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Abstrak

Permasalahan kehidupan nyata terutamanya dalam sains dan kejuruteraan boleh
diungkapkan dalam persamaan pembeza untuk tujuan menganalisis dan memahami
fenomena fizikal. Persamaan pembeza ini melibatkan kadar perubahan satu atau
lebih pembolehubah tak bersandar. Masalah nilai awal persamaan pembeza biasa
peringkat tinggi diselesaikan secara konvensional dengan menukarkan persamaan
tersebut ke sistem persamaan pembeza biasa peringkat pertama yang setara terlebih
dahulu. Kaedah berangka bersesuaian yang sedia ada kemudiannya digunakan untuk
menyelesai persamaan yang terhasil. Walau bagaimanapun, pendekatan ini akan
menambah bilangan persamaan. Akibatnya,  kekompleksan pengiraan akan
bertambah dan ianya boleh menjejaskan kejituan penyelesaian. Bagi mengatasi
kelemahan ini, kaedah langsung digunakan. Namun, kebanyakan kaedah ini
menganggar penyelesaian berangka pada satu titik pada satu masa. Oleh itu,
beberapa kaedah blok diperkenalkan bertujuan untuk menganggar penyelesaian
berangka pada beberapa titik serentak. Seterusnya, kaedah blok hibrid
diperkenalkan bagi mengatasi sawar kestabilan-sifar yang berlaku dalam kaedah
blok. Walau bagaimanapun, kaedah blok hibrid satu langkah sedia ada hanya
tertumpu kepada titik pinggir-langkah yang spesifik. Oleh yang demikian, kajian ini
mencadangkan beberapa kaedah blok hibrid satu langkah dengan titik pinggir-
langkah teritlak bagi menyelesaikan persamaan pembeza biasa peringkat tinggi
secara langsung. Dalam pembangunan kaedah ini, siri kuasa telah digunakan sebagai
penyelesaian hampir kepada permasalahan persamaan pembeza biasa peringkat v.
Siri kuasa diinterpolasi pada v titik sementara terbitannya yang tertinggi dikolokasi
pada semua titik dalam selang terpilih. Sifat bagi kaedah baharu seperti peringkat,
pemalar ralat, kestabilan-sifar, ketekalan, penumpuan dan rantau kestabilan mutlak
juga turut dikaji. Beberapa masalah nilai awal persamaan pembeza biasa peringkat
tinggi kemudiannya diselesaikan dengan menggunakan kaedah baharu yang telah
dibangunkan. Keputusan berangka mendedahkan kaedah baharu menghasilkan
penyelesaian yang lebih jitu berbanding dengan kaedah yang sedia ada apabila
menyelesaikan masalah yang sama. Oleh itu, kaedah baharu adalah alternatif
berdaya saing dalam menyelesaikan masalah nilai awal persamaan pembeza biasa
peringkat tinggi secara langsung.

Kata kunci: Interpolasi, kolokasi, kaedah blok hibrid satu langkah, penyelesaian
langsung masalah nilai awal peringkat tinggi, titik pinggir-langkah teritlak.



Abstract

Real life problems particularly in sciences and engineering can be expressed in dif-
ferential equations in order to analyse and understand the physical phenomena. These
differential equations involve rates of change of one or more independent variables.
Initial value problems of higher order ordinary differential equations are convention-
ally solved by first converting them into their equivalent systems of first order ordinary
differential equations. Appropriate existing numerical methods will then be employed
to solve the resulting equations. However, this approach will enlarge the number of
equations. Consequently, the computational complexity will increase and thus may
jeopardise the accuracy of the solution. In order to overcome these setbacks, direct
methods were employed. Nevertheless, most of these methods approximate numerical
solutions at one point at a time. Therefore, block methods were then introduced with
the aim of approximating numerical solutions at many points simultaneously. Subse-
quently, hybrid block methods were introduced to overcome the zero-stability barrier
occurred in the block methods. However, the existing one step hybrid block methods
only focus on the specific off-step point(s). Hence, this study proposed new one step
hybrid block methods with generalised off-step point(s) for solving higher order ordi-
nary differential equations. In developing these methods, a power series was used as
an approximate solution to the problems of ordinary differential equations of order y.
The power series was interpolated at y points while its highest derivative was collo-
cated at all points in the selected interval. The properties of the new methods such as
order, error constant, zero-stability, consistency, convergence and region of absolute
stability were also investigated. Several initial value problems of higher order ordinary
differential equations were then solved using the new developed methods. The numer-
ical results revealed that the new methods produced more accurate solutions than the
existing methods when solving the same problems. Hence, the new methods are vi-
able alternatives for solving initial value problems of higher order ordinary differential
equations directly.

Keywords: Interpolation, collocation, one step hybrid block method, direct solution,
higher order initial value problems, generalised off-step point(s).
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CHAPTER ONE
INTRODUCTION

1.1 Background of the Study

Mathematicians develop mathematical models to help them understanding the physical
phenomena in real life problems. These models frequently lead to equations involv-
ing some derivatives of an unknown function of single or several variables, which
are called differential equations. Differential equations have vast application in many
fields such as engineering, medicine, economics, operation research, psychology and

anthropology.

There are two types of differential equation namely Ordinary Differential Equation
(ODE) and Partial Differential Equation (PDE). ODE is a differential equation that
has single independent variable, while PDE is differential equation with two or more
variables (Omar & Suleiman, 1999). The general form of ODE on the interval [a, ] is

denoted as

V= fayyy ey, (1.1)
In order to solve the equation (I.1)), the conditions stated below need to be imposed.

y@) =m0, y(a)=n1,....y" (@) =1y (1.2)
Equation (I.I) and equation ( [I.2) are called initial value problem(IVP). If there is
another condition at the different value of x such as b, then it is called boundary value

problem(BVP) (Lambert, [1973).



1.2 Uniqueness and Existence Theorem

The first order initial value problems of ODE is generally denoted as

y =fxy), yl@)=n (1.3)

If we face a system of first order ordinary differential equations in m dependent vari-
ables, i.e y1,y2,...,VYm, Where the given conditions are satisfied at the same initial point

for each of these equations, then we have (IVPs) for first order system as follows

Y1 = fl(%}’la}’z?---y)’m)d’l(a):nl,

Y2 = fZ(x7y17y27"'7ym)ay2(a):n27 (14)

!/

VY = Sm(0,91,52,- 2, Ym), Ym(a) = Nim,

For simplicity, system (1.4) can also be expressed in the following vector form

!

y :f(xuy)a y((l) =1

Y fxyLy2, - m) Vi
) y: (6 y1,y2,--05y y2
where y = 2 ) f(X,}’) = ( m) ) y=
i y;n i | fm(x;y17y27---7ym) i | Ym i
yi(a) m
y2(a) m
y(a) = , N=
i ym(a) | i Nm |




In this work, two theorems are considered. Theorem].I] focuses on existence and
uniqueness solution of first order ODEs while Theorem (I.2)) discusses the existence

and uniqueness solution of higher order ODE:s.

Theorem 1.1 (Lambert, 1991). Let f(x,y), where f be defined and continuous for
(x,y) in the region D defined by a < x < b, —oo <y < oo, a and b are finite, and let

there exist a constant L such that

|f () — £, y")| < Lly—y*| (1.5)

holds for every (x,y), (x,y*) € D. Then for any & € R, there exists a unique solution

y(x) of the problem where y(x) is continuous and differentiable for all (x,y) € D.

The requirement in Theorem(I.T]is known as Lipschitz condition and the constant L is
called a Lipischitz constant. In addition, if f(x,y) is differentiable with respect to y,

then from the Mean Value Theorem,

fxy) = fx,y*) = R (y—y") (1.6)

where y is a point in the interior of the interval whose end points are y and y*, and both
(x,y) and (x,y*) are in the region D.

Therefore, if we choose

df(x,y)
dy

L= Sup(x,y)eD

Y

the condition (I.5]) of Theorem(I.1]is then satisfied (Lambert, [1991).



In this part, we adopted the existence and uniqueness of theorem stated by Wend| (1969)

to guarantee the existence and uniqueness of the solutions of (I.T)) as stated below.

Theorem 1.2 (Wend,1969). Let R be a region defined by the inequalities,

0<x—x9p<a,

Sk— Mkl < b, k=0,1,...,7y—1, where a,b > 0.
Suppose f(x,50,51,...,8y—1) is defined in R and in addition:
1- f is nonnegative and nondecreasing in each of x,so,- -+ ,Sy—1 in R.
2- f(x,M0,M1,--.,Ny=1) >0 for 0 <x—xp < a.
3 >0k=1,2,---,y—1.

Then, the initial value problem has a unique solution in R.

There are two ways of solving higher order ODEs; reduction method and direct method.

i. Reduction method.
In this approach, a higher Order ODE is converted to its equivalent system of first order
ODEs (Awoyemi, [2003). Then the existing numerical methods for solving first ODE

are employed to solve the problem. This is demonstrated in the following example.

Example 1.1. Convert the following third order differential equation to a system of

first order IVPs.

3y 4S5y =y +Ty=0,3(1)=0,y (1) =0,y (1) =0 (1.7)

Solution: Equation (1.7)) can be written as a system of [IVPs by changing the variables

as follows



/ /

() = y()=2@)

/ "

() = y (1) =z(1)

40 = ¥'0=-2"+

u(1)=y(1)=0

As a result, the following system of first order differential equations is obtained.

71(t) = =), 2(1)=0
»t) = z(), (1) =0
/ 5 1 7

z(t) = —§Z3(I)+§Zz(t)—§11(t), z3(1) =0

The existing numerical methods for solving first order ODEs are then applied to solve

Problem (1.7).



ii. Direct Method

This method solve higher order ODEs directly without converting them to the equiv-
alent system of first order ODEs. Generally, some problems of IVPs can be solved
analytically and there is one analytical solution for IVP, and m exact solution for sys-
tems of m equations of IVPs.

It is observed that, on the other hand, some differential equations do not have ana-
lytically solution. Therefore, obtaining approximate numerical solution becomes im-
portant, and this requires for the development of numerical methods. Some of these
method methods can be found in|[Henrici| (1962), Milne| (1970), Lambert| (1973)), Lam-
bert and Watson| (1976), [Stetter| (1973), [Sand and Osterby (1979), [Fatunlal (1988),
Hairer and Wanner| (1975), Hairer, Norsett and Wanner (2008), 1serles, Norsett and

Ew| (1997) and [Butcher (2003)).

In general, there are two types of numerical methods namely single step method and
multistep method. Single-step method uses the data from the previous point to find the
approximation solution at the current point. On the other hand, multistep method uses
the information from several previous points to find the approximate solution at the
current point (Omar & Suleiman, 1999). The details of these methods is described in

the following sections.

1.3 Single Step Method

Single step method is also known as one step method. Many scholars have developed
single-step method for solving ODEs.

A single step explicit method is generally represented as below

Yn+1 :yn+h19(xn7yn;h) (18)



where £ is the step size of the interval [x,,x,,1] and ¥ (x,,y,; ) is the increment func-
tion. If the increment function in is defined by O (x,,yn,yn+1;h) then it is called
implicit method.

Among well-known methods are Forward and Backward Euler methods, Theta method,
Runge Kutta method, Trapezoid method, Modified Trapezoid methods. These meth-
ods are suitable for solution of first order IVPs of ODEs. However, the fourth order

Runge Kutta is the most famous among all one step methods (Anakel 2011)).

1.4 Multistep Method

As we have mentioned earlier, this method uses information at the previous points for
the approximation of numerical solution at the current point. For example a method of
five step length makes use of information at the previous five points, i.e. Xy, ..., X;+4 tO

approximate a numerical solution at X, 5.

Generally, the k -step linear multistep method is given as

k k
®jYn+j =h' ﬁjfnJrj' (1.9)
=0 =0

J

J

where the coefficients o, ..., 04 and fy,..., B are real constants and y,+ j=y(xn+;)

/ —1
and fyj = f (Xt jsYntjsYns js- Yoy ;) (Lambert, 1991).

Remark 1.4

i. The values oy # 0 and that ffy and o4 in Equation(1.9) are not both equal zero.

ii. If B; = 0, then Equation is said to be explicit.

iii. On the other hand, if B; # O that is y, ., appears on the both sides of the equation
(L.9), then it is known implicit method.

iv. The k-step linear multistep method is considered linear because it includes only

linear terms of the f,,; and y, ;.



1.5 Block Method

According to Olabode| (2007), block method was first adopted by Milne in 1953. This
block method can be defined as a class of linear multistep methods which are applied
concurrently to initial value problems of ODEs to give an efficient approximate solu-
tion in term of accuracy. On the other hand, a set of new approximate derived points
when the method is applied to the equation is known as block. There are two types of
block method; single step and multistep block methods. In a single step block method,
the information at the grid point x, is used to compute y,;, i = 1,2,...,k. Multistep
block method, on the other hand, uses information at the previous block for the com-

putation of the next block (Omar & Suleiman, [1999).

Extending (Chu and Hamilton| (1987), r-point, k-block method for solving (1.1) can
be represented in the following form:

k k

Y} =DoYo+ Y AYy_i+h"Y BiF, ;. (1.10)
i=1 i=0

where Dy is r X Y matrix and A; and B; are all r X r square matrices and Y, Yo, Y,

and F,,_; are defined by

Y = [(ymyn—i—l;---,yn—l-r—l)]T
— T
Ym—i - [(yn—iraynfiﬁkla"'aynf(ifl)rfl)]
Fn-i = [(fn—irafnfir+17~--ufnf(ifl)rfl)]T
' -1
Yo = [(yn—kr—lvynfkrfla'~'7y2:_kr_1)]T



1.6 Hybrid Method

Hybrid method introduced by (Gragg and Stetter| (1964) incorporates the evaluation of
function at off-step points(these are points that are not on the grid) to overcome the
zero stability barrier (Lambert, [1973). The beauty of hybrid method is that it possesses
certain characteristics of continuous linear multistep method. It also shares the same
property of Range-Kutta such that the information at off-step points are also utilized

(Gear, |1965).

The general form of hybrid method of k -step is denoted as

k k
Y iynsj =1 Bifurj+hBsfass (1.11)
Jj=0 Jj=0

where oy = 1,00 and By are both not zero, s ¢ {0,1,2,...,k }, yutj = y(xn + jh),

forj = fXnsjsYnrj) and fuis = f(Xnts, Ynrs) (Lambert, [1973).

1.7 Problem Statement

Reduction of higher order ODEs to the its equivalent system of first order has been
found having some drawbacks which include computation burden and complication in
writing computer program which affects the accuracy of the method in terms of error
(Awoyemi, 1992). The reduction method does not fully utilize information associ-
ated with certain ODEs like oscillatory nature of the solution (Vigo-Aguiar & Ramos,

2006)).

The implementation of linear multistep method can be done by using two approaches
namely block method and predictor corrector method. Furthermore, the implementa-
tion of linear multistep method in predictor-corrector mode have been discovered to be

very expensive to implement in terms of function to be evaluated per step. In addition,



the development of predictor consume a lot of human efforts. The accuracy of predic-
tors always found to be very low than the corrector especially when all the step within
the interval are considered for interpolation and collocation. Subroutine to supply the
starting values are needed in predictor- corrector method which leads to inefficiency of

the method in terms of error (Anake, Awoyemi & Adesanya,/2012b).

On the other hand, in block method the development of separate predictors is not
needed. Furthermore, applying the method as parallel integration is possible and thus
requires less computational burden and human effort which resulted in high accuracy

of the method (Anake, Awoyemi & Adesanya, 2012a).

The idea of hybrid method which involves the use off-step points was introduced to
overcome the zero stability barrier in linear multistep method. This barrier implies that
the highest order of zero stability of linear multistep method when steplength & is odd

is k+ 1 and k£ + 2 when k is even (Lambert, [1973).

In order to overcome the setbacks mentioned above, hybrid block method was in-
troduced. |Anake et al.| (2012a) proposed hybrid block method in which two off-step
points ( x, 1,X,,2 ) were considered in the development the method but the accuracy

of the method are low.

Adesanya, Fasansi and Odekunle (2013) developed one step with three off-step points

(x R ) for third order ODEs but the implementation was through predictor-

nrdoXngl
corrector mode which usually bring computational burden that contribute to lower ac-
curacy of the method. Subsequently, one step with one off-step point ( x, 1 ) was
developed by Anake et al. (2012b). However this method is of lower accuracy when it

was applied to solve second order ODEs. Subsequently, Kayode, Duromola and Bolaj1

(2014) proposed a one step method having four off-step points , x
10
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for solving fourth order ODEs but the accuracy of the method is not encouraging.

Hybrid block method depends on the off-step points chosen. So far one step hybrid
block methods has been developed to specific point(s). This study, therefore, attempts
to generalise off-step points of one step hybrid block methods which gives better ap-

proximate solution.

1.8 Objectives of the Research

The main aim of this research is to develop one step hybrid block method with gener-
alized off-step points for solving IVPs of higher order ODEs. To realize this goal, the

following sub-objectives should be achieved:

1. To derive continuous implicit hybrid one step method with generalised off-step
points by collocating and interpolating technique at both the off-step and step
points.

2. To derive one step hybrid block method with generalised one, two and three off-
step points for solving second, third and fourth order ODEs.

3. To establish the basic important properties of the method with generalised off-
step points which involve order, convergence, zero stability, consistency and re-
gion of absolute stability.

4. To compare the new developed methods with the existing methods in term of

CITOr.

1.9 Significance of the Study

This study has add the following contribution:

1. New classes of generalised continuous implicit hybrid one step methods for the
11



direct solutions of IVPs of ODEs have been derived.

2. New generalised one step hybrid methods for the direct solution of IVPs of
ODEs have been developed.

3. Flexible computer programs to solve ODEs have been developed.

4. Numerical properties of the one step hybrid block method at several off-step

points have been established.

1.10 Limitation of the Study

The development of hybrid block method using multistep collocation interpolation
technique to solve any n-th order ODEs is impossible because it is the order of dif-
ferential equation that determines the points of interpolation. Due to this constraint
and for the purpose of comparing with the existing methods, the scope of this research

work are limited to the second, third and fourth order IVPs of ODEs.

12



CHAPTER TWO
LITERATURE REVIEW

The need to find more accurate approximate solutions for ODEs that are emerging from
engineering, science and other physical phenomena which do not have exact solutions
led many mathematicians to develop new numerical methods. In this chapter, some of
numerical methods which are closely related to our work were reviewed. The review is

divided into three parts namely block methods for second, third and fourth order ODE:s.

The method of reduction of higher order differential equation to first order initial value
problem is a popular approach. This approach is widely discussed by some memorable
scholars such as, [Lambert and Watson| (1976), Ixaru| (1984), Jain, Kambo and Goel
(1984)), [Fatunlal (1988)), Sarafyan| (1990), Awoyemi| (1992), Bun and Vasil’yev|(1992),
Hairer et al.| (2008)), [Hull, Enright, Fellen and Sedgwick (1972), Omar and Suleiman
(2006), Ngwane and Jator| (2012), Omar and Sulaiman| (2004) among others. Despite
of the effectiveness and success of this method, there are also some inevitable setbacks.
For instance, the development of computer programs for these methods require more
computer time and human effort (Awoyemt, [1992). Moreover, these methods do not
use additional data associated with particular ODEs as appear in oscillatory equations
(Vigo-Aguiar & Ramos, 2006). Thus, this approach is not suitable and not efficient for

general applications.

According to |Anake| (2011)), the direct solution of (I.I)) and its equivalent system of
first order ODEs was initially investigated by Rutishauser| (1960). Since then, many
other researchers such as|Anake, Adesanya, Oghonyon and Agarana|(2013), Awoyemi1
and Idowu| (2005)), [Henrici| (1962)), (Gear| (1971])), Fatunla (1988), (Omar and Suleiman
(2005), Omar, Sulaiman, Saman and Evans|(2002), Omar and Sulaiman|(2004)), Ma-

j1d, Suleiman and Omar (2006), Anake et al. (2012a), Yahaya, Sagir and Tech|(2013),

13



James, Adesanya and Joshua (2013)), (Olabode and Yusuph| (2009)), |(Olabode| (2013)),
Adesanya, Udoh and Ajileye| (2013)) |Olabode and Yusuph| (2009), Yap, Ismail and
Senu|(2014),| Mohammed, Hamza and Mohammed (2013), Adesanya, Fasansi and

Ajileye| (2013)), Adesanya, Udoh and Ajileye (2013), Krishnaiah |(1987), Ademiluyi,
Duromola and Bolaji| (2014), Jator| (2010) and Olabode and Alabi|(2013) proposed
direct methods to approximate solutions of higher order instead of going through the

reduction process to the first order IVPs.

2.1 Block Methods for Second Order ODEs

In literature, Adeniy1 and Adeyefa (2013) advocated the use of chebyshev polynomial
instead of power series for development of methods through collocation and interpola-
tion approach for solving second order ODEs. |/Anake| (2011) developed a one step im-
plicit hybrid method to solve second order initial value problem directly. The accuracy
of the method was tested by solving some different problems. The zero-stability and
consistency of the method assured that the method is convergent. |Adesanya, Ibrahim,
Abdulkadi and Anake (2014) proposed two step hybrid block method with four off-
step points which have order four. The basic properties of the method was investigated
and found to be zero stable, consistent and convergent. The method was tested on some

numerical examples and the accuracy of the method can still be improved.

Yahaya et al. (2013) developed a 3-Step Implicit block hybrid method to solve second
order IVPs. They stated consumption of computer time and computational difficulties
as the major setbacks for reduction of higher order equations to the first order system.
Furthermore, stiff and non-stiff equation are examined and the efficiency of the method

was tested by comparing with the existing method and it was found better.

Sagir| (2012) proposed self-starting block hybrid method of order five for the solution

14



of second order ODEs with associated boundary or initial conditions. The continuous
hybrid formulations method enables someone to differentiate and evaluate at some grid
and off- grid points to obtain four discrete schemes, which were applied in block form
for sequential or parallel solutions of the problems. The computational burden and
computer time wastage involved in the usual reduction of second order problem into
system of first order equations are avoided by this approach. Furthermore, efficiency of
the block method are examined on stiff ODEs, and the results were compared favorably
with the existing method. A two step with two Off-step point was proposed byKayode
and Adeyeye (2013). They used Chebyshev polynomials as basis function for the de-
velopment of the methods in predictor-corrector approach. The results show a better
performance when the method was tested with linear and non-linear problems. How-
ever, the accuracy of the method can be improved. Four step self starting having order
five was proposed by Jator and L1/ (2009) for solving second order ordinary differential
equation directly. The method was developed through collocation and interpolation
approach. Numerical properties which involve order, zero stability, convergence, con-
sistency were discussed. Recently, [Kayode and Obarhual (2015) considered three step
implicit hybrid method to present direct solution of second ODEs. The predictor was
developed to evaluate the implicit scheme and some numerical properties were also

established.

2.2 Block Methods for Third Order ODEs

An accurate hybrid method was proposed by Mohammed and Adeniyi1 (2014) for direct
solution of third order ODEs. The steplength K=3, with one off-step points and power
series approximate solution were used in the development of the method. The deriva-
tion of one step block method having three hybrid points which was implemented in
predictor corrector mode was carried out by| Adesanya, Fasansi and Odekunle (2013)).

The method was developed via linear multistep collocation approach which was ap-

15



plied to solve third order IVPs of ODEs. Kuboye and Omar| (2015b) developed an ac-
curate block method for solving third order ODEs. In this method, seven-step was used
but the accuracy of the method is still low when the method is applied to solve third
order IVPs. Furthermore, a four step with order six block predictor-corrector method
was proposed by Adesanya, Udo and Alkali (2012). Bolarinwa, Ademiluyi, Awoyemi
and Ogundele|(2012) developed one step block method with two off-step points, which
was implemented by collocation interpolation method. The method solves third order
ODE:s directly but the accuracy of the method is low.

Omar and Kuboye (2015) introduced multistep method to approximate the solution of
general third order IVPs directly by using the collocation and interpolation method.
The numerical properties of the method were established through some problems that
were tested. ? solved particular third order differential equations by developing a direct
6-steps block method using constant step size. He concluded that the hybrid method
gives better approximation results than the traditional predictor corrector method. While
Awoyemi, Kayode and Adoghe (2014) proposed four step continuous linear multistep
method by using collocation and interpolation approach to derive seven order scheme
to solve general third order ODE equation. Taylor series was adopted to implement the
method, where it was used to predict the initial evaluations. The numerical results were
presented to show good performance of the method by examining some problems and
comparing these results with traditional methods. Recently, (Gbenga, Olaoluwa and
Olayemi| (2015) proposed hybrid and non-hybrid Implicit Schemes for Solving Third
(IVPs) through block approach. It was found that the hybrid scheme is more superior

to the non-hybrid scheme in terms of accuracy and efficiency.

2.3 Block Methods for Fourth Order ODEs

In literature, (Olabode| (2009) also developed a six-step scheme for solving fourth order

ODEs. The approach used in the development of this method is collocation approxi-
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mation. This approach made the method more efficient than when it was applied over
predictor corrector in which the result overlapped with each other.

An implicit hybrid block method with four off-step points for solving fourth order
IVPs examined by Kayode et al.[(2014). The collocation approximation to produce the

corrector with continuous coefficient was adopted in developing the method.

Kayode| (2008b) and |/Adesanya, Alkali, Adamu and Tahir (2012) presented new block
methods to solve fourth order ODEs. However, the accuracy of these methods were
low. Similarly, Kayode|(2008a) used collocation interpolation strategy to derive five
step linear multistep method through predictor corrector mode to solve general fourth

order IVP. The performance of method was tested by examining some problems.

Adesanya, Alkali, et al. (2012)) considered method of collocation of the differential
system and interpolation of the approximate solution to generate a continuous linear
multistep method which was solved for the independent solution to yield a continuous
block method. The resultant method was evaluated at selected grid points to generate
discrete block method. The basic properties of the method was investigated and found
to be zero stable, consistent and convergent. The method was tested on numerical ex-

amples solved by the traditional method and it was found to give better approximation.

A six step continuous multistep method for the solution of general fourth order IVPs
was proposed by Awoyemi, Kayode and Adoghe (2015) where the implementation
was carried out via collocation and interpolation approach. The method was tested
by solving some of differential problems and it found that some results were still of
low accuracy. In the same area, |Olabode and Omole| (2015) proposed one, two and
three step implicit hybrid block methods in Numerov-Type through collocation and
interpolation for the direct solution of fourth order IVPs. The results was compared

favourably with the numerical values when the same schemes were implemented in
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predictor-corrector mode. Recently, [Kuboye and Omar| (2015a) developed six step
block method for solving fourth order IVPs directly. Collocation and interpolation
method was applied for deriving the methods. New strategy was adopted in selecting
the interpolation points. Although, this method performs better than some existing

methods in terms of accuracy, can still be improved in terms of accuracy.
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Table 2.1

Highlight of Literature Review on Block Collocation Method for Second Order ODEs

Authors Methods Advantages Disadvantages
3-step self-starting iﬁhicg?ﬁ?\;()f
block hybrid method | The method reduces )

. the method can
) of order five for human effort since )

Sagir (2012) solving second order | It solves second pe 1mp1.roved by
ODEs with one order ODEs directly. tnereasing
hybrid point x__ 4. number Of.

nt3 off-step point.
One-step implicit The method solves | The error is too
hybrid method second order ODEs | large. The
having three off-step | directly. This method can be

Anake (2011) points at Xy41 Xy 1| overcomes the improved by
and x, 3 for solving | setbacks in choosing another
second order ODEs | reduction method off-step points
One step hybrid The method is
block method with applied to solve
one off-step points second order ODEs

Adeniyi for solving second directly. This The method is of

& Adeyefa(2013) order ODEs using overcomes lower accuracy.
collocation and computational
interpolation burden in reduction
approach. method

Yahaya, Sagir
&

3-Step Implicit
block hybrid method
with one step point
atx

The method requires
less computational
burden compared to
predictor-corrector

The error of the
method is not

approach

Tech (2013) nid for solving | method. It also encouraging.

second order IVPs. solves second order

ODEs directly.
The numerical

2-step hybrid block results is not

et bine 0|t o soes | S0 e
Adesanya et al. PP . second order ODEs | . ]
(2014) through collocation . improved by

. i directly. .
and interpolation selecting

different off-step
points.
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Table 2.1

(Continued)

Authors Methods Advantages Disadvantages
2-step hybrid The numerical
block method for )

) The method reduces | results is not
solving second . o

Kayode & order ODEs human effort since efficient in terms of

Adeyeye (2013) directly using It solves secor}d error. The accuracy
corrector order ODEs directly. | of the method can

i be improved.
predictor mode.
Four-step linear
multiste method The method solves
for solving second order ODEs

Jator second order directly. This The error is too

& Li(2009) ODEs using overcomes the large.
collocation setbacks in
interpolation reduction method
approach
st qgybrid The method solves
method for

) second order ODEs )
solving second directly. This The method is not

Kayode order ODEs overco}r];les the efficient in terms of

& Obarhua(2015) using collocation setbacks in error.
interpolation reduction method
approach
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Table 2.2

Highlight of Literature Review on Block Collocation Method for Third Order ODES.

steplingh six for
solving third order

The method reduces
human effort since it

Authors Methods Advantages Disadvantages

Five step block The method solves

method for solving | third order ODEs

third order ODEs | directly. This The accuracy of the
e ¥ Kboye using multiste OVCI‘CO)IZICS the method can be
(2015b) & P . improved.

collocation setbacks in

approach. reduction method

Block method with The method can

only solve third
order and the

Olabode(2014) (C:z)]l)l](fcssaliis(l)igan d solves third ODEs accuracy is not
interpolation directly. efficient in terms of
method. error.

Three step hybrid
method with one
Off-step point for

Mohammed solving third order The method solves .

& Adeniyi(2014) ODEs using third ODEs directly. Tgaccuracy is not
collocation
interpolation
approach.

Four step block The method
method for solving | The method associated with
third order ODE generates numerical | much computational

Adesanya which was solution for solving | burden which

etal.(2012) implemented by third order ODEs affects the accuracy
predictor corrector directly. of the method in
mode. terms of error.
Three step block .
method vfith one The method applied
Off-step points to solve third order The accuracy of

Sepb ODEs directly. This iracy

Gbenga which was OVercomes method is low. It

et al.(2015) 1mplem§nted by computational Fan still be
collocation . . improved .
interpolati burden in reduction

erpolation method
method.
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Table 2.2
(Continued)

Awoyemi et al.
(2014)

Four step linear
multistep method
having order seven
for solving third

The numerical
results of method
are good but it can
be improved.

The method
associated with
much
computational
burden which
affects on the

order (ODE's). efficiency in
terms of error.
The method requires
Five step Block less computational
method for solving | burden compared to | The accuracy is
Anake third ODEs using predictor corrector low and can still
etal.(2013) multistep method it also be improved.
collocation method | solves third order
ODEs directly.
Seven step block
m;thod havmg The method . The method can
Kuboye & Omar using collpcatlon genefates numencal only solve third
(2015b) interpolation solution for third order ODEs
approach for solving | order ODEs. ’
third order ODEs.
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Table 2.3

Highlight of Literature Review on Block Collocation Method for Fourth Order ODES.

Authors Methods Advantages Disadvantages
6-step block method
for solving fourth The method reduces
order through human effort since it | The accuracy of
Olabode (2009) collocation and solves fourth order method is low.
interpolation ODE:s directly.
approach.

Adesanya et al
(2012)

5-step implicit block
method using
collocation and
interpolation method
for solving fourth
ODEs.

The method solves
fourth order ODEs
directly. This
overcomes the
disadvantage of
reduction method
which including
computational burden
and human effort

The error of the
developed is not
encouraging in
terms of error.

One-step fourth order
hybrid block method
with four off-step

interpolation method.

Kayode, points at Xp41>%,42> | The method solves ;Fhle erroitof Irrllith()d
Duromda x ,3and x_, 4 for fourth order ODEs s large. flca e'
& ”iL 5 ‘ nt }i q direct] reduced by changing
Bolarinwa(2014)| o & ourth order ¥ the off-step points.

ODEs using

collocation and

interpolation method.

}? nberiac? dBlt:é(l)( step The method applied

N};merov- type to solve general
Olabode methods for the direct g?:;rég oriezglll))]js The method is of
& solution of fourth im roge.: ab low accuracy in
Omo?e order IVPs which de\rf)elo . }t]he terms of error.
BreldelG01) was implemented by methocll) wfi”th different

collocation hybrid points
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Table 3.3

(Continued)
Authors Methods Advantages Disadvantages
The method
generates numerical
5-step block method | results for solving The method is
Kayode(2008a) | for solving fourth fourth order ODEs not efficiency in
ODEs directly. This terms of error.
overcome problems
of reduction method
A
Six-Step Continuous
Multistep Method
For The dir
A i SglutioildOf general The method applied
woyemi, to solve general The method is of
Kyode & Fourth.Order IvVes fourth order ODEs low accuracy.
Adoghe(2015) | for which was direct]
implemented by y
collocation
interpolation
method.
The method . The method
S-step block generates numepcal associated with
. results for solving
Kayode predictor correcFor fourth order ODEs much .
(2008b) method for solving directly. This computational
fourth ODEs ) burden and the
overcome problems .
of reduction method | & 0" "> too large .
The method
generates numerical
6-step block block results for solving The error of the
Kuboye & methods for solving | fourth order ODEs methods can be
Omar(2015a)

fourth ODE

directly. This
overcome problems
of reduction method

improved.
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CHAPTER THREE
ONE STEP HYBRID BLOCK METHODS FOR SOLVING

SECOND ORDER ODEs DIRECTLY

In this chapter, the development of one step hybrid block methods with one, two and
three generalised off-step points using collocation and interpolation method for solving
second order initial value problems of ODE:s is described.

The following power series of the form

v+m—1 o i
=Y a (x hx”) 3.1)
i=0

is used to approximate the solution of general second order initial value problem

y = fxyy) (3.2)

with initial conditions

!

y(a) =10,y (@) =m

on the integration interval [a, b], where x € [x,,x,+1] forn=0,1,2,...,N — 1, v denotes
of the number of interpolation points which is equal to the order of differential equa-
tion, m represents the number of collocation points and 4 = x,, — x;,—1 is constant step

size of partition of interval [a,b] which is given by a = xp < x] < ... <xy_] < xy =b.

The first and second derivatives of equation (3.1)) are

v+m—1 i

i—1
/ X —Xn
yw =) Eai( - ) (3.3)

i=1

and

vim—1 :(+ i i—2
y”(x): Z i(i 1>Cli <x xn) . 3.4)



Substituting equation (3.4)) into equation (3.2) gives

v+i—1 i(i— 1)a,~ (x—xn
. h?
i=2

i—2
) = flxy,y). (3.5)

3.1 Derivation of One Step Hybrid Block Method with Generalised One Off-

Step Points for Second Order ODEs

To derive this method, Equation (3.1)) is interpolated at x, and x,,, while Equation
(3.5) is collocated at all points in the selected interval, where s is defined previously
in section 1.6. This is illustrated clearly in Figure 3.1 below where I and C represent

interpolation and collocation points respectively.

I I

- |
Xn Xn+s Xn+1
C C C

Figure 3.1. One step hybrid block method with generalised one off-step point for
solving second ODEs.

From the above figure, v =2 and m = 3. This interpolation and collocation strategy

produces the following equations

Yn = 4o.
Ynts = ao+a1s+a2s2—|—a3s3—|—a4s4.
2
Jn = s (3.6)
2 6s 1252
Jots = B2t st —5as
2 6 12
Jor1 = ﬁaz—l—ﬁag—l—ﬁcu.
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which can be written in a matrix form as below

1 00 0 O aop Vn
1 s s s s ai Yn+s
00> 0 0 a | = f
00 % & 27 [| a fots
005 5 3 as Tt

Applying Gaussian elimination method on (3.7) leads to

ag = Yn
—(12s—12)  (12s—12) (h2s* — 5h%s® + 4h?s?)
a = Yn+ Vnts +
125(s—1) 12s(s—1) 12s(s—1)
(2h2s2_h2s3) (h2 3)
v Juts — T Sutl
12s(s—1) 12(s—1)
h2
)2
h?s n(s?—1) h?
a8 | 55 6(S__1>fn+1_ 6S(S—1) fn_6s(s_l)fn+s
~ K h? h?
as = l’mfnﬂ—men 12505 = )fn—H

Ja

(3.7

The values of a/s,i = 0(1)4 are then substituted into Equation (3.1) to give a continuous

implicit scheme of the form

y(x) = oo (x)yn + 05 (x J’n+s+2ﬁz ) Jnti + Bs (x) fts
i=0

Differentiating (3.8)) once gives

Y (x) = ai

X

27

0
oo (x )yn+a Yn+s+z ﬁz fn+l+ ﬁs( ) fnts

(3.8)

(3.9)



where

1= (x—x)
% = hs
X=Xy
o =
g hs
By — (x — X) (X, — X+ hs) (W% — 4h%s + hsx — hsx, + 2hx — 2hx, — x> + 2xx, — x2)
° 12125
— —x+h
Bs = (o 12xi)12(xz xﬁ)— s) (h2 2 225+ hsx — hsx,, — 2hx + 2hx, + x> — 2xx, +x,21)
S [—
(i _x+h
B = k 1;2)2((:_ 1x)—|— ) (h%5® + hsx — hsx, — x* + 2xx, — x2)

Evaluating Equation (3.8) at the non-interpolating point x,, yields

Cyars . (125-12) N (h?s® — 4h%s> + 4h’s — h?) f
Yn+1 < - 125 Yn 12s n
—h2s?+ hrs+h? h2s3 4+ h*s? — h2s
+( )ﬁ1+s_ ( )fn—f-l (3.10)
12s 12s

Equation (3.9) is then evaluated at all points i.e x,,, X+ and x,, | to produce

p o (12s—12) (125 —12) +(h2s4—5h2s3+4h2s2)f
_NFaN T = — n
In T 1hs(s—1)°"" 12hs(s —1)° 2hs(s — 1) §
2h%s? — h?s? _he
— 3.11
: (125 —12) —(125 —12) (h?s* — 3h2s® +2h2s?)
Ynts = Tz g \Ints = Yn — Jn
" 12hs(s — 1) 12hs(s—1) 12hs(s—1)
(4h%s* — 3h%s?) _he
— 3.12
/ S — —12(s — st — s° + §°— s+
12s—12 o —12(s—1 +h2 *—5h%s + 10h%s* — 8h? 2h2f
I T Dons(s— 1" T 12hs(s—1)" 12hs(s — 1) "
(s> —2h%s? +21?) f
12hs(s—1) e

h2s* — 6h%s? + 4h?s f
12hs(s—1) "

(3.13)
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Combining (3.10) and (3.11)) produces a block of the form
A[1]2Yn[1ﬂ2 — B[]l]ZR[ll]Z _'_B[ZI}ZR[;]Z +h2 D[1]2R[3”2 +E[1]2R£ll]2:| (314)

where

—1 s—1
Al [ 5 N e [ e ) e[ O
;s] 0 Yn+1 0 ;_s]
R[] gl 0 0 g |
Yn 0 -1 Yn
0 (s—1)(s>—3s+1) fo
(2 — (12s) (1 _ n—-1
2 0 l=4) 5 ’
127 Jn
(—s24s+1)  —(s®+s—1)
£l — (12s) 2 od Rl & Jnts
(6=2) () )
T2s—12)h  (125—12)h Jnt1
Equation (3.14)) is multiplied by the inverse of Ao give
iyl — plllglte  gllleglle | p2 plilgllle o glibRl(315)
where
J — o Bl = 01 Bl — 0 hs ,
0 1 01 0 h
0 —(2(=4) (s°(s=2)) s
plilz — (12) and 2 — | (126=1))  (12(s—1))
o (“s-1) ~1 (25—1)
125 12s(s—1)  (125—12)
From (3.13), the following equations are obtained
) ks (s —4) h2s*(s —2) h?s*
= hsy, — —fa A
Yn+s Yn+hsy, 12 Jnt (12S—12) Sn+s T (12S_12>f +1(3.16)
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(h*(4s—1)) h?
s I (12s5(s — 1))

fas (3.17)

Ynr1 = Ynthy,— Jn+ts

(h*(2s—1))
=)

Substituting Equation (3.16) into (3.12)) and (3.13)) gives the first derivative of the block

as below
s(s— s(2s — $3
y/n+s = y/n_ h (6 3)fn+ (?6((3_ 1?;)fn+s+%fn+l (3.18)
r h(3s—1) h (h(3s—2))

(3.19)

Vg1 = Ypt (65) fn—(6s(s_1))fn+s+mfn+l

In order to find properties of the derivative of the method shown above, (3.1I8) and

(3.19) are written in a block form

lelz - B[ZlhR[zl]z 4+ h [[)MzRgl]Z +E[1]2R£‘”2 (3.20)
where
/ —s(s—3)
gl — | e | gl - 0 , Dl = ’ .
’ s—1
Yut1 0 1 0 S
(s(25-3)) (s*)
and £l — | ©6=D) @l
-1 (352

3.1.1 Establishing Properties of One Step Hybrid Block Method with Gener-

alised One Off-Step Point for Second Order ODEs

In finding the order of the method, we have extended the methods proposed by Lambert

(1973) and Fatunla (1988).
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The equation of one step hybrid method for solving (I.1) is given by

Z alyn—H + Z alyn—i-l hy Z Blfn—i—l + hy Z ﬁlfrH—l (321)

i=0 i=51,52, i=51,52,

and its associated linear difference operator L associated with (3.21)) is defined by

L[y(x)v Za,y X+lh + Z ocly X+lh)
i= =S51,82,""
—h’ (Zﬁ,y (x+ih)+ ), Bly X+zh)> (3.22)
i=0 I=51,52,"

Expanding the functions y(x+ih) and y¥(x+ih) in Taylor series about x and collecting

like terms gives

Liy(x),h] = coy(x) + c1hy (x)+ cohy (%) + -+ (3.23)

Definition 3.1.1. The linear difference operator (3.22)) and the associated linear hybrid
method (3.21)) are said to be of order P, if co=cy =cy=++=cp1y-1=0and ¢,y #0

with error constant ¢, | y.

Transforming equation (3.21)) to one step hybrid block method gives

o (3.24)

[ MQ

AR Y | DR, o ElR

where El[q}y, i=1,2---y, E4v and D9 are (¢ +1) x (¢ + 1) matrices of coefficients,

q denotes the number of off-step points, y represents the order of differential equation
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and

R[q]}’ _

y+1

9]
R y+yz

[yﬂ+517yn+sza Tt 7Yn+1]T
[yn*qayn—(q—l)v"' 7yn—17yn]T
y—1 _v-1 -1 _y—3T
[yn—q’yZ,(q,1)7'” 7YZ,17)’3/, ]
[fn—qvfn—(q—l)a"' afn—lafn]T
[fn+slafn+szv T 7fn+Sq,fn+1]T

The linear difference operator L associated with equation([3.24]) is defined as

Liy(x),h] = v (x

where

Ry (X)

R (x)

Y
— | R BRIO0 47 [E R () + DR ()|

(3.25)

= b/(X—l—Sll’l),y(X—l—Sz/’l),“‘ 7y(x+h)}T

= [y(xn—q)vy(xnf(qfl))a T 7y(xnfl)7y(xn)]T

= [yy_l(xn—lI)?yY_l(xn—(q—l))a'"7yy_l(xn—1)7yy_l(xn)]T
= [yy(xn*q)ayy(xn—(q—l))a"'7yy(xn—1)7yy(xn)]T

= D7 (xrsih),y (x+sah), -y (xpsgh), ¥ (x+ h)]"

Expanding components of Y,Lq] and R lly > In Taylor’s series about x and collecting terms

in powers of & gives

Lly(x),n]

= Coy(x) +Cihy (x) + Cohy (x) +---
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Definition 3.1.2. One step hybrid block method (3.24) and associated linear operator
(3.25)) are said to be of order P, if Co =C; =C, =--- =Cpyy—1 =0and Cpyy # 0 with

error vector constants C P+y-

Definition 3.1.3. The one step hybrid block method (3.24)) is said to be zero stable as

h — 0 if its first characteristic polynomial
7(x,h) = 2119 — B4 (3.26)

having roots z, such that |z,| < 1, and if |z,| = 1 then the multiplicity of z, must not
greater than y. where 1197 is (¢+ 1) x (g + 1) identity matrix and B[lq]y is(g+1)x(qg+

1) coefficients matrix of y,

Definition 3.1.4. A numerical method is said to be consistent, if it has order greater

than one.

Theorem 3.1 (Henrici, 1962). The necessary and sufficient conditions for a linear

multistep method to be convergent are that it must be consistent and zero stable.

Region of Absolute Stability
In order to find the region stability of hybrid block (3.24), the method known as bound-

ary locus method proposed by Lambert (1973) and Henrici (1962) is adopted. This is

given by h(z) = % where p(z) is the first characteristics function and o(z) is the

second characteristics function. The test problem of the form y¥ = A7y is substituted

into the block (3.24) to give

ay +EY g, (3.27)

y+1 2

Y
laly _ aldly plaly Y27 | pld]
Y —;Bi R +hYAY | Dy
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This leads to

_ ][Q]yyn[l‘l}Y(Z) _B[lq}yR[lq]y

hz,h) = (3.28)
DM?YRMY (Z) + E[CI]YYR[q]y (Z)
¥+l ¥+2
where 1 = AYhY. Equation (3.28) can be written in Euler’s form as

i} Jlalyyldv gy _ gldlrplay g
h(o.n) = o¥n "(6) — B\ R, (6) (329)

[DY iy (6) +EY g (6)]

v+l 742

where z = /% = cos(8) +isin(0). Equation (3.29) is called the characteristics matrix.

The stability function of the method is obtained by finding the determinant of (3.29).

The following subsections examine the numerical properties of one step hybrid block
method with one generalised off-step point which include order, error constant, zero

stability, consistency and region of absolute stability.

3.1.1.1 Order of One Step Hybrid Block Method with Generalised One Off-Step

Point for Second Order ODEs

In finding the order of the main block (3.13]), Definition (3.1.2) is applied by expanding

y and f- function in Taylor series about x,,. This is demonstrated below.

Zj‘ozo (S)jihj)’% —Yn— (Sh)yln + 52(5;24)}12));/1 - 12ssj12 Z;'OZO hJJ_TZy £+2
~ R e, o
Y=o };l_:y h— yn— byl — By el j=0 hjj_+'2y "
i +s(12s1—12) ZT:() (S)jﬁjﬂy #2 J L 0 J
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Comparing the coefficients of 4/ and y/ gives

- 1—-1 0
CO p— p—
1-1 0
_ §s—s 0
C = =
1-1 0
5% + s2(s—4) s 52 (s—2)
(? 2! 12 12s—12 125s—12
2 p—
1 (4s=1) 251 +
| 2! 12s 125—12 (123 12)
$ s P52 s
63 _ 3! 125—12 12s—12 1! _
1 2s—1 + S
| 3! 125—12 (125 12) 1!
s* st 1 2(=2)82
= 4! " 12s—122! 125—12 2!
C4 = =
L 25l 1y 5
| 31T 125212 i (12s712)2! ]
[Ls) | 1 P
CS N 51 125—12 3! 125s—12 3! _
Lo 21 10y 5
| 51 T 2512 3 (125 2)3! |

Hence, by comparing the coefficient of A, it is discovered that the block method (3.13)

-

0

0

1205 —48s>

8640

120s—

48

8640

has order [3,3]7 together with the error constants

(0, 1)\{3— 120

Expanding y/ and f function in Taylor series in finding the order of the derivative

block yields

Yo

(s)/h/ _j+1

n

s—3)h

"

n-

12s 122

_ s(2s-3)

()7RITT j+2
y

6(s—

1)

Y-

Woj+l
0 le”l

!
n

_ (Bs=L)h_»

Jj!

n

3s—2

6s n

6(s—
(s)/hit!_j42

1 =)
+ 6s(s—1) Zj:O

Jj!

