/10.12732/ijpam.v99i1.7

. Ahmad N., Omar Z. and Asaad B.A. (2015). New Separation Axioms via

~v-Ps-Open Sets in Topology, Submitted.



Table of Contents

PerMISSION 10 USE....cuiiiiiieiiieiiieie sttt ettt sse et sreesneenee s i
ADSTIAK L. i
ADSTFACT ..t i
ACKNOWIEAGEMENT. ... \Y;
Declaration Associated With This THESIS ........cceiiiiiiiiniiieeee e %
Table OF CONTENLS ..o bbb Vi
LISE OF FIQUIES ...t bbbt bbb IX
LISt OF NOTALIONS.....cueeiiieiicie ettt sttt e e neenreas X
CHAPTER ONE INTRODUCTION ....ooiiiiieie e 1
1.1 INEPOTUCTION ... bbbttt bbb n et 1
1.2 Research BaCKgroUNG............ooovoiiiiiiieic et 2

L2 15 SBES ittt e 3

1.2.2 79 FUNCHIONS .....ctiiieeieieeieeiienne stk sit e shesns et sbe st e sdeanaabnsee e eseeneennens 6

1.2.3 7~ SEPAratiON AXIOIMS .....ciueireeiiresrteseeseeseeitesseetestsbesscansasnessesresbessessesseeseensens 7
1.3 Problew Staterment ... S .40 ... W 0. . YO 8
1.4 RESEAIrCH ODJECLIVES .....c.vveveeieeeeee ettt sre e nreas 8
1.5 Scopgef the ggsearch U niversiti-Utara -Malavsia........o.e. 9
1.6 Significance Of the STUAY .........ccoveriieiiec e 10
1.7 THESIS OULIING ....oviiiiiieicee e 10
CHAPTER TWO  LITERATURE REVIEW ..ot 13
220 A 1 0o L1 od £ o o SRS 13
2.2 Preliminaries and BasiC DefinitioNS........cccovvvieiieieiiese e 13
2.3 PrOPerties OF 5 SBES.. ..ot 17
2.4 Properties Of p= FUNCHIONS ........coouiiiiiiiieesc e 33
2.5 Properties of 7 Separation AXIOMS .......cooiiiiiieiieie e 38

Vi



CHAPTER THREE »REGULAR-OPEN SETS AND #» SPACES.................... 43

L INEOTUCTION ... 43
3.2 ~ReQUIAr-OPEN SELS ... 43
3.3 y=Extremally DiSCONNECEA SPACES .......ecveveiiiiiiiriesiieeee e 58
3.4 »Locally Indiscrete and y-Hyperconnected SPaces..........ccoeeererereneneeeeneenen, 67
3.5 CONCIUSION ...t 71
CHAPTER FOUR PPs- SETS 72
4.1 INEFOTUCTION ...t 72
4.2 1-PsOPEN SIS ...t 72
4.3 J-Ps-ClOSEA SELS.....ccuieiieiiitieieee ettt ettt enaeaneenreas 87
4.4 1-Pg- OPEIATIONS .....eiiieiieiiiieite ittt bbbttt bbb nnens 93
4.5 1-Ps-Generalized CloSEd SeLS........coviierriiiiieie e 116
4.6 y~Ps-Generalized OPEN SEIS......cccviiiiiiiiiie e e 127
4.7 Coneluster=g>.......J H........ 1 H.... 1N ... R .. BB ... 4. ............ 132
CHAPTER FIVE 7Ps- FUNCTIONS ...ttt 133
5.1 ldiro@eetOiyYd . /= - .. - .. ... 133
5.2 Definitions and Relations of 7=Ps- FUNCHONS............oc e 133
5.3 Characterizations and Properties of y=Ps- FUNCLIONS............ccooiiiiiiiininicienn, 141
5.4 7Ps-g-ContinUOUS FUNCLIONS .......oiuiiiieiiiieie e 177
5.5 CONCIUSION ...ttt 182
CHAPTER SIX #Ps- SEPARATION AXIOMS.......oooiiiiiiieeee 183
6.1 INEFOTAUCTION ...ttt bbbt 183
6.2 p=Ps-Ti TOr 1 =0, 1/2, 1, 2.eeeeeiieeeeeee ettt 183
6.3 -Ps-Regular and =Ps-Normal SPaces...........cccvvviiiiiiiiiiiesse e 201
6.4 7~Ps-Ro and 7Ps-R1 SPACES .....eoviiiiiiiii e s 218
6.5 CONCIUSION ...t 233