35

)

n

X

120s* —48s>

120s

8640

s j+2

JOjln

Rl 42
0 T Yn

8640

T
_48} for all s €




Comparing the coefficients of 4/ and y/. This gives

_ 0—-0 0
CO p— p—
0—0 0
_ 1-1 0
C = =
1-1 0
s(s—3) 253 5(25—3)
G, = %+ 6 12ss712 S0 | 0
1 (3s—1) 352 1
T~ 6 661 T &G 0
o s 5(25=3) 5 0
3 | I — |
Gy = 21 125—12  6(s—1) 1
L |35} 2 1
366 TEeoD T 0
£ 28 1 s(2s=3) 62 0
— | — | — |
Gy = 317 T25—1221 ~ 6(s—1) 22 _
1 3s—2 1 1
31 6(?—1)5—1— 6s(s—l)% 0
s 28 1 s(25=3) 8 2534
— ! — ! _ !
Cs = 417 T25-1231 7 6(s—1) 31 | _ 72
1 32 1, 1 s 25—1
41 6(s—1)3! ' 6s(s—1) 3! 72

Therefore, the derivative block (3.20)) has order [3,3]” with the error constants vector

T
[Zﬁiﬁv 2;51} forall s € (0,1)\ {s = 1}.
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3.1.1.2 Zero Stability of One Step Hybrid Block Method with Generalised One

Off-Step Point for Second Order ODEs

In order to find the zero-stability of the block (3.15)), we only put into consideration

the first characteristic polynomial according to Definition ([3.1.3]), that is

M(z) = |1 —B"
10 01
= Z R
0 1 01
= Z(Z_l)zo

which implies z = 0, 1. The characteristic polynomial for the derivative block (3.20) is

given by
M(z) = |18y
10 0 1
= Z —
01 01
= Z(Z_I)ZO

which also implies z = 0, 1. Hence, the conditions in Definition (3.1.3) are satisfied.

Therefore, the block method and its derivative are zero stable.

3.1.1.3 Consistency and Convergent of One Step Hybrid Block Method with

Generalised One Off-Step Point for Second Order ODEs

The block method (3.15) and its derivatives (3.20) are consistent and convergent as

stated in Definition (3.1.4) and Theorem (3.1))
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3.1.1.4 Region of Absolute Stability One Step Hybrid Block Method with Gen-

eralised One Off-Step Point for Second Order ODEs

Applying (3.29) for one step hybrid block with one generalised oft-step points(3.15),

it gives
_ [[1]2Yn[11]2(9) _E[lﬂzR[ll]Z(e)
MOM =BTy 1, (6) T ETRY 1, (6) (330
R[3}2 R&b
where
sif
][I]ZYyLlh(G) ¢ 0
0 eiﬂ
_ 01
B[IHZR[II]Z(G) —
0 1
[0 =64
DIy ,(0) = B
Rg (4s—1)
0
L (12s)
[ 2(-2) 50 (s*) _,if
E_v[l]QY [1] (9) o (12(5*1) (12(571))
Ry : —1 esiQ (2s=1) el@
[ (125(s—1)) (12(s—1))

Simplifying (3.30) and then finding its determinant yields

(729 —72)

h(0,h) = (529 — 35+ 2s2)

Some time it is not possible to quantify the region of stability in meaning full way other
than by presenting diagrams showing the boundary of region plotted in the complex
plane, if such diagram is not available and we are not prepared to spend computing
efforts in finding it, the knowledge of interval of stability which is the intersection
of the boundary of region stability with real line, can still give some indication of
safe choice for i (Lambert, |1973). In order to obtain this interval, expanding h(8,h)

trigonometrically and equating the imaginary part to zero, the equation of the absolute
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stability region for (3.15) is obtained as below

(72cos(0) —72)

h(6,h) = (s2cos(6) — 35+ 2s2)

(3.31)

3.2 Derivation of One Step Hybrid Block Method with Generalised Two Off-

Step Points for Second Order ODEs

In deriving this method, Equation (3.1)) is interpolated at x,,, x,+, and Equation (3.5)
is collocated at all points in the selected interval i.e x,, X;+5, Xntr, Xpa1 as illustrated

in Figure (3.2) below.

I I
| | | | |
| | | | |
Xn Xn+s Xn+r Xn+1
C C C C

Figure 3.2. One step hybrid block method with generalised two off-step points for
solving second order ODEs.

From above figure, v =2 and m = 4. As a result, we get the following equations

Ynis = ao+ars+as®+azs® +agst +ass’.

Yatr = ao+air+ayr’ +asr +agrt +asr.
2

h = SZa (3.32)
h2
2 6s 1252 20s°

Jots = h_202+ﬁa3+704+7a5
2 6r 122 2077

fotr = ﬁaz—l-ﬁaﬁ—?arl—?%
2 6 12 20

Jor1 = AT 0t a4t as
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Re-writing Equations (3.32) in a matrix form, we obtain

1 s 2 s s 8 aop Vits
1L r 2 R~ P ap Vntr
0050 0 0 as | | fa 333
00 h% % 15—52 22_53 as Jnts
00 2 & 122 200 | 4 futr
005 & 5 = ag fat

Applying Gaussian elimination method on (3.33)) gives the values of a;’s, i = 0(1)5 as

follows

ﬁyn-i—s - (rsjynw
) W2rs(r —2s)(2r —s)(r +5) F
60(r—1)(s—1) B

+h2(2r3 —3r%s — 5r* — 3rs> +15rs+2s5° — 5s2)

apg —

60 Ir
+h2r(2r3 4 2125 — 5124-2rs?=5rs—=3574552) F
60(r—s)(s—1) ‘™M

+hzs(3r3 —2r°s — 517 — 2rs” + 5rs — 25° + 557)

(60(r—s)(r—1)) Jutr

1 n 2 (2r* —3r3s — 3r2s? — 3rs 4254 )f R
ay = ——Ynir
W2 (2r* —3r3s — 513 — 3r2s® 4+ 15125 — 3rs® + 15rs% 4 25* — 55 )
- fn
(60rs)

W2 (3r* —2r3s — 51 — 2r%s? 4 5r%s — 2rs> + 5rs? — 25 + 55%) 7
(60r(r—s)(r—1)) r

W2 (2r* +2r3s — 513 4+ 2125 — 5r2s 4 2rs® — 5rs> — 35 +55%)

B (60s(r—s)(s—1)) Tnss
2
as = %fn
o —(hz(rzs—rz—rs2+r+s2—s))f (h2(r—r?)) f
3 (20rs(r—s)(r—1)(s—1)) n (20rs(r—s)(r—1)(s—1))""**
—(h*(rs* — r?s)) —(h*(s—5?))
+(20rs(r—s)(r— 1)(s— 1))fn+l + (20rs(r—s)(r—1)(s 1))fn+r
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(hz(rs3 - r3s))

(R (Ps—r —rsd+r+s53—5s))

ayg =

(2rs(r—s)(r— D)D)+ T

(H(s —5°)

(12rs(r—s)(r—1)(s—1))
(=)

Ja

+(12rs(r—s)(r—l)( N M=) (r= D (s = 1))
as = —(hz(rs2 — rzs)) Futt (hz(r — r2)) 7
(20rs(r—s)(r—1)(s— 1)) " Q0rs(r—s)(r—1)(s—1))"""*
—(R(rPs—r? —rs> +r+s>—5)) —(h?(s —s%))
(20rs(r—s)(r—1)(s—1)) fat (20rs(r—s)(r—1)(s— 1))fn+r

The values of ;s are then substituted back into equation (3.1} to produce a continuous

implicit hybrid method of the form

Z OC; yn+1+2ﬁl fn—f—z"’ Z ﬁl fn+z

lSr zsr

Differentiating (3.34) once yields

Z a }’n+l+z ﬁl (%) i + Z Bz

lSV lSl

where
(x4 —x+hs)
O = h(r—s)
_ (xp—x+hr)
O = h(r—s)
(xp —x+ hs)(x, —x+hr)
Bo =

(60rsh3)

(3.34)

fn+l (3-35)

213 r — 3h312s — 5h° 12 — 3R3rs® + 1513 rs 4 3x

—5135% + 21212 x — 2h%r2x, — 3hPrsx + 3h%rsx, — Sh*rx 4 Sh*rx, + 2h*s*x + 5hx®

—5h2sx 4 Sh*sx, + 2hrx,% + 2hsx* — dhsxx, + 2hsx% + thﬁ

—4hrxx, 4+ 9x°x, — 9xx,% — 2?5 x, — 10hxx,)

41
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B, — (xp —x+ hs)(x, —x+ hr)
T (60K3s(s—1)(r—ys))

—|—3x,2 +5h3s% + 212 x — 2h2r2xn + 2h%rsx — 2h2rsxn —5h%rx + 5h2rxn — 3h%s%x

(2RF + 21 s — S + 207 rs* — 5hPrs — 3157

—3x> + 5h2sx + 2hrx® — dhrxx, + 2hrx,zl — 3hsx® + 6hsxx, — 3hsx,% +5hx* + 9x2xn

—5h%sx, — 10hxx, 4+ 3h*s*x, 4+ Shx2 — 9xx2)

B, — (xp —x+ hs)(x, —x+ hr)
" (60h3r(r—1)(r—ys))

+5135% + 3022 x — 3h2rPx, — 2h2rsx + 2R rsx, — Sh2rx + Sh2rx, — 2h%s*x + 3x°

(B3I3r — 213125 — 5h3r? — 203 rs® + 5hirs — 213

+5h%sx — Sh2sx, + 3hrx® — 6hrxx, + 3hrx2 — 2hsx* 4 4hsxx, — 2hsx> — Shx®

—5hx2 + 10hxx, 4 2h*s%x, — 9x%x, + 9xx? — 3x2)

(% =x+hs) (g —x+hr)
by (603 (s— 1)(r— 1))

—2h2r2xn — 3 rsx + 3h2rsxn +2h%s%x — 2h2s2xn + 2hrx’ — dhrxx, + 2hrx,2l

@r P — 313 r%s — 3n3rs® + 21353 + 2h%r%x

—4hsxxy, + 2hsx? + 2hsx® 4 9x%x, — 9xx2 4 3x> — 3x°)

Evaluating (3:34) at non-interpolating points x, and x| produces the following schemes

r s
Yn— mynﬂ + m)’nw

W2 (213 —3r%s — 5r% — 3rs? + 15rs + 253 — 552)
- In
60
+h2r(2r3 + 2125 — 517 4+ 2rs> — 5rs — 357 4 55%)
(60(r—s)(s—1))
h2s(3r3 — 2r%s — 512 — 2rs® + 5rs — 25% + 55%)
(60(r—s)(r—1))
Wrs(r—2s)(2r —s)(r +s))
— 3.36
(60(7—1)(5—1)) fn+1 ( )

f n—+s

fn+r
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(r—1) (s—1)

Yn+1— (F—S) Ynts + my;wr
P(s—1)(r—D(r+s—2)2r—s—1)(r—2s+1)

- (60rs) Jn
W2 (r—1)(2r3 42125 — 312 + 2rs> = 3rs — 3r — 35° + 25% + 25 +2)
(60s(r—)) Juts
W2 (s —1)(3r3 —2r2s — 2r2 — 2rs? +3rs — 2r — 253 4+ 35> + 35 — 2)
(60r(r—>)) Juer
2 3 2 2 2 3 2
_h7(2r° =3r°s+2r" —3rs —6?)rs+2r+2s +2s +2s—3)fnJrl (3.37)

Similarly, evaluating (3.35) at all points i.e x,, Xpts, Xp+r and X, gives

/ 1 1

Ynt (h(r— S)_))’n+s - (h(r __S))}’n+r

_ h(2r* =335 =51 =325 + 15r%s — 3rs® 4 1515 + 25% — 55)

T (60rs)

h(2r* +2r3s = 5r° +2r2s% — Sr?s + 2rs? = 5rs? = 3s* 4 55%)
(60s(r—s)(s—1))

h(3r* = 2135 = 5r° — 2r2s% + 5r%s — 2rs3 + Srs? — 25* +55°)
(60r(r —s)(r—1))

4 3 o, 3 4
h(2r* —3r’s — 3r°s*—=3rs’ 4 2s )fn—i-l (3.38)
(60(r—1)(s —1))

Jn

f n—+s

fn—|—r

! 1 1
Yntst m)’nﬂ - m)’nw
(h(2r+3s —5)(r —s)3)

T (60rs) I
(h(r —s)(3r> 4 4rs — 5r + 35> — 55))
- (60r(r—1)) Juer
h(r —s)(2r? 4 6rs — 5r + 125> — 155)
a (60s(s—1)) e
3
(h(2r+43s)(r—s) )fn+1 (3.39)

(60(r—1)(s—1))
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! 1 1
e G ) )

h(3r+2s—5)(r—s)?
(60rs) I
h(r —s)(3r2 4 4rs — 5r+ 35> — 5s)
(60s(s— 1)) Juts
+h(r—s)(12r2+6rs— 15r 4 25 — 55)
60r(r—1) ad
h(3r+2s)(r—s)?
_(6(O(r— I;Es— 1)))fn+1 (3.40)

1 1

Yne1 T m)’nﬂ - m%w

—h
= W(Z# — 35— 5 —3r2s% + 15125 — 3rs> + 15rs> — 30rs + 10r + 2s*
rs

—553+10s—5) f,,
h(2r* +2r%s — 513 +2r25% — 5125+ 2rs® — 5rs% + 10r — 35* 4 55° — 5)

2 (60s(r =) (s— 1)) Juts
B(3r* 2135 —\5r — 225> +5r%s—2rs® + Srs? —2s* +55° — 10s + S)f
60r(r—s)(r—1) al
h(2r* = 3735 — 325> = 3rs® + 30rs — 207+ 2s* — 205 + 15
§ | Vfen A
60(r—1)(s—1)

Using the same procedure as mentioned in section 3.1, we combine (3.36]) and (3.38)

to form a block method one step with two off-step pointsfor second ODEs as below

ARRy P = pRRER . pRRER o2 [ DR 4 ERRR (3.42)
where
r_Trs r%s 0 Yn+s 0 0 —1
2 2
AR |z nB =, B =] 00 0 |
1 —1
h(r—s)  h(r—s) 0 Yn+1 00 0
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yn—l
Y 00 -1 Y
0 0 oy - B £
pPR—| o o pl | RZ=| g | EPR=| g2 g22 g2
00 o ; e e el
fn+s
and Rgzh = | fu
fn—H

The elements of of D122 and E[22 are given by

(23 —3r2s — 51> —3rs® +15rs +25° — 5s2)

il 60
D[223}2 1 (r—D(s=1)(r+s=2)(r—=2s+1)(2r—s—1)
60rs

pllh = —(2r* = 3135 — 5r° — 3r%s> +15r%5 — 3rs> + 15rs> + 25% — 55%)
S 60hrs

gl L r(2r3 +2r%s — 5% +2rs® — 5rs — 35> + 55°)
o 60(r—s)(s—1)

gl _ s(3r3 —2r%s — 5r* — 2rs? + 5rs — 25° + 55°)
2o 60(r—s)(s—1)

s s s)(rts) (=2
13 60(r—1)(s—1)

gl _ (r—1)(2r +2r2s — 312 + 2rs* — 3rs™3r — 35 + 25> + 25+ 2)
S 60s(r —s)

g2 _ (s—1)(3r —2r%s — 2r* — 2rs®> + 3rs — 2r — 25> + 35 + 35— 2)
2 60r(r —s)

plh _ (2P =342 - 3% —3rs 4+ 2r 257 + 267 + 25— 3)
23 - 60

gl _ —(2r* +2r3s — 51 +2r25% — 5r2s + 2rs? — 5rs? — 3s* 4-55%)
o 60hs(r—s)(s—1)

gl _ —(3r* =235 — 51 —2r25% + 5r%s — 2rs 4 5rs? — 25* 4-55%)
2 60hr(r—s)(s—1)

g2k _ (2r* =315 — 3125 — 3rs® + 254
33

60h(r—1)(s—1)
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Multiplying Equation (3.42) by inverse of A22 yields

[PhyZe — pPlplly gl o j2 | pRh Rl FRRREE] (3.43)
where
0 01 0 0 sh
B=|0o01 [.B"=]00 m |
0 0 1 00 h
0 0 _SZ(SS_ZgSjSFS_ZSZ)
Dph: 0 0 r2(20s—5g(;5rs+2r2)
0 0 (20rs7650sr;5r+2)
52 (55— 10r+5rs—3s?) —s*(25—5) s*(5r=2s)
60(r—1)(s—1) 60r(r—1)(r—s) 60(r—1)(s—1)
El2l - r*(2r—5) r2(10s—5r—5rs+3r2) —r*(2r—>5s)
60s(s—1)(r—s) 60(r—s)(r—1) 60(r—1)(s—1)
—(5r=2) (55—2) (10rs—5s—5r+3)
60s(s—1)(r—s) 60r(r—1)(r—s) 60(s—1)(r—1)
This gives

 h2s%(5s —20r + 5rs — 25°) h?s%(5s — 10r + 5rs — 3s?)

= hsy —
Yts Yn 5V 60r St 60(r—s)(s—1) Jues
hs*(2s —5) h2s*(5r—2s)
— 3.44
60r(r— ) ir— 1) ™ T 600 — 1) (s— 1)+ (344)
r h?r?(20s — 5r—5rs +2r?) n2r4(2r —5)
r - h
yn+ yn+ ryn + 6OS fn+6os(r_s)(s_1)fn+s
h2r?(10s — 5r — 5rs + 3r?) h2r*(2r — 5s)
,— 3.45
60(r—s)(r—1) Tt 60(r—1)(s—1)f"+1 (345)
, h*(20rs — 55— 5r+2) h?(5r —2)
= h _
yn+1 Yn + yn + 60sr fi’l 60S(r—s)(s—1)fn+s
W (55 —2) h?(10sr — 55— 5r+3)
. 3.46
+ 60r(r—s)(r—1)f”+ TR —1)(s—1) S (346)
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Substituting equation (3.44) and (3.46) into (3.39) — (3.41)) produces the block deriva-

tive as below

)  hs(2s —6r+42rs —5°) hs(4s — 6r +4rs — 3s?)

y}’l+s = yl’l_ 12r fn+ 12(r_s)(s_1) frH—s
hs3(s—2) hs3(2r —s)
_ . AT
2rr—s) =1 T = 1= 1) ! (347)
/ g hr(6s —2r —2rs +r?) n hrd(r—2) 7
Yatr = Jn 125 " 12s(r—s)(s— 1)
hr(6s —4r—4rs+3r2) hr3(r— 25)
r 4
12(r_s)(r_1) ff’H‘ 12(r_1)(s_1)fn+1 (3 8)
/ 1 h(6brs—2s—2r+1) h(2r—1)
okl 5o It 12rs " 12s(r—s)(s — 1)fn+s
h(2s—1) h(6rs —4s—4r+3)
3.49
2rr—5) =)™ T TG - D=1y (349
The derivative of the block can be represent in equation of the form
ngb — B’[ZZ]ZR[ZZ]Z + h |:D’[2]2Rg2]2 + E[2]2R£.2}2:| (350)
where
! —s(25—6r+2sr—s>
Yot 00 1 0 0 s(slrzrsrs)
=y | B =] 0 0 1 [ DPR=| o o re22eeh)
001 00 G
s(4s—6r4-4rs—3s?) —s53(s—2) $3(2r—s)
12(r—s)(s—1) 12r(r—1)(r—s) 12(r—1)(s—1)
(2], — r3(r—2) r(6s—4r—4r. +3r2) —r3(r—2 )
and £ T25(—1) (=) gy ey el o oy
—(2r—1) (2s—1) (6rs—4s—4r+3)

12s(r—s)(s—1) 12r(r—s)(s—1) 12(r—1)(s—1)
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3.2.1 Establishing Properties of One step Hybrid Block Method with Gener-

alised Two Off-Step Points for Second Order ODEs

The order, error constant, zero stability, consistency, convergence and region of abso-

lute stability of the method are examined in this section.

3.2.1.1 Order of One Step Hybrid Block Method with Generalised Two Off-Step

Points for Second Order ODEs

The method used in section (3.1.1.1) is applied in finding the order of hybrid block

method with two generalised off-step points(3.43) as demonstrated below.

h25%(55—20r+5rs—25%) 7

s*(5r—2s)
60(r—1)(s—

j=0 !

0 Lj=0 jrm

Yi—Yn — shy, + 60r
s*(25—5)

+ 50 (r) (1) 20

Bit2 j42

_ 5*(55=10r+5rs—3s?)

n

(FHR*?j42
Fil

n

60(r—s)(s—1)

Y (s)/hi*?
j=0 J!

Jt2
n

h2r?(20s—5r—=5rs+212)

o ) hi
Y30 )j!

Yn=Yn— rhy, — 503

n

+.r4(2L5_SL o Wt2 j+2_r2(10575r—5rs+3r2) Zoo (r)/hit? j42
QO(r-1)(5-1) &j=0 ji In 60(r—s)(r—1) j=0"_jr_In
Her-s) ye (s)/hit2_j+2
60s(r—s)(s—1) &~j=0""j1 n
| I R2(20rs—5s—5r+42) 7
Zj:()ﬁyn_yn_hyn— 60sr n
_ (10sr—55—5r+3) yee Rt2 42 (55-2) ye (r)nit?_j42
Q0(r—1)(s—1) &j=0 ji In 60r(r—s)(r—1) &j=0"_ ji__n
(5r—2) o ()WTZ_ j42
+605(r—s)(s—1)2j:0 T n 0

Comparing the coefficients of 4/ and y/ yields

1—1 0
G=|1-1]=10
1—-1 0
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-

L

(5)2 | h%s%(55—20r+5rs—2s%) s*(5r—2s) s*(25—5)
ort 607 T H—=1) T 60r—s) (1)

_ s%(55—10r+5rs—3s?)
60(r—s)(s—1)

@ . r2(205—5r—5rs+2r2) V4(2i’—55) r2(105—5rs+3r2)
2!

60s 60(r—1)(s—1) 60(r—s)(r—1)
. r4(2r—5)
60s(r—s)(s—1)
1 h*(20rs—5s—5r42)  (10sr—5s—5r4-3) (55—2)
21 60sr T60(r—D)(s—1)  60r(r—s)(r—1)
(5r=2)

+ 60s(r—s)(s—1)

s*(25—5)  p s2(55—10r+5rs—3s%)

(s)3 s*(5r—2s) s
30T 60(r—1)(s—1) + 60r(r—s)(r—1) 11 =~ 60(r—s)(s—1) 1!
(r 3 r4(2r—55) r2(105—5r—5rs+3r2) r r4(2r—5) s
SR T 60— =1) 1L 60si—s)(s—1) 1!
(10sr—55—5r+3) (5s=2) (5r=2)

1 r s
360D 60 ()= 11 T 80s(r=s)(s=1) 1!

(s)* st(5r—2s) | 5*(25=5) 2 s2(55—10r45rs—3s?)
AT T 0= 2 T 60r(r—s) =) 21 60(r=5)(s—T)
(r)4 r4(2r75s) 1 r2(10s75r75rs+3r2) 72 r4(2r75) 52
T R 2 60— —1) 21 60s(r—s)(s—1) 2!
1 (10sr—55—5r+3) 1 (55s—2) 2 (5r=2) 52
417 60(r—1)(s—1) 2! 60r(r—s)(r—1)2! + 60s(r—s)(s—1) 2!

=%

(s)? s*(5r—2s) 1 s*(25=5) B3 $2(55—10r+5rs—3s%) 3
ST T RN 3 T 60— =131 600—s)—1) 3!
(r 5 r4(2r—55) 1 rz(lOs—Sr—Srs+3r2) 3 r4(2r—5) §3
Srt 60(r—D)(s—1)31 — — 60(r—s)(r—1) 3! 60s(r—s)(s—1) 3!
1 (10sr—5s—5r+3) 1 (5s=2) 3 (5r=2) 3
3T 0—Ds—1) 31 60 (r—s)(r—1) 31 T 80s(r—s)(s—1) 3!

(5)® s*(5r—2s)

1
6 T 60(r—1)(s—1) 4!
@_}_ r4(2r—5s) l_rZ(IOs—Sr—Srs+3r2) A
6r T 60(r—1)(s_1) 41

1 (10sr—55—5r43) 1
6! 60(r—1)(s—1) 4!

s*(25—5) ﬁ 52(55—10r+5rs—3s%) ¢*

60r(r—s)(r—1) 41—~ 60(r—s)(s—1) %
r r4(2r—5) s

60(r—s)(r—1) 41 60s(r—s)(s—1) 4!

4

(SS*Z) r4 (57‘*2) K

60r(r—s)(r—1) 41 + 60s(r—s)(s—1) 4!

_|_

s*(25—5r4-2rs—s%)
1440
—r*(55—2r—2rs41?)
1440
—(5rs—2s—2r+1)
1440
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Hence, by comparing the coefficient of 4, the block method has order [4,4,4]T with

the error constants vector

s*(2s —5r+2rs —s?) —r*(5s—2r—2rs+r?) —(5rs—2s—2r+1) g
1440 ’ 1440 ’ 1440

527 A
forall s,r € (0,1)\ {{r= 22} U{s =

2412 1-2r
((572r)) pu{s= Ezfsrg 1

In finding the order of derivative block (3.50), yln and f,- functions are expanded in

spirit of Definition (3.1.2)) as demonstrated below.

[ o (s)/h g+ hs(2s—6r+2rs—s*) "o 53 (2r—s) o T j+2
Zj:O jron yn+ 12r Yn 12(r—1)(s—1) Zj:() J! In
$3(s—2) o (MW j12 s(4s—6r+4rs—3s?) oo (s)IRIT! 42
T =0 T T T o) Lj=0 T % 0
o (r)hl_j+1 / hr(6s—2r—2rs+12) 1 r(r—2s) oo Rt j+2
Yimo ¥ YT 15— Jad BrhE D &=0 TR | _
L r(s—dr=drst3?) woo (VA g2 P(r2) v (W42 0
2G—)0=1)| £=0 T Y T B0 =0 gt
o Rl j+l ' h(6rs—2s—2rl) 7 (6rs—4s—4r43) yreo  pitL 42
Zj:() 7)’n —Vn 12rs Yn 12("—1)(5—1) Zj:() J! In
L @) e (VWD (2r=D) v ()42
(=) (=1 j=0 51— ey gm0t . | | O |

Comparing the coefficients of 4/ and y/ gives

0-0 0 -1 0
G=0-0|=|0|, G=|1-1|=]0
0-0 0 1-1 0
[ (s)' | s(2s—6r42rs—s?) 53 (2r—s) hs®(s—2) 1 [ ]
ot 12r TR T s
s(4s—6r+4rs—3s%) 0

T R2(r—s)(s—1)
(r)1 r(6s—2r—2rs+r2) r(6s—4r—4rs+3r2)

&)= T‘__m——if—ﬁmmﬁﬁ' _
=) (=T 0
1 (6rs—2s—2r+1)  (6rs—4s—4r+3) (2s—1)
m 2rs CR=D)(s—-1)  12r(r—s)(r-1)
(2r—1) 0

L + 125(r—s)(s—1) ] L i
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(s) $3(2r—s) $3(s—2 o s(4s—6r44rs—3s%) s
IR o T o s)(r) DT~ (12(r Ie=1) 1! 0
~ r r(6s—4r—4rs+3r2) r—2 s —
6= G+ - (12(H)(r71) M - 12s(r(s)() i — |0
6rs—4s—4r+3 2s—1 2r—1 s
i %_(12@—1)(5—1)) 12r((r s)(l nTT 12s((r s><3 0! 0
[ (5)3 2r—s 3(s—2 2 s(4s—6r+4rs—3s%) ¢ i i
-1 (( )(5)1)2‘+12r(r(s)(r) FiE (12(r 96-1) I 0
~ r)3 r(6s—4r—4rs+3r2) 2 r—2 52 —
Ca= %+m%— (12(r 5)(r—1) )2__ 12s(r(s)(s) 12! =10
1 (6rs—4s—4r+3) 1 (2s—1) + (2r=1) 2 0
L 3! 12(r—1)(s—1) 2! 12r(r—s)(r— 1)2‘ 12s(r—s)(s—1) 2! L~
[ (s)* 2r—s s—2 73 6r+4rs—3s2) s i [
% o ( - (s)l 31 + 12r(r(s)(r) 030 (12(r s)(s—1) )3_ 0
S r) 1 r(6s—4r—4rs+3r%) 3 P(r=2 53 —
Gs %+m§_ 20— (1) )3__ PR s)(s) 03l 0
1 (6rs—4s—4r+3) 1 (2s—1) + (2r-1) 3 0
4! 12(r—1)(s—1) 3!  12r(r—s)(r— 1)3‘ 12s(r—s)(s—1) 3! _ B

53(s—2) 4 s(4s—6r+drs—3s?) §3

(5 $(2r-s) + Al s

5! ( 1)(s—1) 4’ 12r(r—s)(r—1) 4! 12(r—s)(s—1) 3!
g )t r(6s—4r—drs+3r%) Pr—=2) st
C6= (4_)z+m% B (12(r 5)(r—1) )m - 125‘(r(s)(5‘ 1) 41

(6rs—4s—4r+3) 1 (2s—1) (2r—1) s

1
51 12(r—1)(s—1) 4 T 12r(r—s)(r— 1)4‘ + 125(r—s)(s—1) 4!

53 (55— 10r+5rs—3s?)
1440

_ | P(57=10s+5r5—312)
1440

—(10sr—55—5r+3)
1440

Hence, by comparing the coefficient of &, the block of derivative has order [4,4,4]"

with the error constants

§3(55 — 10r +5rs —3s%) r3(5r — 10s+ 5rs — 3r%) —(10sr — 55 — 5r +3) g
1440 ’ 1440 ’ 1440

which is true for all s,r € (0, 1)\{{r— 3s _SS }U{ = 3’ _5’ }U{ — 55 }}
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3.2.1.2 Zero Stability of One Step Hybrid Block Method with Generalised Two

Off-Step Points for Second Order ODEs

In finding the zero-stability of the block (3.43)), we only put into consideration the roots

of first characteristic polynomial according to Definition (3.1.3), that is

M) = |12 -5
1 00 0 01
= k101 01]—1001
0 0 1 0 0 1
= 2(-1)

(3.50) is
M(z) = et~ 577
100 001
= lzlo1o|-]oo1
00 1 00 1
= Z(z—1)

which also implies z = 0,0, 1. Hence , the conditions in Definition (3.1.3) are satisfied.

Therefore, the block method(3.43)) and its derivative(3.50)) are zero stable.

3.2.1.3 Consistency and Convergent of One Step Hybrid Block Method with

Generalised Two Off-Step Points for Second Order ODEs

The block method (3.43)) and its derivatives (3.50) are consistent and convergent as

stated in Definition (3.1.4) and Theorem (3.1)
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3.2.1.4 Region of Absolute Stability of One Step Hybrid Block Method with

Generalised Two Off-Step Points for Second Order ODEs

Applying (3.29) for one step hybrid block with two generalised off-step points(3.43)

gives
I[Z]ZY[ I _B[Z]ZR[Z]Z
h(6,h) = (6) - (6) (3.51)
[D[Z}ZY [2]2(6) +E[2}2Y [2}2(9)]
R; R,
where
szG
[2]2Y
B[l 2R[2]2 O O 1
0 0 1
—5%(55—20r+5rs—25%)
0-0 (60r)
» 2 —35r—=3rs r2
D[z}zYRQZ]Z(Q) — o o s feoj +2r)
(20rs—55—5r+2)
00 (60rs)
(A5 10rt5rs3%) o (5) o (H5r-20) e
(60(r—s)(s—1)) (60r(r—1)(r—s))) (60(r—1)(s—1))
2y . (9)— (F@r-5) sio (P0s=5r—5rs+37) sig  (—r*(2r-55) g
th( ) 60s(r—1)(r—s)) € G0—s)(r—1)) ¢ (60(r Ne—1)¢
—(5r-2) esie (55—2) erl'g (10rs—55—5r+3) eie
(60s(s—1)(r—s)) (60r(r—1)(r—s)) (60(s—1)(r—1))

The above matrix is then simplified and after finding the determinant we have

(144069 — 1440)
(2r2s2 +4rs — 3rs2 — 3r2s + r2s2ei?)

R(0,h) =

The above equation is expanded trigonometrically and the imaginary part are equated
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to zero. This gives the equation of region stability as below

h(6,h) = (1440cos(0) — 1440)
T (25252 4-drs — 3rs2 — 3r2s +r2s2cos(6))

(3.52)

3.3 Derivation of One Step Hybrid Block Method with Generalised Three Off-

Step Points for Second Order ODEs

To derive this method, Equation (3.1)) is interpolated at the last two off-step points i.e at
Xntsy, Xn+s, and Equation (3.5)) is collocated at all points in selected interval [x,,X,11].

This strategy is clearly illustrated in the Figure 3.3.

Xn+s, Xn+s, Xn+1

C C C C C

n+s,;

Figure 3.3. One step hybrid block method with generalised three off-step points for
solving second order ODEs.

Based in Figure 3.3, v = 2 and m = 5 which produces the following equations

Ynts, = dotapsy+ azs% + a3sg + a4s§ + a5sg + a6sg.
Yntsy; = dao+apsz+ azs% + a3s§ + a4s§ + assg + a6sg.
2
fn = ﬁGZ
2 651 1252 2053 30s?
Snts, = agﬁa2+ﬁa3+ h21a4~|— h21a5 h21a6 (3.53)
2 652 1253 20s3 30s%
~fn+s2 = ﬁaz + ﬁa?) h22a4 h22a5 + h22a6'
2 6s3 1253 20s3  30s}
fl’l+S3 = ﬁaz_*—ﬁa?)_'— h2 as + h2 as+ n2 ae.
6 12 0 30
fn+l = ﬁaz+ﬁag+ﬁa4+ﬁa5+ﬁa6.
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which can be written in a matrix form

1 s £ & & 8 8 ao Yntsy

I s3 55 85 5§ 85 s a Yntsy

0 0 h% 0 0 0 0 a In

00 2 s gt R || e | =] hee | G99
0 0 h% h%s2 ;l_%s% i_(z)sg z_(z)sé% aq fn—i—sz

0 0 % Bs3 1353 203 Nt || as St

0 0 h% h% % % 2_9 ag Jn+1

Gaussian Elimination method is applied to (3.54) in order to find the unknown coeffi-

cients a;’s for i = 0(1)6 as below

59 53 h2S2

7 om0 TG s 6001 =) (52 —s9) (53— 1)

+2s1s3 ~|55155 = s%s% + 5s1s% = 3s1s§ + 2szs§ +2S%S3 — szsg . S%S3 +2s3 — 5
h’s3

(60(s1 —52)(s2 —53)(s2—1))

135155 + 551855 — 25155 = 25353 = 25353 4 5053 F so53 4 355 = 255 — 253 + 55

(253 — 353

+2s1s2s§ + 2S1S%S3 — 55185283) fots; + (s%s% — 5s1s%

hsys3
(60(s1 —1)(s2—1)(s3—1))

+2s1s3 + S%S% — 3S1S%S3 + szsg — 3s1szs% — s§ + 2s1sg)fn+1

2 2 4 3
—2515285 — 28515553 + 5515253) futs, — (=55 + 5553

B h2S2S3
(60s1(s1 —s2)(s1—s3)(s1— 1))
+ Sg - 2S%)fn+s1

(—s253 + 55 — 5353 — 255 — 5353 + 35553 + 35053
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—1 1 h? 3

= e, — 5
(S2 _ )yn+S3 + (S2 s ) yn+s2 (6OS1S2S3) (S2S3 +S2S3 SlSz 3

—3s2s3 + 25153 — 5s1s3 + 2s1s3 3s2s3 3S2S3 + s2s3 + 5353 + 255 — sg + 2s‘31

a) =

+15s1s2s3 + 15S1S2S3 — 3s1s2s3 35152S3 3s1s%s%)fn

h2
+ S+SS3+2S1S + 5352 3s1SS3—|—ss
(60(81—1)(S2—1)(S3—1)) ( 2 2 2 293 7 2 293
— 3s1s%s§ + szs§ — 3s1szsg — sg + 2s1s§)fn+1
h2

(53 — 5353 — 255 — 5355 + 35353 — 5353 + 35353

+
60S1(S1 —S2)(S1 —S3)(s1 — 1)
h2 2 3
25253 8§55
60S3(S1—S3)(SQ—S3)(S3—1)( 273273
5

—s2s3 5s1s2 + 2s1s2 + 5s1s3 3s1s3 + 2s2s3 + 2S2S3 szsgl — s§S3 + 2s£21 — 8

4 3,5 4
—5283 + 35283 + 53 — 253) frtrs, —

—3sg + 2s§ — SSlszsg — 5S1S%S3 + 2s1s2s% + 2s1s353 + 2s1s%s%)fn+s3
h2
B (60s2(s1 —52) (52 —83)(s2 — 1

— 25155 — 250853 — 25553+ 5257 45353 4355 — 255 — 255 4 551553 + 5515353

M (5353 — 25353 + 5353 — 55153 + 35153 + 55153

3 3 2.2 5
—2515253 — 2815353 — 2815553 +53) fntsy

2
ay = %fn
e — —/’lz(S1S2 + 51853 + 5253 +81S2S3)f B (h2S2S1) f
3 (6s25351) " (6s3(s3 —1)(s2 —53) (51 —53)) e
(h2S2S3S1 ) (hZS3S1 )
T8l 101 = D= 1™ T Gsalon = 1)(52 —s3)(s1 —2)) "
(s2s3h%)

~ (651(s1— 1)(s1 — 53) (51 —sz))f”“1

oy hz(sl—l-Sz + 53 —|—S1S2+S1S3—|—S2S3)f B hz(S1+S3+SIS3) f
4 (12s5351) " 12s0(s0 — (s —s53)(s1 —s0) "
hZ(S1S2+S1S3—|-S2S3) hz(sl + 52 +S1S2)

B 12(S3 — 1)(S1 — 1)(S2 — 1)fn+1 + 12S3(S3 — 1)(S2 —S3)(S1 —S3)fn+s3
hZ(S2—|-S3 +S2S3)

+ 12S1(S1 — 1)(S1 —S3)(S1 —S2)
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ge — hz(S1—|—S3+1) f B hz(Sz—l—Sg—i—l)
ST (20S2(S2 — 1)(S2 —S3)(S1 —Sz)) Ats2 (20S1(S1 — l)(s1 —S3)(S1 —Sz))
- (h_Z(Sl +Si+ 1)) — fn+s3 + (hi(S1 +Si+ S3))_ fn+1
(2OS3(S3 1)(S2 S3)(S1 S3)) (20(5‘3 1)(S1 1)(S2 1))
(hZ(S] + 52+ 853+ l))

fn+s1

- (20S2S3S1) fn
h? h?
6= 3053 (s1—53)(s2—53)(53 — l)ﬁth3 * 30s1(s1 —s2)(s1 —s3) (51— l)fnﬂ1
h? h?
_30S2(S1—Sz)(Sz—S3)(S2—l)fn+S2 a 30(s1—1)(sz—1)(S3—1)f"“
h2
+ (30s15253) I

The values of a}s are then substituted into Equation (3.1 and simplified, this gives a

continuous hybrid one step method of the form

8 1 3
y()C) s Z Ols; Yn+s; + Z Bifn+i i Z ﬁsifn+si (355)
=2, i=0 i=1

The first derivative of Equation (3.53)) is

/ 30 L9 39
y (x) = l:Zé aasi (x)yrH—Si + ;,) aﬁl (x)fn—H + 1221 %ﬁsi (x)fn+si (3-56)
where
o — (xp —x+hsy)
B (h(s2—s3))
o, = (x —x, — hs3)

(h(s2—s3))
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By — (xp —x+ hs3)(x, —x+ hsy)
0 (60s15253h%)

+2xt 4 203 — hts§ 4 2h*s3 — htsh — 3hs1x® — hsox® — hsyx® + 3hs 1 + hsyx)

3 3 3 4
(12x%°x% — 3hx® + 3hx — 8xx) — 8x’x, + 2x

—I—hS3x,3‘ — 9hxxi —|—9hx2xn — 5h4s1s% +2h4s1s3 — 5h4s1s§ + 2h4s1s§ — 3h4szs§
—3h*s3 583 + h4s2s3 + K3 583 + 5h2s1x + 2h2s2x + 2h3s2x h3s X+ 2h2S3x
213 s53x — W3 s3x + Sh2s1x2 + 2h2s0x> — 203 s3x, + W2 s3x, 4 2hPs3x2 — 21353,
+1s3 3Xn + h4s2s3 — hzszx — h2s3x — h2s2x — hzs X, + 15h*s 5753 — 5h3s150x
—5h3S1S3X — 3h3S2S3X + 5h3s1szxn + 5h3S1S3Xn + 3h3S2S3xn — 9hs1xxﬁ + 9hs1x2xn
— thzslxxn — 3hs2xx,21 + 3hs2x2xn — 4h2s2xx,, — 3hS3xx,% + 3hS3x2xn — 4h253xxn
—3h4s1s2s% — 3/14.5‘1.5‘%.5‘3 + 2h2s152x2 + 2h3sls%x + 2h2s1S3x2 + 2h2s1s2x%
—|—2h3s1s%x +h szsgx + h3s%S3x — 2 sls%xn + 2h2S1S3X% — 2h3s1s%xn + hzszsyc%
—h3szs%xn — hSS%spcn + 2h2s%xxn + 2h2s%xxn — 3/’Z3S1S2S3X + 3h35182S3xn

-4h2s1szxxn — 4R 1853XX, — 2h2s2s3xxn + hzszsycz)

AR —(an —x+ hs3)(x, —x+ hsy)
INZ 60h4S1 (Sl - l)(Sl —S3)(S1 —52)

—h4szs§ + 3h*sys3 4+ hsy — 2h4s + h3s%x h3szxn B3 s3s3x 4 W3 s3530, — 203 s5x

(h*s3 = h*s3s3— 2h%s3 —h's3s3 + 3h*s3s3

+2h3 53 §5Xp — nw szs%x + i’ szsgxn +3n° 283X — 3h3S253xn +hs3 53X — h3s3xn — 2h3s3x
+213 53 §3%p + hzs%x2 — 2h2s2xxn h2s2x hzszsyc + 2h2szsycxn —h szsycz
+4h? SoXXy — 2h? s2x + h2s3x 2h2s3xxn + h2s3x ZhZS3x + 4h2S3xx,, — hS3x

—2]1253)6% + hs2x3 — 3hs2x2x,, + 3hs2xx% — hszx?1 + hS3x3 — 3hS3x2xn + 3hS3xx%

—2h250x% + 30 — OhaPx, + Ohxx? — 3hxd — 2x* 4 8x3x, — 124742 + 8xxd — 2x)
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B, — (xp —x+ hs3)(x, —x+ hsy)
2 60htsy(sp— 1)(s2 —s3)(s1 — 82)
+3h*s3 — 2h*s5 — 2h*s3 + h*st + 3hs1x® — 2hsox® 4 hs3x® —3hs|x) + 2hsyx

(3hx® — 12x%%2 + 8xx + 8x°x, + h2s3x°

—2]’12S2S3xxn — 2fo + 9hxx,2l — 9hx2x,, — 5h4s1s% + 3h4s1s3 + 5h4s1s§ — 2h4s1s§
+nt s2s3 + h4S2S3 5h251x2 + 3h2s2x2 + 3h3s% 2h3s2x — 2h2S3x2 — 2h3s%x
—5h%s1x2 + 3h%sox2 — 3hPs3x, 4+ 21 3%, — 2hs3x2 4 21353, — W3 sax, + hs3s3
2h2s2x 2h2s X, + h2s3x + 5n* 518283 — 5K S152X + 5K3 §183X — 20 §283X
-5 S183%, + 2h3S2S3xn ~+ 9hs 1xx3! —9hs 1x2xn + 10h%s 1XX, — 6/’1S2X)C,Zl + 6hszx2xn
—6h2s2xxn + 3hS3XX,21 — 3hS3x2xn + 4h2S3xx,, — 2h4s1s2s% — 2h4S1S%S3 + 3h2s1s2x2
+3h3s1s2x — 2i? s1S3x —2n’ s1s3x +h2s253x +h3S2S3x+h38253x—|—3h slszx
—3n° K3 s%xn - 2h2s1 S3x,% + 2h3sl s%xn + hzszsyc% - h3szs%xn - s%sycn — 2h4S%S3
+4h2s2xxn - hspcfl h2s3xxn — 2/’Z3S1S2S3X +2i° S152853%X — 6h2s1szxxn

FAR 513X — 2h4szs% + h3s§x — 3hx?l +51° 5182%,)

A\ (xp — x+ hs3)(xp, —x+ hsy)
B (60h*s3(s3 — 1)(s2—s3)(s1—83))
+6h2s153%%, + 2h*s3 — hsy — 3h*s3 4 2h*sh — 3hs1x° + 2hs3x’ + 3hsyx) 4 hsyx)

(12x%x2 — 3hx® +3hx — 8xx — 8x°x,,

—2hS3x - 9hxx + 9hx? Xy — 5h4s152 + 2h4s1s2 + 5h4s1s3 +2h4szs3 + 2h4S2S3
h4szs3 nts3 583 + 5h2s1x + 2h2szx + 2h3s2x h3s3x — 3h2S3x2 — 3h3s§x
+5h2s1x + 2h2s2x — 2h3s2xn + h3s2x,l 3h% S3x + 3h3s3xn — 2h3s3xn h4szs3
—hzs%x2 + 2h2s hzszx + 2h2s%x% — 5]’l4S1SZS3 — 5h3s1s2x + 51° S153X
+5h3s1szxn — 5h3S1S3xn - 2h382S3xn - 9hs1xx,% + 9hs1x2xn — 10h2s1xxn —|—2x2
+3hS2x2xn - 4h2szxxn + 6hS3xx,2, — 6hS3X2Xn + 6hZS3xxn + 2h4s1szs% + 2h4S1S%S3
—|—2hzs132x2 + 2h3s1s%x — 3h2s1S3x2 — 3h3s1s%x — hzszsycz — h3szs§x + hSS%sycn
+2h2s1s2xﬁ — 2h3s1s%xn — 3h251S3x% + 34K sls%xn — hzszsyc,% — 4h2s1s2xxn +2x*
—2K° S15283Xy, + 2h? szxxn — 4h2s3xxn - 3h4s1 sg + 2h3s%x — 3hszxx,% +2K $253X

h3s2S3x Sy szs3xn +213s 152853X + 2K S283XXy — hszx )
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Xp —X+hs3)(x, —x+ hsy
Pr=- (6(0h4( 53— 1)()(2 —1)(s1— 1))) (2s1h*s3 + h's3s3 — 3s1h*s3s3 — W s3s3x,

+h*s3s3 + hsyss — 3s1hss3 — hs§ 4 2s1h*s3 — B s3x + B3 s3x, + B3 s3s3x — hs}

—|—2s1h3s%x — 2s1h3s%xn + h3szs§x — h3szs§xn — 3S1h3S2S3X + 3S1h3S2S3xn — h3s§x
+i? s3xn + 251h s3x 2s1h3 §3Xp — hzs%x2 + 2h2s2xxn hzs%x% + hzs253x2 — hS3x3
+h? szsyc +251h szx - 4s1h $2XXy, —|—2s1h252x hzs X —|—2h2s3xxn — h2s3x
—8xx +2s1h S3x —4s1h S3XXy, +2s1h S3x hszx —|—3hszx X, + hszx + 2x*
—I—3hS3x2xn — 3hS3XX,% + hS3x,31 — 3s1h)c3 + 9s1hx2xn —9s lhxx,Z, + 3s 1hx2 — 8x3xn

—3hs2xx,21 — 2WPsys3x%, + 2fo + 12x2x,21)

Evaluating (3.53) at non-interpolating points i.e X, X5, and x, 1| gives the following

schemes

3 A\ //L2

Pt TS s T (Gos) 2 (5353 — 58183 + 25153 — 55153

it s
(s2—s3 > —
+2s1s% = 3szsg 35553 +szs3 S 92 §3 -+ 2s2 = s2 pr- 29; = S’g 351 ¥2s3 3515583

o 3 2 22 2
2 — .
(60(s3 = 1)(s1 —53)(52 =—53)) (25185 — 55155 — $585 + 551583

+15s15083) [ +
—3slsg + 252s% + 25353 — szsg — s2S3 + 2s2 — 3s3 + 253 + 251s2s3
+2515353 — 5515283) fartsy

h2S2S3
(60(s3—1)(s1—1)(s2— 1)) (=53 + 5353 -+ 25153 + 5353 — 3515353 + 5253

h?s2s3 4_ 3 3
— 3532
(@m@rJXﬁ—gﬂﬁ—QD@zsﬂ3 52
—s%s% + 3S%S3 — szsg + 3szs§ + s§ — 2s§)fn+s1

h2S3 ) ’ 3
-5 3 5 2 2
+ (60(s2 — 1) (51 —52) (52 — 53)) (5355 — 55155 + 35155 + s1s3 sls3 st3

2 4 3
—3515285 — 53+ 25183) fut1 —

2
—25583 + szsg + S%S3 + 353 — 25‘2l — ZS% + s§ — 2s1szs% — 2S1S%S3 +5515283) frts,

(3.57)
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—(s1—53) (s1—s2) _ RPsi—s)(s1—52) 4 3 3
Yk Ty ks F G T = (605 15253) (ST — 5152 — 5183

—2s? — s%s% + 25%S2S3 + 3s%s2 — s%s% + 3S%S3 — sls% + 2S1S%S3 + 3s1s% + 2s1s2s%

— 12515283 — slsg + 3sls% + sé — S%S3 — ZS% — s%s% + 3S%S3 — szs% + 3s2s%
W2 (s1 —s3)(s1 —52)
(60(s; —1)(s2—1)(s3—1))

—s%s% — sls% + 2S1S%S3 + 2s1szs% — slsg + sg — S%Sg — s%s% — szsg + sg)fnﬂ
hz(sl —S3)

60S2(S2 — S3)(S2 — 1)

s‘l1 + 3S%S3 + slsg — S1S%S3 — 2s1s% — slszs% + 3515283 —slsg +3s1s§ — 2s§ +S%S3
h2

60s1(s; — 1)

—3s? — s%s% + S%SZS3 + 25%82 — s%s% + 2S%S3 — slsg + S]S%S3 + 251 S% + 51 szs% + 2s%

4

4 53 3 3 2252
+s53 —283) fu+ (s7— 5752 — 5783 — 5155 + 2575253

(s?sz — S?S3 — ZS? + s%s% — S%S2S3 — 2s%sz — s%s% + 3s%

15355 — 25553 + 5253 — 25253 + 53 — 253) sy + (257 — 5350 — 5353

—35185283 — slsg + 2s1s3 52 + S2S3 + s2s3 3S2S3 + szs3 3S2S3 sg + 2s§)fn+s1
hz(Sl — Sz)
60S3 (S2 — S3) (S3 — 1)

—2S1S3 — slsg — 51S2S3 + 3s1s2 — s1s2s3 + 3515253 +s1s3 2s1s3 +s2 —|—s253 — 2s2

4 322 2 2 22
(5] — S350 + 5383 — 257 — 5755 — 575253 + 35752 4 5753

+S%S3 25353 + SZS’; 25253 253 + 3S§)fn+S3 (3.58)
(s3—1) (so—1) W (s3—1)(s—1)
n - = 2
Yn+1 (52 —S3) Ynts, + (S2 _ 53) Ynts3 (6OS18253) ( S|+ 52 + 53

—i—s%s% — 385150 — 385153 — 2850853 — 3s1s% + 2s1sg — 3s1s§ + 2s1s§ — ZSZS% — 2S%S3

+S2S§S%S3 +s% + s% — s% +s% + sg — sg — 351s2s§ — 3S1S%S3 + 12515053 — 1) f
N h(sy —1)
(60s3(s1 —53) (852 — 53)
+25152 + 2s1s3 3s1s3 —l—szs3 + 8283 szsg — S%Sg —i—s% + S% — sg — s% — sg + 2s§
W (s3—1)
(60s2(s1 —52) (852 — 53)

-I-s%s% — 25182+ 351853 — 5283 — 2S1S% + 3s1s3 + 3s1s§ — 2s1s§ — szs% — S%Sg + sg

(251 + 52 — 53 — s%s% — 385152 + 25153 + 5253 — 3s1s%

+2s1szs§ + 2S1S%S3 — 3515283 — 1) fugsy + (52— 251 — 53

53— 53+ 53 — 2515255 — 2515553 + 3515283 + 1) frrs,

R (s3—1)(sp—1)
(60s1(s1 —s2)(s1—s3)(s1— 1))
+2szs§ + 25283 — 82 —I—sg1 — s% —s% — 534+ 1) futs

—|—szs§ + S%S3 + 53— 255 —

(53 — 5353 — 53 — 5353 + 25353 — 53 — 5253
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h2 22
_mmﬁ_nﬂ%%_”
3 4 2 3 4

2 2 2 2
+2s185 + 2s1s§ + 5253 + 5553 +szs% + S%S}} — 85— 8 — 8y — 85— 53— 53

53— 351+ 28152 + 25153 + 52853 + 2s1s% +2s1sg

— 3515253 — 3515553 — 3515253 +2) fus 1 (3.59)

Equation (3.56) is evaluated at all points in selected interval i.e Xy, X1, Xnts55 Xn-ts35

and x;, 1. This produces following schemes

/ 1 1 h
I =53 T il =) T 60(s1 = 1) (52 — 1) (s3— 1)
+2s1s421 + S%S3 3S1S2S3 + s2s3 3s1s2s3 +s2s3 3s1s2s§ — sg + 2s1s§)fn+1
h
_|_
60s1(s1 —s2)(s1—s3)(s1— 1

4 3 5 4
—8283 + 352.3'3 + 53 —253)fn+51 -

4
(—sg + 5553

] (5 — 5353 — 253 — 5353 4+ 35353 — 5553 + 35553

h
W( 3S2S3 +S2S3 5S15%+S§S3

+2s1s§ — 5s1s§ + 251s§ 3szs3 3S2S3 + SZS’; + 252 + 2s3 3515‘%5‘3 + 1551s2s%

3
— 85 — 55+ 15815353 — 3515253 — 3515353/

n 2 3 32 3 4 3
2 A - 5 [ b 2 5
OS3 (SI S3><S2 53)(5‘3 1) ( st'; 2S3 §7573 157 + S152 + S1S3

—3s1s§ + 2szs§ + 2S%S3 n szsg1 3 S§S3 + 2s§ t sg - 3s§1 T 25% 2 5s1szs% + 2S1S3S3

—5S1S%S3 + 251525% + 2S15%S%)fn+s3
h
60s2(s1 —s2) (52— 53) (52— 1

—2szs§ — 25%5‘3 + szs§ + S3S3 + 3s3 — 2s‘31 — 2s1s‘3L + 5s1szs% + 5S1S%S3 — 2s1s%s%

] (s2s3 25355 + s2s3 SSIS% + 35157 + 5s1s§ + sg

—2s1szs3 2S1S2S3 2S§)fn+s2 (3.60)
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/ 1 1
T T R =) =)
B —h

60s3(s1 —s3)(s2 —53) (53— 1)

—5s1 5s1s2 —|—2s1s2s3 —|—251szs3 5s132s3 — 3s1s3 —|—5s1s3 — S2S3 + 252 + 2S2S3

(—5s‘1‘s2 + 3s? + 10s%sz + 251s‘2‘ + 2S1S%S3 — 551 S%S3

—3s§ - sg — s%s% — S%sg + 2S%S% — szsg + 2szs§ + 2s§)fn+s3

h
_|_
60S1(S1 —Sz)(sl —S3)(S1 — 1)
— 1557+ 20S?S3 — 30575253 + sg — 5353 — 253 — s%s% + 3S%S3 + 3s%s% — s%s% — szsg1
h
60(s; —1)(so—1)(s3—1)
4—2513‘2L — 3S1S%S3 — 5s‘1‘sz — 3s1szs§ + 231s‘31 — sg + S3S3 + s%s% + s%sg + szs§ — sg)an
h
+
60S2(S1 — S2)(S2 — S3)(Sz — 1)

—3s1s§ + 2S1S3S3 — 3s§ + 5s1s§ + 2s1s%s3 5S1S2S3 + 2s1s2s3 5s1s2s3 + 2s1s3

(12s? — 15s‘1lsz — ISS?S3 + ZOS?S2S3 + ZOS?SZ + sg

135253 — 25%) fus; + (357 — 55753 4 10535053 — 3515353

(357 — 55753 — 557 + 105353

3
—|—25§ = 5s1s§ — 5353 — s%s% + 2S%S3 — s%s% + ZS%S% - szsg1 + 25253 — sg + 2s431)fn+s2
h
(6051S2S3)

—5541L = 3S1S%S3 5s1s2 3s132s3 + 15S1S283 3s1szsg + 15515255 + 2s1s§ + S%S:,'

(=5s7s2 — 55753357 + 10538253 + 108757 + 105753 — 30575053 + 25155

+2s2 . s2 +s2s3 39253 + sz 93 3@2 53+ 82 v3 392s§ — sg + 2s‘3l — S‘slsg)fn (3.61)

S Lo B —h(s2 —s53)°
e sy —s3) " T h(sy—s3) " T 6051 (51— 52) (51— 83) (51— 1)
h(s2 —s3)
60s2(s1 —s2)(s2— 1)
— 125153 — 25153 + 35253 + 65753 — 1257 + 1053 — 253 + 53 — 6515253) fo s,
B h(s2 —s3)
60s3(s1 —53)(s3—1)
—33% + 2s% — 3S§ + 28% —4515253) frts3

(253

+25983 — 357 + s% — 2583) fors, + (155152 + 55153 — 65253

(55152 + 55153 — 4sps3 — 3sls% — 3sls% + 3szs% + 3S%S3

h(sa—s3) 5 )
2 2 -3 ) ;
+(60s1 —60)(sp —1)(s3 — 1)( 85 + 282583 $152 + 83 $183) frt1
h(sy—s3)3
_W(S st =352 — 253 — 35150 — 25183 + 25283 + 253 +53) f (3.62)
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/ 1 4 1 . /’Z(SQ —S3)3

yn+S3 h(S2 - S3)yn+s2 h(S2 — S3)}’n+s3 o 60S1 (Sl — Sz)(sl — S3)(S1 — 1)

h(sy —s3)
60s2(s1 —s2)(s2 — 1)
—35% — 35155 — 35155 + 35253 + 35353 — 353 + 255 4+ 253 — 4515253 ) fursy

h(S2 —S3)
60S3(S1 —S3)(S3 — 1)
—2s% +s% — 12s§ + 105% — 6515253 fntss

2
(s

—257 + 25783 + 2s% —383) futs, +

(5S182 + 55153 — 45253

(55152 + 155153 — 65253 — 2s1s% — 12s1s§ + 6szs% + 3S%S3

h S2 — 83 3
O e AR EUR AUREL S
h(sy —s3)° .
60515253 (551 — 250 — 353 — 25152 — 35153 + 252853 + 55 + 253) fn (3.63)

/ 1 1 —h
1™ h(sy — )yn+s2 * h(sy — S3)Yn+s3 - 60s1(s1 —s2)(s1 —53)(s1 —1) (=53
—|—S2S3 -+ 2s2 + 5253 3szsg + stg 3s2s3 +5253 3s2s§ + 105253 — 5593 — sg
h
60s2(s1 —s52)(s2 —53) (52— 1)

+Y2S'§ — 105153 — 5s1s2 4R 3?192 + 554 v3 — 2sls3 2€2s3 + ¥293 2S1S§S3 — 2S%S3

(551 + 553 — 25353 + 5353

+s2s§ - 3s§ — 2s2 2s3 + s3 + 5s1s2s3 + 5S1S2S’§ — 2s1s2s3 2s1s2s3 3) futs,
h
_|_
60s3(s1 —s53) (52 —53)(s3— 1)

—|—5s1s2 — 251s2 — 5s1s3 + 3s1s3 2szs3 282S3 + szs3 + s253 — 2s2 + SZ + 3s3

(551 + 550 — 25555 + 5353 + 5353 — 10515,

—2s3 + 5s1szs3 + 5s1s233 — 2s1szs3 2S1S2S3 — 2s1s2s% 3) frtss
h
_|_
(60S1 — 60)(5‘2 — 1)(S3 — 1)

+15sy — 208053 + 2s1s‘21 + 2sls§1 + szsg1 +s‘21S3 — g — s3 — 3s1s2s3 3S1S2S3

(1551 + 1553 + S%sg + s%s% — 20s152 — 2087153

—3s1s%s% + 30515253 — 12) fr1 + (551 4582+ 553+ 3s%s3 — s%s%

h
(60s15253)
455185 — 251s2 + 5s1s3 2s1s§ + 3szs§ + 3S%S3 — szsé — S§S3 — 2s§ + sg — 2s§

—sgs3 10s152 — 105153 — 105253 +s3 15s1szs3 15S1S2S3 + 3s1szs3 + 3S1S2S3

+3515555 4 30515253 — 3) f (3.64)
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Combining Equations (3.57)-(3.60) of discrete schemes to form a block

A[3]2Yn[13]2 — B[3]2R[3}2 _{_BB}ZRB]Z +l’l2 D[3]2R[3]2 +E[3}2R[3]2 (365)
1 N 2 19 3 4
where
0 S2S3S3 S2s72S3 yn+sl
1 —(s1—s53) (s1—s2) y
ABL — (s2—53) (52-53) 7L s 7
(s3—1) —(s2—1)
0 (ss;fS3) (szsis_g) 1 Yn+s3
—1 1
: (h(s2—s3))  (h(s2—s3)) 0 Ynt1
00 0 —1 Yn—3
000 O VYn_2
3 3 n
B[l }2 — , Rg ]2 — ,
000 O Yn—1
000 O Yn
000 O Vys
000 O y,
3 3 n—2
Bk L R
0 000 0 ¥,
000 —1 v,
000 DP fos
00 0 DEP fos
32 24 Bl _ "
DPi2 = 3l , R; ,
0 0 0 Dy a1
000 D £
3 3 3 3
EV ER EY EY fats
3] 3] (3] (3]
£ _ Ey* Ejp' Ey’ Ey’ and RE}Z _ Jntsy
3 3 3 3
e e e o
3 3 3 3
e e o
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and the non-zero terms of D2 and EB are given by

ol

[3]2
Dy,

3
i

3
ol

[3]2
14

3
el

1

(60s1) (s%s% — 5s1s% + 2s1s2 5s1s3 + 2sls3 3s2s3 3S%S3 +s2s§ + s%s;;
1
—|—2s§ — sg + 2s§ — s‘31 — 3s1szs% — 3S1S%S3 + 15515253)
1 4 3 3 3 2.2 2
————— (s1—52) (51 —53) (5] — 5782 — 5753 — 257 — 8755 + 2575253
(60S1S2S3)

+3s%sz — s%s% + 3S%S3 — slsg + 2S1S%S3 + 3s1s% + 2s1szs§ — 125185983 — ZS%
—slsg + 3s1s% + 55— S%S3 — s%s% + 35553 — szsg + 3s2s% + sg — 2s§)
1

(60S1S2S3) (SZ - 1) (S3 - 1) (251 + 52 + 53 +S2S3 35152 — 35153 — 285253

—3s1s% + 2s1s% — 3s1s% + 2s1sg — 2szs§ — 2S%S3 + stg —l—s%sz, —I—S% +s§
—s2 + s3 ~|—s3 — s3 3s1szs3 — 3S1S2S3 + 12515253 — 1)
1
3 4 3 4 3
e (5353 — 35353+ so53 55185 + 2851855 — 55183 + 285153 — 3828
h(60S1S2S3)< 293 7 9293 293 2 2 3 3 3
3

—3S%S3 —|—s2s§ +s353 + 2s‘2l + 2s‘3‘ — sg + 1531s2s% + 15S1S%S3 — 3515253

3 2.2 5
—35185353 — 3515555 — 53)

§253 p
2 3
6051 (51— 52) (51 —53) (51— 1)( sz +52S3 + Sz+szS3 SQS3 —l—szs3 83
—3s55%3 +253)
53

60(s1 —52)(52 —53) (52— 1) (s%s% — 5s1s% +3sls§ +5s1s3 2s1s3 252s3

—25%.5‘3 + szsg + S%S3 + 3s§ — 2s‘2‘ — 2s§ + s‘3‘ — 281525% — 2S1S%S3 + 5515253)
—5>

60(s1 —s3)(s2 —s3)(s3—1)

— 25353 + 5253 + 5353 — 255 + 55 + 353 — 255 — 2515053 — 2515353 + 5515253)

(5353 + 55155 — 25155 — 55155 + 35253 — 25253

_ 5283
(60S1 — 60)(S2 — 1)(S3 — 1)

— 3515253 — 55+ 25153)

4 2.2 2
(—s5+ sgS3 + 2s1s% + 5555 — 3515553 + szsg

1
S — o 1 P Sy — 53 53— 353 S2S2—|—82S2S3 +2s252 — 252 — 54
(6Os1(s1—1))( 151 1 1 —S152 T 5] 1 153 — 52
+2S%S3 slsz + 8182S3 + 2s1s2 +s1szs3 3515283 — s1s3 + 2s1s3 + szs3

15353 4 253 + 5355 — 35353 — 35053 — 53+ 253)
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3
e

3
e

3
e

3
e

3
£l

—(s1—s3) 4_ 3 3 322, 2 2
(6052 (52— 53) (52— 1) (—s] — s7s2 + 5753+ 257 — 5755 + 575253 + 25782

+s1s3 3S1S3 s1s2 + S1S2S3 + 2s1s2 + slszs3 — 3515283 +s1s3 3s1s3

1255 — 5353 — 353 — 5355 4 25553 — 5255 + 25255 — 53+ 253)

(s1—152)
(60s3(s2 —53)(s3— 1))

2
—s1s3 + 25153 + s152 + S|S253 — 3s152 + slszs3 — 3515253 —s1s3 + 25153

4 2.2 2 2
(—s] + s?sz — S%S3 + 2s? + 5755 + 5752853 — 35752

—sg — S%S3 + 2s% — s%s% + 2S%S3 — szsg + 2S25% + 2s§ — 353)
—(s1—52)(s51 —53)
(60(s1 = 1)(s2 = 1)(s3 — 1))

4,3 22 34

+sls2 2S1S2S3 — 2s1s2s3 +s1s3 Sy + §3853 4 5555 + 5253 — 53)
(s2—1)(s3—1)

(60s1(s1 —s2)(s1—53)(s1 — 1))

285753 — 250834+ 52 — 53+ 53+ 53 +s53— 1)

(—sT 4 5350 + 5183 + 5753 — 2575053 4 5753

(=53 + 5353 4 53 + 5353 — 25353 + 55 + 5053

—(s3—1) 22 2
: 251 — 8o+ 53 — 5557 + 285150 — 35153 + 5283 + 2518
(605 (s —Sz)(Sz—Sg,))( i 2
—391s2 3s1 s3 + 251 93 +S2S’3 +s2€3 szsg 9%3‘3 s2 + 257 ~|—s3 +s3
+2s1s2s% + 251S%S3 — sg — 3515083 — 1)
—1
27 1) (251452 — s2s3 35185y + 25183 + 8383 — 3s1s2

(60s3(s1 —53) (82 —53))
4 3

—|—2s1s2 —1—25153 3sls3 +szs3 +S2S3 —szs3 —5283 + 52 —i—sz — 85 —s3 — 53

+2S§ + 25'1523% + 2S1S%S3 — 3518283 — 1)
—1 22

(6051 —60) (2%
4 2 3 4

—|—2s1s% + 2s1s§ + szs% + 5353 + szsg + S%S3 — 55— s% — 85 — 53— 53— 83

— 87 — 853 — 381 + 25152 + 25153 + 5253 -|—2s1s%+2s1s%

—3s1s2s3 3S]SZS3 — 3515253 +2)
—1

(60hs) (s1 —s2)(s1—83)(s1 — 1))

—3535% + 5255 — 35053 — 53+ 253)

(=55 + 5353 + 255 + 5353 — 35353 + 5553

1
(603 (51 —32) (52 —53) (52 = 1) (25355 — 5353 — 5353 + 5515335153 — 55153

—|—2s1s§ + Zstg + 2S%S3 s2s3 — S2S3 — 3s2 + 2s3 — s3 55152s3 5S1S%S3

1253 + 2515053 + 2515353 + 2515353
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e —1 22 23 32 3 4 5
E = 25555 — 5583 — $585 — 581855 + 2815, — §
43 (60hs3(s1 —s3) (52 —53) (53 — 1))( 293 779293 79293 2 7 — 8>

— 35155 + 25055 + 25553 — 5255 — 5553+ 255 — 355 + 253 — 5515255 + 55153

—5S1S%S3 + 2s1s2s§ + 2s1s3S3 + 2s1s%s%)
1
Em2 = 55+ S4S3 + 2s1s4 + 5355 — 3S1S3S3 + 5353
44 (h(60S1—60)(S2—1)(S3—1>)( 2 2 2 293 2 293

— 3515353 + 5055 — 3515053 — 53+ 25153)

Multiplying Equation (3.63) by inverse of A2 gives one step hybrid block methods as

below
PRyl — gllegll | gBlglSl | 250k pBE  p2 g1l g2 (3.66)
where
0 001 0 0 0 sih
_ 00 01 _ 0 0 0 s
B[13]2 = : B[23]2 -
03 OB 0/=1 0 0 0 s3h
00 01 00 0 A
(3] B BB BBl 5B
000 Dy’ i Epn o Ey
A 3] 31 7Bl Bl 5B
piBl — 000 D242 EBl — 212 E222 232 242
A3k | 2B ZBh gBh g0
000 1)342 31 ’ E322 332 342
000 B e £
with
Dk _ —s%(Sslsz + 551853 — 205253 — 2s%sz — 2S%S3 — ZS% + s? + 5515253)
14 (60s253)
ok S%(20S1S3 — 55152 — 58083 + 2s1s% + 2S%S3 + 2S% — sg — 5515253)
24 (60s153)
pik _ —s%(Sslsg — 205152 + 55253 — 2s1s% - 2szs% - 2s§ + S% + 5515253)
34 (60s157)
p (251 + 252 4+ 253 — 55152 — 55153 — 55253 + 20515053 — 1)
a4 N (60S1S2S3)
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s% (55152 + 55153 — 105253 — 3s%sz — 3S%S3 — 33% + 2S? + 5515253)

(60(s1 — 1) (51 —53)(s1 = 52))
st(5s3 — 251 — 25153 +57)
(60S2(S2 — 1)(S2 — S3)(S1 — Sz))
—s‘l‘(Ssz — 281 — 251852 + s%)
(60s3(s3 — 1) (52 —s3)(s1 —53))
s‘{' (55053 — 25153 — 251850 + s%)
(60(s3 —1)(s2—1)(s1 — 1))
—55(553 — 250 — 25253+ 53)
(60s1(s1—1)(s1—53)(s1 —52))
S%(10S1S3 — 55180 — 55083 + 3s1s% + 3s%sz, + 3s% — 2s% — 55152583)

(60(s2 — 1)(s2 —s3)(s1 — 52))
s‘z‘(2sz — 5851+ 25150 — s%)
(60s3(s3 —1)(s2 —s3)(s1 —53))
—s§(2s1s2 — 55183 + 250853 — s%)
(60(s3 = 1)(s1 —1)(s2— 1))
53(253 — 552+ 25253 — 53)
(60s;(s1 —1)(s1—s3)(s1 —52))
—s§(253 — 551+ 28183 — s%)
(60S2(S7_ 3 1)(52 — S3)(S1 = Sz))
s% (55153 — 105152 + 58053 — 3s1s% — 3s2s§ — 3s% + 2s§ + 5515253)

(60(53 — 1)(S2 —S3)(Sl —S3))
S%(SS]Sg — 251853 — 282853 + S%)
(60(s2 — 1) (s1=1)(s3-1))

—(5S2S3 — 253 —280+ 1)

(60s1(s1—1)(s1—53)(s1 —52))
(5S183 —2s3—2s81+ 1)

(60S2(S2 — 1)(82 — S3)(S1 — Sz))

—(5S1S2 — 250 —2s1+ 1)
(6053(S3 — 1)(52 —S3)(S1 —S3))
(351 + 352+ 353 — 55150 — 55153 — Ss253 + 10515253 — 2)

(60(s3—1)(sp—1)(s; — 1))
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Equation (3.66) can also be written as

Yntsy = Yn T hs1y,
—hzs% (55152 + 55153 — 205283 — 2s%sz — 25%53 — ZS% + s? + 5515253)
(60s253)
+h2s% (55152 + 55153 — 105253 — 3s%s2 — 3S%S3 — 35% + 2s? + 5515253)

In

(60051 — 1)(s1—53)(51 —5)) "
hzs?(5S3 — 251 — 285183+ s%)
(60s2(s2 —1)(s2 —53)(s51 — 52))fn+s2
—hzsj‘(Ssz — 251 — 2515+ S%)
(60s3(s3 —1)(s2 —53) (51 —53))fn+s3
h*s1(5s253 — 25183 — 25152+ 57) - (3.67)
(60(s3 —1)(s2—1)(s1 — 1))
Vnts, =Yn+ hSzy:z
h?53(20s153 — 55152 — 55283 + 28183 + 25353 + 253 — 53 — 5515253)
+ (60S1S3) fn
—h2s§(553 — 259 — 285083 + S%)
(60s1(sy— 1)(s1 —s3)(s1 _SZ))fn_Hl
+h2s%(10s1S3 — 55152 — 55253 + 35485 + 35753 + 355 — 255 — 5515283)
(6002 — 1) (52— $3)(s1 = 52)) "
h2s5(2s7 — 551 + 25152 — 53)
(60s3(s3 — 1) (52 —53)(s1 — 53))fn+S3
—h%s3 (25152 — 55153 + 25253 — S%)an (3.68)

(60(s3 = 1)(s1 = 1)(s2—1))

Ynts3 = Yn +hs3yn
—hzs% (55153 — 205152 + 55253 — 2s1s§ — 2s2s§ — 2s% + sg + 5515253)

(60s152) In
h2s§(2s3 — 550+ 252853 — S%)
(60s1(s1 — 1) (s1 —53)(s1 —Sz))fnﬂl
—hzsg(Zn — 551+ 25183 — s%)
(60s2(s2 — 1) (52 —53) (51 —52))fn+52
h*s3(5s153 — 105152 + 55253 — 35155 — 35253 — 355 + 253 + Ss15283)
* (60(s3 — )52~ 53)(51 —53)) "
2.4 2
h=s5(5s152 — 25153 2S253+S3)fn+1 (3.69)

(60(s2 = 1)(s1 = 1)(s3— 1))
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Yn+1 =Yn+ hy;z
+h2(281 + 257 + 253 — 55150 — 55153 — 55053 + 20515253 — 1)
(6OS1S2S3)
—h?(5sp53 — 253 — 285 + 1)
+ fn—i—sl
(60S1 (Sl — 1)(S1 —S3)(S1 —5‘2))
h2(5sls3 —2s3—251+ 1)
+ fn+52
(60S2(S2 — 1)(S2 — S3)(S1 — Sz))
—h2(5S1S2 — 25y — 281+ 1)
+ fn+53
(60S3(S3 — 1)(S2 — S3)(S1 — S3))
h2(351 + 3855+ 353 — 55150 — 55153 — 55053 + 10515253 — 2)
(60(S3 — 1)(S2 — 1)(S1 — 1))

Ja

Jar1  (3770)

Substituting equations (3.68)) and (3.69) into (3.61) — (3.64) gives the derivative of the

block

! !

Ynts; =Yn
—hs (10S1S2 + 10s153 — 305253 — 5S%S2 — 55%93 -3 SS% aF 3S% + 10S1S2S3)
608253 "
hs1(20s153 + 205153 — 305253 — 155755 — 155753 — 1557 + 1257 +20s15253)
” (60(s1 = 1) (51 =$3) (51~ 2)) s

s7h(1053 — 551 — Ssys3+357) 7
(60S2(S2 = 1)(S2 — S3)(S1 m' Sz)) i
—hs?(lOsz — 5851 — 581852+ 3s%)
(60s3(s3 — 1)(s2 — 53) (51 —S3))f”+~‘3
hS%(lOS2S3 — 55183 — 581852 + SS%)

(3.71)
(6055 —D(sa—Ds1 —1)) ™!
yn+s2 =Y
hsy(30s1s3 — 105152 — 105253 + 5sls% + 5S%S3 + SS% - 3sg — 10s15253)
+ n
(60s153)

—hS%(10S3 — 589 — 550853+ 3s%)
(60s1(sy — 1) (s —53) (51 — 82)) """
+/’1S2(30S183 — 205152 — 208753 + 15s1s% + 15S%S3 + 155% - 12s3 —20s15253)
(60(s2 —1)(s2 —53) (51— 52)) e
hs%(Ssz —10s1 + 55157 — 3s%)
(60s3(s3 — 1) (s2 — 53)(s1 — 83))° "%
—hs3(5s152 — 105153 + Ss253 — 353
(26(0(;32— 1)(S11_31)(522_31)) 2)fn+1 (3.72)
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y:H—S3 = y;
—hs3(10s153 — 305153 + 105253 — 5s1s% — 5s2s§ — SS% + 3s§ + 10s15253)
(60S182) "
hs3(5s3 — 1052 + Ss253 — 353)
(60s1(s1 — 1)(s1 —s3)(s1 —52))” "™
—hs3(5s3 — 10s1 + 55153 — 353)
(60s2(s2 — 1)(s2 —53)(s1 — sz))f"ﬂ2
+hS3(20S1S3 — 305152 + 2089853 — 15s1s% — 15szs§ — 15s§ + 12s§ +20s715253)

(60(s3 — 1)(s2 — 53) (51 — 53)) s
hsg(IOslsz — 551853 — 58083 + 35%)
" 3.73
(60052 — (o1 — (5= 1)) "1 (3.73)
Yn+1 = Vn
h(5s1+ 552+ 553 — 105152 — 10s153 — 105253 + 30515253 — 3)
+ In
(60s15253)

h(10s253 — 553 — 552+ 3)
= fn—l—sl
(60s1 (51 —1)(s1—53)(s1 —52))
h(10s1s3 — 583 — 551 +3)
fn+S2
(60S2(S2 — 1)(52 — 53)(51 - 52))
—h(10s152 — 553 — 551 +3) f
(60s3(s3 — 1) (52 = s53) (s = s3))" """
+h(15S1 + 1557 + 1553 — 208155 — 205153 — 2052853 + 30515053 — 12)

(60(s3 —=1)(s2 = 1)(s1 = 1))

fn+1

(3.74)
The derivative of the block can be represented in matrix form
Pl = BPRRDR 4 i [PPRRER 4 pElR R[flz] (3.75)

where

Vs, 0001
3 _ | Ynem | gmp [ 000
m - , 9 2 - )
yn+S3 0001
Vot 0001
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000 B B e A
o |00 st | | e e
oo 0Bl || e e
000 By e A

and the non-zero terms of D2 and EB2 are given by

4(3]
Dy

4(3]
Dyy?

—s1(10s152 4 105153 — 305253 — 5S%SQ — 5S%S3 — SS% + 3s? + 10s15253)

(60S2S3)
52(30s153 — 105152 — 105253 + 5s1s% + 5S%S3 + SS% — 3s3 — 10s15253)
(60s153)
—s53(10s153 — 305752 + 105253 — SSIS% — 5s2s% — 5.5% + 35% + 10s15253)
(6OS152)
(5s1+ 5524 553 — 105150 — 105153 — 105253 + 30515253 — 3)
(60s15253)

51(20s152 + 205153 — 308253 — 15S%S2 — ISS%Sg — 15S% + 12s? +20s15253)

(60(s1 = 1)(s1.=53)(s1=52))

s?(lOS3 55 #4598 183H 3.5%)
(60S2(S2 — 1)(S2 — S3)(Sl — Sz))

—s?(lOsz — 551 — 581850+ 3s%)
(60S3(S3 — 1)(S2 —S3)(S1 — S3))
S%(10S2S3 — 55153 — 581850+ 3s%)

(60(s3 = 1)(s2—=1)(s1 — 1))

—53(10s3 — 552 — 55253 + 353)
(60s1(s1— 1) (s1—s3)(s1 —52))
52(30s153 — 205152 — 205253 + 15s1s% + 15S%S3 + 15s% — 12s% —20s15253)

(60(s2 — 1)(s2 —53) (51 —52))
sg(Ssz —10s1 + 55152 — SS%)
(60S3(S3 — 1)(S2 —S3)(S1 —Sg))
—s%(Sslsz — 105153 + 55253 — 3S%)
(60(s3 = 1)(s1 = 1)(s2— 1))
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53(553 — 1082 + 55253 — 353)

-
(60s1(s1 —1)(s1 —s3)(s1 —52))
E’mz . _Sg (553 — 10s1 + 55153 — 3s§)
32 (60s2(s2 — 1)(s2 —53)(s1 —52))
gBh 53(20s153 — 305152 + 205253 — 15s1s§ — 15s2s% — 15s§ + 12s§ +20s15253)
33 (60(53 — 1)(82—53)(s1 —53))
g _ 53(10s15; — 55153 — 55253 +353)
T (60(s2— D)(s1 — 1)(s3— 1)
B3 _ —(10s253 — 553 — 552+ 3)
41 (60s1(s; —1)(s1—s3)(s1 —52))
gBl _ (105153 — 553 =551 +3)
2 (60sy(s2— 1) (52— 53) (51— 52))
gBh —(10s152 — 550 — 551+ 3)
s (60s3(s3 —1) (52 —53)(51 —53))
EEZ _ (15s1 4+ 1557 + 1553 — 205752 — 205153 — 205253 + 30515253 — 12)

(60(s3—1)(s2—1)(s1 — 1))

3.3.1 Establishing Properties of One Step Hybrid Block Method with Gener-

alised Three Off-Step Points for Second Order ODEs

The order, error constant, zero stability, convergence, consistency, and region of abso-

lute stability are examined in this section.

3.3.1.1 Order of One Step Hybrid Block Method with Generalised Three Off-

Step Points for Second Order ODEs

In order to find the order of the block (3.66), strategy in section (3.1.1.1) is employed

by expanding y and f- function in Taylor series as illustrated below.
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¥ (s))/n_j 1 h2s3(5s152+55153—205253— 2575 — 257 53— 257453 +5515253)

J vy
j=0 "1 Yn = Yn slhy"+ (60s253)
_S?(SSZ_S‘Q,72S1S372S1S2+S%) ye Wt 42
(60053~ D){s2—1)(s1—1)) &j=0 jr 7
. s‘l‘(SS3—2s1—2s1S3+S%) Zo'o (52)IhI*2_j42
(6052 (52— 1)(s2—53) (51 —s2)) &=j=0 " jT__In
_S%(55152+55153_105253_35%52_35%53_3S%+25?+55152S3)Zoo (s1)/hi*2_j42
(60(s1—1)(s1—53)(51—-52)) j=0" T In
S?(552723172S132+S%) Zoo (53)jhj+2 42
(6053 (53— 1)(52-53)(s1—s3)) &=j=0 " jI__In

Zoo (s2)7hd _j / hzsg(20S1S3*5515‘2*5525‘3+251S%+25%S3+25%*S37551S2S3) "

=0T = yn = s2hyy = (60s153)
S§(2S1S275S1S3+2S2S37S%) ye W22
(60(53— )51 —D(s2-1)) &j=0 JT ™
S%(lOSlS3—551S2—SS2S3+351S%+3S%S3+3S%—2S%—5S1S253) o (s2)/RIY? 42
- @21 2—53)(51-52)) Yj—o— 1 ¥n
53(553—2s2—2s253+53) o (s))/RT?_j12
T 6051 (1 -1 (s1-53)(51-52)) Lj=0 jrn
. s‘z‘(2s27551+2s1s27s%) Zoo (53)/hI*2_j42
(60s3(s3—1)(s0—53) (51 —53)) =j=0 " ! n

Y (s3)/h7 _j

/+h2s§(53153—20s1s2+5s233—2s1s§—2s2s§—2s%+sg+5s1SQS3) "

j:() ]' yn B yn B S3hyn (60S1S2)
_S%(Sslszfzsl3‘3725‘23‘3+S§) ZDO Wit2 j42
(60(s,—1)(s1—1)(s3 1)) &j=0 jr In
53(253—551+25153—53) ¥y (s2)hI T2 _j42
(60s2(s0—1)(s2—53) (51 —52)) ~J=0 Jj! Yn
53 (253=552+25253—53) o0 (s1)7hit?_j+2
(6051 (51=1)(s1—83)(s1—5,)) &=j=0" jT I
_S%(53153—1OS]S2+55253—3515%—3525%—3S%+2S§+551S2S3) Zw (s3)jhj+2 j+2
(60(s3—1)(s2—53)(51—53)) 0 1 1 2
6o B . ! W2 (251 +252+253—55152—55153—55253+20s 5053 —1) 7
Zj:() ﬁyn —Yn— hyn - (60s15253) Yn
(35143524353 —55150—55153— 55253+ 10515253 —2) Zoo Wit2 j+2
(6053~ (s2-1)(s1-1)) J=0 "
. (5S1S372S372S1+1) Zoo (Sz)jhj+2 j+2
(6052 (s2—1)(s2—53)(s1—52)) =/=0 ]! n
+ (5s253—253—250+1) Zoo (Sl)j'thrZ J+2
(60s1(s1—1)(s1—53) (51 —52)) ~j=0 Jj! n
+ (5s150—250—2s51+1) ¥ (53)1.}1/42 j4+2
L (60s3(s3—1)(s2—s3)(s1—53)) =/=0 ! n

Comparing the coefficients of 4/ and y/ yields

1-1 0 S1 — 51 0
_ 1-1 0 _ Sy — 8 0
CO: == 7C1: =

1—-1 0 §3 — 83 0

1-1 0 1-1 0
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(s1) +S%(5S1$2+5S183*20S2S3*25’%5’2*25’%5’3*2S%+S?+5S1S2S3)
2! (60s753)
_S?(5S2S3*2S1S3*2S1S2+S%)l
(60055 s> D(s1 1)) O
Av?(53372s172AvIS3+s%) ﬁ
(6052 (s2—1)(s2—s3)(s1—52)) O!
S%(5S182+55183710S2S3*3S%S2*3S%S3*3S%+2S?+551S2S3) (51)°
(60(s1—1)(s1—s3)(s1—52)) 0!
4 s‘l‘(55272s172s1s2+s%) (53)°
(60s3(s3—1)(s2—s3)(s1—s3)) 0!

(52)? hzs% (205153 —5s152—55253+251 S%+2S%S3 +2S%7S%755152S3)

2! (60s1s3)
s§(2s1s275s1S3+2s2LV37s%) 1
6005 s D2 1)) 01
s%(lOsl53—5s152—5s253+3sls%+3s%S3+3s%—2sg—5slSZS3) (57)°
B (60(s2—1)(s2—s3)(s1—52)) 0!
53(5s3=2s0—2s983+53)  (57)°
60s1 (s1—1)(s1—s3)(s1—52)) 0!
s§(252—5s1 +259 s2~s%) (s3)°
(60s3(s3—1)(s2—s3)(s1—s3)) 0!

$3(55153— 205152455983 28153 25253~ 253 +534551253)
(60s52)
75431(5‘8‘1‘5‘2_2‘;1‘5'3_2526‘3—5—5%) 1
(60(s—1)(s1—1)(s3—1)) 0!
4 SiCs=SsiA2s153-5)  (92)
(6053 (s2—1)(s2—53)(s51—52)) 0!
S§(2S3*552+2SZS37_§§) (sl)o
(6051 (51 —1)(51—53) (51 —s2)) O
53(5s153— 105150455253 —351 55— 35253 —355+253+5515253) (53)°
(60(s3=1)(s2=s3)(s1=53)) 0!

2
St

(2S1 +25)+253—55150—55153—55253+20s 5253 — 1)
(60s15253)
(35143524353 —55152—55153—55253+10s15253—-2) 1
(60(s3—1)(s2—1)(s1—1)) 0!
(5s153—253—251+1) (52)?
(60s2(s2—1)(s2—53)(s1—52)) 2!
+ (5S2S372S37232+1) (Sl)o
(6051 (s1—1)(s1—s3)(s51—52)) O!
+ (5s150—250—251+1) £
(60s3(s3—1)(s2—s53)(s1—s53)) O!

L
2!
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(51)3 - s?(55253—25153—2s152+s%) 1
3! (60(S3—1)(32—])(S1—])) 1!
s1(5s3—2s1—2s153+53)  (5p)!
(60s2(s2—1)(s2—s53)(s1—52)) 1!
s% (5S1S2+5S1S3710S28373S%8273S%S3*3S%+2S?+5S1S2S3) (s1)"
(60(s1 —1)(s1—53)(s1—52)) 1!
s1(5s2—2s1—2s150+57)  (s3)!
(60s3(s3—1)(s2—s3)(s1—s3)) 1!

+

s3(2s152—5s153+2s253—s%) 1
(60(s3—1)(s1—1)(s2—1)) 1!

3
Eian

_ s%(lOslsg —55150—55253+3s1 S%+3S%S3 +35§—253—5s1 5253) (s52)!

(60(so—1)(s2—s3)(s1—52)) 1!
53(553 72s272s2sfrs%) (s1)!
60S1(S]*l)(S]*S3)(S]*SQ)) 1!
B s‘2‘(252—5s1+2s1s2—55) (s3)!
(60S3 (S3~1)(ssz3)(s1 7.?3)) 1!

(s3)° - sg(5s152—2s153—2s253+s_%) 1
3T (800 Dl Des-D) T
n 53(253—5s1+25153—53) ()"
(60s2(s2—1)(s2—53)(s1—52)) 1!
s§(253—5s2+252n—sg) (s1)!
(60s1(s;—1)(s1—s3)(s1—s2)) 1!

s% (5s153—10s152+55253 733135 733235 f3s§+2sg +5515253) (s3)!
- [

(60(5‘371)(3‘275‘3)(817.8‘3)) 1

1 (35143524353 55150 —55153— 55253+ 10s15253—2) 1
3! (60(S3—1)(S2—1)(S1—])) 1!
(5S153—2S3—231+]) (sz)l
(60s2(s2—1)(s2—s53)(s1—52)) 1!
+ (5s253—253=25+1)  (s1)"
(60s1(s1—1)(s1—s3)(s1—s2)) 1!
+ (5s150—25,—251+1) (s3)!
(60s3(s3—1)(s2—s3)(s1—s3)) 1!

77




(31)4 . S?(5S2S3*2S1S3*2S1S2+S%) 1
T 0 Dm0 2
s7(553—2s1—2s153+57)  (52)?
(60s2(s2—1)(s2—53)(s1—52)) 2!
S%(55152+55153—10S253—3S%52—3S%S3—3S%+2S?+55152S3) (51)?
(60(s;—1)(s1—s3)(s1—52)) 2!
s‘{(55272s172s1s2+s%) (s3)2
(60s3(s3—1)(s2—s3)(s1—s3)) 2!

+

(s2)* + s§(2slsz—55153+2s253—s%)l
4! (60(s3—1)(s;—1)(s2—1)) 2!

_ s%(lOsmg, —55150—55253 +3S1S%+3S%S3 +3s% —2s%—5s1 §253) (32)2

(60(5‘271)(3‘275‘3)(5‘17&‘2)) 2!
53(553—2s0—2s253+53)  (s57)2
6051 (s1—1)(s1—s3)(s51—52)) 2!
s§(252—5s1 +2s1s2—s%) (53)?
(60s3(s3—1)(s2—s3)(s1—s3)) 2!

(s3)* B 5%(55152 2518325253 +53) 1
4! (60(sa—1)(s1=1)(s3—1)) 2!
T S§(2S3—551+2S153—S%) (52)2
(6052 (s2—1)(s2—53)(51—52)) 2!
53(253=550+2s053—53) (s51)?
(6051 (s1—1)(s1—83)(s1—=52)). 2!
s%(5s153— 10slsz+5szsg—3‘9155—3‘9253—3‘%—!—2‘% +5515253) (s53)2
(60(s3—1)(s2—s3)(s1—53)) 2!

1 (3513524353 55150 —55153—5s253+10s15253—2) |
a 6005 (21051 1) 2
(5S1S372S372S|+1) (S2)2
(60s2(s2—1)(s2—53)(s1—52)) 2!
+ (55053—253—25741) (51)?
(60s1(s;—1)(s1—s3)(s1—s52)) 2!
+ (5S152—2S2—231+]) (S3)2
(60s3(s3—1)(s2—s3)(s1—53)) 2!
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(31)5 . S?(5S2S3*2S1S3*2S1S2+S%) 1
5! (60(s3—1)(so—1)(s1—1)) 3!
s7(553—2s1—2s153+57)  (50)°
(60s2(s2—1)(s2—53)(s1—52)) 3!
S%(55152+55153—10S253—3S%52—3S%S3—3S%+2S?+55152S3) (51)3
(60(s;—1)(s1—s3)(s1—52)) 31
s‘{(55272s172s1s2+s%) (s3)3
(605‘3(3‘371)(.8‘273‘3)(5‘] 7S3)) 3!