vii



CHAPTER SEVEN  CONCLUSIONS AND FUTURE RESEARCH ......... 234

A 1 (o o [N Te3 (o] o WU ERR R OURRR 234
7.2 Conclusions OF the RESEAICH ........eeeee e 234
7.3 Suggestions for Future RESEAICN........ccociiiiiiiiiice e 236
REFERENCES ...ttt e e e e e e e et e e e e e e e e e, 238

viii



Figure 2.1:
Figure 2.2:
Figure 3.1:
Figure 4.1:
Figure 4.2:
Figure 5.1:

Figure 6.1:

List of Figures

The relations between various types of y-sets

Relations among types of j-closed sets and y-g-closed sets

The relations between j-regular-open set, j-regular-closed set

and various types of j-sets

The relations between »-Ps-open set and various types of - sets

The relations between »~Ps-g-closed set and various types of

7-g-closed sets

The relations between »-Ps- functions and various types of

- functions

The relations between »-Ps- separation axioms and other types of

- separation axioms

21

28

45

77

126

141

191



List of Notations

P(X) Power set of the space X

T, The class of all y~open subsets of a space X
7,-Cl(A) 7,~Closure of a set A of X

z,-Int(A) z-interior of a set A of X

Tyey The family of all a-y-open subsets of a space X
7,-PO(X) The class of all y-preopen subsets of a space X
7,-SO(X) The class of all y~semiopen subsets of a space X
7,-fO(X) The class of all y-4-open subsets of a space X
7,-BO(X) The class of all »~b-open subsets of a space X
7,-RO(X) The class of all y~regular-open subsets of a space X
7,-PC(X) The class of all y-preclosed subsets of a space X
7,-SC(X) The class of all y~semiclosed subsets of a space X
7,-fC(X) The class of all y~f-closed subsets of a space X
7,-BC(X) The class of all »~b-closed subsets of a space X
7,-RC(X) The class of all y~regular-closed subsets of a space X
7,-PsO(X) The class of all y-Ps-open subsets of a space X
7,-PsC(X) The class of all y~Ps-closed subsets of a space X
7,-pCI(A) z-preclosure of a set A of X

7,-SCI(A) z,-semi-closure of a set A of X

7,.7CI(A) 7,.,-Closure of a set A of X

ry-bCI(A) 7,-b-closure of a set A of X

ry-/;’CI(A) 7,-p-closure of a set A of X

ry-PsCI(A) 7,-Ps-closure of a set A of X

7,-pInt(A) z,-preinterior of a set A of X

7,-sInt(A) 7,-semi-interior of a set A of X

7, INt(A) 7,.,-interior of a set A of X



7,-bInt(A)
,-fInt(A)
z-PsInt(A)
7-PsD(A)
7,-PsBd(A)
7,-PsGC(X)
7,-PsGO(X)

7,-b-interior of a set A of X

7,-p-interior of a set A of X

7,-Ps-interior of a set A of X

The set of all z-Ps-limit points of a set A of X

7,-Ps-boundary of a set A of X
The class of all y-Ps-g-closed subsets of a space X

The class of all y-Ps-g-open subsets of a space X

Xi



CHAPTER ONE

INTRODUCTION

1.1 Introduction

Topology is one of the major areas in mathematics. Recently, topology has become
an important component of applied mathematics as many mathematicians and scientists
employing concepts of topology to model and understand real-world structures and
phenomena. The term topology, literally, means the study of position or location. In other
words, topology is the study of shapes, including their properties, deformations applied
to them, mappings between them, and configurations composed of them. The definition

of a topology that used throughout this study is stated as follows.

Definition 1.1.1. (see Steen and Seebach, 1978) Let X be a nonempty set. A class 7 of

subsets of X is a topology on X' if 7 satisfies the following three conditions:

1. The empty set ¢ and the whole set X belong to 7.

2. The union of any finite or infinite number of sets in 7 belongs to 7.

3. The intersection of any two (finite) number of sets in 7 belongs to 7.

Members of 7 are often called as open sets and the pair (X, 7) is called a topological
space. A subset A of a topological space (X, 7) is closed if its complement is open. The
closure of A is the intersection of all closed sets of X containing A. The interior of A

1
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