+

(50)° + s§(2slsz—55153+2s253—s%)l
5! (60(s3—1)(s;—1)(s2—1)) 3!

_ s%(lOsmg, —55150—55253 +3S1S%+3S%S3 +3s% —2s%—5s1 §253) (32)3

(60(5‘271)(3‘275‘3)(5‘17&‘2)) 3!
53(553—2s0—25053+53)  (s51)°
6051 (s1—1)(s1—s3)(s51—52)) 3!
s§(252—5s1 +2s1s2—s%) (s3)°
(60s3(s3—1)(s2—s3)(s1—s3)) 3!

(s3)° _ S§(5S1S272S1S3‘2S253+S%)L
o (60(sa—1)(s1=1)(s3—1)) 3!
T S§(2S3—551+2S153—S%) (52)3
(6052 (s2—1)(s2—53)(51—52)) 3!
53(253=550+25053—53) (s1)°
(6051 (s1—1)(s1—83)(sy—=52)). 3!

s% (5s153—10s152+55253—3s] s% —3‘925% —3S%+2S% +5515253) (s3 )3

(60(s3—1)(s2—s3)(s1—53)) 3!

1 (3s1+352+353—5s150—55153—5s253+10s15253—2) |
5! (60(s3—1)(s2—1)(s1—1)) 3!
(5S1S372S372S|+1) (S2)3
(60s2(s2—1)(s2—53)(s1—52)) 3!
+ (55053—253—25741) (s1)?
(60s1(s;—1)(s1—s3)(s1—s2)) 3!
+ (5S152—2S2—231+]) (S3)3
(6083(3‘371)(5‘273‘3)(5‘17S3)) 3!

79




(31)6 . S?(5S2S3*2S1S3*2S1S2+S%) 1
o1~ (6005 s —1))
s7(553—2s1—2s153+s7)  (s0)*
(60s2(s2—1)(s2—53)(s1—52)) 4!
S%(55152+55153—10S253—3S%52—3S%S3—3S%+2S?+55152S3) (s1)*
(60(s;—1)(s1—s3)(s1—52)) 41
s‘{(55272s172s1s2+s%) (s3)*
(60s3(s3—1)(s2—s3)(s1—s3)) 4!

+

(52)6 + Sg(25152—55153+2s253—s%)l
6! (60(s3—1)(s;—1)(s2—1)) 4!

_ s%(lOsmg, —55150—55253 +3s1s%+3s%33 +3s% —2s%—5s1 §253) (32)4

(60(5‘271)(3‘275‘3)(5‘17&‘2)) 4!
53(553—2s0—2s253+53)  (s7)*

6051 (s1—1)(s1—s3)(51—52)) 4!
53(257—5s1+2s150—53)  (s3)*

(60s3(s3—1)(s2—53) (51 —53)) 4!

(s3)6 B S§(5S1S272S1S3‘2S253+S%) 1
6! (60(so—1)(s1—1)(s3—1)) 4!
T S§(2S3—551+2S153—S%) (52)4
(6052 (s2—1)(s2—53)(51—52)) 4!
53(253=550+2s053—53)  (s1)*
(60571 (s1 —1)(s1—53) (s1—=52)) 4!
s%(5s153— 10slsz+5szsg—3‘9155—3‘9253—3‘%—!—2‘% +5515253) (s53)*
(60(s3—1)(s2—53)(s51—53)) 4!

1 (3s1+352+353—5s5150—55153—5s253+10s15253—2) 1
6! 6005 (21051 1) a
(5S1S372S372S|+1) (S2)4
(60s2(s2—1)(s2—53)(s1—52)) 4!
+ (55053—253—25741) (s1)*
(60s1(s;—1)(s1—s3)(s1—s52)) 4!
+ (5S152—2S2—231+]) (S3)4
(60s3(s3—1)(s2—s3)(s1—s3)) 4!
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(s1)” 5(55253—2s153—2s152+57) 1
7! (60(s3—1)(sp—1)(s;—1)) 5!
s?(553—2s1—2s1S3+s%) (s2)°

(60s2(s2—1)(s2—53)(s1—s52)) 5!

_ S% (5S1S2+5S1S3—10S253—3S%S2—3S%53—3S%+25?+5S152S3) (51)5

(60(5‘]71)(_9]75‘3)(5‘175‘2)) 5!

+ s1(552—2s1—2s150+57)  (s53)° 0

(6053 (s3—1)(s2—s3)(s51—s3)) 5!

(s0)7 S3(2S1S2*5S1S3+2S2S3*S%)l

7! (60(s3—1)(s;—1)(sp—1)) 5!
_S%(IOS]S375S]8275S283+3S]S%+3S%S3+3S%72S%75S1S2S3) (s2)°
(60(s2—1)(s2—s3)(s1—52)) 5!

4 s§(553—2s2—2sQS3+s%) (s1)°
60s1 (s1—1)(s1—53)(s1—52)) 5!
s3(2s275s1+2s1s27s%) (s3)° 0

(60s3(s3—1)(s2—s3)(s1—s3)) 3!

(s3)7 B s§(55152—23153—23253+s%) 1
7! (60(5‘2—1)(.&‘1—])(5‘3—])) 5!
53(253—5s1425153—53)  (52)°
(6052(5271)(.&‘27_93)(;91 7S2)) 5!
53(2s3=5s2+25083—53)  (s51)°
(60s1 (s1—1)(s1—s3)(s1—52)) 95!
1 s%(5s1s3~10s152+5s253—3s]S%f3s2s%735%+2sg+5s1s2S3) (53)°
(60(s3—1)(s2—s3)(s1—53)) 5!

A/ (3S1+3S2+3S375S1S275S1S34552S3+10S1S2S3—2) 1l
71 (60(s3—1)(so—1)(s1—1)) 5!
(5s153—253—2s51+1) (s2)°
(60s2(so—1)(s2—53)(s1—52)) 5!

+ (55253 —253—250+1) (s1)5
(6051 (s1 =1)(s1=53)(s1=52)) !

(5s150—25,—251+1) (s3)°
605 (552 —s3) (1 -53)) S 0

Comparing the coefficients of 4/ and y/ gives the order of the method to be [5,5,5,5]7

with error constant vector

_ s‘]‘(14s1 so+14s153—3550583 —7s%sz—7s%s3 —7s%+4s?+ 14515253)
50400
s‘z‘ (355153 —14s150— 145753+ 57 s%+7s%33 +7s%74s37 14515253)
C 50400
7 pu—
fs§(14s1s3 —35s157+ 145253 —Tsq s%f7s2s%f7s§+4s§+l4s1 $253)
50400
(7s1+7s2+7s3—14s150—14s153—145253+35515053—4)
i 50400 |
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_1451S3+7S%S3+7S%—4S% } U {Sl _ 1453—75%53—7S%+4S%

for all s1,52,53 € (0,1) \ {{s2 = 535557571 153

—14s233—|—732s§+7s§—4sg } U {S
1453—355,— 752+ 145753 1

_ —Isp—Ts3+14sp53+4 }}

U{s1 = = T 145,— 14534355253

The same strategy as mention earlier is also applied in finding the order of the deriva-

tives of the block. Expanding y/ and f in Taylor series yields.

o (s1)/h] U slh(10s1s2+105153—30s253—5s%s2—5s%33—5s%+35?+10515253) "
Zj:O T on Yn T (60s2s3) Yn
S%(105253—551S3—551S2+3S%) ye Rl 42
60(s3—1)(s,—1)(s1—1)) &j=0 jT In
i S?(10S375S175S1S3+3S%) Zoo (SZ)]:hj+1yj+2
(6052 (s2—1)(s2—83)(s1—52)) =j=0 ;17
_ 51(2051 5242051 53305253 — 15575 — 155753 — 1557 1257 +20s15253) e (s)/mit!_j42

(60(s1—1)(s1—s3)(s1—s52)) j=0" T In
n (s7(10s3—551—5s51524353)) ye (s3)/n 1 j+2
(60s3(s3—1)(s—53) (51 —53)) ~j=0 J! n

Zoo (sz)jhjijrl _y/ B szh(30s1S3—105132—10s253+5s1s%+5s%33+5s%—3s%—10515253)y//

RO ©05155) "
S%(Sslsz—lOS]S3+5S283—3S%) o Rl j2
A (60(s3—1)(s1—1)(s2—1)) Z‘j:OT)’n
S2(305‘153*20S1S272052S3+1531S%+15S%S3+15S%712S%720S1S2S3) o (sp)nit! ji2
F. (60(sp—1)(s2—53)(s1—52)) Zj:o 1l Yn
53(10.93—552*5525‘3—'—35‘%) b (sl)jhj+l j+2
i (60s1(s1—1)(s1—53)(s1—52)) ijO 1
53(550=1051+5515—353) e (s3)dhitL 2
(6053 (53— 1) (s2—53) (51 —53)) ~j=0"_ ]! n

¥ (s3)/h/ _j+1 /+S3h(10S1S3730S1S2+10S2S3*5S1S%*5S2S§75S%+3S%+10S1S2S3) "
j=0" T Yn Yn (605152 Y
. sg(IOslsszAvIS375A92s3+3s%) ye pit1 yj+2
(60(s2—1)(s1—1)(s3—1)) =j=0 j! "
S%(5S3—1051+55153—3.§%) ye (SZ)j.th yj+2
(6052 (s2—1)(s2—83)(s1—52)) =j=0 ;I /7
B S%(5S3710S2+5S2S373sg) Zo-o (Sl)j.thyj+2
(6051 (s1—1)(s1—s53)(s1—s2)) =j=0 " jI "
_ 53(20s153—30s 524205253 — 155153 — 155255 — 155341253+ 2051 5253) ¥ (s3)/mit!_j+2
(60(s3—1)(52—53)(51—53)) j=0"jr_ In

J=0"j! Yn=Vn (60s15253) n

Zoo Bt g s h(5S1+552+5S3—105152—1051S3—1052S3+30515253—3)y”

1551 +15s55+1553—20s1 53 —20s153—205253+30s1 5253 —12) Zo? Rl 42
(60(s3—1){s2=D)(s1—1)) j=0 jr n

_ (10s1s3—5s3—551+3) yo (s2)/Wit!j4+2
(6052 (52— 1) (s2—53)(s1—52)) &=j=0 " jI__n

+ (10s253—553—552+3) Zoo (Sl)jthrl j+2
(6051 (s1—1)(s1—s3)(s51—52)) =j=0 ! n

n (105157— 557 —551+3) ye (s3)7hi+Y j42
(6083(3‘371)(5‘273‘3)(_?17S3)) ]:0 j' n

L

82

35s3—14s1+755— 145053




By comparing the coefficients of the s, we have
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Sl(105152+10S1S3—30S2S3—5S%S2—5S%S3—55%+3S?+10S1S253)
(60s253)
S{’(1052S3—551S3—5S1S2+3S%)
(60(s3—1)(s2—1)(s1—1))
S?(10S375S17551S3+3S%)
(6052 (s2—1)(s2—53)(s1—52)) O!
Sl(205152+2051S3—30S253—155%52—155%&3—155%4—125%-‘—206‘1526‘3) (51)°
B (60(s1—1)(s1—s3)(s1—52)) 0!
(s?(1052—5s1—5s1s2+3s%)) (s3)°
(60s3(s3—1)(s2—s3)(s1—s3)) 0!

1
i

L
0!

0
5

(52)" _ 52(3051S3—1Os1s2—IOSZS3+SS1S%+SS%S3+5s%—3s%—1051s253)
1! (60s153)
S%(SS]Sz—1051S3+5S2S3—3S%) 1
(60(s3—1)(s1—1)(s2—1)) 0!
52(305153—2051 5205253+ 1557 53-+155353-+ 1555 — 1253 2051 5253) (s,)°
N (60(s2—1)(s2—53)(s1—52)) 0!
S%(lOS3—5S2—5S253+3S§) (51)°
T 6051 (51 1) (51 —53) (51 —52)) 01
S%(5S2—10S1+5S1S2—3S%) (s3)0
(60s3(s3—1)(s2—s3)(s1—s3)) 0!

53(10s153—30s1 52+ 105253 75s1s§ 7552s§75s§+3sg+ 10s;5253)
(60s152)
sg (10s153—55153—=58053 +3s§) al
(60(sp—1)(s;—1)(s3—1)) 0!
53(553—1051+55153=353) (s,)°
T (8052052 D)(52-53) (51 —52))._ 0!
S% (5S371052+5S25373S%) (51)0
(6051 (s1—1)(s1—s3)(s1—s2)) 0!
53(20s153—30s155+20s753— 15513%— 15525%— ISS%-I- 1252 +20s15253) (S3)0
N (60(s3—1)(s2—s3)(s1—53)) 0!

-
=5
e [—
+

(5514+552+553—10s1 50— 105153 —10s5253+30s1 5253 —3)

1
m (60sy5253)
1551 +15534+1553—20s152—20s153—205253+30s15253—12) 1
+ B
(60(s3—1)(s2—1)(s1—1)) 0!

. (10S1S375S375S1+3) (Sz)o
(60s2(so—1)(sp—s3)(s1—s2)) O!

(10s353—553—552+3)  (51)°
(60s1(s1—1)(s1—s53)(s1—52)) O!

(10s150—55,—551+3)  (s53)°

(60s3(s3—1)(s2—53)(s1—53)) 0!
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(s1* 57 (105253 —55153—551524353)
2! (60(s3—1)(s2—1)(s1—1))

S%(10S3—551—55153+3S%) i

(6052 (s2—1)(s2—s53)(s1—52)) 1!

s (2051S2+20S1S3—30S253—15.&‘%5‘2—15S%S3—15S%+12S%+20S152S3) (sl)1

L
I

(60(s1—1)(s1—s3)(s1—52)) 1!
(s3(10s2—551—55152+353)) (s3)"
(60s3(s3—1)(sp—s3)(s1—s3)) 1!

(SZ)Z + S%(Sslsz—105153“1‘55253_3‘9%) L
21 (60(s3—1)(s1—1)(s2—1)) 1!

52(30s153—20s155—20s253+15s1 s%+ 15S%S3+15S%7 12s3720s132g) (s7)!

(60(s2—1)(s2—53)(s1—52)) 1!
n 53(10s3—550—5s2534353)  (51)!
(60s1(s1—1)(s1—s3)(s1—52)) 1!
S%(5S2—10S1+5S1S2—3S%) (s3)!
(60s3(s3—1)(s2—53)(s1—s3)) 1!

(s3)2 o sg(10s15275sls375szs‘3+3s§) 1
2 (60(s2—1)(s1=1)(s3—1)) 1!
4 S%(5S371051+5S1S373S§) (sz)l

(6052(3‘271)(3‘275‘3)(_91752)) 1!
s§(553—10sz+5s2n—3s%) (s1)"
(6051 (s1—1)(s1—s3)(s51—52)) 1!

53(20s153—30s155+205253— 1587 s§, 15s2s§ 71555+ 125% +20s15253) (s3) 1

(60(5371)(52753)(51733)) 1!

1 (15S1+1552+15S372051S2720S183720S2S3+3051S2S3712) 1
2! (60(s3—1)(so—1)(s1—1)) 1!
(10s153—553—551+3)  (57)!
(60s2(s2—1)(s2—s53)(s1—52)) 1!
+ (105253 —5s3—5s24+3)  (s1)!
(60s1(s1—1)(s1—53)(s1—52)) 1!

(10S1S275S275S1+3) (S3)1

(60s3(s3—1)(sp—s3)(s1—s3)) 1!
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(s1)°  s7(10sps3—5s1s3—5s150+353) 1
31 (60(s3—1)(s2—1)(s1—1)) 2!
53(10s3—551 —5s153+357) ﬁ

(60s2(52—1)(s2—53)(s1—52)) 2!

_51(2051 574205 53—30s253— 155759 — 155753 — 1557 +1257+20515253) (51)?
(60(s1—1)(s1—53)(s51—52)) 2!
(s?(10s275S1*5S152+3S§)) (53)2
(60s3(s3—1)(s2—53)(s1—53)) 2!

(s2)3 _I_sg(5s1s2—10sls3+5s253—3s%)L
3! (60(s3—1)(s;—1)(sp—1)) 2!
_52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S%720S1S2S3) (52)?
(60(s2—1)(s2—53)(s1—52)) 2!
n S%(lOS3—5S2—5S253+3S§) (51)?
(60s1(s1—1)(s1—s53)(s1—52)) 2!
53 (55— 1051 +5s150—353)  (s53)?
(60s3(s3—1)(s2—s3)(s1—53)) 2!

(s3)3 o sg(10s15275sls375szs‘3+3s§) 1
3! (60(s2—1)(s1=1)(s3—1)) 2!
4 S%(5S371051+5S1S373S§) (S2)2
(6052(3‘271)(3‘275‘3)(_91752)) 2!
s§(553—10sz+5s2n—3s%) (s1)?
(6051 (s1—1)(s1—53)(s51—52)) 2!
-S3(205‘]S3730S|S2+20SQS371551S%*15S2S§*155§+12S%+20S1S2S3) (s3)°
(60(s3—1)(s2—s53)(s1—53)) 2!

1 (15S1+1552+15S372051S2720S183720S2S3+3051S2S3712) 1
3! (60(s3—1)(so—1)(s1—1)) 2!

(10s153—553—551+3)  (52)?
(60s2(s2—1)(s2—s53)(s1—52)) 2!

+ (10s53—553—550+3)  (s51)?
(60s1(s1—1)(s1—53)(s1—52)) 2!

(10S1S275S275S1+3) (S3)2

(60s3(s3—1)(sp—s3)(s1—s3)) 2!
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(s1)*  s7(10sys3—5s1s3—5s150+353) 1
41 (60(s3—1)(s2—1)(s1—1)) 3!
53(10s3—551 —5s153+357) é

(6052 (s2—1)(s2—53)(51—52)) 3!

_51(20s1 574205 53—30s753— 155755 — 155753 — 1557 +1257 +-20515253) (51)°
(60(s1—1)(s1—53)(s51—52)) 3!
(s?(10s275S1*5S152+3S§)) (53)3
(60s3(s3—1)(s2—53)(s1—s3)) 3!

(s2)* _I_sg(5s1s2—10sls3+5s253—3s%)L
41 (60(s3—1)(s;—1)(sp—1)) 3!
_52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S%720S1S2S3) (s2)?
(60(s2—1)(s2—53)(s1—52)) 3!
n S%(lOS3—5S2—5S253+3S§) (s51)3
(60s1(s1—1)(s1—s53)(s1—52)) 3!
53 (552~ 1051 +55150—353)  (53)°
(60s3(s3—1)(s2—s3)(s1—s3)) 3!

(s3)* o 53(105152—55153 —55253+353) 1
4! (60(sp—1)(s1—=1)(s3—1)) 3!
4 S%(5S371051+5S1S373S§) (52)3
(6052(3‘271)(3‘275‘3)(_91752)) 3!
s§(553—10sz+5s2n—3s%) (s1)?
(6051 (s1—1)(s1—53)(s51—52)) 3!
-S3(205‘]S3730S|S2+20SQS371551S%*15S2S§*155§+12S%+20S1S2S3) (s3)3
(60(s3—1)(s2—s53)(s1—53)) 3!

1 (15S1+1552+15S372051S2720S183720S2S3+3051S2S3712) 1
41 (60(s3—1)(so—1)(s1—1)) 3!

(10s153—553—5s14+3)  (52)°
(60s2(s2—1)(s2—s53)(s1—52)) 3!

+ (10s353—553—55043)  (51)°
(60s1(s1—1)(s1—53)(s1—52)) 3!

(10S1S275S275S1+3) (S3)3

(60s3(s3—1)(sp—s3)(s1—s3)) 3!
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(s1)°  s7(10sps3—5s1s3—5s150+353) 1
51 (60(s3—1)(s2—1)(s1—1)) 4!
53(10s3—551 —5s153+357) ﬁ

(6052 (s2—1)(s2—53)(51—52)) 4!

_51(2051 574205 53—30s253— 155759 — 155753 — 1557 +125] +20s15253) (51)*
(60(s1—1)(s1—53)(s51—52)) 4!
(s?(10s275S1*5S152+3S§)) (53)4
(60s3(s3—1)(s2—53)(s1—53)) 4!

(s2)° _I_sg(5s1s2—10sls3+5s253—3s%)L
5! (60(s3—1)(s1—1)(sp—1)) 4!
_52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S%720S1S2S3) (s2)*
(60(s2—1)(s2—53)(s1—52)) 4!
n S%(lOS3—5S2—5S253+3S§) (s1)*
(60s1(s1—1)(s1—s53)(s1—52)) 4!
53 (55— 1051 +5s155—353)  (53)*
(60s3(s3—1)(s2—s3)(s1—53)) 4!

(s3)° o 53(105152—55153 —55253+353) 1

5! (60(s2—1)(s1=1)(s3—1)) 4!

4 S%(5S371051+5S1S373S§) (52)4
(6052(3‘271)(3‘275‘3)(_91752)) 41
s§(553—10sz+5s2n—3s%) (s1)*

(6051 (s1—1)(s1—s3)(51—52)) 4!
-S3(205‘]S3730S|S2+20SQS371551S%*15S2S§*155§+12S%+20S1S2S3) (s3)*
(60(s3—1)(s2—s53)(s1—53)) 4!

1 (15S1+1552+15S372051S2720S183720S2S3+3051S2S3712) 1
3! (60(s3—1)(so—1)(s1—1)) 4!

(10s153—553—551+3)  (s2)*
(60s2(s2—1)(s2—s53)(s1—52)) 4!

+ (10s53—5s3—550+3)  (s1)*
(60S1 (Sl*l)(slf_sg)(sl 752)) Y]

(10S1S275S275S1+3) (S3)4

(60s3(s3—1)(sp—s3)(s1—s3)) 4!
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(51)°  s7(10s253—5s153—5s152+353) |
6! (60(s3—1)(s2—1)(s1—1)) 5!
53(1053—551—55153+357) 53
(6052 (52— 1) (s2=53) (s1—52)) 3!
_ 51(2051 554205153 30553 — 155755 — 155783 — 1557 41253 +20515253) (51)°
6001 —1)(s1—53)(51—52)) >
(s?(10s27531*5S132+3S§)) (33)5

0
(60s3(s3—1)(s2—s3)(51—53)) 5!
(52)° _I_sg(5s1s2—10sls3+5s253—3s%)L
6! (60(s3—1)(s;—1)(sp—1)) 5!
_52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%71233720S1S2S3) (s2)°
(60(s2—1)(s2—53)(s1—52)) S
n 53(10s3—552—5s253+353)  (57)°
(60s1(s1—1)(s1—s3)(s1—52)) 5!
_ 53(550—10s51+5515=353) (s3)° 0
(60s3(s3—1)(s2—53)(s1—53)) 5!
G = 7&
(s3)° o S%(103‘152*53‘153*53‘25‘3‘1‘35%) 1
6! (60(sp—1)(s;—1)(s3—1)) 3!
4 S%(5S371051+5S1S373S§) (s2)5
(6052(3‘271)(3‘275‘3)(_91752)) 5!
| s§(553—10sz+5s2n—3s%) (s1)°
(6051 (s1—1)(s1—s3)(51—52)) 5!
S3(205‘]S3730S|S2+20S25371551S%*15S2S§*155§+123§+20S1S2S3) (s3)] 0

(60(s3—1)(s2—53)(51—53)) 51

1 (15S1+1552+15S372051S2720S183720S2S3+3051S2S3712) 1
6! (60(s3—1)(so—1)(s1—1)) 5!
(10s153—553—5s143)  (52)°
(60s2(s2—1)(s2—s53)(s1—52)) 5!
+ (10s353—553—55043)  (51)°
(6051 (s1—1)(s1—s3)(s1—52)) 5!
(10S1S275S275S1+3) (S3)5 0
(60s3(s3—1)(s2—s3)(s1—s3)) 5!

Hence, by comparing the coefficient of 4, the derivative block has order [5,5,5,5]7

with error constants vector

—s{’ (5s152+5s153—10s253 —3S%S2—3S%S3 —3s%+2s? +5515283)

7200
s3(10s1S3 —5515p—5s753 +3S1$%+3S%S3 +3s%725375s1s233)

7200

fsg (55153—10s152+55253—351 s§f3s2s§f3s§+2s§ +5s15283)
7200

(35143524353 —55152—55153—55253+ 1055253 —2)
i 7200 ]
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_5S153+3S%S3+3S%—25? } U {Sl _ 5S253—3S%S3—3S%+2S%}

which is true for all s1,s2,53 € (0,1)\ {{s2 = S51= 105735750153 053552+ 3525520,

_5S253+3S25%+3S%—2sg } U {Sl

_ —3sp—353+5s253+2 } }
553—1052—3S%+552S3 ’

U{Sl = T 3—5sp—553+10s253

3.3.1.2 Zero Stability of One Step Hybrid Block Method with Generalised Three

Off-Step Points for Second Order ODEs

In order to find the zero-stability of the block (3.66), we only put into consideration

the first characteristic polynomial according to definition (3.1.3), that is

M@ = |-
1 00O 0 001
0100 0001
) 0010 B 0 0 01
00 01 0 0 0 1

= 2(z-1)=0

whose solutionis z=0,0,0, 1. Similarly, the characteristic polynomial of the derivative

block (3.75)) is given by

M(z) = |z182— B
1 00O 0001
01 00 00 01
T 0010 R 0001
0001 0001
= 2(z-1)

which yields z = 0,0,0, 1. Hence, the conditions in Definition (3.1.3) are satisfied.

Therefore, the block method and its derivative(3.73) are zero stable.
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3.3.1.3 Consistency and Convergent of One Step Hybrid Block Method with

Generalised Three Off-Step Points for Second Order ODEs

According to Definition (3.1.4) and Theorem (3.I)) the block method (3.66) and its

derivatives (3.75) are consistent and convergent.

3.3.1.4 Region of Absolute Stability of One Step Hybrid Block Method with

Generalised Three Off-Step Points for Second Order ODEs

Applying (3.29) for one step hybrid block with three generalised off-step points(3.66)),

it gives
3 3 3
o,y — o (0) B RI(0) (3.76)
[DBRY 5, (8) + EBLY 5, (0)]
3 4
where
% 0 0 0
isp 0
iy (gL 0 e 0 0
0 0 €% 0
0 0 0 ¢
000 1
000 1
=[3 3
BR:(0) =
000 1
000 1
000 D
0 0 0 DB
DB]ZYRB]z () = 24
3 000 DI
000 D
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Eﬁ}z 1510 El%] 1520 Eg}z 1530 -l[i}z 0
=32 isi0 BBl is,6 B2 iss0 132 i
EBRy 4 (6) = Eyie®™” Eyye™ Eyyte™ By
R EBRisio gBlisne  gBlise Bl e
31 € 3 € 33 € 34 €
_ Eﬁb 510 EEZ 1520 E‘@z 01530 “[&]2 0 _

Simplifying the above matrix and finding its determinant, we have

7 43200(e’® — 1
h(6,h) = (7 1)

(515253 (4s1 +4sy +4s3 — 35152 — 35153 — 35253 + 25152853 + 515253€'% — 3))

Expanding the above equation trigonometrically and equating the imaginary part a to
zero, the equation of absolute stability region for one step hybrid block method with
three generalised off-step points is obtained as below

43200(cos(0) — 1)

(515253(4s) + 452 +4s3 — 35150 — 35153 — 35253 + 2515253 + 518253 c0s(0) — 5))
(3.77)

h(0,h) =

3.4 Numerical Results for Solving Second Order ODEs

This section considers some specific numerical method for one, two and three hybrid

points.

Substituting s = % into Equations - and -, the following block

of one step with one hybrid points and its derivative are obtained

_ h/ 11 1 5
Yl =Ynt3¥nt [324fn —gagnr1t 216fn+%}
(3.78)

Yn+1 :yn+hyn+h2 [%fn"kifn—i—l"}_% n+%}

with derivative
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_ 4 1 7
Yoyl _yn+h[ﬁfn_mfn+l+%fn+%:|

(3.79)

Yn+1 :yn+h|:%1fn+l+% n—O—%]

Based on the approach used in section (3.1.1.1]), the block and its derivative above
are of order [3,3]” and [3,3]7 with error constant [1.486054e~%, —9.259259¢~ 4|7 and
[8.573388¢ %, —4.629630e 3] respectively.

In order to find the region of absolute stability of 1) s = % is substituted into

Equation (3.31), this gives

_ _(648(cos(t) = 1))
h(0.h) = (cos(t) —7)

(3.80)

Equation is evaluated at intervals of 30° , this produces tabulated results below.

0 0 30° 60° 90° 120° 150° 180°

h(0,h) || 0 | 14.1532 | 49.8462 | 92.5714 | 129.6 | 153.7224 | 162

Hence, the interval of absolute stability is (0,162) as demonstrated in Figure 3.4 as a

region in polar coordinate system.
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Figure 3.4. Region stability of one step hybrid block method with one off-step point
s = % for second order ODE:s.
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The values s = % and r = % are substituted into Equations (]3.44[)—(]3.46[) and (13.47[)—

(3.49) to give the block and derivative below

_ hy 2] 57 1 143
Yol =Yntigyath [20000fn+540000fn+1 2000fn+‘+54000fn+ﬁ}

_ hy | 2 1 46
Inl =Ynt 35y, th [7500fn+270000fn+1 6000fn+%+ﬁfn+%0} (3.81)

Yn+1 :yn+hyn+h2 [%fn 432fn+1 + 16fn+— %fn+%]

_ 19 5
yn—i—% _yn+h[2400f”+28800f”+1 1920fn+§+72 n+%]

yn+% :yln+h [%f”+%fn+%+%fn+%] (3.82)
Yn+1 :y;+h[%fn+%f"+l+%fn+lii n+ ]
Methods (3.81)and (3.82) are of order [4,4,4]” and [4,4,4]"

with error constant [5.347222¢ 78, —2.222222¢78 —3.472222¢~4T
and [—9.930556¢~7, —1.111111e~7, —1.180556e3]" respectively.

Substituting s = % and r = % into equation 1| , this yields

(3600000(cos(6) — 1))

h(6,h) = (cos(0) + 157)

(3.83)

Evaluating (3.83) at intervals of 30°, this gives the results displayed below.
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0 0| 30° 60° 90° 120° 150° 180°

h(0,h) || 0 | —=3055 | —11428 | —22929.9 | —22929.8 | —43025 | —46153

Hence, the interval of stability gives (0,-46153)as illustrated in Figure 3.5 as a region

in coordinate system.

247 i 300

=70

Figure 3.5. Region stability of one step hybrid block method with two off-step points
s = 1i0 and r = % for second order ODEs.

The values s = %, Sy = zlt and s3 = % are substituted into Equations || - lj and

(3.71) - to produce the block and its derivatives in below
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Yn+1

oy hy 2027 o 29 5
=Ynt gy th [245760f" 5160060/ n+1 + 1008 /1 |

137 61
_92160fn+£ + 368640fn+%}

2 1 29
= yut byt h [+3840f” 80640 /n+1 T 1260 /1 L

1 1
_anﬁ T 2880fn+% ]

(3.84)
h o2 1 16
=Vnt3y,th [480f” 10080fn+1+mfn+§
2 1
+Efn+% + 1@ n+i }
= Yn +ynh+h2 [%&fn+ éfn-i-l + 315fn+
8 13
_Bfn—i-}f + Bfn-l-% ]
’ _ 7 1427
Ypgl T [30720fn 645120f"+1+5040fn+
263 113
~Tisoolarl T 080 ur ! }
’ _ +h f 1 f +£f |
Yyl Vn 1920 n 40320/ n+1 T 315 g )
1
720fn+7 + mfn—i-% }
(3.85)
: =y +h|Efi— L fo+4Lf
Vit l Yn 15/n 7 1260/n+1 T 315/ n+ 1
13 17
T/l T 18000t ]
Yn+1 —)’n+h[ it 630f"+1+315fn+8

64 46
4_5fn—|—% + Efn-l—% ]
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Referred on the strategy used in section (3.3.1.1)) the block (3.84) and its derivative are
of order [5,5,5,5]" and [5,5,5,5]7 with errors constants
[1.466463¢78,3.330291¢8,1.937624¢~7, —7.750496¢6]"

and [2.119276e7,8.477105¢~8,1.356337¢®, —4.340278¢ )" respectively.

Substituting 51,52, s3 into equation (3.77), this yields

(176947200(cos(0) — 1)

h(6,h) = (cos(0) — 136)

(3.86)

Evaluating (3.86) at intervals of 30°, the following tabulation are obtained

0 0 30° 60° 90° 120° 150° 180°

h(6,h) || 0 | 175429 | 652941 | 1301082 | 1301082 | 2412490 | 2583200

Therefore, the interval of absolute stability is (0, 2583200)as shown in Figure 3.6 as a

region in polar coordinate system.
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270

Figure 3.6. Region stability of one step hybrid block method with three off-step points
= %, Sy = }l and s3 = % for second order ODEs

3.4.1 Implementation of Method

Our method is implemented more efficiently by combining the developed hybrid block
as simultaneous integrators for [IVPs. We proceed by explicitly obtaining initial condi-
tions at x, 1, n =0,1... N — 1 using the computed value over sub interval

[x0,X1],- -, [xn—1,xn]. For instance, using , n=0, [ysl,y32,ys3,y1]T are simul-
taneously obtained over the sub-interval [xo,x;], as yo is known from the initial value
of IVP. For n = 1, [y, ,y1+sZ,y1+SS,y2]T are simultaneously obtained over the sub-
interval interval [xj,x;], as y; is known from the previous block, and so on. Hence,
the sub-intervals do not over-lap and the solutions obtained in this manner are more

accurate than those obtained in the conventional fashion.
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In order to compare the performance of our proposed methods with the existing ones,
we tested the same problems as used in previous work. It is also observed that most of
the problems considered involve small intervals. For the sake of comparison, the same

intervals were considered, even though our methods work for larger intervals as well.

" / ! 1 1

Problem 1: —x(y)?=0, y(0)=1 0)==, h=—.
roblem y —x(y)”=0, y0)=1, y(0)=5, 320

1 2
Exact solution: y(x) =1+ =In R 0<x<1

2 2—x
Source: Adesanya et al., 2014
Problem 2: ”+(6)’+(4) =0, y()=1, y(1)=1, h= !

® y X y )CZ y_ 9) y . y - ] - 320
S 2

Exact solution: =——— 1 <x<1.0313
xact solution: y(x) ] <x<
Source: Anake, 2011

Problem3: y =2y), y()=1, y(1)=—1, h=—
Exact solution: y(x) =

Source: Yahaya et al., 2013

Problem 4: y —y =0, y0)=0, y(0)=-1, h=—
Exact solution: yx)=1-¢" 0<x<1

Source: Adeniyi and Adeyefa, 2013
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" / T
Problem5:  2yy —(y)?+4y° =0, y(g) =7, y(g)=
Exact solution: y(x) = sinx 0.544 < x<0.624

Source: Kayode and Adeyeye, 2013

" ! ! 1
Problem 6: y —4y +8y=x>, y(0)=2, y(0)=4, h= m
Exact solution: y(x) = e**(2cos(2x) — El sin(2x)) + —=x+ ix2 + lx3
) 64 32 16 8

Source: Jator, 2009 0<x<1

Problem7: y —y=0, y(0)=1, y(0)=1, h=0.1
Exact solution: y(x)=¢€" 0<x<1

Source: Sagir, 2012
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3.5 Comments on the Results

In general, the results from Tables 3.1-3.8 show that the performance of one-step hy-
brid block methods for solving second order ODEs directly using three hybrids points
performs better in terms of error than using one or two hybrid points. Increasing the
number of hybrid points will increase the order of the methods. It is discovered that
the order of one-step hybrid block method using three hybrid points is five while the
order of the methods using one and two hybrid points are three and four respectively.
It can also be observed that the accuracy of the new one-step block methods is superior

to the existing methods when solving the same IVPs of second order ODEs.

3.6 Conclusion

In this chapter, we have successfully developed a new single-step hybrid block meth-
ods with generalised one, two and three off-step points for solving second order ODEs.
The zero stability, consistency, convergence, order, region of absolute stability and er-
ror constant of the developed methods are examined. These block methods are con-
vergent because they are consistent and zero stable. The proposed methods not only
possess good properties of a numerical methods, they have also been proven to be
superior than the existing methods in term of accuracy when solving the same initial
value problems of second order ODEs. Hence, these methods should be considered
as a viable alternative for solving initial value problems of second order ODEs. Fur-
thermore, the developed methods can be extended to solve a system of initial value

problems of higher ODEs directly.
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CHAPTER FOUR

ONE STEP HYBRID BLOCK METHODS FOR SOLVING

THIRD ORDER ODEs DIRECTLY

In this chapter, the development of one step hybrid block methods with generalised

two and three off step points using collocation and interpolation method for solving

third order IVPs of ODEs is considered.

Equation (3.1) is also used to approximate the solution of the general third order IVPs

of the form

n

Y (%)= fleny,y)

with three initial conditions

y(a)=no, y (@) =1,y (a) =M

on the integration interval [a,b].

The first, second and third derivatives of equation (3.1)) are

v+m—1 i

Yo=Y La (x—hxn>i—l.

i=1

and

Substituting Equation (4.1)) into Equation (4.4)) yields

i=3 m h

111

v+m—1 (- . i—3
+Z l(l—1>(1—2>ai <)C—)Cn) :f(x,y,y/’y//),

(4.1)

4.2)

4.3)

(4.4)

4.5)



4.1 Derivation of One Step Hybrid Block Method with Generalised Two Off-

Step Points for Third Order ODEs

In order to derive this method, Equation (3.1I) is interpolated at x,, X,y X4, While

Equation (4.5) is collocated at all points i.e X, Xpts, X41r and x,; in the selected

interval. Hence, in this case v = 3 and m = 4. This 1s clearly demonstrated in Figure

4.1.

I I I

o |
Xn Xnts Xnr Xn+1
C C C C

Figure 4.1. One step hybrid block method with generalised two off-step points for

solving third order ODE:s.

This strategy above produces the following collocation and interpolation equations

Yn
Yn+s
Yn+r

In
Jnts
Frvir
It

ag.

ap+aps—+ a2s2 + a3s3 + a4s4 + a5s5 + a6s6.

apg+air—+ a2r2 + a3r3 + a4r4 + a5r5 + a6r6.

6

ﬁa3 4.6)
6 245 605> 12053
POt Ty st T e

6 24r 60r? 1207°

Tyt st e

6 24 60 120
Pt sty

h3 h3 dg.
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which can be written in a matrix form as below

100 0 O O 0 Yn
ao
1 s s 3 s 5 50 Vnts
ai
1L r 2 PR @~ P o Vntr
as
6 .
000 % 0 0 0 =| £ 4.7)
as
6 24s 605>  120s°
000 5 55 25 55 Tnts
a
00 0 & 24 602 12077 > f
BB 3 ntr
a
00 0 6 24 6 120 ° F
w3 3 w3 w3 n+1

In order to find the values of a;’s,i = 0(1)7 in(4.7) Gaussian elimination method is

employed. This gives the values of g;’s as below

ap = Yn
r § r+s
i s(ras))’n—l-s - r(r __S)YrH—r u w)’n
(B (r? —2r2s —3r2 —2rs> 4+ 12rs + s> — 35%))
C 120
(B~ r*s2BAUGL 13k L50R2%)
(120(r—s)(s—1))
(Ws(r? —rs —2r* — rs> 4+ 3rs — 53 4 3s?))
(120(r—s)(r—1)) Jutr
(Brs(r+s)(r? —3rs+5%))
TG ne_1) I

Ja

fn+s

1 1
(r r— s))yn—i-r ( S)yn_ (s(r_s))yi’H-S
(B (r* —2r3s — 3r3 — 21252 + 12725 — 2rs + 12r5% + 5* — 35%))

az =

a (120rs) Jn
(WP (r* = Ps =21 — 252 +3r%s — rs® + 3rs? — s* +35%))
- (1207 (r — s)(r—1)) Jutr
(B (r* —2r3s — 2r%s% — 2rs® +5%))
(120(r— 1)(s— 1)) St
(h3(r4 + 35 =3P + 1252 —3rfs+rs° —3rst — st + 2s3))
Bl (120s(r —s)(s— 1)) Joes
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as = ﬁfn

oy — _(h3(r+s+rs)) (h3r) 7
(24rs) " (4s(r—s)(s—1))"""
(Wrs) (h3s)
+(24(I”—1)(S—1))fn+1+( ( )(7‘ ))fn+r
_h3(r—|—s—|—1) 1 (r+s))
4 = (60rs) fn_60(r—l)( )fn+l
L R(s+1) B(r+1)
(60r<r—s)(r—1))f"+’+(6os( —s)(s— ))f”“
1 & K
%=~ 130ms "~ 120s(r — s) (s — 1)f”+s+ 120r(r —s)(r—1)
]’13

00— (5= 1)f”+1

Substituting the values of @;’s in Equation (3.1)) gives a continuous implicit scheme of

the form as below

y(x) = Z )’n+z‘|’2ﬁz )Jnti ZB: ) frti

i=0,s,r i=s,r

/ 0
y (x) = Z &x yn+l + Z Bz fn+l + Z ﬁz fn+1

i=0,s,r i=s, V

" 82
y ()C) = Z a AL )’n+z+za zﬁl fn+l+ Z Ox zﬁl fn—H

lSr
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where

(xp —x+ hs)(xy —x+hr)

%= (h%rs)
(x—xn) (o — x+hr)
T (=)
(x—xn) (x — x, — hs)
%r = h2r(r—s)

By — (x —xn) (X —x+ hs) (X, —x+hr)
0 (12073rs)

+ 1213 rs + W35 — 30352 + W2 rPx — hzrzx,, —2h%rsx+ 2h2rsxn —3h%rx+ 3h2rxn

(B =213 rs — 313 r* — 213 rs® — 3xx2

+h?s%x — hzszxn —3h%sx+ 3hzsxn +hrx® — 2hrxx;, + hrx,% + hsx® — 2hsxx, —|—x,3,

+hsx2 + 2hx* — 4hxx, + 2hx% — x° 4 3x%x,,)

g L) (o v 8) (3 — 3 )
T R0G ()

422 WrPx — hzrzxn +hPrsx — hzrsxn —3h%rx+ 3h2rxn — h?s%x — hsx?

(Br + r*s =30 + rs® — 3lrs

+2h%sx — 2h2sxn + hrx® — 2hrxx, + hrx% + 2hsxx, — hsx,% +2hx? — 4hxx,,

— 135> 42 — 7+ 3x%x, — 3 + P57 x, + X))

B — (x —xp) (xp —x+ hs)(x, —x+hr)
' 12013r(r —1)(r —s)

+3h3s% + W2rPx — h2r2xn — Wrsx + hzrsxn —2h%rx + 2h2rxn — W%+ h2s2xn

(h3 P —Wrs =20 —Prs® + 3 rs + x°

—3h2sxn +hrx® — 2hrxx;, + hrxg — hsx* + 2hsxx, — hsx% —2hx® + dhxx, — th,%

—3x%x, 4 3xx2 — 135% 4+ 3h%sx — x)

- Xt hs) (X —xth
1:_<x xn)(’xn x+ S)(xn 'x+ l") h3r3_2h3r2S_2h3rsz+h3s3+h2r2x
(12063(s — 1)(r— 1))

—h2r2xn —2h%rsx+ 2h2rsxn +hs%x — h2s2xn +hrx? — 2hrxx, + hrxﬁ + hsx* + x,31

—2hsx, + hsx2 — x> 4 3x%x, — 3xx2)
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Evaluating (4.8) at the non-interpolating point x,1; produces the following scheme

(r—1) (s—1) (s—1)(r—1)

Ynt1— m)’nﬂ + = s)yn+r = (rs) Yn
(s —1)(r—1)(r* —2r2s —2r* = 2rs> + 10rs — 2r +s> — 25> — 25+ 1)
+ In
120rs
h3(r—1)(r3—|—r2s—2r2—|—rs2—2rs—2r—s3—|—s2+s+1)
* 120s(r —s) Jues
WB(s—1)(rP —r’s—r? —rs® 4 2rs —r—s3 4252 425 — 1)
* 120r(r —s) Juer
30,3 2 2 2 3 2
WP =2rts 41" =2rs" = 2rs+r4s7 +57 + l)fnJrl @.11)

120

Equation (4.9) is then evaluated at all points i.e, at X, X,4s,X,+r and x,1 to give the

following schemes

, i s W2rs(r+s)(r> —3rs +s2)
M a0 61
h2(1’3 —2r25—3r2 = 2rs? + 12rs+8° — 3S2) (r+s)
-+ fn - yn
120 hrs

BT )= 3 r" CrESTs — s s
120(r—-=s)(s—1)
hs(r 2y — 2’ nAnesrsi 116kt

i 120(r—s)(r—1) Juer (+12)

fn—i-s

P (r=2s) s _hzs(r—2s)(r—s)(r2+rs—s2)f
Ints hs(r—s)ynﬂ hr(r—s)yn+r_ 120(r—1)(s—1) i
(r—s) hs 3 2 2 3 2
— - —22 - —25%+4 ,
s T o1y 2 T s 2 ) f
_hz(r—s)(r3 —r2s—3r2 —3rs? + 9rs + 25° —4s2)f
120r 8
h2(r3 +2r%s — 312 + 3rs? — 6rs — 4s° + 652
- ( )fn—i-s (4-13)
120(s— 1)
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/ r (2r—s) B hzr(r—hs‘)(Zr—hs‘)(r2 —rs—sz)
et = T (=) T T 120(r— 1)(s—1) St
r—s R2r(2r +r2s — 4r2 — rs — 53 + 252
+( ) - ( ) i
(hrs) 120s(s — 1)
W2 (413 —3r%s — 6r% — 2rs? + 6rs — s> +35%)
+ fn+r
120(r—1)
W (r—s)(2r —3r2s —4r2 — rs®> + 9rs +5° — 352
aGeDI ush )r, (4.14)
! (I’— 2) (S — 2) —hz 4 4 32
_ ) = —2rr=2 —6
I T =) = T 0 — e ST T2
-2
25t 435 — 21753 + 4r2s® + st + 4rs® — 20rs + 101 + 108) frs1 — —(r —(l_hs ] )yn
rs

(s —2)(r* —rPs =23 — 28 + 3125 — rs> + 3rs? +25% — 257 —4s +2)
- 120r(r—s)(r—1)

hz(r — 2)(r3s 2P 252 — 325+ 2P 153 — 3rst +4r — st 4+ 257 — 2)
i 120s(r—s)(s—1)

fn+r

f n+s

2
-2
h—(rlz()s’) (s —2r — 31252 4+ 5r%s + 21 + 15> + 5rs® — 16rs +4r — 25>
rs
+252 45 —2) 1>

Similarly, evaluating at all points. This produces the following schemes

" 2 2 h(r* —2r3s —2r2s% — 2rs® +s%)
yn+h2s(r_s)yn+s_ hzr(r_s)yn—l—r = 60(r—1)(s—1) Jnt1
2 h(r* 4 r3s —3r3 + 1257 — 3r2s 4 rs® — 3rs? — s* +25%)
i (hzrs)yn a 60s(r—s)(s—1) Jues

h(r* — s —2r3 —r2s? +3r2s —rs® + 3rs> —s* + 3s3)f
60r(r—s)(r—1) e
h(r* —2r3s —3r3 — 2125 +12r%s — 2rs’ 4 12rs% +s* — 3s%)

B (60rs) I (4.16)
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" 2 2 h(r* —2r3s —2r2s> 4 8rs® — 45%)

yn+s+myn+s_myn+r: 60(r— 1)(s—1) Tt
N 2 h(r4 + 35 =3 + 1252 — 3r2s — 19rs® +27rs% + 145* — 18s3)f
(h?rs) In 60s(r—s)(s—1) e
h(r* —2r3s —3r3 — 2125 +12r%s + 8rs> — 18rs® — 4s* +75%)
- fn
60rs
h(r* — s =21 — 2% + 3r2s — rs® + 3rs? +4s* — 753
_h b 4.17)
60r(r—s)(r—1)
" 2 2 2

Yntr ™+ h2s(r — s)yn+s B h2r(r— s)y"+r - (hzrs)yn

+h(4r4 — s =T — 25 + 3rks — rs® + 3rs® + 5 — 25%)

60s(r —s)(s—1) Joes
+h(14r4 — 19735 — 181 + r25% + 27r%s + rs> — 3rs® + 5% — 3s3)f
60r(r—s)(r—1) e

h
+ (4r4 — 8P s — TP 4272 + 18125+ 2rs° — 12rs® — s* + 3s3)fn
(60rs)

—h(4r* — 835 + 215> 4+ 2rs° — st
: )fn+1 (4.18)
60(r—1)(s—1)

" 2 2 h 4 53 3522
_ _—_— = —— — 2 - S — 3 - — 2
Yngl hZS(r—s)ynH h2r(r=:s) Vi (60rs) Matavsia 2
+121%5 — 2rs® + 12rs* — 30rs + 10r 4 s* — 35 + 105 — 5) f,, +

h
+60(r— De—1) (r* —2r3s — 21257 — 2rs® 4+-30rs — 20r + 5* — 205+ 15) f,11 1

h? rsyn

h(r* + s =3 + 125 = 3r2 s +rs® — 3rs? + 10r — s* + 253 - 5)

60s(r—s)(s—1) Jots
h(r*=rPs =2 — P22+ 3rks —rs’ + 3rs> — s* +3s° — 10s + 5
- ( )fnJrr (4.19)
60r(r—s)(r—1)

Combining equations #.11)) ,(@.13)) and (#.16]) produces a block form as below

A[2]3Yn[12}3 — B[12]3R[12}3 +B[22}3R[22]3 _|_B[32]3R[32}3 + h3D[2}3R£2]3 + h3E[2}3R[52]3 (420)
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where
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e B (r-1)-1)
(S(’r—s)) (’(SF—S)) 1 Yn+s 0 0 Y rss
_r 23 _ 25 (rts)
hs(r—s) hr(j—S) 0 [ ¥m Yntr | B 00 (hrs)s
2 2 )
h*(rs—s%)  h*(r’—rs) Yn+1 0 0 i)

y}’lfz O O 0 y;liz
2 . /

G B[sz 00 0 R[2]3— Yn—1
" 00 - Vi
000 Yooa 0 0 DY
O 0 0 , R:[;Z}S: y:l_l ’ D[2]3: 0 O D[223}3
00 —I ! 0 0 D
i P e B o

2k = s _

SN E? E£21]3 Ez[zl]3 E2[23h , Rs™ Jntr

5 £ P o




with

Dg23]3 = %(1’3—2r2s—2r2—2r52—|—10rs—2r+s3—2s2—2s+1)
D2 _ (rP —2r%s —3r* — 2rs* + 12rs + 5> — 3s5?)
B 120h
D _ _ (r* —2r3s —3r° = 2r%s% + 12r%s — 2rs® + 12rs% 4 5s* — 35°)
3 60rsh?
g2 _ (r—=D)(rP+r2s =27 +rs> —2rs —2r — s>+ s> +s+1)
e 120s(r —s)
g2 _ (s—1)(P—=rPs—r?—rs? +2rs —r—s>+ 25> +2s— 1)
2 120r(r —s)
g2h _(r3—2r2s+r2—2rs2—2rs+r+s3+s2—|—s—1)
B 120
E[zb B r(r3 +r2s—3r2+rs? —3rs— s+ 2s2)
@ 120h(r — )(s°1)
25 s(r¥ —r2s —2r* —rs?> +3rs — 5 +35%)
Ey” =

120h(r —s)(r—1)
25 rs(r+ s)(r2 —3rs +s2)

=L~ A 120h(r—1)(s— 1)

ot (P53 + 252 = 3rks 4 rs’ =3 = 5% 1+25%)
Zl I 60sh2(r — 5)(s— 1)

EZ\ L _(r4_r35_2r3—V252+3r25—rs3+3rs2—s4+3s3)
O 6012 (r —3)(r — 1)

Em3 = (”4 — 25— 2kt —2rsd 4+ s4)
B 60R2(r—1)(s— 1)

Multiplying 1| by (A [2]3)_1 gives one step hybrid block method with two general-

ized off step points for third order ODEs as following.

1[2]3Yn[12]3 — Bg2]3R[]2]3 +B[22]3R[22]3 +B[32]3Rg2]3 + h3D[2]3R£2}3 + h3E[2]3Rg2]3 (421)

where,
100 00 1
=191 0|, B —| 0 01
00 1 00 1
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0 0 hs 00 &2
B =100 ur | B =0 o 22
00 & 00 &
00 B s £ £
N XX A - e
00 B P 5 el

The non-zero elements of D/Z3and E23 are

s3(3s — 1574 3rs — s?)

A2
Pis” = 120r
pi2hs _ (155 —3r —3rs+1?)
3 120s
p2s (15rs—3s—3r+1)
“" 120rs
g2k _ §3(2s = 5r+2rs —s?)
I 1200 —1)(r—s)
g _ 93
. 120r(r=1)(r—s)
2 $7(3r —s)
U NTVEDHGHLI 1)t
gl r(r=3)
21 120s(s — 1)(r—s)
- 215 r3(5s—2r—2rs+r2)
By = — _
120(r—1)(r—s)
2 _ P (r—3s)
B 120(s—1)(r—1)
gl _ (3r—1)
31 120s(s — 1)(r—s)
gl (3s—1)
32 120r(r—1)(r—s)
- 1215 (Srs—2s—2r+1)
By” =

120(s—1)(r—1)

121



Equation (#.21) can also be written as

— /_'_hzs2 u_h3s3(3s—15r+3rs—s2) B W35 (s —3) f
ks = YA T 120r " 20r(r— 1)(r—s)""
h3s3(2s — 5r4-2rs — 5°) W3s>(3r —s)
4.22
120(s — 1)(r—s) f”“+120(r—1)(s—1)f"+1 (422)
o R 0 B (15s —3r —3rs+12) Wr(r—3)
= h
Yntr Yn+hry, + 5 Yn 120s n+120s(s_1)(r_s)fn+s
W r3(5s —2r —2rs +1r?) 3r(r —3s)
— 4.2
120(r — 1) (r—s) Jutr 1zo(s—1)(r—1)f”+1 (423)
£ +h,+hj//+h3(15rs—3s—3r+1)f7 W (3r—1) f
Yn+1 = Yn Y 2yn 120rs Z 120S(S—1)(r—S) nts
W (3s—1 13 (5rs —2s —2r + 1
( ) Sotr+ ( )fn+1 (4.24)

320 (r = 1) (r=3) 120G6—1(r—1)

Substituting (.22)) and (#.23)) into Equations (- 13) to (#.13) yields the first derivative

of the block as below

: , v h%s*(Ss—20r+5rs—2s2)f,  h*s*(5r—2s
Ynts — yn+hsyn_ ( ) ( )

fn+l

60r 60(s—1)(r—1)
h?s*(2s —5) h?s%(5s — 10r + 5rs — 3s%)
_ 4.25
60r(r— (r—s) " T T 60— Dir—s) (4.25)
: : v h2r*(20s — 5r—5rs +2r?) n2r*(2r—5)
= h
ynJrr yn+ ryn+ 60S fl’l+ 60S(S-1)(r—s)fn+s
h?r?(10s — 5r— 5rs 4 3r2 W r*(2r —5s
( )fn—l—r_ ( ) fn—l—l (426)

60(r—1)(r—s) 60(r—1)(s—1)

122



: : v h*(20rs — 55— 5r+2) h?(5r—2)

R 60rs " 60s(s—1)(r—s)

h?(10rs — 5s —5r+3)
60(s—1)(r—1)

f n—+s

h? (55 —2)
60r(r—1)(r—s)

fn+r + fn+l (427)

The first derivative of the derived method can be represented in equation of the form

s = BYRRDE L BPBRCE L p2pRB RS 4 p2ERBRED (4.28)
where
00 1 0 0 hs
212 512
BF =001 [, B =00 |
00 1 0 0 _h
0 0 b2 S
D= o o D'[22?]3 L ERl= E£21]3 E2[21]3 E£23]s
0 0 Dy BBy EY

the elements of DIZ3 and E13 are given as below

52(55 —20r + 5rs — 2s?)

42

D[Bb - 60r

p2s r2(20s — 5r — Srs 4 21?)
B 60s

p _ (20rs —5s —5r+2)
3 60rs

g2 _ s2(5s — 107 + 5rs — 35?)
L 60(s—1)(r—s)

s — s*(2s—5)
12 60r(r—1)(r—s)

g2 _ s*(5r—2s)
B 60(s—1)(r—1)

E,Z[z]h _ r*(2r—35)

60s(s—1)(r—s)
125 r?(10s — 5r — Srs 4 31?)
60(r—1)(r—s)
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A2 r4(2r— 5S)

Ex 60(r—1)(s—1)
£l _ (5r—2)

31 60s(s—1)(r—s)
gl _ (5s—-2)

32 60r(r—1)(r—s)
g2 _ (10rs —5s —5r+3)

33 =

60(s— 1)(r—1)

Similarly, substituting (4.22)) and (.23) into equations @.17)) to (#.19) gives block of

second derivative as the following

" " hs3(2r — ) hs(2s — 6r+2rs — 52)
s = It o (12r) Jn
hs3(s—2) hs(4s — 6r +4rs — 3s5°)
- n—-rr n—-rs 4'29
T (o Ty LA G roy T o R B
v hr(6s—2r—2rs+7?) hrd(r—2)
n+r T yn+ (125‘) Jn 125(5—1)(F—S)fn+s
hr(6s —4r —4rs +3r%) hid(r — 2s)
ntr — n 4.
12(r—1)(r—s) " 12(s—1)(r—1)f+1 (430)
v h(brs—2s—2r+1) h(2r—1)
Yt = In (12rs) I 12s(s—1)(r—s)fn+s
h(2s—1 h(6rs —4s —4r+3
( ) Jnar+ ( )fn+1 (4.31)

12r(r—1)(r—ys) 12(s—1)(r—1)

The second derivative of the derived block method can be represented in equation of

the form

?n[fb — B;[32}3Rg2]3 + hD;[2}3R4[12]3 + hé[sz[Szh (432)
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where

212 Ap) 25 £l
00 I 0 0 DY EPs g ERD
BiF =100 1 |[.D%=|0 0 A2 |, EBh=| fBh F2: g2

00 1 0 0 DY ECh ER EDD

The non-zero terms of ﬁ[2]3 and E 2l5 are

H2h _ _s(25—6r—|—2rs—s2)
B3 (12r)
H2h _ r(6s —2r —2rs +1?)
B (12s)
52 _ (6rs —2s—2r+1)
3 (12rs)
£ _ s(4s — 6r +4rs — 3s?)
= DG e—y)
s _ o S-2)
12 12r(r—1)(r—s)
3

A s2(2r —s)
s = Pt oe=n
£l _ P (r—2)
2 2s(s—1)(r—s)
225 r(6s —4r —4rs+3r%)
Ey” = — —

12(r—1)(r—s)
E;[Zh L P (r—2s)
B (12(s=1)(r—1)
5[2}3 _ (2r—1)
3 12s(s—1)(r—ys)
A2l _ (2s—1)
32 12r(r—1)(r—s)
£ _ (6rs —4s —4r+3)
B 1R2(s—1)(r—1)

4.1.1 Establishing Properties of One Step Hybrid Block Method with Gener-

alised Two Off-Step Points for Third Order ODEs

This section examines the order, error constant zero stability, consistency and region

of absolute stability.
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4.1.1.1 Order of One Step Hybrid Block Method with Generalised Two Off-Step

Points for Third Order ODEs

In finding the order of the block (4.21)), Definition (3.1.2) is also applied. y and f-

function are expanded in Taylor series as below

(O W22 1 SR (3s—15r43rs—s) 1
Z] =01 )’n shyn _)’n‘l’ 1207 Yn

5> (3r—s) o RT3 _j+3
T L

(s 3) Zo'o 0 rjh.j+3 j+3
J

TG L0 Y T ) "
gzofss_r;r)z(m_; '¥70 (S)J;lgj%yﬁﬁ 0
ZT 0 (r)]/'h/yn' rhyn n2r 2y/r/l B r3h3(15sI;6S—3rs+r2)y:;/
Ty B e o |
_% 20 (s)fhf“yys 0
£70 Byl — yn — hy, — By, — LBl
_%%;sl_*)?rrgll_)) Y7, thf yitis W - (r)jﬁj+3 yit
+ﬁ:;—2r_s—) N (S)’ﬁ'-’+3 it 0

Comparing the coefficients of #/ and y/ yields

1-1 0
G=|1-1]|=10

1—1 0

s—S 0
Ci=|r—r|=1]0

1—1 0

2 2

s-5| |0
~ 2 2 o
G=|5-5 =0

1 1

272 0
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) 13 (35— 15r+3rs—s2) $(3r—s) 1 $(s—3 r)0
= ~00—De-no T 120r(r(71)()rfs) s
_s3(2s75r+2rs s )@ 0
120(s—1)(r—s) 0!
@ . r3h3(15s—3r—3rs+r2) rs(r—3s) 1 r3(5s—2r—2rs—|—r2) @
o 120s 20G-D(r-D 0! 120 1)(r—s) 0 | _
. rS(r—3) @ 0
120s(s—1)(r—s) O!
()3 W (15rs—3s—3r+1)  (Srs—25—2r+1) | (3s—1) (r)
3r 120rs T 120Gs—1)(r—1) O T20r(r—1)(r—s) O
3r—1 0
i +120s%s 1)()r s)% i | 0
[ @ . s (3r s) + (s 3) ( )1 . s3(25—5r+2rs—s )@ i [ 0 1
41 120(r—1)(s—1) 1‘ 120r(r D(r—s) 1T 120(s—1)(r—s) !
~ r 3s Ss—2r—2rs+r P (r=3 5)! —
Ca= %‘F 120(s( 1)(}') 1) 11 520(r71)(r—3) )(1) 120v(s( 1)() —s) 1 =10
()* (5rs=25— 2r—|—1)i (3s—1) () 4 (D (s)! 0
¥ lll 120(s=1)(r=1) 1! 120r(r—1)(r—s) 1 120s(s—1)(r—s) 1! L
[ i | $(Br=s) 51 + 8 (5—3) @ = 53 (25—5r42rs—s2) @ | [ 0 i
5! 120(r—1)(s—1) 2! " 120r(r—1)(r—s) 2! 120(s—1)(r—s) !
~ (r)5 rj(r 3s) 1 r3(5s72r—2rs+r2) (r)2 rs(rf3) (s)2 —
Cs SSE 0= (r—D 21 T 0(=1) (=) 27 | 120s(s1)(re8) 2 0
(1)° _ (5rs—2s— 2r+1)l_ Bs—1)  (n* ) LB 62 0
L 5! 120(s—1)(r—1) 2! 120r(r—1)(r—s) 2 120s(s—1)(r—s) 2! L 7

(_)_ s5(3rfs) i_’_ ss(sf3) () o (2s75r+2rs7s2)@ 0
6! 120(r—1)(s—1) 31 T 120r(r—1)(r—s) 3" 120(s—1)(r—s) 3!

~ P (r—=3s r3(5s—2r—2rs+r? r(r=3 DE _

Co = (6_)'Jr 120(5— : )() )3l - 520(r—1)(r 5) )(3_)! - 120s(s(—1)()r—s)(3_! =10
& _ (5rs—=2s—2r+1 )l_ (3s—1) @_'_ (3r—1) @ 0
6! 120(s—1)(r—1) 3! 120r(r—1)(r—s) 3! 120s(s—1)(r—s) 3!
ﬂ o $>(3r—s) 1 + 5 (s—3) (r)4 . §3(25—5r4+2rs—s> )@
70 T T20(r—1)(s—1) & T T20r(r— 1)(r 5) 40 T T 120(s—1)(r—s) 4!

ﬂ + r5(r—3s) 1 (55 —Drstr? ) _)4 _ 5 (r—3) (_
7! 120(s—1)(r—1) 4! 120(r— 1)(r s) 4! 120s(s—1)(r—s) 4!
(1)7 (Srs72572r+1)) 1 (3s—1) (r) (3r—1 (s)

a W, G o
7! 120(s—1)(r—1) 4! 120r(r—1)(r—s) 4! 120s(s—1)(r—s) 4!

Gy =
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$(Ts=21r+7rs—3s5°)
20160

- | _ P (21s—Tr=Trs+3r?)
20160

(21rs—T7s—Tr+3)
20160

Therefore, the block method has order [4,4,4] for all s,r € (0,1)\ {{r = %}

U{s= ((7227_37’3)) TU{s = ((27]’;_37)) }} together with the following error constants

2 (Ts —21r+Trs —3s%) P (2ls—Tr—Trs+3r%) (21rs—7s—7r+3)T

20160 ’ 20160 ’ 20160

The same method as use earlier is also employed in finding the order of block first

derivative 1} Expanding y/ and f- function Taylor series leads to

oo (8) 1l j+1 n o s2h2(55=20r+5rs—25%) M
Zj:O T Yn —Yn—hsy, — 60r n

SH5r=2) yoo W3 s*(2525) e pIRT3 43
ST L0 TR - e e =0 Ty O

_ s*(55—10r+5rs—3s?) Yo (s)/hi+3_ j+3 0
60(s—1)(r—s) J=0 " n

o (Nh_j+1 / o r2(20s—5r—5rs4+2r2) M
Yjmo Yo —Yn—hry,t 605 Yn

4 i3 2 2 THAE I
r*(2r—5s) o B3 _j4+3 | r*(10s—5r—5rs4+3r") oo (r)/WT° j43 |
T =1) Zj=0 T+ 0= &j=0 jT

r*(2r=5) S e (s)7ni+3 y Jj+3 0

T 60s(s—1)(r— Jj=0 " n
o W j+1 / n o (20rs—5s—5r+2) M
Z]:()Fyl’l _yn_hyn+ 60rs Yn

(10rs—5s—5r43) vweo W12 _j+3 (55—2) w (PR 13

R r o Y Dy R R U o = o Tary D) B Ry e
h*(5r=2) w ()3 j+3

T 50s6-Dr—s) Yi o T In 0

Comparing the coefficients of 4/ and y/. This gives
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&
I
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0-0 0
0-0]1=160
i 0-0 | i 0 |
1-1 0
I-11=10
i 1—-1 ] i 0 ]
s—s 0
r—r | =10
i 1-1 | i 0 |
i (s)> s*h%(55—20r+5rs—2s%) s*(5r—25) 1 s*(25s—5) ()0
1 60" — G0 T 80 D] 0F
52 (55— 10r4-5rs—3s2) (s)O
60(s—)(r—s) 0O
(r)2 r2(203—5r75rs+2r2) r4(2r 5s) 1 r2(10s—5r75rs+3r2) (r)0
NIy 605 600 Dis- 001 T 60(r D(rs) 0O
e r4(2r 5) (s)
60s(s—1)(r—s) 0!
1)2 20rs—5s—5r+2 10rs—5s—5r+ S5s—2 )0
Ly e A )+(60(s = ))0L+60r((r—1)(2’—s)%
R (5r=2)  (s)°
| +60s(s D(r—s) 0
i (s) s*(5r—2s) 1 s*(25—5) (r)l $2(55—10r4-5rs—3s%) (s)!
T_ﬁo(s—l)(r—l)ﬁ+6o( Dir—s) 11 =~ 60G—1)(r—s) 11
(_+ r*(2r—>5s) l_i_r 2(10s—5r—5rs+3r? )Q_ r*(2r—>5) @
3! 60(r—1)(s—1) 1! 60(r—1)(r—s) 1! 60s(s—1)(r—s) 1!
(1) | (10rs—5s—5r+3) 1 (5s=2) (' 2(5r=2) (s)!
| 3Tt e0eon—D 1‘+60r(r Nir=s) 17 1T 60s6—1)(r—s) 1T
i @_ s*(5r—2s) i+ s*(25—5) @_ 2(55—10r+5rs—3s2 )_)
41 60(s—1)(r—1) 2! Or(r 1)(r—s) 2! 60(s—1)(r—s) 2!
() ¥ (2r 5s) l (IOS 5r—5rs+3r2 )Q_ r (2r 5) ﬁ
SR o 1 oy R e 1 oy e
(1)* |, (10rs—5s—5r43) 1| (55—2) ()2 W2 (5r-2) (s)?
| I T ee=n0—D) 2‘+60r(r =) 2T T 60sG—1)(r—s) 2T




[ @ s 4(5r— 2s) + s*(25—5) (r)3 . $2(55—10r+5rs—3s2 )Q i 0
5! 60(s—1)(r—1) 3' 60r(r D(r—s) 3" 60(s—1)(r—s) 3!
~ r*(2r—5s 10s—5r—5rs+312 r*(2r=>5 5)3 —
Co=| Yr+g r( 00 )1)3' + (60(r71)( ) )%_—603(; 1)(r) s)% =10
(1) (10rs—55—5r+3) 1 (5s=2)  (r)? W2(5r=2) (s)3
I =V s T s 3‘+60r(r (=) 3 T 80sG-N(r—s) 31 0
i @ s 4(5r—25) 1 + s*(25—5) @ . 52(55—10r+5rs—3s> )(_)
6! 60(s—1)(r—1)4! ' 60r(r—1)(r—s) 4! 60(s—1)(r—s) !
~ (r)® (2r—5s) 1 r2(10s—5r—5rs+312) (r)* #(2r=5)  (s)*
G T DD T 600D 4T 60sG-1)(r—s) 4T
(DS (10rs—55—5r+3) 1 (55=2)  (n)* W (5r=2)  (s)*
[ 6! T T 60Gs—1)(r—1) 4 60r(r—1)(r—s) 41 " 60s(s—1)(r—s) 4 |

s*(25—5r4-2rs—s?)
1440

_ —(r4(5s—2r—2rs+r2))
1440

—(5rs—2s—2r+1)
1440

Hence, by comparing the coefficient of &, the block of first derivative has order [4,4,4]"

together with the following error constants vector

s*(2s — Sr4-2ns—s?) —(r*(5s—2r—2rs+1?)) —(5rs—2s—2r+1) !
1440 ’ 1440 ’ 1440

=3

This is true for all s, € (0,1)\ {{r= ngizss FU{s =

In order to find order of second derivative block (4.35), strategy above is also applied.

Such that, y" and f- function are expanded in Taylor series. This is illustrated below.

_ AU y2+s(25_6(’£,2)”_32)y2/—nifzf)ffll) Yo Byt 1 [ 1
Pt Lo ot — e S 0
R A A e P e Ly Iy AL I
O T o — i S AT || 0
Lo byt -y — ity Gt v o eyl
_% oo (r )fhf+3y]+2 n % i (s)th!f+3y£+3 | o
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Comparing the coefficients of 4/ and y/ . This gives

0-0 0
Co=]0-0[=]0
i 0-0 | i 0 |
0-0 0
Ci=]0-0|=]0
| 0-0 | | 0
1-1 0
G=]1-1|=]0
i 1-1 | i 0 |
i s s(2s—6r42rs—s?) $(2r—s) 1 s3(s—2 0 1
(’1)!— L ( (12r) T 12(s—D)(r—1)0! T o= (Z—s) 0!
_s(4s—6r+4rs—3s2) @
(12(s—1)(r—s)) !
(ML r(6s—2r—2rs41?) Pr-2s) 1 r(6s—4r—4rs+3r%) (r)°
G| T (125) B = ) B ) (2 ey
X P (r=2) (s)?
12s(s—1)(r—s) 0!
1 (6rs—2s—2r41)  (6rs—4s—4r+3) 1 (2s—1) @
1! (12rs) 12(s—1)(r—1) 0! 12r(r—1)(r—s) 0!
2r—1 5)0
| + 12s((s—1)(2’—s) % i
[ (5)? $(2r—s) 1 + $(s=2) 1 s(4s—6r+4rs—3s%) (s)!
20 R2E-Dr-D T T 12Zrr—D(r—s) 1! T T (12(s—1)(r—s)) 1T
~ r)? P (r—2s r(6s—dr—drs+3r%) (r)! P (r-2 s)!
Ca= % + (12(5—1)(3—1)& -4 12(r—1)(r—s) )% - 12s(s£1)(2—s)%
1 (6rs—4s—4r+3) 1 (2s—-1) (0! L@y (s)!
L 2! 12(s—1)(r—1) 1V 12r(r—1)(r—s) 1! 12s5(s—1)(r—s) 1!
[ (s)3 $2r—s) 1 $(s=2) 2 s(4s—6r+4rs—3s%) (s)?
BT 12(s-D)(r=1) 2! + 2r(r—1)(r—s) 21—~ (12(s—D)(r—s)) 2!
~ r)3 r3(r—2s) 1 r(6s—4r—4rs+3r2 (r 2 r3(r—2) (s)z
Cs = (3_)’ + 12(s—1D)(r—1)2! ( 12(r—1)(r—s) )2_)’ T 12s(s—1)(r—s) 2!
1 (6rs—4s—4r+3) 1 (2s—1)  (n)? L@ (s)
L 3! 12(s—1)(r—1) 2! 12r(r—1)(r—s) 2! 12s(s—1)(r—s) 2!
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@ $3(2r—s) 1 + $3(s—2) P s(4s—6r+4rs—3s%) (s _) 0
41 12(s D(r—1)3" " 12r(r—1)(r—s) 3! (12(s—1)(r—s)) 3!
~ r)* P (r=2s 65—4r—4rs+3r2) (r)? P (r=2 —
Co= | G+ momen 3 — e o~ mees )Q — |0
1 (6rs—4s—4rt3) s

25—1 r)? 2r—1
| @ 12(s—1)(r—1) 3L_12r((r—1)()r—s)%+W% J 0

(s)5 (2r s) $3 (s—2) 4 . s(4s—6r+4rs—3sz) (5)4

50 12(s 1)(r— )4l+ 2r(r—1)(r—s) 41 (12(s—1)(r—s)) 4!
Pr=2s) 1 _ r(6s—4r—4rs+3r?) (r)* PBr=2)  (s)*

! +(12(s—1)(r 1) 4 R2r—1)(r—s) 47 = T2s(s—1)(r—s) 41
(6rs—4s—4r+3) (2s—1) (r)4_|_ (2r—1) (s)*
12

1 1
L 3! R6—D(r—1) 41 12r(r—1)(r—s) 4! s(s—1)(r—s) 4!

3 (55— 10r+5rs+33s2)
5760

_ | *(5r—10s+5rs+3312)
5760

_ 10rs—5s—5r"33
5760

Therefore, by comparing the coefficient of A, the block of second derivative has order

G081} with

[4,4,4]T foralls,r € (0, 1)\{{r— mjg; JU{s= 5’ 33’ =33 s =

the following error constants vector

53(5s =107 4-5rs + 33s%) r3(5r — 10s +5rs +33r%) ~ (10rs — 55 =5r—33) r
5760 ’ 5760 7 5760

4.1.1.2 Zero Stability of One Step Hybrid Block Method with Generalised Two

Off-Step Points for Third Order ODEs

In finding the zero-stability of the block (.21]), we only put into consideration the first

characteristic function according to Definition ([3.1.3]), that is

M) = | B8R
1 00 001
= 21010 11—1001
001 001

= z°(z—1)=0
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This implies z = 0,0, 1. In order to find zero-stability of the block of first derivative

(4.28), Definition (3.1.3)) is also applied, that is

M) = [P B
1 00 001
= 101 01—1001
001 001

= Z#(z—1)=0

whose zeros are z = 0,0, 1. The characteristic polynomial for the second derivative

block (#.35) is given as

M(z) = |12 — B2
1 00 0 0 1
= 1 01 0 |—=] 001
0 0 1 0 0 1

= S2(z—1)=0

which implies that z = 0,0, 1. Hence, the conditions in Definition (3.1.3)) are satisfied.

Therefore, the block method and its derivatives are zero stable.

4.1.1.3 Consistency and Convergent of One Step Hybrid Block Method with

Generalised Two Off-Step Points for Third Order ODEs

The block method (#.21)) and its derivatives (4.28),[.35)) are consistent and convergent

as stated in Definition (3.1.4)) and theorem (3.1))
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4.1.1.4 Region of Absolute Stability of One Step Hybrid Block Method with

Generalised Two Off-Step Points for Third Order ODEs

Applying (3.29) for one step hybrid block with two generalised off step points (4.21),

it gives
_ 1[2]3Yr£12}3 0 _B[Z]SR[2]3 0
h(6,h) = —— (6) L (6) (4.33)
[D[ }3YR[2]3<6) +E[ bYR[Zb(O)]
4 5
where
els@ 0 0
[[2}3Yn[12]3(9) — 0 eir@ 0
0 0 £°
001
BRP(0)=1]0 0 1
0 0 1
—(s3(Bs—15r+3rs—s>
0°0 . (120r) .
(2] _ 3 (155—3r—3rs+r?
? 2Ybe(e)_ 00 (1205) s
15rs—3s—3r+1
00 u (120rs) )
(P@s-5ri2rs) o (63 i (SGrs) e
(120(s—1)(r—s)) (120r(r—1)(r—s)) (120(r—1)(s—1))
7 (2] = (r(r=3)) si (P (55=2r=2rs+17)) ri —(P(r=3s)) i
BT (6) Iy ) R ¢ s [ R i e
—(3r—1) esie (3s—1) erl‘e (5rs—25—2r+1) el‘e
(120s(s—1)(r—s)) (120r(r—1)(r—s)) (120(s—1)(r—1))

The above matrix is simplified and after finding the determinant, we have

R0 = (1728006 — 172800)
T (107252 — 61253 — 61352 431353 + r353ei9)

The above equation is expanded trigonometrically and the imaginary part are equated

to zero. This produces the equation of absolute stability region for one step hybrid
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block method with two generalised off-step points for third order ODEs as below

h(6.h) = (172800cos(6) — 172800)
T (107252 — 61253 — 61352 + 31353 4 1353 cos(0))

(4.34)

4.2 Derivation of One Step Hybrid Block Method with Generalised Three Off-

Step Points for Third Order ODEs

In order to derive this method, Equation (#.5)) is collocated at all points i.e X;, X;ts,,
Xntsys Xntsy and x, 1. while (3.1) is interpolated at points X,, Xu4s,, Xn+s,. This is

illustrated in the Figure 4.2 below.

Figure 4.2. One step hybrid block method with generalised three off-step points for
solving third order ODE:s.

From above figure, v =3 and m = 5. As a result, we get

Yn = Aao.
Ynts, = ao+aisi +a2S%+a3S? +614S§1 +a5s? +a6s? +a7sz
Vnts, = ap+ais +azs% +a3s% —1—614531 +a5sg +a6sg —I—a7s;.
6
fn = h_3a3
6 245 6052 120s3 210s?
fi’H—Sl - ﬁ‘n + 3 as+ h31a5 + h3 1a6 + 13 1a7 (435)
6 24s5p 6055 12053 210s3
Jrts, = may, + 3 as + % as+ % as + % as
6 24s3  60s3  120s3  210s}
fn+s3 = ﬁa3 + % as + X as + % ae + % az
6 24 60 120 210
for1 = h_3a3+h_3a4+h_3a5+ﬁa6+ﬁa7
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Equations (4.33)) can also be written in a matrix form

1 0 0 0 O 0 0 0 aop Vn
2 4
L s1 sy s? 57 s? s? s? ap Ynts
2 3 4 5 6 7
L 55 55 55 85 55 53 5 ar Yntsy
000% 0 0 0 0 as fu “36)
245, 6052 12053 2105t N '
00 0 6 1 1 1 1
3 w3 w3 3 w3 as fn+s1
6 245, 60s3 120s3 120s3
0 0 0 3 h32 h32 h32 h32 as fn+s2
6 2453 60s3 120s3  120s%
0 0 O X 3 3 3 3 ae fn+S3
6 24 60 120 210
000 5 % B » W a fnt1

Employing the Gaussian elimination method in finding the unknown values of a;'s,

i =0(1)8 in (4.36) yields

ao=>Yn
(s1+52) 52 51
oA HE gy e N
(Slsz) n (Sl (S] _s2)> n-+si (Sz(Sl —32)) yn+s2
3
~940s (]4sls% —45%55 + 14s%sz —45153 —45?52 —|—21S%S3 — 78?53 +21S%S3
3
—7S3S3 — 7s? + 3s41t — 7s% + 3s§ + 14S1S%S3 + 14S%S2S3 — 84515253) fn

4 /’13S2
840(S1 —Sz) (Sl —S3) (Sl — 1)

+ 14S%S3 + 4541l — 7S?1)S3 — 21S%S3 + 7S%S3 — 7s? + 7s% — 3s‘2l + 7S1S%S3

(7s155 — 35753 + Tstsy — 35155 — 35350

—|—7S%S253 — 21S15253)fn+sl
n h351 (35%5% _ 7S1S% — 7S%S2 + 3S1S% + 35?32
(840(s1 —52)(s2 —3)(s2— 1))

+ 21S%S3 — 4s§ — 7S?S3 — 14S%S3 + 7S§S3 — 7s? + 3s‘1t + 7s§ — 7S1S%S3

h3S1S2
(840S3 (Sl - S3)(S2 - S3)(S3 - 1))
—753 — 4573 4 1dstsy — ds153 + 145153 + 353 —753) friss

—7S%S2S3 +21515283) futs, — (3s411 — 4s?s2

n I3siso
(840(s; — 1)(sp — 1)(s3—1))
—4s153 + 14535153 + 353 — 75353) frt1

(35T — 45350 — Ts357 — 4sTs3 + l4szstsy
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Loy 1 1 B h?
(5152)°" " (51051 —2)) 0 T (oa(s1 —52))° "2~ (840s15253)

—4s1s2 4s1s2 + 14s1s2 + 14s1s2 — 4s1s2 4s1s2 + 21SIS3 — 7S1S3 + 21S2S3 — 7s1

(14535353

ay =

+3s? — 753 + 3s§ — 84s1s%S3 84S152S3 + 14S1S2S3 + 14S1S2S3 + 14s1s2 7s253)f,,
h3
_|_
(840s3(s1 —53) (52 —53)(s3 — 1))
—|—14s%s% — 4s1s§ + 14s1s% + 3s§ — 733)]‘”“3
(n
(840(s1 —1)(s2—1)(s3— 1))
—|—14S3S1S2 4s1s2 + 14S3S1S2 + 3s2 7S3sg)fn+1
(n
(840s2(s1 —52) (52 —53)(s2— 1))
—|—3s‘1lsz + 218?5‘3 — 7s‘fS3 — 14S%S3 + 7835‘3 — 7s‘f + 3s? + 7s§ + 21S1S%S3 + 21S%SZS3

(357 — 4stsy — Ts] — 4sis3 + l4sisy —4sts

(357 — 4sTsy — Tsas] — 45355 + ldsysisy —4stss

(35753 — Ts7s3 + 35355 — Ts1s5 — Ts157 + 35155

— 7515353 — 1575253 — 485 — T575353) frtss
h3

(84051 (51— s2)(s1 —83)(s1 — 1))

—3s‘1‘s2 + 14S%S3 — 7s‘fS3 — 21S%S3 + 7sgS3 — 7541t +4s? +7s§ * 21S1S%S3 + 7S%S%S3

(75355 — 35755 — 35355 + 5155475357 — 35153

—21S%S2S3 -+ 7s1s%S3 + 7S?SZS3 — 352)]‘,,“1

B3 (5152 + 5153 + 5253 + 515253 (h3s15253)
as = — fo + o+t
(24515253) (24(s1 — 1) (s2— 1) (s3—1))
4 h3sls3 f h3S1S2 f
(2455 (s1 —52) (52— 83) (52— 1)) (24s3(s1 —53) (52— 53) (53— 1))/
h3s0s3 f
(2451 (s1 —52)(s1 — s3) (s — 1))
h3 h3
as = — (s152 + 5153 + 5253) Fror+ (s1+52+5182)

(60s3(s1 —s53) (52 — 83) (53 — 1))f"“3
N h? (s34 53+ 5253) Froe — h?(s1 + 53+ 5153) F
(6051 (s1 —s2)(s1 —s3) (51— 1)) (6052 (51 — s2) (52 —53) (50 — 1))

B3 (s1+ 53+ 83+ 85152 + 5153 + 5253)
+ fn
(60S1S2S3)

(60(s1 = 1)(s2—1)(s3 - 1))
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B (s1+s3+1)) 1 (514524 53))

“ = (12003051 —s2)(s2—33)s2 = 1)) T (120051 = (s~ (33— 1))”"*!
- (S(ller()S;;zz)Jr :
n n
7 108152 s8] D)/ T @10 SDICECE 0y’
- <2uzzz3<)s1 (PR ARl o ey ey e e

(210S1S253) "

Substituting the values of a’s into equation (3.1]) and simplifying, this gives a continu-

ous linear multistep method of the form:

Z Oynt+i 1 Z Bzf)H—l + Z ﬁs,f;1+s, (4.37)

i=0,51,52

The first and second derivatives of equation (4.37) are given by

' d L 9
Y= Y Gee@mit Y 5 Bl fn+l+2 ﬁs, Ofwtsi (438)

i=0,51,52

" 2?2 1 92 3 92
y (x)= i=(§,s2 ﬁai(x))’nﬂ' + i;) Wﬁi(x)fnﬂ + l; Wﬁsi (X) fu-ts (4.39)
where

(xp —x+ hsy)(x, —x+ hsy)

% = (/’L2S1S2)

o ((x —xp)(x —x, — hs2))

. (h2s1(s1—52))

(x —x,) (xy —x+ hsy)

OCSZ =

(h%s2(s1—52))
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By —  (r—xn) (n —x+hsa) (X0 —x + hsy)
0~ (840h?s15253)

+16x°x, — 4x* —dxt — 7hs3 4+ 3ntst — Thts3 + 3h*s5 + 3hs x4 3hspx® + 16xx0

(Thx® + 3W3s3x — 24x°x2 + Thsyx®

—3hs1x) — 3hsox) — Thsax 4+ 21hxx? — 21hxx, + 14h*s 53 + 14h*stsy — dh*s 53
— 4kt 152 + 21h%s? 153 — Ths3 153 + 21h%s3 583 — 7h4S2S3 7h2s1x — 7h3s1x
—Thx — Th*sox* — Th3s3x + 3R s3x — 14h*s3x® — Th*six2 + Thstx, — 31°s3x,
+7h3szxn — 3h3s2xn — 14h2S3X 4h*s? 53 155 + 3h2s1x 14h3slszxn — 21h3s1S3xn
+ 3h2s%x2 + 3h2s%x,2, + 3h2s2x - 84]’14S1S2S3 + 1413 S182x + 2143 S153x + 9hs1xx

+ 21h3s2 S3X — 21h3s2S3xn + 14h2s1xxn + 9hs2xx,zl — 9hs2x2xn + 14h2s2xxn
+ 21]153)6)6% + 28h2S3xxn + 14h451S%S3 + 14h4s%s253 — 4/12s1s2x2 — 4h3s1s%x
— 41° S%Szx ,— 7h251S3x2 — 7K S%S3X—7/’l2S2S3X2 — 4h251szx% + 4h3s1s%xn
+ 4h3s%szxn — 7h25153x,% + 7h35%S3 Xy — 7/’12S2S3X% + 7h3s%‘93xn + 14h2S253XXn
-6h2s2xxn + 1435 15283X — 1413 §15283%y, + 8h2s1szxxn + 14h2s1S3xxn — 6h? s%xxn

—9hs 1 x5y — 21 hsax’xy — Th° s%syc — 7h2s2x,2,)

By = (X =) (Xn — x4+ hs2 ) (X —x+ hsy)
ML (840n%s1 (s1 — 1) (s1 —53) (51— 52))

+6h252xxn - 3h3sls%x — 16x3xn + 4xi + 7h4sg — 3h4s‘2l —|—4hs1x3 — 14h3s1S3xn

(24x°x2 — 141 syxx,, + 413 s3x + 4hs}

—4hs1X + 3hsox + Thsax? — 21hxx? + 21hxx, + Ths s34+ Th*stsy + 303 s155x,
—3h*s3 152 + 14h4S1S3 — 7h4S1S3 — 21h4S%S3 + 7h4S3S3 — 7h2s1x2 — 7h3s%x — 16xxf,
+7h252x2 + 7h3s%x — 3h3s%x + 14h253x 7h2s1x + 7h3s1xn — 4h3s1xn + 7h2s2x%

—Th353x, + 3h353x, + 1402532 — 3h*s7s3 4+ 4h*stx® — 3h?s3x% 4 4h*sTa + Thx)
—21h* 515253 + 71 S1852Xx + 1413 S183X — 2143 $253X — T S180Xy — 3hszx — 3h2s2x
+21h3S2S3xn + 12hs1xx,% —12hs lxzxn + 14h%s 1XX; — 9hszxx,2l + 9hszx2xn — 7hS3x3
—21hS3xx,21 + 21hS3x2xn — 28h2S3xxn + 7h4S1S%S3 + 7h4S%S2S3 — 3h2s1s2x2 —Thx®
—3h35252x Th? s1S3x —Ths? 153x+ 7h2S2S3X + 7h3s253x — 3h2s1s2x,% — 3h4sls3
+3h3slszxn —7h? 51S3x +7h slsycn + 7h252S3X — 7/’13825‘3)6,1 — 8h2s%xxn - 7h4s?

+7h3s 15253X — Ths 15283X, + 6h2s1szxxn + 14h%s 183XX, — 14h2sz33xxn + 4x4)
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B, = (x —xu) (xn —x+hsp) (xp, —x+ hsy)
2 (840h*sy(sp —1)(s2 —s3)(s1 — 52))

+16x°x, —4xt — Th*s3 + 30 st + Thts3 — ah*sh + 3hs 1 x® — 4hsyx + 210 s 5283

(Thx® — 24x%x2 + 160 + 3h%s3x — 4ot

— 3hs1x,31 + 4hsz)c,31 — 7hS3x,3, + 21hxx,2, — 21hx2xn — 7h4s1s% — 7h4s%sz + 3h4s1sg
+3h4s sy + 21]’l4S2S3 — 7h4S1S3 — 14h*s3 583 + 7h4S2S3 — 7hzs1x2 — 7h3s%x — 7hx;°’l
+ TR s5x — 4l s3x — 14h2s3x% — Th2s1x2 + Th3s7x, — 303 s3x, + Th2sox2 — Ths3x,
+4h3s2xn — 14hZS3x + 3h*s3s3 155 + Z%hzs%x2 — 4h2s%x2 + 3h%s x2 — 7h3S2S3xn
—|—28h2S3XXn + 21h381S3x — 14h3S2S3x + 7h3s1szxn — 21h3s1S3xn + 14h3S2S3xn
+ 14h2s1xxn — 12hs2xx% + 12hs2x2xn — 14h2s2xxn + 21hs3 xx,zl — 21hS3x2xn
—Th*s? 15283 +3h% slszx + 3K s1s2x+3h s1s2x — Th? s1S3x —7h s153x—|—7hS3x
+ 3h2s1szx,% — 3h3s1s%xn — 3 s%szxn - 7/’128153)6,% + 7n s%sycn + 7/’12S2S3X%
+8h2s2xxn — 7/13S1S2S3x +7h3s 15253X — 6h2s1szxxn + 14h2S]S3)an — 14h2szsycxn
2

-6h2s1xxn + 7h3S%S3X — 7h4S1S%S3 — 9hslxzxn 4= 7hzszx2 4= 9hs1xx% + 7h2S2S3X

— 42 53x% —Ths157x)

8 :_(x—xn)(xn—x+hs2)(xn—x+hsl)
. (840h*s3(s3 — 1) (s2 —53) (51 —53))
+14h4szsz — 4h4sls2 + 14h4s1s2 + 3h4s2 — 7h4s + 3h3s1x 3h3s1xn — 4h3s%szx

(3n*st — 4h*sisy — Th's] — 4h'sis3

+4h3s1szxn — 7h3s x+ 7h3s1xn — 4h3s1s%x + 4h3s1s%xn + 14h3s1szx — 14h3s1szxn
—3h3s2xn — 7h3s x+7h’s3 §5Xn + 3h2s1x 6h2s1xxn + 3h2s1x — 425 5ox° — 4x
—4h2s1s2x,% — 7h2s1x2 + 14h2s1xxn — 7h2s1x,% + 3h2s 6h2s2xxn + 3h2s2x
—7hzszx2 + 14h2szxxn - 7h2szx,% + 3hs1x3 + 9hs1xx% — 3hs1x,3[ + 3hszx3 + 16xx2
—9hszx2xn + 9hszxx,% — 3hszx,3, +Thx — 21hx2xn + 21hxx% — 7hx,31 — 4t + 16x3xn

+3h3s x — 24x%x —9hs1x X + 8h? S182XXy,)
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By = (x —x,) (X —x+hsy) (xy, —x+ hsy)
P (840K (53— 1) (s2— 1) (s1 — 1))

—dx* + 14s3h*sTsy — 4h*s s34 1ds3hts 53 + 3h*st — Ts3h*s3 4+ 313 s3x + 16x°x,

(3h*st — ah*sisy — Tssh'st — 4h*sts?

—4R3s? 152x+ 40’ slszxn — 7S3h3s x4+ 7S3h3s1xn — 4h3s1s2x +4hn s1s2xn + 3hszx
—|—14S3h351s2x — 14S3h3s1s2xn + 3h3s x— 3h3s2xn — 7S3h s2x + 7S3h3s2xn 4xi
+3h253x% — 6h>s7xx, + 3h2sTx2 — dhPs 50> + 8hPsys0xx, — dhPs 50> + 16xx
—7S3h281)€ + 14S3h S1XXy — 7S3h2S1X + 3h2s2x — 6h2s2xxn — 3hslel — 3hszx,3,
—7S3h2szx2 + 14S3/’12S2X)€n — 7S3h2szx% + 3hs1x3 —9hs 1x2xn + 9hs1xx% — 7S3hx;31

— 9hs2x2xn + 9hs2xx3l + 317 s%x,zl + 7S3hx3 — 2IS3hx2xn + ZIS3hxe — 24x2x%

—3h3s3x,)

Evaluating Equation (4.37) at non-interpolating points i e, at x,+, and x,;1 produces

the following schemes

(S2—1> (Sl—l) (S]—l) (Sz—l)
A = § - oy, =
PTG ) T (s (=) C
W (sp—1)(s1 — 1
-, ( ((;2405*112?3) ) (10sy 52 —=4sy —Ts3 — 4s%s% =45y + 14dsys3 + 145953 — 4s%

+10s1s% + IOS%SQ — 4s1sg — 4s%s2 + 14S%S3 — 7S?S3 + 14S%S3 — 7S%S3 + 14S1S%S3

—4s3 + 357 — 453 — 453 + 355 + 14sTsps3 — 10515253 +3) f
W (sy—1)
(840s; (51 —52)(s1 —53))

+4sls% + 4s%sz 3s1s2 3s1sz + 7S1S3 7S?S3 — 14S%S3 + 7S%S3 + 7s1s%S3 — 3s%

(4sy — 3s1+Ts3 — 3s%s% + 45157 + Ts153 — 14sos3

—3s? + 4s‘1l + 4s% + 4s% — 3s‘21 + 7S%S2S3 — 14515253 — 3) fots,
+ h3(S1 — 1)
840S2 (Sl — S2) (Sz - S3)

—|—4sls% —|—4s%s2 3s1s2 3sls2 — 14S1S3 + 7S1S3 +7s253 — 7S2S3 +4s1 + 7s1s253

(4sy — 350 + 753 — 3s%s% + 4515y — 14s153 + 75253

— 35T — 355 — 353 + 453 + 7515353 — 14515253 + 457 — 3) furs,
W3
+
(8408182S3 (Sl — S2)(S1 — S3)(S2 — S3)(S3 — 1))
—21s3 s2 +21s1s2 7s1s2 + 21s1s2 2ls%s% —|—7s?s2 + 3s%s% —21s3 s2 + 21s1s2

(—3s]s3 4 3s]s2 + 75953 — 75857

141



h3
(840s3 — 840)
—|—4s%s2 +4s1sg + 4s?s2 + 7S%S3 + 7S?S3 + 7S%S3 + 7S3S3 — 3s% — 3s? — 14515753

—3S1S2—3S1S2+7S1S2 7s1s2+3s1s2)ﬁth3 (4s1s2 350 — 753

=351+ 4s150 + 785183 + Tsas3 + 4s1s% — ?)S‘lt — 3s% — 3s% — 3sg — 14S1S%S3

— 14S%S2S3 + 4)fn+1 (4.40)
(s3(s2—53)) _ (s3(s1—83)) _ (s1—s3)(s2—s3)
Vnts; T —(Sl (51—52)) Yn+s, (52051 —52)) Ynts, = (s152) Yn
/’l3 (S] — S3)(S2 — S3)

(=3s] + dsisy + 4sis3 + 757 + 45755 — 10575053 — 14sTs,

(840S1S2)

—14S%S3 + 4s1s3 — 10S1S%S3 — 14s1s% — 10s1szs% + 70515283 + 4s1s§ — 14s1s%

—3s3+ 4S3S3 + 7s% + 4s%s% — 14s3s3 + 4s2s§ — 14szs% 3s3 + 7s3 + 4s1s3)f

h3s3(s2 — s3)
(84051 (51 —52) (51 — 1))

—3s%s§ + 7s%53 — 3s1s% —|—4S1S%S3 +7s1s% + 4s1szs% — 1455053 — 3sls§ +7s1s%

(45T — 35350 — 35753 — 753 — 35753 + 4575253 + 75752

—3>s‘21 1 4S%S3 N 7s§ + 4s%s% 14s2 53+ 45753 53— 14S2S'§ 35"; - 7sq,)fn+s1
hs3(s1 —s3)

" (8405, (51— 52)(s2 = 1))

—|—4s%s% — 14S%S3 — 3s1s% T 4S1S%S3 + 7515% +4s1s2s% — 14515283 +4sls§ — 14s1s%

(—35411 — 3s%s2 + 4S?S3 + 7s? — 3s%s% + 4S%S2S3 + 7s%s2

+4s§ — 3S%S3 — 7s2 3s2s3 + 7S2S3 — 3szs3 + 7szs3 3s3 + 753)fn+s2
i 4 3 3 3 2.2 2 2 22
+m(—3sl +4s750 — 35753 + Ts7 +4s755 + 4575253 — 145750 — 35753

+7S%S3 + 4s1s3 + 4S1S%S3 14s1s2 +4s1szs3 — 14s152853 — 3s1s3 +7s1s3 3s2

—3.5‘%53 + 7s% — 3s%s§ + 7S%S3 — 3s2s§ + 7szs% + 4543l — 7s§)fn+s3

h3
_ _21325 21532 21352
840s1s7(s1 —52)(s1 —1)(s2 —1)(s3—1) ( 518553 — 21575555 + 21575553
+3s182s3 —3s] szss —|-7S]S2S3 7s?szs§+21s?s%sg 7s3 S2S3—|—7S1S2s3 +3515253

—21s%s§s§ + 21s1s2s3 3s1szs3 3s1s2s3 + 7s1s2s3 7s152s3 + 3s1s2s3)fn+1

(4.41)
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Evaluating (#.38) at all points i.e X1, Xnts;» Xntsy» Xntsy and x,41 yields

, N 52 B S1 B _(s1+s2) B h?
yn )))’n+s1 (hsz(SI _Sz)))’n+sz - (hSlSZ) y}’l (840S3)

—_— 145,53
(hs1(s1 — 2 (145152
—4s%s% + 14s%sz 4s1s2 4s1s2 + 21815‘3 7S?S3 + 21S%S3 — 7S%S3 — 7s? + 3s‘1‘

—7s§ + 3s3 + 14S1S%S3 + 14S%S2S3 —84515253) fn
h%sy
(8405, — 840s7) (51 —53)(s1 — 1))
— 14S%S3 + 7S%S3 + 21.5‘%5‘3 — 7S%S3 + 7s? — 4s41‘ — 7s% + 3s‘2l + 21515253
hs,
840(s1 —s2)(s2 —53)(s2— 1)
—|—3s1sg + 3s?sz + 21S%S3 — 7S?S3 — 148%83 + 7S%S3 — 7S? + 3s‘1t + 7s% — 4s‘21

(35353 — Ts1s3 — Tsiso + 3s1s3 + 3si’sz

(35353 — Tsy155 — 15352

2 2
— 7515553 — 7575283) fots, +

2 2
—7s185553 — 1575253 + 21515253 ) fn-ts,

h2S1S2
840S3 (Sl = S3) (SQ — S3) (S3 — 1)

(=3sT + 453504753 + 45753 — 145352 + 45155

hZS]SZ

—14s153 =353 +753 — 4s359 + 5357

$152732 4 792) fokss ~ o0 840) (53 S 1) A= D)L 12 F 73
—|—4s%s% 14S3S1S2+4S1S2— 14S3S1S2 3s2—|—7S3s2 3s1)fn+1 4.42)
/ (2S| —Sz) S [ s (Sl _52)
Yn+tsi (hsl (51 _82>)yn+s1 + (hS2(Sl _Sz))ynJrsz = (hS]SQ) Yn

(51— $2) 3 2

_m(h sz 5s1s2—|—21s1sz s152 9S1S2+28S1S3 14s7s3 + 215553
— 75353 — 14s3 + 857 — 753 4 355 + Ts15353 + 21575053 — 63

583 57+ 65 85+ 385, + 7515553 + 21575253 S1S2S3)fn

h2

(14s153 — 95755 + 21sT5y — 65153 — 12575y + 425753

(840051 — 1) (31— 53))
— 28S?S3 — 21S%S3 + 7S%S3 — 285% + 20s‘1l +7sg — 3sg + 14S15%S3 + 21s%s253
h%s,
(840s2(s2 —s3)(s2 — 1)
— 14S?S3 — 14s233 + 7S2S3 — 14s1 + 8s‘1t + 7s§ — 4s§ — 7S%S2S3 +7515283) frts,

h%s,
~ 840s3(s1 —53) (52 —83)(s3— 1)
— 145753 + 45153 — 145153 — 355 +753) s

—42515253) frts, + (25755 — TsTsy — 5155 + 55757 + 285753

(857 — 17575y — 14s] +4s3s3 + 35535y + 4sts3

h2s
(8405, — 840)(s ; “Dis-1) (s1 — 52)(—85T + 95352 + 145357 4 55353 + 5153
21535757 — 7535153 — 353 + 75353) frur1 (4.43)
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52 (51— 2s2) (s1—92)

yn+52 (hs1(S] _Sz)) Yn+s - (hSZ(S] _Sz))yn+sz = - (hS]Sz) Yn
h*(si —
ﬁ (21s1s% — SS%S% + 7s%sz — 9s1s§ —s?sz —1-218%5‘3 — 7S?S3 + 28S%S3
—14s352 — T3 4 143 4 2 2 o
583 — 157 + 357 — 14s5 4+ 855 + 21515553 + 7575253 — 63515253 ) fn

h2S2
840S1(S1 —S3)(S1 — 1)
—14S2S3 + 7s1 — 4s‘1‘ — 14s% + 8s§1 — 7s1s%53 +7515253) futs,

— (K2

. ()
(840(sp — 1)(s2 —53))
— 73?53 — 42S%S3 + 283353 — 7S‘;’ + ?’s‘lt + 2853 — 20s3 — 2181S%S3 — 14S%S2S3

(2S%S% — 7s1s% + 5s1s2 slsz 14S1S3 +7S1S3 +28S2S3

(95755 — 215155 — ldstsy + 125153 + 6535y + 215783

+42515283) frts,

h2sy
~ (840s3(s1 —s3)(s2—53)(s3 — 1)
— 145353 — 175155 + 355153 4+ 855 — 1453) frvs5

(=353 + 4stsy + TsT + 4sis3 — 145350+ 45755

hzsz(sl —57)

3si 7 5s7s3 =1 9
+(84Os1 —840) (s, — 1)(s3 — 1)) (=381 + 5152 4 Ts353 + 55753 = Tsastsr + 95153
~21535153 — 853 + 145353) fy 1 (4.44)
/ (82—2S3) (S1—2‘93) g (S1+Sz—2S3)
Yntsy (/’lSl (51— sz)))’n—i-sl (hsa(s1 — Sz))y;1+s2 — (75152) Vn
]’l2
 (840s15253) (35152 — 65153 — 4sisy + sisas3 — Tstsn + 14sis3 + Ldsiss + 14sis

—4s3 s2 + 22S1S2S3 + 14s1s2 28s1s2s3 7s%s253 — 42s31’s% —dsts3 + 22.5‘%.8‘%.5‘3 42s2s3
+ 145152 28S%S%S% 1128%S%S3 + 168s%s2s% + 3sls§ + 515353 — 751542l — 28sls%s%
— 7sls%S3 + 168S1S%S% + 70s1szs§ — 280s1szs§ — 2851s§ + 7Os1s§ — 65353 + 14s‘2‘s§

—285253 + 705255 + 145§ — 2853) f;
h2

(84051 (51— s2) (51— 83) (51 — 1)

—14sts3 + 3s1s2 13S1S2S3 —7s3 s2 + 14s152s3 +28s3 s3 + 35755 — 13S1S2S3 — 7s1s2

(— 4s1s2 + 8S1S3 + 3s1s2 +S182S3 +7s1s2 — 14s1s3

+14s7 5253 + 35S152S3 425%szs% + 3s1sg — 13sls§S3 — 751542‘ + 14s1s§s% + 35S1S%S3

42s1s253 65553 + 14s2s3 + 1452S3 42s2s3 28szs3 + 7Oszs3 + 14s3 28s§) Jnts;
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h2
+
(840S2(S1 - Sz)(Sz - S3)(S2 - 1)
+14sTs3+ 3s1s2 13S1S2S3 7s1s2 + 14s1s2s3 + 35S1S2S3 — 42s1s3 + 35755 — 42s1s2s3

(35757 — 65753 + 35755 — 135]5253 — Tss2 + 14s7s3

—13S%S%S3 7s1s2 + 14s7 s2s3 + 35575353 — 4s152 + 515353+ Ts153 + 14s1s2s3 + 2852s3

—42s1szs3 28s1s3 + 70s1s3 + 8s2S3 — 14s2s3 — 1452S3 + 14s3 28s§)fn+32
h2

~ (840s3(s1 —s3)(s2—53)(s3— 1))

—4s5353 + 8535553 4 145755 — 28575053 — 45755 + 8575353 + 145753 — 28575353 + 35155

(3s?sz — 65753 — 4s‘1‘s% + 8S?S2S3 — 7s‘11sz + 14s‘1‘S3

—1—8.5‘15‘21.5'3 7s1s2 28S1S2S3 — 70s1s2s3 + 140s1szs3 +42s1s3 — 70s1s3 — 6525‘3 28sg
h2

(840(s3 —1)(sp —1)(s1 — 1))

—4slsz + slsz53 + 14s1s3 4s1s2 + 22S18283 28s?szs3 4s1s2 + 2281S2S3 ZSS%S%S%

+ 14s253 + 4252s3 7Oszs3 + 4253 ) frtss + (3s? 57— 6s? 53

+3s1s§ + slsgsg 28s1s2s3 + 70s1szs3 28s1s3 6S2S3 + 14s2s3 28szs3 + 14s3)fn+1

(4.45)
/ (32-2) (S]—Z) (S]+S2—2)
4 \ T ] — <)) s - 71 7. \\Jnts — _———
G (hs) (s _32))yn+ : (hs2(s1 —Sz))y = (hsys2)
h2
- e (225753 — 2855 — 2853 — 285753 — 2851 + 226353 — AsTss — 45353 — 45

+70s152 + 708153 + 705283 — 28s1s% — 28s%s2 + sls‘g + s‘fsz + 3s1s§ + 3s?sz — 428?5‘3
+14s‘fS3 — 42S%S3 + 14S383 + 14s‘1t — 6s? + 14s§ — 6s§ + 168S1S%S3 + 168S%S2S3 — 781S%S3

—7S?S2S3 — 7s1s§S3 — 7S?S2S3 — 112S%S%S3 + 14S%S%S3 + 14S?S%S3 —280s1s253 + 14) f;,
h2

(84051 (s1 —52)(s1 —53)(s1 — 1))

+3s53 52 + 3s1s2 + 705253 + 14s1s2 + 14s1s2 — 13s1s2 + slsz + 3s1s2 4s1s2 + 285153

(145753 — 2853 — 2857 — 135753 — 135755 + 35755

— l4s‘fS3 — 42.5‘%.5‘3 + 14S‘2LS3 — 14s‘1t + 8s? + 14s3 — 6s§ — 42s1s%33 — 42S%S2S3 + 35S1S%S3

—7S1S3S3 + 7s‘1‘SQS3 + 35S%S%S3 — 7s%s%S3 — 7S?S%S3 + 14) fris,
h2
_|_
(840S2(S1 — S2)(S2 — S3)<S2 — 1))
+3s53 s2 + 3s1s2 + 705153+ 14s152 + 14s1s2 +s1s2 — 13s152 — 4s1s2 + 3s1s2 42s%53

(145753 — 2853 — 2851 — 135753 — 135355 + 35757
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+ 145753 + 285353 — 145353 + 14s] — 657 — 1453 4 855 — 42515553 — 42575253 + 35575253

+7S1S§S3 — 7S‘11S2S3 + 35S%S%S3 — 7S%S%S3 — 7S?S%S3 +14) fors,
h2

~ (840s3(s3 — 1) (52 — 53) (51 — 53))

—28s1sz — 4s1s2 + 2251s2 28s1s2 + 3s1s2 —|—s1s2 28s152 + 705152 — 2851 — 6s§ + 14s‘21
h2

((840s; —840)(sp —1)(s3—1)) (

—4sls2 4s1s2 4s1s2 70S1S2—70S1S3—70S2S3+8S1S2+8S1S2+3S1S2+3S1S2

(35750 — 657 — 4sTs3 + sTso + 14sT — 45353 + 225753

—28s7 4+ 14) fuys, + 4251 + 4257 + 4253 + 857 s2 + 8slsz

+14s‘11S3 + 14S3S3 — 6s? — 6s§ — 28s1s333 — 28S%S2S3 — 7s1s‘2153 — 7s‘1‘s253 — 28s%s%S3

+ 14575353 + 14535353 + 140515253 — 28) fouy 1 (4.46)

Evaluating (4.39) at all pints in selected interval produces the following schemes

" 2 2 2
In & (h2s3 = h%s152) Yntsi (h2 55 —h%s152) W (h%s157) In
h
—|—m (14s152 4s1s2 4s7 52 + 145153 + 14s?s2 = 4s1s§1 = 4s‘fsz + 21S?S3
19253
751534 215353 — 75353 — TsT 4357 — 755+ 355 — 84515553 — 84575253 + 14515353
1 2 2 1 1 2 ) 2 1 2

h
420S1<S1 —Sz)(sl —S3)(S1 - 1)

—}—7s1sg+7s?sz — 3s1s3 — 3s‘1‘sz + 14S%S3 — 7S?S3 — 21S%S3 + 7S§S3 — 7s‘11 +4s?

14535253+ 14575353) o~

(5355 — 35355 — 35753

+7s‘21 — 3s§ — 21S1S%S3 — 21S%S2S3 + 7S1S%S3 + 7s?s253 + 7S%S%S3)fn+sl
h

T 42052 (51 —52) (52 —53) (52 — 1))

—3s‘fsz — 21s?S3 + 7S‘1‘S3 + 14S%S3 — 7S3S3 + 7s‘f — 3s? — 75‘2l + 4s§ — 21815‘%83

75353 — 35755 — 3538 +7s1s +7s3 Sy — 3sls4
192 7 I91R2 T I992 2 1 2

— 21535253 + 7515353 + 7535253 + 7575353 s
.\ h
(420s3(s3 — 1)(s2 —3)(s1 — 53))
+ 145755 — 45153 + 145153 + 355 — 753) ftss
N (
(42051 —420)(s2 — 1)(s3 — 1)
— 14S3S1S2 + 4sls2 — 14S3S152 3s2 + 753s2)fn+1 (4.47)

357 — 4s4sz — 75t — 45353 + 14s3sz 45353
1 1 1 152 1 152

_|_

—3s? +4stsy 4 Ts3s] + 4s?s% — 14S3S%S2 + 4s%s%
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" 2 2 2

Yntsy (h?2 2—h2S1S2)yn+SI N (h252_h2s1sz)yn+s2 N (hzslsz)yn
h

(420s15253)

+49S?S3 — 285‘?83 — 21S%S3 + 7S3S3 — 28s‘1t + 7s§ — 3sg + 84s1s%S3 — 126S%S2S3

(45753 — 145753 + 45355 — 145153 + 565357 + ds153 — 31sTsr + 1857

— 14S1S%S3 + 56S%S2S3 — 14S%S%S3)fn
h

(42051 (51— 52)(s1 — 53)(s1 — 1))

—351542l + 102s‘1‘s2 — 1268%53 + 98s‘fS3 — 21S3S3 + 7S§S3 + 985‘1l — SOS? —|—7S%S%S3

(75753 — 35153 — 35353 +Ts153 — 1335757 — 355

+753 — 21515553 + 189575253 + 7515353 — 133535283) fruts,
n h

(420S2(S1 — Sz) (Sz — S3) (S2 — 1))
—3s‘11sz + 49S%S3 — 28S?S3 + 14s353 — 7S§S3 — 28s‘11 + ISS? — 7s‘21 + 4sg — 21S1S%S3

(75353 — 35753 — 35353 +Ts153 + Tsisy — 35153

—21s%s253 + 7s1s353 + 7S?S2S3 + 7S%S%S3)fn+sz
h

B (420s3(s3 —1)(s2 —83)(s1 — 53))

{45353 — 145355 + 45155 — 145153 — 3s2)fnJm

(1857 — 31sisy — 28s] + 45834 565752 + 753

h
1857 = 31sfsy — 28s3s] + 48383 + 565357
i (@205, —320) (55 — (53— 1)) (1857 5152 5357 + 45785 + 56535752
—|—4s%s% — 14S3S%S% +4sls‘2l 14S3S1S2 3s2 +7S3S2)fn+1 (4.48)
" 2 2 B 2
Intsy (h2s? — h2S1S2)yn+S1 (h2s3 — h2s157) Ints = (h%s157) In
h
+m(145152 4s1s2 4s1s2 56s132+ 14s1s2—|—31s1s2 4s‘fsz+21s“i’S3
— 7s‘1l 53 — 49s§ §3 + 28S3S3 — 7s‘1‘ + 33? + 28s‘2L — 18s§ + 126S1S%S3 — 84S%S2S3

h
420S1(S] —Sz)(sl —S3)(Sl — 1)

—3s?s% + 7s1sg + 7s?sz 3s1s2 3s1sz + 14S1S3 7s‘1‘S3 + 49S%S3 — 28s§S3 — ?)S%S%

— 56515353 + 14535083 + 14s75353) fo —

(75355 — st

+4s? — 28s‘21 + 18s§ — 21S1S%S3 — 21S%S2S3 + 7S1S%S3 + 7s?s253 + 7S%S%S3)fn+sl
h

* (42055 (s1 —52) (52 — 53)(s2 — 1))

+102s155 — 3sTsy — 215353+ 5753 — 1265353 + 985353 4+ 9853 — 8055 + 18955353

(75755 — 35753 — 35753 — 1335153 + Tsis0 + Ts}

—357 — 21575053 — 133515353 + 7535253 + 7575353 s,
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h
_|_
(42053(S3 — 1)(S2 — S3)(S1 — 53))
— 1853 4 145753 + 315155 — 565153 + 2853) frots3

(357 — dsisa —Ts{ — dsis3 + ldsisy — 4sis3

h
+(420S1—420)(S2—1)(S3—1))( S1+ s1s2+ S3S1+ S1S2 S3S1S2+ S]Sz
_14S35152 31s1s2 + 56S3S1S2 + 18s2 28S3S§)fn+1 (4.49)
" 2 2 B )
s (h? %‘thlSZ)ynH] (n? %—hzslsz)ynH2 T Zsis)"
h
+(4205152S3)- (35? - 45?52 - 7S‘1‘S3 — 7s‘11 — 4s?s% + 14s?sz53 + 14s?s2 + 215%33

—4s s% + 14s? S2S3 + 14s1s2 84S%S2S3 — 4s1s§ + 14S1S%S3 + 14slsg — 84S1S%S3
—7Os1szs§ + 210s1szs% + 35s1s§ — 7Os1s§ + 3sg - 7S§S3 - 7s§1 + 21S3S3 + 35szs§

—70s253 — 2153 +3553) f»
. h

(4205 (51— $2) (81 —S3)(S1 -1))
+7s?sz -+ 14S?S3 3s 2 + 7sls2sz, 4 Ts7s3 — 21575083 — 3s1s‘2‘+7s1s353 + 75155

(457 — 3575y — Tstsz — Tst — 35353 + Tsisns3

—21S1S%S3 - 3s§ + 7S§S3 + 7S‘21 - 21S%S3 = 35szs§‘ + 70szsg + 21s§ — 35s‘3‘)f,,+sl
h

T 42053051 =52) (52 —53) (52— 1))

—|—7s?s2 — 21S%S3 — 357 s2 + 7S1S2S3 + 7sls2 21S1S2S3 — 3s1s2 +7S1S2S3 +7s1s2

(=357 — 35752+ Tstss + 757 — 35355 + 535083

— 21515353 — 355155 + 705153 + 453 — Ts3s3 — 753 + 145353 + 2153 — 3553) frtss
n h

(42053(S3 — 1)(S2 —83)(51 —53))
—|—14s%s% — 4s1s§ + 14s1s§ + 14Os1szs§ — 210s1szs% — 105s1s§ + 140s1s§ + 3s§

(357 — 4stsy — TsT — 4sis3 + 14535, — 45353

—755 — 1055255 + 1405553 + 8453 — 10553) fr155
h

(420(s3 — D) (s2—1)(s1 — 1))

—4s152 4s1s2 + 14s1s253 70slszs§ + 35sls§ + 352 7s2S3 + 35szs3 21s3)fn+1

(3s? — 4s‘fsz — 7S?S3 — 4s%s% + 14s%52S3 + 14S%S%S3

(4.50)
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" 2 2 2
Ynt1 ™ (h2s3 — hzslsz)ynﬂl e hzslsz)yﬂs2 B m)’n

h
+m(35s1+35sz+3SS3+14s1s2 45353 — 45353 — 705157

+14s1s§ + 14s?sz — 4s1s§ — 4s41¥sz + 21S%S3 — 7s‘fS3 + 21S%S3 — 7S3S3
5 2 3 3 2.2
—T70s153 — 705253 + 355 — 8475253 + 145155853 + 14575253 + 14575553
—7s£11 + 3s? — 84S1S%S3 + 2105152853 — 7s‘21 =21)f,
h

_|_
(42051 (51 —s2)(s1 —53)(s1 — 1))
—7s1s2 7slsz +3s1s2 +3s1sz — 14SIS3 +7s153 +21S2S3 — 7S2S3 + 751

(3552 + 3553 — Ts7s3 + 35753 + 35755

— 4s:1S — 708253 — 7s§ + 3s§ + 21S1S%S3 + ZIS%S2S3 — 7s1sgS3 — 7S?S2S3

—Tsis3s3 = 21) frs,

h
(420s5(s1 —52)(s2—s3)(s2— 1))
—7s1s3 — 7s%s2 + 351542l + 3s‘1‘s2 + 21s?S3 — 7541‘53 — 14s353 + 7S3S3 — 7s‘11

(3551 + 3553 — 5755 + 35753 + 353

+ 3s1s2 — 705153+ 7s§ — 455+ 21S1S%S3 + 21S%S2S3 — 7515553 — 7S%S2S3

—7S%S%S3 _21)fn+82

h
T (@2053053 = 1) (52 Z9) (31 = 53))
—7s1 + 14s152 4s1s2 + 14s1s2 T0s152 + 3581 + 352 7s‘2l + 3550 —21) frr4s3

h
10551 + 10555 + 10553 + 4 453
+((42Os1 —420)(s2— 1) (s3 — 1))( $1+ 10552 410553 + 45753 +4sis)

—140s152 — 1405153 — 1405253 + 4s1s‘2‘ + 4s‘fsz + 7S41¥S3 + 754215‘3 — 3s? — 3s§

(33? — 4s4|1s2 — 4s{’s% + 14s?sz — 4s%s%

—14S1S%S3 — 14S?S2S3 — 14S%S%S3 + 210515253 — 84) frut1 4.51)

Applying the same strategy as mention earlier in section 4.1, we join (#.40), (@.41),

(4.42)) and @.47)) of discrete schemes to form a block as below

A[3]3Yn[13]3 — B[13}3R[13]3 +B[23]3R[23}3 +B[33}3Rg3]3 + h3D[3]3RL[13]3 + h3E[3]3R[53}3

(4.52)
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where

B[13]3 —

(s2—1) (1=
(s1(s1—52)) (s2(s1—52))
(s3(s2—s3))  _ (s3(s1—53))
(s1(s1—52)) (s2(51—52)) yBl —
5 B . s Im
(hsi(s1—52)) (hsa(s1—52))
. 2 . 2
hz(s%—slsz) hz(s%—slsz)
(s1=1)(s2—1)
000 % Yn—3
(s1—53)(52—53)
000 (5152) R[3]3— Yn-2
000 L T |
_(hSISZ) yn_l
2
000 &5 Y
000 0 V3
000 =1 Dl
000 0 v,
" 3
Vs 00 0 D
" [3];3
Yn—2 , DB}S: 000 D24 : R‘[E];
" 3
Yot 00 0 Dy
" 3
v, 000 D
3 3 3 3
P P e o
3 3 3 3
B | | e
0=
3 3 3 3
B e o o e
3 3 3 3
T o

Yn+s;
Yn+s;
Yn+s3

Yn+1

Jn=3

Jn—2

Jn-1
J




The elements of DI and EBJ3 are given by

3
ol

3
i)

3
£}

3
£

3
£

3
£l

(- D(si-1)
(84057 5253)

+1()s1s% + 10s%sz 4s152 4s1sz + 14S1S3 7s?53 + 14S%S3 — 7S%S3 — 43%

(10s15p —4sy — 753 — 4s1s2 4s1 + 145153 + 145053 —4s1

4—3s‘1t — 4s% — 4s% + 3s§ + 14s1s%S3 + 14S%S2S3 — 70515283 +3)

_(s1—s3)(s2—53) (
(840S1S2)

+14s%s2 — 4s%s% + 14S%S3 — 4s1s% + 10S1S%S3 + 14sls% + IOslszsg

35T —4sisy —dsisy — 753 — 4s7s3 4 10575253

—70s15253 — 4s1s§ + 14sls% + 3s‘2l — 4s353 — 753 — 4s%s% + 145%53

—4s5y53 + 145753 + 357 —753)

-1
(840s h)—(14s1s2 45132 + 14S182 —4s1s2 4s1sz +21s1S3 - 7S1S3 + 3s§
3
+21s%S3 — 7S%S3 — 7s? + 3341l — 7s§ + 14S1S%S3 + 14S%S2S3 — 84s15253)
1
m(l4sls2 45753 —4s7s3 + 14s153 + 145757 = dsys3 — 4sts)

215353 — 7553+ 215353 — Ts3s3 — 7] +3s] — 1s3 + 353 — 8455353

— 84575753 + 14515383 + 14535053 + 14s575553)

(s2—1)
840S1 (Sl — S2)<S1 - S3)

(4sp —3s1 +Ts3— 3s%s% +4s159 +Ts183 — 3s%
—14sy83 + 4sls% + 4s%s2 — 3s1s3 — 3S%s2 + 7S%S3 — 7S’;’S3 — 14S%S3 +4s‘1l

—|—7S%S3 — 3s? + 4s% + 4s% — 3542‘ + 7S1S%S3 + 7S%S2S3 — 14515253 — 3)

B (s1—1)
840s7(s1 — 52) (52 — 53)

+7s283 + 4s1s% + 4S%sz 3s1s2 3s1sz 14S%S3 + 7S?S3 + 7S%S3 — 3s§

(4s1 —3sp+Ts3 — 3s%s% + 45150 — 14s153 — 3s%

—7S%S3 + 4s% + 4s? — 3s‘1l + 4s‘21 + 7S1S%S3 + 7S%S2S3 — 145157353 —3)
N (s2—=1)(s1 —1)
(840S3 (S1 — S3)(S2 — S3)(S3 — 1))
—4s% — 4s1s3 + lOsls% 4+ 108159 — 4s1 + 3s‘2l — 4s3 — 45% —4sy+3)
1
(840s3 — 840)
+4s%s2 + 4s1sg + 4s?sz + 7S%S3 + 7S?S3 + 7S%S3 + 7S%S3 — 3s% — 3s% — 3s‘1‘

(3sT — 4sisy — 4s] — 4sTs3 + 10s7s,

(4s1s2 35y — 753 — 351 +4s152 + 75153 + 75253 —|—4s1s%

—353 — 353 — 355 — l4s15353 — 14sT5p53 — 14515753 +4)
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3
£y

3
£}

53(s2 — 53)
(84051 (51 —52) (51— 1))

~|—7s%sz — 3s%s% + 7S%S3 — 3s1s§ + 4S1S%S3 + 7s1s% + 4s1szs§ — 14515253 + 7s§

(45T — 35357 — 35753 — 757 — 35755 + 4535053 — 353

—3s1s§ + 7s1s§ — 353+ 4S%S3 + 7s3 + 4s%s§ — 145353 + 4S2s§ — 14szs%)

—s3(s1 —53)
840s2(s1 —52)(s2 — 1)

—|—7s%sz + 4s%s% — 14S%S3 — 3s1sg + 4s1s353 + 7s1s% + 4slszs§ — 14515253

(=351 —3sisa+dsiss +7Ts] — 3s1s3 +4sisas3 + 453

—3s‘3L + 4s1s§ 14sls3 3S2S3 7s§ — 3S%S% + 7S%S3 — 3szs§ + 7szs§ + 7s§)
1

m(—ssi‘ FA53sy — 35353+ 755 + 45253 + dssasy — 14s3s)
-

—3s%s% + 7S%S3 + 4s1s§ + 4S1S%S3 — 14s1s% + 4s1s2s§ — 145185783 — 3sls§

+7s1s% — 353 — 3S%S3 + 7sg — 3s%s% + 75553 — 3s2s§ + 7s2s% + 4s‘31' — 7sg)

s3(s2 —53)(s1—53)
840(s1 — 1)(s2— 1)(s3—1)

_4S1Sg ~ 4s1s2 %= 108‘1SZS3 + 10s1sz9; — 4s1s3 4S2S3 — 49233 — 4szs3 + 3s3)

(35 —4s7s2 —4s7s3 —4s7s3 + 10575253 + 353

52
h(840S1—-840S2)(S1——S3)(S1—-1)

= 14S%S3 -+ 7S’;’S3 i 215%.8'3 o 7S%S3 F 7331' — 4541t — 7s3 + 3542L -1 781S%S3

(35755 — 75153 — Tstsa + 3153 + 35387

——7S%S253'+'21S1S2S3)

3
h(840s; —840s5)(s2 —s3) (52— 1)

—7s? + 21S%S3 — 7S?S3 — 14S%S3 + 7S%S3 + 3s‘1t + 7s% — 4s‘21 — 7S1S%S3

(35755 — Ts155 — Tsts2 + 35155 + 35352

—7S%S2S3 +21s15253)

5182
(840hs3(s1 —s3)(s2 —53)(s3— 1))
+4s153 — 145155 — 3553 +753)

(=3sT+ 45350+ 757 +4sTs3 — l4sis,

5152
 (h(840s; —840)(s2 — 1)(s3—1))
+4s153 — 14535155 — 353+ 75353)
1
@201 (51 =) 1 =) (1 =) 512~
—3s1s2 3s1s2 + 145153 — 7S1S3 — 21S2S3 —|—7S2S3 — 7s1 +4s1 +752 +7s1s2

(=357 + 453504 Ts357 +4sTs3 — 1453575,

3s1s2 3s1s2 + 7s1s2 3s2

— 21515353 — 215750853 + 7515553 + 75350853 + T575553)
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gBs 1
= 75252 — 38253 — 3533+ Tsi 83+ 753
42 (420/1252(51 _S2)(52—S3)(52—1))< 51S2 5182 S1S2+ S1S2—|— 5782

—3s1s§ — 3s‘fsz — 21S?S3 + 7s‘1‘S3 + 14S%S3 — 7S§S3 + 7s‘1‘ — 3s? — 7s§ + 4s§

—21s1s%33 — 21S%52S3 + 7s1s353 + 7S%S2S3 + 7S%S%S3)
[3]3 — 1 35_44 _74_432 143
Ei (@20053(53 = 1) (52 —53) (51 —s3)) 51 ~ 4182 =T —dsisy o+ Ldsis:
—4s753 + 145353 — ds 155 + 145153 + 355 — 153)
Bz _ 1 5 4 4 32 3
E,’ = 10201 =1 (s5 = D=1 (—3s7 +4s]s2 + Ts3s] +4s7s5 — 14535782

145353 — 14535755 + 45155 — 14535155 — 355 + 75357)

Multiplying Equation ( - ) by (A 3]3) I this produces the following one step hybrid

block method with three generalised off-step points.

[}3)/[3]3: [}R[} +B[23}3R[23b _’_Bg’bR?h +h3D[3]gR£3}3 _|_/13E[3]3R£3}3 (453)
where
1000 000 1
0100 000 1
3 53
I[ }3: , B[I}SZ
0010 000 1
0001 0001
000 sih 000 "2
1’122
03], 0 0 0 sh 03], 000 52
By = ) By” = 1242
0 0 0 s3h 000 52
000 & 000 &
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0 00 DY i
00 0 B | L | A e A
000 B | ey e el el |
0.0 0 B G

The elements of D133 and £33 are

3
S
__Z§Z6i53;5(21s1sz4-21S1S3-1OSSZS3-7s%sz-7s%s3
—75% 4357 +21515253)

53
(8408183)
—|—7s% — SS% —21s15283)

S% 2 2
_m(21S1S3 — 1055152 + 215953 — 75155 — 75253

—7S% i 382 =4k 21S15253)

1
(840515‘253)

+105S1S283 -3

(1055153 — 215150 — 215083 + 7s1s% + 7S%S3

(751 + Tsy+ 753 — 215150 — 218155 — 215753

)
5

(840<S1 — 1)(S1 —S3)(S1 —Sz))
—7S%S3 — 7s% + 4s? + 14s15253)

(14sy57 + 145153 — 355053 — 7s%s2

S? (21s3 — sy —7SIS3+3S%)
@mn@yqxn;nﬂn—nﬁ
(84053 (s3 — 1)(:8;12 —53)(s1—53)) (2o =T = Torsz +353)
R TG T 21~ s 3
5
@O o~ o o ) 2T T3
53

(355153 — 145150 — 145353+ 7s1s%

(840(s2 — 1)(s2 —53)(s51 —52))
1753534 755 — 453 — 14s15253)
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5

T ey e e LG
52[213 - _ G005~ 1)(f 1) (75152 — 218153 + 752853 — 3s%)
5
B = ol —oa)lor sy 15~ 2l T =360
5
[ T A A e
E_3[33]3 = S% (14s153 — 355152 + 14sp53 — 7s1s%

(840(S3 — 1)(S2 — S3)(S1 — S3))
—7szs% — 7s§ + 453 + 14s15253)

sg (215150 — 75153 — Tsas3 + 3s§)

gBl
4 (840(sy —1)(s1 — 1)(s3 — 1))
Eﬁh _ (215953 — 753 —Tsp +3)
(840s; (51— 1)(s1—53)(s1 —52))
EEZ]S _ (215153 — 753 — 751+ 3)
(84052(S2 — 1)(S2 — S3)(S1 — Sz))
Eé[gb JTAR (215152—7.?2—751 —|—3))
(84OS3 (S3 = 1)(S2 . S3)(Sl = S3))
E_Etb 1 (751 + 752+ Ts3 — 14sy5) — 145153 — 145753+ 35515053 — 4)

(840(s3 — 1)(sp — 1)(s7 — 1))

Equation {#.53) can also be represented as

’ h2S2 "
Ynts =Yt hsiy,+ =y,
_h3s?(2151s2 + 215153 — 1055753 — 7s%s2 — 7S%S3 — 7s% + 3s? +21s15253)
8405753 "
+h3s?(14s1sz + 145153 — 355253 — 7s%sz — 7S%S3 — 7s% +4s? + 14s15253)
(840(s; — 1)(s1 — 53)(s1 — 52)) e

h3s? (2153 —Ts1 — Ts1s3+ 3S%)
(84052 (52— 1)(s2 —s53) (51 — 52))fn+S2
1353 (2155 — Ts1 — 512+ 357)
(84053 (53— 1) (52 — 53) (51 — S3))f"+s3
hss? (21S2S3 —Ts183 — 15152 + 3S%)
(840(s3 — 1)(s2 — 1)(s; — 1))

St (4.54)
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i hzs% "
Ynts, = Yn+hs2y, + Tyn
1’53 (1055153 — 215152 — 215253 + Ts15 + 5353 + 753 — 353 — 21s15253)
(840s1s3)
h3s3(21s3 — 752 — 75253 + 353) f
(840s (51— 1)(s1 —53)(s1 —52)) e
+h3s§(3581S3 — 145157 — 145553 + 7515 + 75353 + 753 — 453 — 14515253)
(840(sy — 1)(s2 — 53) (51 — 52))
h3s3(Ts2 — 21s1 + 75152 — 353) 7
(840s3(s3 — 1) (52 —53) (51 —53)) e
_ B35 =25+ Tsas3 =353) (4.55)
(840(s3 — 1)(s1 — 1)(s2— 1))

n

n—+s»

l hzs% "
Ynsy = InFhS3Y, ==y,
h3sg (215153 — 1058157 + 2152853 — 7sls% — 7szs% — 7s§ — 3sg +21s15253)
i n

(840S1S2)
h3s3(Ts3— 21y + 75253 — 353)
(8405151 — 1) (51 —sa)ls1 —s2)) """
hs3(Ts3—21s1 +7s153 —383)
" (84085052 = 1) (52 — 33 (51— 52)) "
h3S§(14S1S3 — 355152 + 145253 — 7sls% — 7s§ — 7S2S% +4s§ + 14515253)
- (840(s3 — 1) (52— 53) (51 —53))
h3s3 215180 — 75183 — Ts283+ 352
(2(40@2 )i — 1) (s3— 1)) 2y (4.56)

n+s3

156



! h2 "
Ynt1 = Yn+hy, + > n
W (7s1+7s2+Ts3 — 215150 — 215153 — 215253 + 105515253 — 3)
+ Jn
(840s157253)
W3 (215353 — 753 — Ts2 +3)
- fl’H—Sl +
(840s1(s1 — 1) (s1 —s3)(51 —52))
13 (215153 — 753 — Ts1 +3) F
(8405 (52 — 1) (52— 53) (51 — 52)) """
_ P(2lsisy—Tsy—Ts1 +3) f
(840s3(s3 — 1) (s — 53) (51 —83))" "3
+h3(7S1 + 759+ 753 — 145150 — 145153 — 145253 + 358515253 — 4)
(840(sp — 1)(s1 —1)(s3—1))

Jnt+1(4.57)

Substituting (@.55)) and (#.56)) into (14.43) — (@.46)) gives the block of first derivative

Ynts; = Yn + Slhyn
hzs%(Sslsz + 55153 — 205253 — 25%52 - 25%53 — ZS% +S? + 55152s3)f
(60s253) "
A (hzs% (55152 + 55153 — 105283 — 35%.3’2 — 3S%S3 — 38% + 2s;f + 5515253))

(60(s; =1)(sy —53)(s1—52)) S
(h?s1(5s3 — 251 — 25153 +57))

(605 (52— 1) (52 —s3) o1 —s2)) "2
X (h%s{(552 = 251 = 25152+ 52))

(60s3(s3 — 1)(52 — 53) (51 —S3))f”+53

(W25} (55253 — 25153 — 25152+ 57))

(60055 — (s — 1)(s1 = 1)) ™! (4.58)

Viss, = Y+ 52k,
N (hzs% (205153 — 55150 — Ss053 + 251s% + 2S%S3 + ZS% — s% — 5515253)) £,

(6081S3)
B hzs‘zl (553 — 250 — 250853+ s%) f
(6051 (s1 — 1) (s1 —s53)(s1 —s2))" """
n (hZS%(10S1S3 — 55152 — 58083 + 3s1s% + 3S%S3 + 35% - 2s% —5515253))
(60(s2 —1)(s2 —53)(s1 —52)) .
(h?s3(2s2 — 551+ 25152 — 53))
(6053 (53 — 1) (52 — 3) (51 —5)) "
(hzs‘21 (25152 — 551853 + 25053 — s%))

T 600 = Do = D(sa—1)) 1 (4.59)
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Ynts3 = Yn + s3hy,
B h2s§ (55153 — 205152 + 552853 — 2s1s% — 2s2s§ — 25% + sg + 5515253)
(60S182) "
(h%s3(5s152 — 25153 — 252853 + s%))f
(60(s3— 1) (sy— 1) (s — 1)) """
hzsgt (253 — 550+ 257853 — s%) f
60s1(s1 — 1)(s1 —s3)(s1 —s52)" """
B hzs‘;(ZS3 — 5851+ 251853 — s%) 7
60s3(s3 — 1)(s2 —53)(s1 —s2)” "
hzsg (55153 — 105152 + 58053 — 3s1s% — 3szs§ — 3s§ + 2s§ + 5s15253)
(60(s3 — 1)(s2 —s3) (51— 53)) "
(4.60)

Vi1 = Yu+h,
+h2(2S1 + 285y + 253 — 551850 — 55153 — 550853 + 20515283 — 1))
(6OS1S2S3)
1 h? (55953 — 253 — 2554 1)) f
(60s1 (s — 1)(s1 —s53)(s51 —52)) s
h* (55153 — 283 —2s1+ 1))
60 fn+s2
(6052 (52 — 1) (52 —53) (51 —52))
h? (55152 =285 — 2851+ 1))
— 60 fn-!—S3 +
(60s3(s3 — 1) (52 —53) (51 —53))
+h2(3s1 + 350+ 353 — 55150 — 55153 — Ss053 + 10515053 — 2)
(60(S3 — 1)(S2 — 1)(S1 — 1))

J

far1 (4.61)

Block of first derivative can be represented as below

o = BRPRDS 4 BOBRDB L p2pBhRPs 4 p2EBBRDD (4.62)
where
0 0 01 0 0 0 s1h
) 0 0 01 ; 0 0 0 sHh
B[23}3: , B[33]3: 2
0 0 01 0 0 0 s3h
0 0 01 00 0 h
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000 By 4 6P £
EEEEY A
000 Dy B By B B
000 B a4 B P
with
Bk _ s% (55152 + 55153 — 205253 — 2s%s2 — 28%83 — ZS% + s? + 5s15253)
14 (60s753)
pk s% (205153 — 55150 — Ss253 + 2s1s% + 2S%S3 + ZS% — s% — 55152583)
24 (60s153)
Bk — s% (55153 — 205152 + 55253 — 2s1s§ — 2szs% - ZS% + sg + 5515253)
4 (60s157)
DBb i (2S1 + 257 + 253 — 55152 — 55153 — 552853 + 20815253 — 1)
A (60S1S2S3>
FHal s% (55152 + 55153 — 108953 — 3s%sz — 3S%S3 — 35% + 2s? + 5s15253)
') (60(s1 —1)(s1 —s53)(s1 —52))
EBB ¢ sT(553 — 251 — 25153 +57)
(60hsy(s2 = 1)(s2=53) (51 =52))
Egk = (s1(552—2s1 — 25152 +'57))
(6053(S3 — 1)(S2 — S3)(S1 — S3))
Eﬁb _ (s1(5s253 — 25153 — 25152 + 7))
(60(s3 = 1)(s2 = 1)(s1 — 1))
EE]S _ 53(5s3 — 252 — 25053+ 53)
(60s1(s; — 1) (s1—s3)(s1 —52))
E,[3]3 _ S%(10S1S3 — 551850 — 58053 + 3s1s% + 3S%S3 + 3s% — 2s% — 55152583)
22 (60(s2 — 1)(s2 —53)(s51 —52))
E,gh _ (s3(252 — 551+ 25152 — 53))

(60S3(S3 — 1)(52 — S3)(S1 — S3))
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s§(2s1sz — 55153+ 2850853 — s%)
(60(.5‘3 — 1)(S1 — 1)(.3‘2 — 1))
3 S§(2S3 — 550+ 252853 — S%)

/[ i
i 60s1(s1 —1)(s1 —s3)(s1 —52)
E£Bls _ s5(2s3 — 551+ 25153 — 83)
2 60s2(s2 — 1)(s2 —53)(s1 — 52)
Bl — 53 (55153 — 105152 + 55253 — 35155 — 35253 — 353 + 253 + 5515253)
(60(s3 — 1)(s2 —s3)(s1 —53))
E£Bls s5(5s152 — 25153 — 28253+ 53)
34 (60(s3 —1)(s2 —1)(s1 —1))
g (55253 — 253 — 252+ 1)
! (60s1 (st — 1)(s1—53)(s1 —52))
EEb _ (55183 — 253 — 251+ 1))
(60s2(s2 — 1)(s2 — 53) (51 — 52))
B (55152 — 250 — 251+ 1)
o (60s3(s3 —1)(s2 —53)(s1.—53))
E.Br]g 4 (3S1 + 3850 + 353 — 551850 — 55153 — 55283 + 105750253 — 2)

(60(s3=1)(s2—1)(s1=1))

Substituting (4.53)) and (4.56) into (4.48)) — (4.51)) to give the block of second derivative

" "

yn+s1 =Vn
_hs1 (10s152 4 105153 — 305253 — SS%SQ - 5S%S3 — SS% + 3s? + 10s15253)
(60S2S3) "
+hs1 (205152 +20s153 — 305253 — ISS%SQ — 15S%S3 — 15s% + 12s? +20s15253) »
(60(S1—1)(S1—S3)(81—S2)) !

hs3(10s3 — Ss1 — Ss153+ 357)
(605252 — 1) (52 —53) (51 —s2) "+
hs%(l()sz — 551 — 581850+ 3s%)
B (6OS3 (S3 — 1)(S2 — S3)(Sl — S3))fn+s3
hs?(lOszg — 551853 — 581850+ 3s%)
(60(s3—1)(sp—1)(s; — 1))

Jnt1 (4.63)
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ylrlﬁ—sz = y;;
hsy(30s1s3 — 105152 — 105253 + 5S1S% + 5s%ss + SS% — 3s% — 10s15253)
+ (60S1S3) fn
hs3(10s3 — Ss2 — 55253+ 353))
(6051 (s1 — 1)(s1 —s3)(s1 —sz))f’““
hs2(30s153 — 205152 — 205253 + 155155 + 155353 + 1555 — 1253 — 2051 5253)
+ (60(52— 1) (52 —53) (51 —52)
hsg(Ssz —10s1 + 55152 — 3s%)
(60s3(s3 — 1) (s — 53) (s1 —S3))f”“3
hs%(Sslsz — 105153 4+ 55253 — 35%)
T 60— (s =D —1)) ! (464)

n+sy

Ynts3 = Yn
hs3(10s1s3 — 30s152 4 105253 — 5s1s§ — SSQS% — 5s§ + 3s§ + 10s15253)
(60S152)

n

hsg (553 =105, + 55753 — 3s%
(6OS1 (Sl — 1)(S1 —S3)(S1 — 57
hs3(5s3 — 101 + 55153 — 353
~ (60s2(s2 — 1)(s3 — 53)(s1 — sz))f "%
+hS3(20S133 — 305152 + 208253 — 15s1s% — 15szs% — 15S% + 12s§ +20s15253)
(60(s3 = 1)(s2 = 53)(s1 = 53))
hs%(lOslsz — 55153 — 585283+ 35%)
(60(s3— 1)(sa—1)(s1 — 1)) """

)
HIr
)

n+s3

(4.65)

" "

Yn+1 = Vn
h(5s1+ 552+ 553 — 105152 — 10s153 — 105253 + 30515253 — 3)
+ In
(60S1S2S3)
h(lOS253 — 553 — 580+ 3)
- fn—i—sl
(60S1(S1 — 1)(81 —S3)(S1 —82))
h(10s1s3 — 553 — 551+ 3)
(60s2(s2 — 1)(s2 —53)(s1 — 52
h(10S1S2 — 557 — 581+ 3)
- fn+S3
(60S3(S3 — 1)(S2 — S3)(S1 — S3)
+h(15S1 + 1585y + 1553 — 205152 — 205153 — 205253 + 30515253 — 12)

(60(S3 — 1)(S2 — 1)(S1 — 1))

ki

Jat1 (4.66)
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Block of second derivative can be represented as following

vl = BIPRDD ¢ nDPRES 4 pEBhRD (4.67)
where
413
0001 000 D
4(3]3
g 000 1 e 000 Dg
000 1 00 0 DI
Z[3
0001 000 D

)
(98]

e\
—

s
Z

Bl A 3]

Ey Ep’ Ejy
3]:

By

S

(O8]

m\\
= Rw ®

(98]

and EBB = 2
A8l Bl Bl Al
Ey’ Ej’ B By
233 ABls - ARl £
Ey Ep Ey Ey
The elements of £33 and DB are below
A3k s1(10s1s2 + 105753 — 305253 — 55752 — Ss5753 — 557 + 357 + 10s15253)
H X (60S2S3)
é[3]3 B 52(30s153 — 105157 — 105253+5S1S%—|—5S%S3+55%—353— 10s15253)
#o (60s153)
HB 53(10s153 — 305152 + 105253 — 55153 — 55255 — 555 + 353 + 10515253)
34 B (60S1S2)
é[3]3 o (5S1 + 5859 + 553 — 10s152 — 105153 — 105353 + 305152853 — 3)
o (60s15253)
£l 51(20s152 + 205153 — 305253 — 155757 — 155753 — 1557 4 1257 4 20515253))
! (60(s1 —1)(s1—53)(s1 —52))
2B _ 5101083 — 551 — 55153+ 357))
= (60s2(s2 — 1) (52 —53) (51 — 52))
20— s1(10s2 =551 — 55150+ 357))
3 = =

(60s3(s3 —1)(s2 —53)(51 —53))
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2313 s?(lOS2S3 — 55183 —58152—|—3S%))

Bl = 600 — )i~ 1)(st — 1))
gBh 53(10s3 — 557 — 55053 + 353))
S (6051(51_1)(S1—S3)(s1—52))
Bl _ 52(30s153 — 205152 — 205253 + 15s1s% + 155%5‘3 + 153% — 1253 — 20s15253))

21 N (60(5‘2 — 1)<S2 — S3)(S1 — Sz))
S%(SSz —10s1 + 55152 — 3S%))

i -
(60s3(s3 —1)(s2 —s3) (51 —53))

GBs _ 5355152 — 108153 + 55053 — 353))

%7 (60(s3 — )(s2— 1)(s1— 1))

2B _ 53553 = 10524 55253 — 357))

ST (60s1(s1 — 1)(s1—53)(s1 — 52))

£ __ 53(553— 1051+ 55153 — 353))

S (6052(32 - 1)(S2 —S3)(s1 —52))

£l _ $3(205153 = 305157 4205053 — 155153 — 155553 — 1553 4 1255 + 2051553))

33 = (60(53 — 1)(s2 —53)(51 _53))

20— 53(105150 — 55153 — 55083 + 353))

M (60(s3 — 1)(s2— 1) (s1=1))

ABl o (10253553 — 55, 43))

! (60sy(s1 = 1)(s1 —s3) (51— 52))

£Bh (10sy53 — 553 — 551+ 3)

27 (005252 1) (52— 83)(51— 52))

A8l L (105152 — 55 —551+3))

s (60s3(s3 — 1)(s2—=53)(s1 =153))

li[&b _ (1551 4+ 1555 + 1553 — 205152 — 205153 — 205253 + 30515253 — 12)

(60(s3 = 1)(s2 = 1)(s1 — 1))

4.2.1 Establishing the Properties of One Step Hybrid Block Method with Gen-

eralised Three Off-Step Points for Third Order ODEs

The zero stability, order, error constant, consistency, convergence and region of abso-

lute stability are considered in this section.

4.2.1.1 Order of One Step Hybrid Block Method with Three Generalised Off-

Step Points for Third Order ODEs

In order to find the order of the block (4.53), Definition (3.1.2)) is employed. Expand-

ing y and f- function in Taylor series. This is illustrated below.
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oo Jpi Jj ! h22 "
Zj:()( ) yn yn_slhyn _syn

+s§h3(21s152+21s1S3—105s253—7s152—75153_7s1+3s{a+21sls2s3) "
(840S2S3) yn
57(14s152-+ 145153355753 Tsisr —Tsis3—Tsi+4s)+1451553) Yy (s))/hi T3 j+3
(840(s1 —1)(s1—53)(s1—52)) =0 1 Vn
_ (57(21s3—7s1=Ts1534+3s7) yeo Séh.myj 43
(8405, (s3—1)(52—53) (51 —52)) ~/=0 ! n
T N ER R TTENE
(840s3(s3—1)(s2—53)(s1—83)) =/=0 jI "
(s3(21s253—Ts153—Ts152+357) yo W3 j+3

T @00 D(s-N(s-1)  &=0 T n

oo (Sz)fhj i ! h2 "

Yo Yi = Yn = $2hy, — =2¥,
_s§h3(105s1S3—21s1s2—21s253+7s1s%+7s%S3+7s2—3s2—21s1s2s3) "
(8405‘133) n

S§(21S377527732S3+3s%) Zoo (Sl)jhj+3 j+3
(84051 (s1—1)(s1—53) (51 —52)) &=j=0  jT__
_(s§(35s1S3—1451s2—1452534—7515%4-75%534-75%—4sg—14slsQS3) Zo‘o (52)IWIT3_j43

(840(s,—1)(s2—53)(s1—52)) j=0 ! n
o s§(7s2—21s1+7s1s2 3s2) Zo? (53){hj+3 j+3
(840s3(s3—1)(s2—s3)(s1—53)) =/=0 ! n
_'_52(78]82 21s153+7sp83—3s
(840(s3—1)(s1—1)(s2—1)
ok (53)1}1] i ! h 32 "
Y0 A Yn = Yn — S3hy, — 29,
+S%hS(21S1S3—105S152+21S2S3—7S1S3*75‘25377S3+3S3+21S1325‘3) m
(8403‘152) yn
J S§(7S3—2152+7S253—3S%) y (sl)J:hj+3yj+3
(84051 (s1+ 1) (51 —53) (s1—52)) ~/=0. ]! n
i S3(7S3 2151+ 7s153— 353) Zo@ (‘YZ)jhj+3yj+3
(84052 (s—1)(s2—53) (51 —52)) ~J=0 j! n
(145153 35s1sp+ 145253 — 7S1S3 7S2S3 7S3+4S3+14515253)Z (33)jhj+3 i+3
(840(s3—1)(s2—53)(s1—53)) Jj=0 ! n
sg(21s1s2—7s1s3—7s2S3+3s§) Zw W3 j+3
(840(s—1)(s1—1)(s53-1) &j=0 T ™

Do hitBj+3
= in

o W _J ! Wen
Zj:O JYn = Yn — hy, — S Vn
_h3(7sl+7S2+7S3—21S1S2—21S1S3—215253+105S1S2S3—3) "
(840S182S3) yn
+ (21525‘3773377824’3) Zoo (Sl)jhj+3 j+3
(84051 (51— 1) (51 —53) (51 —52)) &=j=0  jT__In
_ (2lsys3—7s3—T5143) ye (s2)7Hi+3_j43
(8405 (s3—1)(s2—53) (51 —52)) ~J=0 Jj! Yn
(21s159—T750—75143)) Yo (s3)/hI 3 j+3
(840s3(s3— 1) (s53—353) (51 —53)) &=j=0 " j1T__n
. (7Sl+752+783714S1S2714S1S3714S2$3+35S1S2S374) Zoo Wit3 j+3
(840(s53—1)(s2—1) (51— 1)) j=0 "
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Comparing the coefficients of 4/ and y/ yields

1-1
i} 1-1
Co =
1-1
1-1
S1—81
— $2—82
C, =
§3 —383
1-1
g5 |
2 2
3 5
- 2732
Co =
2 .5
Sitd
1_1
- 2 2 -
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(s% (21s152421s153—1055253 —7S%32—7S%S3 —7S%+3S?+2151S253)

(s1)*
31 + (840S2S3)
s% (14s152+14s153—355253 77S%S277S%S3 f7s%+4s%+l4s] $253)

(s1)?

(840(s1 —1)(s1—53)(s1—52))
(s3(21s3—7s1—Ts153+357)
(8405 (s2—1)(s2—53)(s1—52))
(s? (21s,—T7sy —7s152+3s%)
(840S3 (S3 —1 ) (S2 7.&‘3)(5‘1 73‘3))
(s? (21s253—7s153 f7s|s2+3s%)
(840(s3—1)(s2—1)(s1—1))

(S%(105S1S3—21Slsz—2]S253+7S13%+7S%S3+7S%—3S%—2151S253)

3!

B (840S1S3)

53(2153—752—7s253+353)
(84051 (s1—1)(s1—53)(51—52))
(s% (355153 —14s150— 145753 +7s15% +7S%S3 +7S%—4sg— 14s15253)

(s1)?

(840(s2—1)(s2—53)(s1—52))
s§(7s2—21s1 +7s1s2—3s%)
(84053 (53— 1) (s2—53) (51 —53))
sg (7s150—21s1534+ 75253 73s%)

TS0 =D 1= (52— 1))

(215153—10551 5, +21553— 75153 — T5253—T53+3853+21515253)

3!

53
: (840s152)
sg (7s3—21s52+75253 —35%)
(84051 (s1—1)(s1—s53)(s1—52))
53(7s3=2151 +7s153—353)
(84052 (s2—1)(s2—s53)(51—52))
sg (14s153—35s152+ 14s5253— 751 S%7732S%77S%+4sg+143152S3)
(840(S3 - 1)(3‘275‘3)(5‘] 7S3))
sg (21spsp—Ts153—Ts253 +3s§)
(840(s2—1)(s1—1)(s3—1))

(s1)>  (Ts1+752+7s3—215155—215153—215253+105515253—3)

3! (840S1S2S3)
+ (21S2S377S377S2+3)
(84051 (s1—1)(s1—53)(51—52))
(21s153—Ts3—Ts1+3)
(84052 (s2—1)(s2—53)(s1—52))

+ (21sysp—Ts0—7s1+3))
(840S3 (S3 —1 ) (S2 7S3)(S| 73‘3))
(7S1 +Ts0+Ts3—14s157— 1451 53— 145253+35515253 74)
(840(s3—1)(s2—1)(s1—1))
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ar (840(s; —1)(s1—s3)(s1—52)) 1
(57 (2153=T51=Ts15343s%) (s2)

(s1)* s? (14s155+14s153—355283 77s%5277s%53 77s%+4s?+ 14515253) (s1)
|

(84053 (s2—1)(s2—s53)(51—52))
(s?(21s2—7s1—7s1s2+3s%) (s3)

(840s3(s3—1)(s52—53)(s1—53))

_ (s3(21s253—7s153—Ts152+357) (1)

(840(s3—1)(s2—1)(s1—1))

1!

53)
1!
1
1!

53 (21s3=Ts:=Ts25343s3)  (s1)

(s2) + YU
4! (84OS1(Slfl)(ﬂ*Sa')(Sl*SQ)) 1!
(33(35313”37 14S1S2714S2S3+7S1S%+7S%S3+7S%74S%7 14515253) (s2)

(840(s2—1)(s2—s53)(s1—52)) 1!
s§(7s2—21s1+7sls2—3s%) (s3)
!
!

(840s3(s3—1)(s2—s53)(s51—53))
sg (7s152—21s153+7s253 —3s%)

(88005531~ (52—1))

1
1)
1

41 (84051 (s1—1)(s1—53)(s1—52))

53(7s3—21s1+7s153—353)  (s2)

055 (52D (52=53) (51 =s2)) 1T
S§(14S1S3—3551S2+l48253—751S%—7S25%—7S%+4S%+]4515‘253) (s3)
(840(s3—1)(s2—s3)(s1—53)) 1
32(2131s277s|3377sz33+3s§) (1)
(840(s2—1)(s; —D(s3-1)) 1T

(s3)* 53(7s3—21s+7s253—353)  (s1)
1!

!

ﬁ + (218253778377S2+3)
4T T (84051 (s1—1)(51—53) (51 —52))
. (21s153—Ts3—Ts1+3) @
(84052 (s2—1)(s2—s3)(s1—52)) 1!
(2Lsysp—Ts0—75s143)) (s3)

+(84083(83*1)(32*83)(51*33)) 1!
(7S1 +T7s0+Ts3—14s150— 1451 53— 145253+35515253 *4) (1)
|

(s1)
1!

(840(s3—1)(s2—1)(s1—1)) 1
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(s1)°

57 (14s150+ 145153 —355053— 757 50— s 53— s +4s3+ 1451 5253) (s1)2

5!

(53(35s153— 145153 —145253+751 53+ 7Ts553+7s55—4s3— 14s15253) (52)2

(840(s1 —1)(s1—s3)(s1—52)) 2!
(s?(ZIS3—7s1—7sls3+3s%) (57)?
(84053 (s2—1)(s2—s53)(51—52)) 2!
4 (s?(21s2—7s1—75152+3s%) (33)2

(840s3(s3—1)(s2—s3)(s1—53)) 2!

(S?(21S2S377S1S377S1S2+3S%) (1)
~ (840(s3—1)(s2—1)(sy—1)) 2V

(s2)5+ 53(21s3—Ts2—Ts2s3+353)  (51)2
5! (8405‘1(Slfl)(slfs3)(S17S2)) 2!

2!

(840(s2—1)(s2—53)(51—52))

53(7s2—21s14+7s150—353)  (s53)>
(840s3(s3—1)(s2—s53)(s1—s3)) 2!
+s§(7s1s2—21s1s3+7s2s3—3s%) (1)
(840(s3—1)(s1—1)(s2—1)) 2

!

(s3)5 . S§(7S372152+7525373S§) (51)2
5! (840S1(S]—])(SI—S3)(517S2)) 2!
+ ?2 (7S372151 +7S1S3f35‘§) (S2)2
(840S2 (5271)(5'275‘3)(5] 7S2)) 2!
53(14s)53—355152+ 14525375153 —~Ts253— 753 +4s3+14515253) (s53)2

(840(s3—1)(s2—53)(s1—53)) 2!
sg (215159 —7s1 S377S253+3S§) (1)
300101 D) 2

ﬁ_’_ (21S2S377S377S2+3) (S1)2

3! (840s (s;—1)(s1—s3)(s1—52)) 2!

(21s153—7s3—7s1+3) (S2)2
(84053 (s2—1)(s2—s53)(51—52)) 2!
+ (21s150—7s0—7s51+3)) (53)2
(840s3(s3—1)(s52—53)(s1—s53)) 2!

. (7S1+7S2+7S3714S152714S1S3714SQS3+35S1S283 74) @

(840(s3—1)(so—1)(s1—1)) 2!
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(s1)®

57 (14s150+145153—355053— 757 50— 57 53— 57 +4s7 4 14515253) (s51)°

6!

(53(35s153— 145155 — 14s5253+7Ts155+7s553+755—4s3— 14515253) (57)3

(840(s1 —1)(s1—s3)(s1—52)) 3!
(s?(ZIS3—7s1—7sls3+3s%) (50)3
(84053 (s2—1)(s2—s53)(s1—52)) 3!
4 (s?(21s2—7s1—75152+3s%) (33)3

(840s3(s3—1)(s2—s3)(s1—s3)) 3!

(S?(21S2S377S1S377S1S2+3S%) (1)
~ (840(s3—1)(sa—1)(sy—1)) 3"

(s2)6+ 53 (21s3—Ts2—Tsas343s3)  (57)°
6! (8405‘1(Slfl)(slfs3)(S17S2)) 3!

3!

(840(s2—1)(s2—s3)(s1—52))

sg (7s2—21s1+7s152-3s3)  (s3)°
(840s3(s3—1)(s2—53)(s1—53)) 3!
+s§(7s1s2—21s1s3+7s2s3—3s%) 1)
(840(s3—1)(s1—1)(s2—1)) 3

!

(50 s3(Ts3—2152+7s253-353)_ (51)3
6! (840s1(s1=1)(s1=83)(s1-52)) 3!
+ sg(7S3—21~V1+75153’3‘§) (S2)3
(8405 (s2=1)(s2—s53)(s1—s2)) 3!
53(14s153—355182-+ 145253 = 75153~ Tsas3— 753 +4s3 + 14515253) (s3)°

(840(s3—1)(s2—53)(s1—53)) 3!
sg (215159 —7s1 S377S253+3S§) (1)
900101 D5 ) 3

@ + (21S2S377S3 77S2+3) (S1)3
6! (840s (s;—1)(s1—s3)(s1—s2)) 3!

(21s153—7s3—7s1+3) (S2)3

(84053 (s2—1)(s2—s53)(s1—52)) 3!
+ (21s150—7s0—7s51+3)) (53)3

(840s3(s3—1)(s2—s3)(s1—s3)) 3!

. (7S1+7S2+7S3714S1S2714S1S37143253+35S1S2S3 74) @

(840(s3—1)(so—1)(s1—1)) 3!
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7! (8405‘1(Slfl)(slfs3)(S17S2)) 4!
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(840(s2—1)(s2—53)(51—52))
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!
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+ ?2 (7S372151 +7S1S3f35‘§) (52)4
(840S2 (5271)(5'275‘3)(5] 7S2)) 4!
53(14s)53—355152+ 145253— 75153 —~Tsas3— 753 +-4s3+14515253) (s3)*

(840(s3—1)(s2—53)(s1—53)) 4!
sg (215159 —7s1 S377S253+3S§) (1)
900, oy D(ss 1) &

M_’_ (21S2S377S377S2+3) (S1)4
7! (840sy (s;—1)(s1—s3)(s1—52)) 4!
(21s153—7s3—7s1+3) (S2)4
(84053 (s2—1)(s2—s53)(51—52)) 4!
+ (21s150—7s0—7s51+3)) (s3)*
(840s3(s3—1)(s52—53)(s1—s53)) 4!
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(s1)¥ 57 (14s150+145153—355053— 757 50— 57 53— 57 +4s7 4 14515253) (s51)°
8! (840(s1—1)(s;—s3)(s1—52)) 5!
(s3(21s3—7s1—Ts1534353)  (s57)°
(84053 (s2—1)(s2—s53)(51—52)) !
(s?(21s2—7s1—75152+3s%) (s3)°
+(84083(33*1)(32*S3)(S1*83)) 3!
(S?(21S2S377S1S377S1S2+3S%) (1) 0
(840(53—1)(5‘2—1)(51—1)) 5!

(s2)8+ S§(21S3—7S2—752S3+3S%) (s1)°
8! (840s1 (s1—1)(s1—s3)(s1—52)) 35!
(53(35s153— 145155 — 145253+7Ts155+7s553+755—4s3— 14515253) (57)°
N (840(s2—1)(s2—53)(s1—52)) 5!
53(732—21s1+7s1s2—3s%) (s3)°
(840s3(s3—1)(s2—s3)(s1—s3)) 5!
+s§(7s1s2—21s1s3+7s2s3—3s%) 1) 0
(840(s3—1)(s1—1)(s2—1)) 5

!

&
I

(538 53(Ts3—2lsa+7sps3—3s3)  (s1)°
8! (840s) (s1=1)(51—53)(s1—52)) 5!
4 sg(7S3*21s1+7S153*3S§) (52)5
(8405 (s2=1)(s2—53)(s1—s2)) 3!
_ 53(14s153 35515+ 145553 = 75153 1553~ 753 +4853+ 14515253) (53)°
(840(s3—1)(5253)(s1-53)) >
53(21s150— 75153~ 75253 +353) (1) 0

(1
800151 —D(5-1) 5!

@_’_ (21S2S377S377S2+3) (Sl)s
8! (840s (s;—1)(s1—s3)(s1—52)) 5!
(21s153—7s3—7s1+3) (S2)5
(84053 (s2—1)(s2—s53)(51—52)) !
+ (21s150—7s0—7s51+3)) (s3)°
(840s3(s3—1)(s2—s3)(s1—53)) 5!
(7S1+7S2+7S3714S152714S1S3714SQS3+35S1S283 74) (_1') 0

B (840(s3—1)(s2—1)(s1—1)) 5 i i

By comparing the coefficients of 4, we conclude that the main block has order [5,5,5,5]”

together with the following error constants vector

- (s? (14s15p+14s153—425253 76s%s2 76S%S3 76s%+3s?+ 14515253))

201600
(sg (42s153—14s157—145753+657 s%+65%53 +65§—3s3—14s1 $253))

201600

- (sg (14s153—42s150+ 145753 —6sls§ —6SQS§ —6S%+3sg+ 14515253))
201600

(6S1 +652+653—14s157— 1451 53— 145253+42515253 73)
i 201600 |
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This is true for all s1,s52,53 € (0,1)\ {52 =
U{Sz =

tion in Taylor series in order to find the order of the first derivative block. This yields

—14sls3+6s%S3+6s%—3s% }U{S1 _ 14s253—6s%53—6s%+3s%

1451 —4253—657+14s1 53

— 145534651 534+653—3s3 —65)—
153 153 3 X}U {Sl _ —b6sp—6s3+14s5353+3

—4251+14s3—653+14s1 53

. (S])jhj j+1 l "

Yo T Yn —Yn—Sthy,

2.2 _ I S Y s WA |
+h 57(55152455153—205253— 25750 — 25753 — 2857 +57+5515253)
(6OS233) n

s%(14s1s2+14s1s3—35s253—7s%52—7s%53—7s%+4s%+l4s1s2sﬁ ye (s1)/it?_j+3

(840(s1—1)(s1—s3)(s1—52)) j=0 fi Yn
5 (21s3=Ts1—Ts153+3s7) ye St j43
(84053 (52— 1) (53—53) (51 —52)) &j=0 " j1_In
P T N T ENIE
(84053 (s3—1)(s2—53) (51 —53)) ~j=0"j1T 1
_ 51(21s053—Ts153—Ts152+357) v Wit2 43
(840(s3—1)(so—1)(s1—1)) j=0 "1 Yn
o (s2)/h _j+1 / "
Y70 yn =Y~ S2hy,
_h2s%(20s1S3—5s1SQ—582S3+2S1S§+25%53+2s%—sg—5s1s2s3) m
(60s153) n
53 (553 =255 —2s753+53) r (s1)/Hit2 j43
(60s; (51 —1)(s1—s3)(s1—50)) =j=0  j! Vn

_S%(10S1S3755‘1S275S2S3+3S1S%+3S%S3+3S%725%755‘1S2S3)) ye (52)Ini2 j13

60053 —1) (% —53)(51=52)) j=0" T n
S§(2S275S1+2S152—S%)) Zoo (Sg)jhj+2 j+3
(6053(53— ) (s2—53)(31-53)) &=j=0 " jr_ n
s‘z‘(zsl52—5s1S3+2s2S3—s5)) Zo'o B2 43
(60(s3=D)(s1 —1)(s2—1)) &=j=0. 1 "
o (53)1']1]' 41 / "
ijO T Yn T Ve s3hy,
hzs%(Ss]53720s1s2+5s2LV372s1s372s2s%72s%+s§+5s1s2S3) "
+ (6OS132) n
. sg‘(ZS3—5s2+ZSZS3—s%) Zw (Sl)jhj+2 J+3
60s; (Slfl)(S]7S3)(slfsz) ]:O j' n
S§(2S375S|+2S1S373‘%) Zoo (Sz)jhj+2 j+3
6052 (52— 1)(s2—53)(51—s2) &j=0 " jT__In

_S%(SS]S3710S1S2+5S2S373S1S§73S2S§73S%+2S§+5S|S2S3) Zm (53)jhj+2 j+3

(60(s3—1)(52—53) (51 —33)) =0T In

_Sg(5S152—2S153—2S253+s§)) Zw Rit2j+3
(60(s3—1)(s2—1)(s;—1)) =j=0 ;! Yn

o W j+1 i "
ijoﬁJ’n = Yn =y,

o W2 (2514257 +253—551 50— 55153 —55253+205 5p53—1))
(60s15253) n

(55253—253—2s7+1)) o (s))W*T?_j+3
06051 (51 =1V (51 =53) 51 —53)) 20— 1

. (5S]S3728372S]+1)) Zoo (Sz)jhj+2 j+3
(6055 (52— 1) (52—53)(s51—52)) &=j=0 " jI__ 7

n (5s150—2s7—251+1)) ye (s3)/hI*2 j+3
(60s3(s3—1)(s2—s53)(51—53)) j=0 J! n

(3s1+352+353—55152—55153— 55253+ 10515253 —2) Zoo Wit2 _j+3

4253— 1457 +653— 145253

. ’
= 6 Tdsy1d5st 42s2s3}. Expanding y and f func-

(60(s3—1)(s2—1)(s1—1)) j=0 T Yn
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Comparing the coefficients of 4/ and y/. This gives

0-0

- 0-0

Co = =
0-0
0-0
1-1

_ -1

C = =
11
1-1
§1—91

_ $2 =82

Gy = H
§3 =53
1-1
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(s1)? T s% (5s152+5s5153—20s753 72s%5272s%53 72S%+S?+5S1S2S3)
2! (60s753)

_ s% (14s155+14s5153—355253 —75%5‘2—75%&3 —7s%+4s% +14515253) (s )0

(840(s1—1)(s1—s3)(51—52)) 0!
53(21s3—Ts1—Ts1s343s2)  (5,)°
(84052 (s2—1)(s2—53)(s1—52)) 0!
s? (21s9—7s1 77s1s2+3s%) (s3)° s? (21s353—Ts153—Ts152 +3s%)

T

840s3(s3—1)(s2—s53)(s1—s3)) O! (840(s3—1)(s2—1)(s1—1))

(52)2 _ s%(20s153—5s152—5s253+2s1s%+2s%S3+2s%—sg—5s1s253)
2! (60S1S3)
4 53(5S3—2S2—25‘253+S%) (51)°
(6051 (s1—1)(s1—s3)(s51—52)) O!

_ s% (10s153—5s5152—55253 +3s1s%+3s%S3 +3s%—25%—5s15253)) (52)°

(60(s2—1)(s2—53)(s1—52)) 0!
55(250—5s1+2s15—53))  (s3)°
(60s3(s3—1)(s2—s3)(s1—53)) 0!

(60(s3—1)(s1—1)(s2—1))

(1)°
0

5421(25152_55153+252S3—S%)) (1)0

+ o

(s3)2 + sg(SslsngOsl52+5523372s1s57252s57253+sg+551s253)
2! (60s152)
5‘3‘(253—5524—25‘2_;375%) (sl)o S§(25375S1+2S153—S%) (52)0

6051 (SJ 71)(3‘] 7.5‘3)(3‘1 73‘2) O! 6052(3‘271)(.5‘273‘3)(5‘1 7S2) 0!

S%(5S1S3—]0S1S2+55253—351S%—352S§—3S%+2S%+581S2S3) (s3)0
r (60(s3—1)(s2—53)(s1—53)) 0!

sé(Sslsz—Zslsg—2s253+s§)) (1)°

(60(s3—1)(s2—1)(s;—1)) 0!

!

1 (2S1 +25p4+253—55152—55153—55253+20s1 5253 — 1))
2! (60s15253)

+ (55253—253—2s2+1)) (51)0
(60s1(s1—1)(s1—s3)(s1—52)) O!

(5s153—253—2s51+1)) (52)0

(5s150—250—2s1+1)) (S3)0

(6052 (s2—1)(s2—s3)(s1—s2)) 0! +(6033(53*1)(S2*S3)(S1*33))
(3S1+3S2+3S375S1S275S1S375S2S3+1051S2S372) (S3)0
(60(s3—1)(s2—1)(s1—1)) o!
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0!




(s1)3 s?(14s1s2+ 145153—355253 —75%52—75%53 —7S%+4s‘;’+ 14515253) (51)"

3! (840(S171)(5‘173‘3)(5‘]75‘2)) 1!
57(21s3—Ts1—7Ts1s343s%)  (50)]
(84052 (s2—1)(s2—53)(s1—52)) 1!
57(21s2—Ts1—Ts150+3s3)  (s3)'  s7(21s253—Ts153—Ts152+3s7)
T 8405 (55— (s—s3) (s1=s3)) 11 (840053~ 1) (s2=1)(s1 1))

L
Il

(52) n 53(553—2s0—2s253+53)  (s57)]

3! (6051 (s1—1)(s1—s3)(s51—52)) 1!
53(105153—55152 —55253+35155+35553+355— 253 — 5515253 )) (52)"
N (60(s2—1)(s2—53)(s1—52)) 1!
s3(2327551+2s1527hv%)) (s3)1+53(23‘]S275S]S3+2S2837S%))
600 o2 )Gy 1T T (60055 151D 1))

L
Il

(s3)° s§(253—552+25253—s§) (s1) s§(253—551+25153—s§) (s0)!

1
31 7 60s1(s1—1)(s1—53)(s1—s52) 1! +6Osz(s2—1)(s2—S3)(s1—s2) 1!
_S%(5S1S3*10S1S2+5S2S3*3S1S%*3S2S%*3S§+2S%+551S2S3) (53)!
(60(5‘371)(_9275‘3)(817.8‘3)) 1!

sg‘(Ssl s2—251 s372s2s3+s§)) 1
(60(s3—1)(sp—1)(s;—1)) 1!

1 1 (5sp83—253—2sp+1)) (s1)"
300 (60sy(s;—1)(s;—s3)(s1—52)) 1!

(5S1S372S372S1+1)) (52)1+ (531527252725‘1+1)) (53)1
(60s2(s0—1)(s2—53)(s1—52)) 1! (60s3(s3—1)(sp—s3)(s1—s3)) 1!

(35‘1 +350+353—55150—=55153—55753+105] 5253 72)

1
(60(s3—1)(s2—1)(s1—1)) 1!
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(s1)* s?(14s1s2+ 145153—355253 —75%52—75%53 —7S%+4s‘;’+ 14515253) (51)>

4! (840(S171)(5‘173‘3)(5‘]75‘2)) 2!
57(21s3—7s1—Ts1s343s%)  (50)2
(840s2(s2—1)(s2—53)(s1—52)) 2!
5 _ _ 2 2 5 _ _ 2
n 57(2Lso—T7s1 —Ts1s34+3s7)  (s3)*  57(2Lsos3—Ts153—Ts152+3s7) 1
(840s3(s3—1)(s52—s53)(s1—53)) 2! (840(s3—1)(s2—1)(s1—1)) 2!

(s2) + 53(553—2s0—2s253+53)  (s57)?
41 (6051 (s1—1)(s1—s3)(s51—52)) 2!
_S%(10S1S3—5S1S2—5S253+3S15%+3S§S3+3S§—25%—5.915253)) (52)?
(60(s2—1)(s2—53)(s51—52)) 2!
_ 55(250=55142515—53)) (S3)2+53(25182*5SIS3+25233*5%))l
(60s3(s3—1)(s2—s3)(s1—53)) 2! (60(s3—1)(s1—1)(s2—1)) 2!

(s3)* 53(2s3—55+2s253—53)  (s1)

543‘ (253551425153 —s%) (52)?

2
47 7 60s1(s1—1)(s1—53)(51—52) 2! +6Osz(s2—1)(s2—S3)(s1—s2) 21
_S%(5S1S3*10S1S2+5S2S3*3S1S%*3S2S%*3S§+2S%+551S2S3) (53)2
(60(5‘371)(_9275‘3)(817.8‘3)) 2!

sg‘(Ssl s2—251 s372s2s3+s§)) 1
(60(s3—1)(sp—1)(s;—1)) 2!

1 1 (5sp83—253—2sp+1)) (s1)?
4! (60s1(s1—1)(s1—s3)(51—52)) 2!

(5S1S372S372S1+1)) (52)2+ (531527252725‘1+1)) (53)2
(60s2(s0—1)(s2—53)(s1—52)) 2! (60s3(s3—1)(s2—s3)(s1—s53)) 2!

(35‘1 +350+353—55150—=55153—55753+105] 5253 72)

1
(60(s3—1)(s2—1)(s1—1)) 2!
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(s1)° s?(14s1s2+ 145153—355253 —75%52—75%53 —7S%+4s‘;’+ 14515253) (51)3

5! (840(s1—1)(s1—53)(s1—52)) 3!
57(21s3—7s1—Ts1s3435%)  (57)°
(840s2(s2—1)(s2—53)(s1—52)) 3!

s?(2152—7s1—7s1sz+3s%) (s3)3 S‘?(215‘253—75‘153—7515‘2—"35%)1

+(84OS3(S3—1)(S2—S3)(S1—S3)) 31 T T (840(s3—D)(s—1)(s1—1)) 3!

(s2) + 53(5s3—2s0—2s253+s53)  (s57)°
5! (6051 (s1—1)(s1—s3)(s51—52)) 3!
_S%(10S1S3—5S1S2—5S253+3S15%+3S§S3+3S§—25%—5.915253)) (s2)?
(60(so—1)(s2—s3)(s1—52)) 3!
_ 55(250=55142515—53)) (S3)3+53(25182*5SIS3+25233*5%))l
(60.8‘3(5‘371)(5‘275‘3)(5‘17&3)) 3! (60(5‘371)(5‘171)(3‘271)) 3!

(s3)° 53(2s3—55+2s253—53)  (s1)

543‘ (253551425153 —s%) (s2)?

3
51 7 60s1(s1—1)(s1—s3)(s1—52) 3! +6Osz(s2—1)(s2—S3)(s1—s2) 3!
_S%(5S1S3*10S1S2+5S2S3*3S1S%*3S2S%*3S§+2S%+551S2S3) (s3)3
(60(5‘371)(_9275‘3)(817.8‘3)) 3!

sg‘(Ssl s2—251 s372s2s3+s§)) 1
(60(s3—1)(sp—1)(s;—1)) 3!

1 1 (5sp83—253—2sp+1)) (s1)°
5T (60s1(s;—1)(s1—s3)(s1—s2)) 3!

(5S1S372S372S1+1)) (52)3+ (531527252725‘1+1)) (53)3
(60s2(s0—1)(s2—53)(s1—52)) 3! (60s3(s3—1)(s2—s3)(s1—s3)) 3!

(35‘1 +350+353—55150—=55153—55753+105] 5253 72)

1
(60(s3—1)(s2—1)(s1—1)) 3!
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(51 )6 s?(14s1s2+ 14s153—355753 —75%52—75%53 —7s%+4s‘;’+ 14515253) (s1 )4

6! (840(s1—1)(s1—53)(s1—52)) 4!
57(21s3—Ts1—Ts1s343s%)  (s0)*
(84052 (s2—1)(s2—53)(s51—52)) 4!
s?(2152—7s1—7s1sz+3s%) (s3)* S‘?(215‘253—75‘153—7515‘2—"35%)1
+(840S3(S3—1)(S2—S3)(S1—S3)) 4T 7 T (840(s3—1)(s2—1)(s1—1)) 47

(s2) + 53(553—2s0—2s253+53)  (s1)*
6! (6051 (s1—1)(s1—s3)(s51—52)) 4!
_S%(10S1S3—5S1S2—5S253+3S15%+3S§S3+3S§—25%—5.915253)) (s2)*
(60(s2—1)(s2—53)(s51—52)) 4!
_ 55(250=55142515—53)) (S3)4+53(25182*5SIS3+25233*5%))l
(60s3(s3—1)(s2—s3)(s1—53)) 4! (60(s3—1)(s1—1)(s2—1)) 4!

(s3)° 53(2s3—55+2s253—53)  (s1)

53(253—5s1+2s153—53)  (s2)*

4

6! "~ 60s1(s1—1)(s1—53)(s1—s52) & +6Osz(s2—1)(s2—S3)(s1—s2) 4!
_S%(5S1S3710S1S2+5S2S3*35‘15%*3S2S%*3S§+2S2+551S2S3) (53)4
(60(5‘371)(_9275‘3)(817.8‘3)) 4!

sg‘(Ssl s2—251 s372s2s3+s§)) 1
(60(s3—1)(sp—1)(s;—1)) 4!

1. (5s283=253—255+1))  (s1)*
6! (60s1(51_1)(51753)(31—5‘2)) 41

(5S1S372S372S1+1)) (52)4+ (531527252725‘1+1)) (53)4
(60s2(s0—1)(s2—53)(s1—52)) 4! (60s3(s3—1)(s2—s3)(s1—s53)) 4!

(35‘1 +350+353—55150—=55153—55753+105] 5253 72) 1

(60(s3—1)(s2—1)(s1—1)) 41
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(s1 )7 s?(14s1s2+ 145153—355253 —75%52—75%53 —7S%+4s‘;’+ 14s15253) (s )5

7! (840(s1—1)(s1—53)(s1—52)) 5!
57(21s3—7s1—Ts153435%)  (57)°
(84052 (s2—1)(s2—53)(s1—52)) 5!
s?(2152—7s1—7s1s2—|—3s%) (s3)° S‘?(215‘253—7S153—751S2+3S%)1
+(84OS3(S3—1)(S2—S3)(S1—S3)) 51 7 T (840(s3—D)(s—1)(s1—1)) 3!

(s2) + 53(5s3—2s0—2s253+53)  (s57)°
7! (60s1(slfl)(s1733)(slfs2)) 5!
- 53(105153—55152—55253+35155+35353-+355— 253 —5515253)) (52)°
(60(s2—1)(s2—53)(s1—52)) 5!
_ s‘2‘(23275s1+2s1s2755)) (S3)5+s‘z‘(Zs]3275s153+232337s%))l
(60&3(5‘371)(5‘275‘3)(5‘17&3)) 5! (60(5‘371)(5‘171)(3‘271)) 5!

(s3)7 53(253—552+2s253—53)  (s1)

Sg (253551425153 —S%) (s2)5

5
TV 60s1(s1—1)(s1—53)(s1—52) 3! +6Osz(s2—1)(s2—S3)(s1—s2) 51
_S%(551S3710S1S2+5S2S3*3S1S%*3S2S%*3S§+2S3+551S2S3) (s3)°
(60(5‘371)(5‘275‘3)(817&3)) 5!

sg‘(Ssl s2—251 s372szs3+s§)) 1
60(55= 15211 1)) 31

1. (55283=2s3—25p+1))  (s1)°
70" (60s1(s1—1)(s1—s3)(s1—52)) 5!
(5S1S372S37251+1>) (S2)5+ (5315272S2725‘1+1)) (53)5
(60s2(s0—1)(s2—53)(s1—52)) 5! (60s3(s3—1)(s2—s3)(s1—s3)) 35!
(3S|+3S2+3S3755‘1Sz755‘15‘3755‘23‘3+1051S2S372) 1
(60(s3—1)(s2=1)(s1—1)) St

Hence, by comparing the coefficient of 4, the block of first derivative has order [5,5,5,5]7

together with the following error constants vector

which is true for all s, 52,53 € (0,1)\ {52 =

U{Sz =

— (s‘ll (14s152+14s153—355253 775%32 77S%S3 77s%+4s?+ 14515253))

50400
(5‘2‘(355153 —14s150—14s753+7s] S%+7S%S3 —0—75% —453— 14s515253))

50400

— (s§ (14s153—35s1 52+ 145753 775155 775255 77s§+4sg+ 14515253))
50400

(7S1 +Ts0+Ts3—14s157— 1451 53— 145253+35515253 74)
i 50400 |

— 145,53+ 75253+ 752 —4s3
-t 32 l 1}U{sl
1451 —35s3—Ts{+14s153

—l4s1s3+7s1s%+7s%—4sg }U {Sl _ —752—753—|—14s233—|—4}
—35s1+14s3— 755+ 145153 T—14s,— 145343557534
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_ 14sos3 —7S%S3 —7s% +4s%

T 3553—14sy+753— 145353

}



Expanding y” and f function in Taylor series in finding the order of the second deriva-

tive block. This is demonstrated below.

w ()W jr2
Zj:() Fi Yn  — Yy
+hS1(10S152+10S1S3—30S2S3—55%5‘2—55%5‘3—5S%+3S?+10S1S2S3) "
(60s253) Yn
_sl(20s1s2+20sls37303253715s%s2715s%33715s%+12s?+20s1s2g)) Zo? (sl)jhj+' j+3
(60(s1—1)(s1—s3)(s1—52)) j=0"— ji_In
57(10s3—551—55153+357)) ye St ji3
(6052 (52—1)(52—53) (51 —52)) &=j=0 ~jT_Vn
s%(10s2—5s1—551s2+3s%) Zw séhj'*'] j+3
(6053 (53— 1)(s2—53) (51 —s3)) &j=0 ~ jT_In
_S:li(10S2S375S1S375S1S2+3S%))Zoo Wt j+3 0
©0(s3—D{s2—D(s1-1) &Jj=0 jr
o (2)/h_j42 "
Zj:() T n —Vn

hS2(30S153—10S1S2—10S2S3+551S%+5S%S3+5S%—3S%—10S1S2S3) "
N (60sys3) n
53(1053—552—552534353)) ¥ (s1)7 R 43
(6081 (51— 1)(51-53) (51 —s2)) &=j=0 " jT__ In
_s2(30sls3—205132—20s253+1551‘9%4—153%53—}—15%—12s%—20s15253)) ZO? (sz)jth j+3
(60(s2=1)(s2—s3)(s51=52)) j=0 " jT = In
s%(Ssz;lOs] +55152—3S%)) Zo'o (s3)Ihit! j+3
(60s3(s3~1)(s2—53) (51 —53)) &=j=0 — jI__
3(5¢ 2 : .
52(5.8|Sz—lOSlS3+5S2S373S2)) o RITL_j43
D= 1) Z=0 "1 0
o (s3)/h] j42 "
Y=o =¥

/’lS}(lOSlS3*305‘1S2+10S2S3—SS]S%‘SSZAYg—SS%-FS'S%—F105‘18‘25‘3) "

(605‘15‘2) n
S§(5S3—10S2+552S3—3S§)) Zo? (sl)/:hj‘*" yj+3
(6051 (s1—1)(s1—83)(s1—52)) &=j=0 ;T 7
S%(SS3*108] +5S]S373S%)) Zoo (sz)jhj+1 j+3
(6052 (52— 1)(52—53) (51 —s2)) &j=0 " jr__In
_S3(20s1S3—3051s2+205253—15s1s§—1552s%—155§+12sg+20515253)) Zo-o (s3)h/*! j+3

(60(s3—1)(s2—s3)(s51—53)) Jj=0 ! n
. 53(10s153—55153—55253+353)) ¥ Wt j+3 0
@035 (s1—1)) &j=0 jr n

o W Jj+2 "
Yiojyn  —Va

_I_

h(55145524553—10s155—10s153— 10525343051 5253 —3) _ "
(60s15253) Yn

(10S2S375S375S2+3)) oo (Sl)jhj+] j+3
+(6051(51—1)(51—53)(31—52)) Zj:o jTn

(10s153—5s3—5s1+3) Zoo (sz)jhj+1 j+3

(6055 (52— 1)(s2—53)(s1—52)) &j=0" j1__In
(10s150—552—5s51+3)) oo (33)jhj+1 j+3

(605303 (52 53)(s1 —53)) Zj=0  ji_ I

. (1531+15S2+1533720S1S2720S1S3720S233+30S1S283712) Zoo _hj+3 j+3 0
: (60053~ (s~ D)(s1—1)) j=0 " T
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Comparing the coefficients of 4/ and y/ gives

0—0 0
_ 0-0 0
Co= =
0—0 0
0—0 0
0—-0 0
_ 0-0 0
Cy = =
0—0 0
0-0 0
L J L d
1—1 0
: -1 0
Cy= =
1—1 0
1—1 0
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(Sl)] + S1 (1051s2+10S1$3730S2S3*5S%S275S%S375S%+3s?+10s15253)

1! (60s753)
8] (2051524205153 —30s253—1 SS%sz— 15s%53 — 155%+125?+2051S2S3)) (51)°
(60(s1—1)(s1—s3)(s1—52)) 0!

57(10s3—551=55153+357)) (52)°
(60s2(s2—1)(s2—53)(s1—s2)) 0!
57(105p =551 =5s152+3s7)) (s3)° (10525355153 —55152+357))

1
(60s3(s3—1)(s2—s3)(s1—s3)) 0! (60(s3—1)(so—1)(s;—1)) 0!

(s0)! s2(30s1S3—10s1s2—10s253+5s1S%+SS%S3+SS%—3S%—10s1s2s3)
1! (60S1S3)
53(10s3—550—552534353)) (s1)°
6051 51— D(s1=53) (1=52)) 0!
52(30s153—205152—205253+ 155153+ 1553534+ 1553 — 1253 —20515253)) (s)°
o (60(s2—1)(s2—53)(s1—52)) 0!
_ 53(550— 1051 +55152—353)) (s3)° _I_S%(SslS2—10S1S3+55253—3S%))l
(60s3(s3—1)(s2—s3)(s1—s3)) 0! (60(s3—1)(s2—1)(s1—1)) 0!

(s3)! S3(1051S3730S|S2+IOSQS37551S%7552S%7SS%+3S3+10S|S233)
T (60s152)
o s§(533—1052+5s25373s§)) (s1)° S%(SS:;*1051-1*5.?15‘3—35%)) (52)°
(605‘1(8171)(5‘17S3)(S|7S2)) 0! (605‘2(5‘271)(5‘275‘3)(‘9175‘2)) 0!
_s3(20s1S3—30s152+ZOSZS3—15s1s%—15s25§—lSs%+12&§+20s1s253)) (53)°

(60(s3—1)(s2—53)(s1—53)) 0!
s%(lOsl §2—551 537532534*33%)) 1
(60(3371)(3271)(5]71)) 0!

(5S1+5S2+5S37loslszf10S1S3710S2S3+308152S373)
(60s15253)
n (105253—553—55+3))  (51)°
(60s1(s1—1)(s1—s53)(s1—52)) 0!
_ (10sy53—5s3—5s51+3) (52)0_|_ (10s150—55,—55143))  (s3)°
(60s2(s2—1)(s2—s3)(s1—52)) O! (60s3(s3—1)(s2—s3)(s1—s3)) 0!
(15S1+15S2+15S3720S1S2720§1S3720S2S3+30S1S2S3712) 1

1_
Il

(60(s3—1)(so—1)(s;—1)) 0!
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(s1)®  51(205152+20s153—30s253— 155750 — 1557 53— 155741257 +20515253)) (51)"
2! (60(&171)(5‘17&3)(5‘173‘2)) 1!
53(10s3—5s1—5s153+35%)) (s7)"
(60s2(s2—1)(s2—s3)(s1—52)) 1!
i 57 (1052 —551 —551524+353))  (s3)! _ 57(105253—55153—551524357))
(60s3(s3—1)(s2—s3)(s1—s3)) 1! (60(s3—1)(s2—1)(s1—1))

L
Il

(52) 53(10s3—552—55253+353)) (s7)"

2! +(6031(51*1)(51*53)(51*82)) 1!

52(305153—20515—205253+ 155 55+ 155553+ 1553 — 1253 —20515253)) (57)"
N (60(s2—1)(s2—53)(s1—52)) 1!

_ s%(5s2—10s1+5s1s2—3s%)) (s3)1+S%(5S152—10S153+5S253—3S%))
6053055 (2551 —s3)) 11 T~ (6005 ;2151 1)

L
Il

(s3)? S§(5S3—10S2+5S2S3—3S%)) (s1)! 53(553—1081-5-531&3_35%)) (s2)!

21 7 (60s1(s;—1)(s1—s3)(s1—s2)) 1! + (60s2(s2—1)(sp—53)(s1—s2)) 1!
S3(20sls373051s2+20s233715s1s%71552s§715s§+12s§+20s1s253)) (s3)!
o (60(5‘371)(_9275‘3)(817.8‘3)) 1!
s%(1Oslsz—SslS3—552‘¥3+3s%))
60055 =) (s> ~1)(s1 1)

L
I

1y (105953—553=552+3))  (s1)"
200 (60s1(s1—1)(s1—s3)(s1—s2)) 1!
A (10S13375S375S1+3) (S2)1+ (105‘1.&‘2755‘275514»3)) (53)1
(60s2(s0—1)(s2—53)(s1—52)) 1! (60s3(s3—1)(sp—s3)(s1—s3)) 1!
(1551 4155 +1553 205157 —205153—205253 430515253 — 12)

1
(60(s3—1)(s2—1)(s1—1)) 1!
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(s1)°  51(205152+20s153—30s253— 155759 — 155753 — 1557 +1257 +-20515253)) (51)°

31 (60(s1—1)(s1—s3)(s1—52)) 2!
53(10s3—5s1—5s153+3s5%)) (s)?
(6053 (s2—1)(s2—53)(51—52)) 2!
57(105p—5s1—551524357)) (s3)2  53(105253—55153—55152+357)) 1
+(60S3(S3—1)(S2—S3)(51—53)) 21 (60(S3—1)(S2—])(51—1)) 21

(s2) S%(10S3*5S275S2S3+3S%)) (51)?

30 G0 1 D1 —53) (1-52)) 2!
52(305153—205152—205253+ 155 55-+155353+ 1553 — 1253 —20515253) ) (57)2
N (60(s2—1)(s2—s53)(s1—52)) 2!
_ s%(5s2—10s1+5s1s2—3s%)) (S3)2+S%(55‘152—]0S153+5S2S3—3S%))l
(60s3(s3—1)(s2—s3)(s1—s53)) 2! (60(s3—1)(so—1)(s1—1)) 2!

(s3)° S§(5S3—10S2+5S2S3—3S%)) (s1)? 53(553—1081-5-531&3_35%)) (s2)?

31 7 (60s1(s;—1)(s1—53)(s1—52)) 2! +(60s2(s2—1)(s2—S3)(s1—sz)) 2!
S3(20sls373051s2+20s233715s1s%71552s§715s§+12s§+20s1s253)) (s3)2
o (60(5‘371)(_9275‘3)(817.8‘3)) 2!
s%(1Oslsz—SslS3—552‘¥3+3s%)) 1
60055 =121 1)) 21

1y (105p53—553=552+3))  (s1)2
300 (60s1(s1—1)(s1—s3)(s1—52)) 2!
A (10S13375S375S1+3) (S2)2+ (105‘1.&‘2755‘275514»3)) (53)2
(60s2(s0—1)(s2—53)(s1—52)) 2! (60s3(s3—1)(s2—s3)(s1—s53)) 2!
(1551 4155 +1553 205157 —205153—205253 430515253 — 12) 1

(60(s3—1)(s2—1)(s1—1)) 2!
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(s1)*  51(205152+20s153—30s253— 155750 — 155753~ 155741257 +20515253)) (51)>

4! (60(s1—1)(s1—s3)(s1—52)) 31
53(10s3—5s1—5s153+353)) (s2)3
(6052 (s2—1)(s2—s3)(51—52)) 3!
57(105p—5s1—551524357)) (s3)°  53(105253—55153—55152+357)) 1
T 605303 Doa—s3)(s1=53)) 31~ (60031 (s»—1(s1 1)) 3!

(s2) S%(10S3*5S275S2S3+3S%)) (s1)3

4 T 05 1~ D) 1—59) (1-52)) 3!
52(305153—205152 205253+ 155 55+155353-+1555 — 1253 —20515253) ) (s7)°
N (60(s2—1)(s2—s53)(s1—52)) 3!
_ s%(5s2—10s1+5s1s2—3s%)) (s3)3 +S%(5S152—10S153+5S2S3—3S%))l
(60s3(s3—1)(s2—s3)(s1—s53)) 3! (60(s3—1)(so—1)(s1—1)) 3!

(s3)* S§(5S3—10S2+5S2S3—3S%)) (s1)? sg(SS3—IOs1+5s|s3—3s§)) (s2)?

40 (6051 (s1—1)(s1—53)(s1-s2)) 3! +(6052(52—1)(S2—53)(51—Sz)) 3!
S3(20sls373051s2+20s233715s1s%71552s§715s§+12s§+20s1s253)) (s3)3
o (60(5‘371)(_9275‘3)(817.8‘3)) 3!
s%(1Oslsz—SslS3—552‘¥3+3s%)) 1
00— (o061 1) 3!

1y (10553—553=5524+3))  (s1)°
417 (60s1(s1—1)(s1—s3)(s1—52)) 3!
A (10S13375S375S1+3) (S2)3+ (105‘1.&‘2755‘275514»3)) (53)3
(60s2(s0—1)(s2—53)(s1—52)) 3! (60s3(s3—1)(s2—s3)(s1—s3)) 3!
(1551 4155 +1553 205157 —205153—205253 430515253 — 12) 1

(60(s3—1)(s2—1)(s1—1)) 3!
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(s1)°  51(20s152+20s153—30s253— 155759 — 155753 — 1557 +1257 +-20515253)) (51)*

5! (60(s1—1)(s1—s3)(s1—52)) 4!
53(10s3—5s1—5s153+3s%)) (s2)*
(6053 (s2—1)(s2—53)(51—52)) 4!
57(105p—5s1—551524357)) (s3)*  53(105253—55153—55152+357)) 1
+(60S3(S3—1)(S2—S3)(51—53)) 4 (60(S3—1)(S2—])(51—1)) 41

(s2) S%(10S3*5S275S2S3+3S%)) (s1)*

ST 60 1D s1—53) (1-52)) &)
52(305153—20515—205253+ 155 55-+155353+ 1553 — 1253 2051 5253)) (57)*
N (60(s2—1)(s2—s53)(s1—52)) 4!
_ s%(5s2—10s1+5s1s2—3s%)) (S3)4+S%(55‘152—]0S153+5S2S3—3S%))l
(60s3(s3—1)(s2—s53)(s1—s53)) 4! (60(s3—1)(so—1)(s1—1)) 4!

(s3)° S§(5S3—10S2+5S2S3—3S%)) (s1)* 53(553—1081-5-531&3_35%)) (s2)*

51 7 (60s1(s;—1)(s1—s3)(s1—52)) & +(60s2(s2—1)(s2—S3)(s1—sz)) 41
S3(20sls373051s2+20s233715s1s%71552s§715s§+12s§+20s1s253)) (s3)*
o (60(5‘371)(_9275‘3)(817.8‘3)) 4!
s%(1Oslsz—SslS3—552‘¥3+3s%)) 1
60055 =111 1)) &

1y (105p53—553=552+3))  (s1)*
51T (60s1(s1—1)(s1—s3)(s1—s2)) 4!
A (10S13375S375S1+3) (S2)4+ (105‘1.&‘2755‘275514»3)) (53)4
(60s2(s0—1)(s2—53)(s1—52)) 4! (60s3(s3—1)(s2—s3)(s1—s53)) 4!
(1551 4155 +1553 205157 —205153—205253 430515253 — 12) 1

(60(s3—1)(s2—1)(s1—1)) 41
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(s1)°  51(205152+20s153—30s253— 155750 — 155753 — 1557412574205 5253)) (51)°
6! (60(s1—1)(s1—s3)(s1—52)) 5!
S?(10S3755175S133+3S%)) (s2)5
(60s2(s2—1)(s2—53)(s1—52)) 5!
i 53 (1052 —551 —551524357)) (s53)° _ S?(105253—55153—551524—35%))l 0
(60s3(s3—1)(s2—s3)(s1—s3)) 5! (60(s3—1)(s2—1)(s1—1)) 5!

(s2) n 83(1083*55‘2753‘25‘3‘1‘33‘%)) (51)°

6! (6051 (s1—1)(s1—s3)(s51—52)) 5!
_s2(30sls3—205152—ZOSZS3+15sls%+155%53+15s§—1252—20s1s253)) (s2)°
(60(s2—1)(s2—53)(s1—52)) 3!

_ s%(5s2—10s1+5s1s2—3s%)) (s3)° +S%(5S152—10S153+5S2S3—3S%))l 0
(60s3(s3—1)(s2—s3)(s1—s53)) 5! (60(s3—1)(so—1)(s1—1)) 3!
Cg = #
(s3)6_ S§(5S3—10S2+5S2S3—3S%)) (sl)5+ S§(5S3—10S1+5S1S3—3S%)) (s2)°
6! (6051 (s1—1)(s1—s3)(s1—52)) 5! (6052 (s2—1)(s2—53)(s1—52)) 5!
S3(20sls373051s2+20s233715sls%71552s§715s§+12s§+20s1s253)) (s3)°
o (60(s3—1)(s2—53)(s1—53)) 5!
s%(lOs1sz—SsIS3—532S3+3s%))L 0
(60(s3—1)(sp—1)(s;—1)) 5!
1y (10553—553=5s243))  (s1)°
6! " (60s1(s;—1)(s1—s3)(s1—s2)) 5!
A (10S133755375S1+3) (S2)5+ (1051.&‘2755‘275514»3)) (53)5
(60s2(s0—1)(s2—53)(s1—52)) 5! (60s3(s3—1)(s2—s3)(s1—s3)) 35!
— (155141552 +1553 205150 —205153—205253+ 30515253 —12) | 0

(60(s3—1)(s2—1)(s1—1)) 5!

Therefore, by comparing the coefficient of 4, the block of second derivative has order

5,5,5, S]T together with the following error constants vector

—(s‘l‘(Zs%—s%—l ]S%+251S2+2S1S3—552S3—S%Sz—S%S3+25152S3))
7200
(s3(55183—25150—2 24525341153 —253—2
5 (5515325150 — 25053 +5155+8553+ 1155255 —2515253))
B 7200
N — (5% (251 53— 55152+ 25253 — 51 82 —5253 — 1 1824253 +2
(553(25153—55152+25253—51 555255 — 1 155+253 42515253 ))
7200
(s1+s2+53—2s1s2—2sls3—2s253+5s152S3+8)
i 7200 |

.. 115%—25?—2&53—5%3 2S253—S%S3—115%+2S%
This is true for all s1,s2,53 € (0,1)\ {s2 = T o Tu{s; = T o }

. 723153+s1s§+113572sg  —5y—534+2s253+8
U{S - *5S1+2S37S%+2S1S3 }U{Sl - 1—2S2—2S3+552S3}'
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4.2.1.2 Zero Stability of One Step Hybrid Block Method with Generalised Three

Off-Step Points for Third Order ODEs

In finding the zero-stability of the block (#.53)), we only consider the first characteristic

function according to Definition (3.1.3)), that is

M(z) = |18 -8
1 00O 00 01
0100 00 01
_ZOOlO_OOOl
0001 00 01

= 2(z—1)=0

which implies z =0,0,0, 1.
In order to find zero-stability of the block of first derivative (4.62), Definition (3.1.3)

is also applied, that is

@) = % -8
1 000 0 001
0100 0 001
- 0010 0 001
0 001 0 001
= 2(z—1)=0
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whose solution is z = 0,0,0, 1.

The characteristic polynomial for the second derivative block (@.67)) is given as

M(z) = |18 — B
1 0 0O 00 01
01 00 00 01
T 0010 B 00 01
00 01 00 01

= 2(z—1)=0

which gives z = 0,0,0, 1. Therefore, the conditions in Definition (3.1.3) are satisfied.

Hence, the block method and its derivatives are zero stable.

4.2.1.3 Consistency and Convergent of One Step Hybrid Block Method with

Generalised Three Off-Step Points for Third Order ODEs

According to Theorem (3:1)) and Definition (3.1.4) the block method (.53) and its

derivatives (#.62)),(#.67) are consistent and convergent.

4.2.1.4 Region of Absolute Stability of One Step Block Method with Generalised

Three Off-Step Points for Third Order ODEs

Employing (3.29) for one step hybrid block with three generalised off-step points

@) yields
o — 1" (0) BRI (0) (4.68)
[DBb YREb (9) + E[3}3YR[53]3 (9)]
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where

es19 0 0 0
iS29
1[3}3Yrr[13]3(6): 0 e 0 0
0 0 %9 0
0 0 0 ¢
0 0 01
0 0 01
315 3
0 0 01
0 0 01
000 D
000 DBk
DPLY g, () = 1
: 00 0 D
000 DB
[ Reine | pllgsi0- plheme | gl ]
815 isi0 7813 is,0 @03 iss;0 315 i0
EBBY 4.(8) = Ey e 2 ¢ Eye 24 €
Rs S8 isi0 pB13ise 7B iss6 g3 ie
E5 eV E5,7e™Y Ezgte™ 34 €
_ Eﬁh 510 Egs 1920 E‘[é}s 01530 _ES 0 _

The above matrix is simplified and after finding the determinant, we have

H(6.h) = 36288000(¢ — 1)
T (s%s%s%(lOsl +10s3 + 1053 — 65152 — 65153 — 65253 + 35152853 + 51525360 —15))

The above equation is expanded trigonometrically and the imaginary part are equated

to zero. This produces the equation of absolute stability region for one step hybrid
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block method with three generalised off-step points for third order ODE as below

Bo.H) 36288000(cos(6) — 1)
A s%s%s%(lOsl + 1053 4 1053 — 65152 — 65153 — 65253 + 3515253 + 515253 ¢c08(0) — 15)
(4.69)

4.3 Numerical Results for Solving Third Order ODEs

This section considers some specific numerical method for two and three hybrid points.

Substituting s = £, r = 2 into equation [#.22)-(4.24), (4.25)-[.27) and (.29)-(.31),

the following block of one step with two hybrid points and its derivatives are obtained

h K, 10143 Th3 W
Yurd =350 509 T 1125007 ~ 90000 ++2 T 20007+
3022314549036572875h3 ;
226673591177742970257408° """
3h, 9h2 4 27R3 9h3 24343
Va3 = Yot 3t 509t 35007+ To0007n+ 2 + 100007+
12543
- . 4.70
755578637259143234191367"F! (4.70)
1 /’l2 " h3 5/’l3 5/’13
Yn+1 = Yu +hy,+ EXL iy %fn + mfmrg + Tgfn-l—é
: 588233h°
141670994486089356410830000

fn—H-

' o how 131K% 23h? 11342
Vurt =T 5%+ 11350 18000772 T 12000
16370870473948104375h%
75557863725914323419136jh+1'
' v 3hon 21K? 39K2 513h2

fn_Q_%

Yy TSIt 5 It 500073 T 4000 Tt
306009348089952798 12542
- Jot1. (4.71)
226673591177742970257408
/ oo B 25K 25k
R R TU S TR R TR
| 14757395258967641281977471°
1416709944860893564108800007 "+
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' v h h 61h
U A TS
19676527011956853125h

9444732965739290427392fnJrl ’

" v 3h 3h 63h
T M T ATl

106253245864567046875h

" 04447329657392904273927 "1
y . h 25h 25h
yn+1 =JYn + Efn + Kfn-i-% + %fn+%
159871781972149447330433h ;
11805916207174113034240007 "+

(4.72)

Using strategy in section methodss , and (4.72)) are of order [4,4,4]"

, [4,4,5]T and [4,4,4]7

with error constant [—1.663492¢~7, —9.257143¢~7,3.968254¢ 6],

[—2.666667¢°,7.200000e 6, —1.58730¢¢]7 and [—2.511111e¢73,7.200000e >, —1.388889¢#]7
respectively.

Substituting s = % and r = % into equation , this yields

: (300000000(cos(8) — 1))

h(6,h) = 4.73
(9:h) (3cos(0)+139) *73)
Evaluating (4.73) at intervals of 30°, this gives the results displayed below.
0 0 30° 60° 90° 120° 150° 180°

h(6,h)~ || 0| —283848 | —1067615 | —2158273 | —3272727 | —4104103 | —4411764

Hence, the interval of stability gives (-4411764,0) as illustrated in Figure 4.3 as a

region in polar coordinate system.
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Figure 4.3. Region stability of one step hybrid block method with two off-step points
s = % and r = % for third order ODE:s.
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The values s1 =

(4.38)) - (4.67) and (4.63) - (4.66) to produce the block and derivatives as below

h h2 684239660182632143

Yty =¥ 139t 5ee¥n T 102141639548762849280" "
1293173756638694° 18049288127130943

T 217902164370694078464”" !t 576317047287656192 1+ 1
72537225443555h 979789414400009/

T 32344852523774902272 7+ 3 T 989746502365819699200 1+

g2k /4_2h2 - 14618083910494314°
Tntd TS s T 1418633882621706240

5
. 4830741104302694° Foot 3907786264096887h>
3120994541767753728" "1 " 450403943202160640” "+ 12
3851718593307377h3 10220745945626334°

" 3503872502641655808° 2~ 383551316951040000077+ 1

On . 81h* » 10899972106132314°

Yty =¥ 102 2007 T 1008806316530991104”"
- 121900547927479h3.f +_60553952663901h3f
112206020608000000” " " 846623953387520 *n+ 1z

%_3663504837911501h3 N 4259767891525633h°
74872343805034496 “"+3 " 1325856404275200000° "+ 10

h? v 3002399751580217h3

_50%—_453962842438945996801%
4520658716868143 346741986935439343

T T18219490218475527 1 T 30410345030189056 7+
812172589050538943 95K3

T 11230851570755174477+3 T 926170+ 1

Ynt1 =Yn+hy,+

194

%, Sy = % and s3 = 19—0 are substituted into equation |b - || ,

(4.74)



, o how 191746004642677h?
Y = I T 129t 91197892454252544
870378834234533h? 3748113940480003 />
'_37451934501213044736jh+14’25978498921267zoooofﬁ+ﬁ
143336951030872142 114264025770667 1 1
'_16172426261887451136f?+%*_29456741141839872000 nt1g

J

o 2h 18700954480079807 12
Ytz T I 5T §3108770598313984007 "

%_15112078749621h2f_ +_6681765587148237h2
7740561859543040° "1 T 08525862575472640 Y "t 13
8457773294341327h> 92842

T 5552361921576960007 7+ 275625+ s

Cy o u4_5297704720662499h2
Yty = I T 107 T 8349416423424000007"

2840471467248847h? Frort 6326298051856627h?
133938555125760000° """ " 39410345030189056 "+ 12
730527180317629h> 1090772979941377h?

T 3500641115860992 17+1 ~ 21308406497280000 7+

. / v 2189249818860673A>
Ynel Tt Wt a655086957967360""
7318349394477097h2 37999121855938492
T 2259281815548395527 " T 22520197160108032

2428699017798545h> 40h2f
9359042975629312 'nt3 441 'nt1
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(4.75)



o, 1154803940009427h
Yty =T 31525197391593472 7"

4494043378161185h Fool+ 694033396499425h
8322652111380676608° "' " 14331034556432384" "+ 1>
1876635586913975h 1375h

T 30846812566041395277+3 T 152400677+

" n 4948755430538141h

Yar2 =V 94575592174780416°"
619294988759303/ 3021690169984235h

133471464134410247" T 0852586257547264 1+ 1
2191657993661405h 40961

T 14038564463443968/ 143 ~ 1653757+

(4.76)

" n604692692467501h

Intfp =~ * 7881299347898368fn
5222325145514803h 2291657949819191h

401815665377280007" ' ¥ 28662060112864765 1+
344485789075243h 175415

663503069687808 *7+5 i 49000 f’”%

" v 250199979298361h

Yaid = ¥n T3373690720527872 "
290004521459467h 6649846324789317h

~3377699720527872 /"' * 788206900603781127 "+
2394491989378845h 550

4679521487814656 773 T 132370+

Based on the approach used in section (4.2.1.T)), the block and its derivatives above are

of order [5,5,5,5]" , [5,5,5,5]" and [5,5,5,5]" with error constant

[2.646777¢ 10, —5.407831e8,—2.577536¢77,1.653439¢ 8] ,

[1.030799¢~8, —6.787725¢77,1.967866¢%,3.505291¢¢]” and

[1.076759¢%,4.685037¢76,6.451802¢4,1.193981¢ 3]

In order to find the region of absolute stability of (4.74), s; = %, sy = % and s3 = 19—0
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are substituted into equation (#.69), this gives

R(0,h) =

(12096000000000(cos(6) — 1))

(9cos(6) — 1166)

4.77)

Equation (4.77)) is evaluated at intervals of 30°, this produces tabulated results below.

30°

60°

90°

120°

150°

180°

h(0,h)

1.3992¢°

5.2071¢°

1.0374¢10

1.5501¢10

1.9229¢10

2.0589¢10

Hence, the interval of absolute stability is (0,20589000000) as demonstrated in Figure

4.4 as a region in polar coordinate system.
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Figure 4.4. Region stability of one step hybrid block method with three off step points
= %, Sy = % and s3 = % for third order ODEs.

In order to find the accuracy of our methods, the following third order ODE:s are tasted.
The new block methods solved the same problems the existing methods solved in order

to compare results in terms of error.
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Problem 8:

y +y=0,y0)=1,y(0)=—1,y (0)=1,

Exact solution: y(x)=e" 0<x<1

Source:

Problem 9:

Kuboye and Omar, 2015b

n ! " 1
y =3sinx, y(0)=1,y(0)=0,y (0)=-2,h=—

2

Exact solution: y(x) =3cosx+ % -2 0<x<1

Source:

Problem 10:

Olabode, 2013

m "

y +y =0,y(0)=0,y(0)=1,y (0)=2,

Exact solution: y(x) = sinx—2cosx + 2 0<x<1

Source:

Problem 11:

1
Exact solution: y(x) =1+ =log

Anake et al., 2013

n K4 ! 1
y —2xyy = () =0,y0y=1, y(0) =3

(2+x)
2% 2% =7

Source: Gbenga et al., 2015
Problem12:  y +y +3y —5y=6x—5x>+2, y(0)=
" 1
0)=-3h=—.
y (0) =15
Exact solution: y(x) = x* — € + ¢ *sin(2x) 0<x<
Source: Awoyemi et al., 2014
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Problem13:  y +4y —x=0, y(0)=0,y(0)=0,y (0)=1, h= —
Exact solution: y(x) = x> — " 4 e *sin(2x) 0<x<1

Source: Mohammed and Adeniyi, 2014

n / " 1
Problem 14: y =€, y(0)=3,y(0)=1,y (0)=5, hzl—o
Exact solution: y(x) =2+ 22 +é* 0<x<1

Source: Olabode and Yusuph, 2009

Problem 15:  y —2y —3y + 10y = 34xe 2 — 16 2 — 10x% + 6x + 4,

/

¥(0) =3, y(0) =0, y (0)=0.
Exact solution: y(x) = e ¥ —x*+3 0<x<1
Source: Awoyemi, 2005
Problem16: y —y +y +y=0, y(0)=1,y(0)=0,y (0)=—1, h =0.01

Exact solution: y(x) = cosx 0<x<1

Source: Mohammed and Adeniyi, 2014
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4.4 Comments on the Results

In all the tested problems, the results demonstrate the advantages of using three hybrid
points over two hybrid points for solving IVPs of third order ODEs. The accuracy of
the methods using the former points is better than the later points. This is due to the
fact that the more off-step points utilized the better accuracy will be as the order of the
methods increases. When solving the same IVPs of third ODEs, the numerical results

also reveal that the developed methods outperform the existing methods.

4.5 Conclusion

This chapter has presented a new classes of one step hybrid block methods for numer-
ically approximating the solution of third order initial value problems. These hybrid
block methods have satisfied possessing properties that will confirm its convergence
when applied to solve third order ODEs as seen in the numerical results. Also, it is
worth noting that the block methods presented is in a generalised two and three off-
step points form and hence can take varying hybrid point values which gives room for

flexibility. Hence, future research can consider the other classes of hybrid points.
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CHAPTER FIVE
ONE STEP HYBRID BLOCK METHODS FOR SOLVING

FOURTH ORDER ODEs DIRECTLY

In this chapter, the development of one step hybrid block methods with three gener-
alised off-step points using collocation and interpolation method for solving forth order
IVPs of ODE:s is considered.

Similarly, Equation (3.T)) is employed to approximate the solution of general fourth

order initial value problem

YW= fxyy,y .y ), X € [a,b). (5.1)

with four initial conditions

! n

(@) =no,y (@) =M1,y (@) = M2,y (@) =M.

The first, second, third and fourth derivative of equation (3.1]) are given below

v+m—1 l

i—1
/ X —Xpn
yx) =Y Eai( - ) : (5.2)

i=1

" _v+m_li(i—1) X —Xpn i-2

y (x) = ; 5 ai( p ) . (5.3)

" vim-1 l(l-])(l—Z) X—Xp i=3

y ()= ) 3 ai( - ) . (5.4)
i=3
v+m—1 0> : . . i—4

W) = Z i(i l)(lh42)(l 3>a,~(x hxn) ‘ 5.5)
i=4
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Substituting (5.5) into (5.1)) yields

(5.6)

v+m—1 /- . . i—4

roonom i(i—1)(i—2 1—3 X—X

f(xvyayvy )Y ): Z ( >( HA >( )ai< A n) .
i=4

5.1 Derivation of One Step Hybrid Block Method with Generalised Three Off-

Step Points for Fourth Order ODEs

To derive this method, Equation (3.1)) is interpolated at X, X, s, Xnts, and X, g, and
Equation (5.6)) is collocated at all point in the selected interval i.e, Xn, Xpis;>Xnts,s

Xn+s; and x,41. This strategy is clearly demonstrates in the following Figure 5.1.

Figure 5.1. One step hybrid block method with generalised three off-step points for
solving fourth order ODEs.

Based on Figure 5.1, v =4 and m = 5 which produces following interpolation and

collocation equations

Yn = Qo
Ynts, = ap-+apsi +a2s%+a3s? +a4s‘1‘+a5s? +a6s?+a7sz +ags?.
Vnts, = ap+ais +a2s% +a3sg +a4s‘21 +a5s§ +a6sg +a7sg +ags§.
Yn+s; = ap+aiss +azs% —|—a3s§ +a4s§l +a5s§ —|—a6s(35 +a7s§ +ags§.
24
fn = L (5.7)
24 120s; 36057  840s3 1680s}
'fn-I—S] = maﬁi + h4 as + h4 de + h4 ay + h4 as
24 120sp  360s5  840s3  1680s3
Jnts, = At st — At — mar+ — —as
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fn+S3

fn—i—S3

which can be written in a matrix form

1 s

1S3

24 120s3 36053 840s3 168053

g T st T et et T as

24 120 360 840 1680

Fa4+ i as + 1 ag + A az e ag
0 0 0 0 ap Yn
SIS I I
Sg sg SZ sg a, Yn+s,
3 5§ 5] 53 a3 Ynts3
0 0 0 0 as | — In
1 2}?5 i 36}?13 i 8‘;?‘3? ! 624?5“ as Jnts,
2 v oo Gl (L
2% ol ol | NI,
% 3}% 8]7# % as Jnt1

(5.8)

Gaussian Elimination method is employed to solve (5.8) in order to find the unknown

coefficients a;’s for i = 0(1)8 as below
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(s1 52) (s2 53)

ai n + N+
(55 G1=%3) (2=s3)) 7" T Gr (s—s) (s1—s3)) "
(S1S3) y _ (S1S2—|-S1S3 +S2S3))
(52 (51— 52) (s2—s3)) ~"° (s15253) !
4
5040 (3s1 SS%SQ — SS?Sg — SS? — SS%S% + 15S%S2S3 + ZOs%sz — SS%sg + 2OS%S3

—5s1s2 + 15S1S2S3 + 20s1s2 + 15s1s2s3 —120s15283 — 5s1s3 + 20s1s3 — 5s253

— 55353 — 853 + 355 + 205353 — 55253 + 205253 + 357 — 853) fn

n hs1s9
(5040(S1 —53)( 2 —S3)( §3 — 1))
—|-2Os1sz + 3s1s3 — 8S1S3 — 5s1s2 5S1S2S3 + 20s1s2 — 5s1szs3 + 20515283 — 3s3

(357 — 55357 + 35753 — 857 — 55755 — 5575083

+3s1s3 8s1s3 +3s5+ 3S2S3 8s3 + 3s%s§ 85353 + 3S2S3 8szs3 + 653)]‘,,+s3
(h*sys3

~ (5040(s; —57) (51 —s3)(s1 — 1))

+8s%sz — 3s%s% + 85%.5‘3 — 35153 + 557 S%S3 + 8s1s% + 5s1szs% — 20815253 — 3s1sg

(35T — 35357 — 35353 — 657 — 35755 + 5575253

485153 — 353 + 55353 4 853 + 55353 — 205553 + 55053 — 205253 — 353 + 853) furs,

) /’Z4S1S3
(5040(51 = S2)(S2 — S3)(Sz — 1))

—8S%S2 5s1s3 + 20S1S3 + 3s1s2 5S1S2S’; — 831s2 5s1szs3 + 20515253 — 5s1s3

(357435359 — 55753 — 857 + 35755 — 5575253

—|—20s1s% — 353+ 3S%S3 + 6s§ + 3s%s3 85353 + 3szs3 8s2s3 + 3s3 8sg)f,,+52

h*s15083
5040(s; — 1)(so —1)(s3—1)

— 55153 + 15515553 + 15515253 — 55153 + 353 — 55353 — 55353 — 55253 4+ 35%) fus1

(357 — 55750 — 55753 — 55753 + 15535253 — 55753
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. (Sl + 52 +S3) (Sl +SZ) (S2 —|—S3)
a) = Yn — Yntsy —
(515253) (s3(s1—53)(s2 —53)) (s1(s1—52)(s1 — 53
(Sl —|—S3) n*

(s2(s1 —2)(s2 —S3))yn+s2 * (5040(s; — 1) (s —1)(s3—1))

—5s1s2 — 10S1S2S3 — 5s1s3 5s1s2 + 10S1S2S3 + 10s1szs3 5s1s3 5s1s2 5s2s3

)2

_|_

(3575 + 35753

+10s75353 4 30575353 + 10575253 — 55755 + 35155 — 10515353 + 10515353 — 55353

+1Os1s2s3 1()s1s2s3 + 3s1s3 + 3S2S3 SS%sg + 3s2s§)fn+1
h4
_|_
(504057 (51 —s52)(s2 —53) (52 — 1))
—SS?SZ 5s1s3 8S1S3 + 3s152 2S1S2S3 853 s2 + 12S1S2S3 5s1s3 lOs%szsg

(35752 4 35753 + 35753 — 2575053 — 10575253

1205753 4 35755 — 2575353 — 85753 — 10575553 + 12575353 + 65353 4 35353 + 35355
+40s%s2s3 5s1s3 + 20s1s3 3s1s§ + 6s1s§S3 + 6s1s§ — 2s1s§s% — 16S1S%S3
—2s1s%s§ + 12s1s%s% — 251szs‘3l + 1251s2s§ + 3sls§ — 8s1sg — 3S§S3 + 3s§s§

—85253 8S2Sg +352S3 85253)fn+32

/14
—I—(504Os1(s1 —52)(s1—83)(s1 = 1)) (35752 + 35753 5185 — 0575253 5182

— 3sts3 — 65183 — 35755 + 2575353 + 85755 + 2575255 + 16575253 — 35753 + 85353

2 3s5ts s S2S3 + 8s s% + 1OS%S%S% 12575553 + 2s%s2s§ — lZs%szs% — 3s%s‘31

—|—8s%s§ — 3s1sg + 251533 + 8s1s§ + 10s1s%s% 1251S2S3 + 1Osls2s3 4Os1szs3

—|—2s1szs3 12s1szs3 351s§ + 8s1s§ 3S2S3 + 5s2s3 + 8S2S3 +5s253 2()s2s3
h4

B (504OS1S253)

— 1OS?S2S3 — 8s?sz — SS?S% — SS?S3 5s1s2 + 10s3 S2S3 + 20s3 s2 + 10s?szs%

455353 — 205353 — 35253 + 8525%) s, (35757 + 35753 — 55753

+40S1S2S3 — 5s1s3 + 20s1s3 5s7s3 + 10S1S2S3 + 20s1s2 + 3Os1s2s3 8szs§1
100s15253 + 10s152s3 10()s1s2s3 5s1s3 + ZOS%.S% + 35152 — 1OS1S§S3 + 3szs§

—8s1s3 + lOslsgsg + 40S18%S3 + 10s1s%s§ — 1()0s1s%s% — 10s1szs§ + 4051szs§

—|—3s1s3 8s1s3 + 3S2S3 5s3s§ — 8S§S3 Ss sg + 20s2s3 Ss s§ + 20s2s3)f
h4
(504053 (51— 53) (52— 53) (53 — 1))

(35752 + 35753 — 55755 — 2575053 — 8512
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435753 — 85153 — 55155 — 10575353 + 205353 — 2575253 + 12535053 + 35783
—8s1s3 5s1s2 1OS%S§S3 + 20S%S% 1057 s2s3 + 40S1S2S3 2s%szs§ +6s2s§
+12s%s2s% + 3s%sg — 8s%s§ + 3s1sg — 2s1s§S3 — 851s§1 — 2S1S%S% + 12S1S%S3
—2s1s%s§ + 12515353 + 6515055 — 16slszs§ — 3s1s§ + 65155 4 35553 + 35353

— 85353 + 35353 — 85353 + 35357 — 85353 — 35253) frrtss

1 1 1
azy = + _
T =) =53))" T (s —s0) (s1—s3)) T (susasy)
1 N K
(Sz (Sl — Sz) (Sz — S3)))’n+s2 (5040S1S2S3)

+15S%S283 + ZOs?sz — SS?S% + 20S?S3 — SS%S% + 15575353 + 205753 + 15s%s2s%

(357 — 55Ty — 55753 — 857 — 55353

—120s%szs3 — SS%S% + ZOS%S% — 5515‘21 + 15s1s353 + 2()s1s% + 15s1s%s§ + ZOs%s_o,
— 120S1S%S3 + 15s1szs§ — 120slszs§ — 55155 + 20s1sg + 3s2 55583 — 8s2 — 5s2s3
55353 + 205353 — 55255 - 205253 + 353 — 853) f
T id

(50405‘3 (S1 —3 S3) (S2 — S3) (S3 — 1))
—|—20s%52 + 3s?s§ - 8S?S3 551s2 5s1s253 + 2()sls2 5s1s2s3 Y 20S1S2S3 + 3s1s3

(357 — 55752 + 357853 — 857 — 55753 — 5535283

—85753 — 55153 — 5515553 + 205155 — 5515353 + 20515553 — 5s1szs§ + 20515253

+3s1s3 — 8s1s3 + 3s2 + 3S2S3 — 8s2 + 3szs3 — 8S2S3 + 3s2s3 - SS%sg + 3szs§
]’l4
(5040(81 — 1)(S2 — 1)(S3 — 1))

—SS?S% + 15S?S2S3 — SS?S% — 5S%S% + 15575353 + 153%s2s3 5s1s3 55185 — 5s2s3

—8szs3 3s3 + 6s3)fn+s3 — (SS? — 5s‘1‘sz - 5S?S3

—|—15S1S283 + 15s1s2s3 + 15s1s2s3 5s1s3 + 3s2 55383 — SS%S% — SS%.S% + 3s§)fn+1
Wt
(504055 (s1 — 52) (52 —53) (52— 1))

+3s%s% — 5S?S2S3 — 8s?sz 5s1s3 + 20S1S3 +3s1s2 5S1S2S3 8s1s2 5S1S2S%

(357 + 3sTso — 5sTs3 — 857 + 35353 — 85353

+20S1S2S3 — 5s1s3 + 20s1s3 + 3s1s2 5S1S2S3 — 8s1s2 — 5s1s2s3 + 20S1S2S3 + 3s3
—5s1s2s§ + 20s1s2s3 5s1s3 +20s1s3 3s2 + 35353 + 653 + 3s2s3 8S%S3 — 8s§

+3525% — 85253) s
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h4
_ 35_34 _34 —64—332 53
(504051(S1—Sz)(sl_s3)(sl_1))( AN 5182 5153 S S1S2+ 515253

185357 — 35353 + 85753 — 35755 + 5575553 + 85755 + 5575253 — 20575253 — 3s%s§

+ 85753 — 35153 + 5515353 + 85155 + 55153535 — 20515353 4 S515053 — 20515255
—3515%+ 85153 — 355 + 55353 + 853 + 55355 — 205353 + 553553 — 205353 + 55055

—205253 — 353 + 853) s,

h4
aq = ﬁ
h4(S1S2+S1S3+S2S3-|—S1S2S3)) h4S1S2S3
as = — Jn + Jnt1
(120s15253) (120(s; =1)(sp — L)(s3 — 1))
h4S1S3 h4S1S2
Al fn—i—sz - fn+S3
(12053 (s1 —52) (52 —83) (52 — 1)) (120s3(s; —53)(s2 — 853)(s3 — 1))
h4S2S3

=\ (12081 (51— s52)(s1 — 53)(s1 — 1))fn+sl

h4(s1 + 57 + 83+ 5152 + 5153 +S2S3)f B h4(s1s2 + 5153 + 5253)
(360s15253) " (360(s; — 1)(s2—1)(s3—1))
h* (55 + 53+ 5253) h*(s1 + 53+ 5153)
+ fn+s1 - fn+sz
(360s; (s1 —52)(s1 —83)(s1 — 1)) (360s2(s1 —52) (52 —53)(s2 — 1))
h4(s1 + 53+ 5152) f
(360s3(s1 — 53)(s2 — 53)(s3— 1))

ag —

fn—H

_|_

h4(S1+S2+S3) h4(S1—|-S3—|—1)

U= 840(s1 — 1) (52— 1) (s3 — 1))f"+1 + (84055 (51 — 52) (52 — 53) (52 — 1))f"+s2
_l’l4(sl—|-S2—|—S3—|-1) B /’l4(S1—|-S2—|—1) f
(840s1s2s3) " (840s3(s) —s3) (52 —83) (53— 1)) """
h4(S2 +s3+1)

- (840s1(s1 —s2)(s1 —53)(s1 — 1))f”+sl
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h* h*

T T 1680(s1 — 1) (52— 1) (53— 1))’0’”1 T 168053 (51 —53) (52 —53) (53 — 1))f"“3
h* n*
T 168051 (51 —52) (51 —53) (51 — 1))f"+“ (168055 (51 — 52) (52 — 53) (52 — 1))f"+s2
h4
+ (1680S1S2S3)fn

Substituting the values of a;’s into Equation (3.1)) and then simplifying yields a con-

tinuous hybrid one step method of the form:

+ Z as, yn+s, + Z Bz fn+z + Z Bs, fn+s, (5.9)

The first, second and third derivatives of Equation(5.9) are

/ (9 3
y(x) = Z X)Vnts; Z 8 —=Bi(%) futi + Z BS, X) s, (5.10)
b 32 3 82 1 az 3 (92
y (%)= WOCO(X) + l; ﬁ% (X)Yn+s; T ;(,) ﬁﬁi (X)furi + l; ﬁﬁsi (%) fr-tsi
(5.11)
" 83 3 (93 1 33 3 (93
y (x)= ﬁoco(x) + lZl Wasi (X)Ynts; + iz‘()ﬁﬁi(x)fnﬂ +izl Wﬁsi (X) fats;
(5.12)

respectively, where

(xp —x+hs3)(x, —x+ hsy)(xn —x + hsy)

o = (h3S1S2S3)

o — (x —x,) (xn —x+hs3) (x, —x+ hso)
E (s1(s1—s53)(s1—52))

o — (x —x,) (x —xp, — hs3) (x, —x+ hsy)
" (5252 —53) (51— 52))

o, — (x —xp) (xn —x+hsp) (xp —x+ hsy)

(h3s3(s2 —53)(s1 —53))
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By= — (x —x3) (xn —x+hsy) (xp —x+ hs2) (X, — x+ hs3)
0~ (504004515753

—5h*s3s3 — 8h*s3 — Shtsts3 + 15h*sTsp53 + 20h*sTsy — Sh*s?s3 + 20h*s2s3

(3h*st — 5h*sis,

—5h4s1s3 + 15h4S1S%S3 + 20h4s1s% + 15h4s1szs§ — 120h4S1S2S3 — 5h4s1s§
+20h*s1s3 + 3h*sy — Sh¥s3sy — 8h*s3 — Sh*s3s3 + 20h*s3s3 — Shsos3
+20h*sy53 — 8h*s3 + 3W3six — 3hs3x, — Shstsox + Sh3stsox, + 12x°x,
—5h3sts3x + 5hsTsax, — 8h3sTx + 8hPstx, — Sh3s s5x + 5h3s153x, + 3hs3
— 15h3s1szsycn + 20h3s1st - 20h3s1szxn — 5h3s1s§x+ 5h3s1s§xn + 3hS3X3
—20h3S1S3xn +3h%s3 $HX — 3h3s2xn — 5133 553X + 5K szsycn — 8h3s2x 3xi
—5h3szs3x + 51 s2s3xn +20i° §283X — 2043 283Xy, + 303 s3x 3h3s3xn —3x*
+8h3s3 3%, + 3h251x — 6h2s1xxn + 3h2s%x,% — 5h2s1szx2 + 10h2s1szxxn
—5h2S183X2 + 10h2s1S3xxn — 5h25133x,% — 8hzs1x2 + 16h2s1xxn — 8h2s1x,%
—6h*s3 S5XXp ~+ 3h2s%x£ — 5h2S2S3X2 4= Ithszsycxn — 5h2szsyc% — 8hzsz)c2
—8h2s2x + 3h2s3x 6h2s3xxn + 3h2s3x 8h2S3X + 164° S3XXp — 8h? S3x
+3hs1x — 9hs1x X, + 9hs1xx — 3hs1x + 3hs2x — 9hs2x X, + 9hs2xx
4312 53x% — Ohs3x° X, + Ohszxx> — 3hsax + 6hx’ — 18hx’x, + 18hxx> — 6hx>
+20h3s1S3x — 3hszx — 5h2s1szx + 16h2szxxn + 1513 S185283X — 8h3s3x

+8h355x, — 18x%x% + 12xx0)
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B _((x—xn)(xn—x+hs1)(xn—x+hs2)(xn—x+hS3)) 44 3t
P = (5040h%51 (51 — 52) (51 —53) (51 — 1)) (3751 = 358

—3h*sis3 — 6h*s] — 3h*sts3 + ShtsTsasy + 8htstsy — 3h*sTs3 + 8htstsy — 3htsis3

+5h4S1S%S3 + 8h4s1s% + 5h4s1szs% — 20h4S1S2S3 — 3h4s1s§ + 8h4s1s% — 3h4s‘21
+5h*s3s53 4+ 8h*s3 + Shts3s3 — 20h*s3s3 + Shsas3 — 20h*sys5 — 3h*sy 4+ 8hs3
—|—3h3slx 3h3s1xn — 3K 152X + 30’ slszxn — 3K 5153x + 3K s1S3xn — 6h3s1x
—|—6h3s1xn — 3h3s1s%x + 3h3s1s%xn + 5h3S1S2S3x — 5/’13S1S2S3xn + 8h3s1szx - 12xxfl
—3h3s1s3x + 31 s1s3xn + 8i° S183X — 8h> S183X, — 3h3s x + 3h%s3 3Xn + 5h3s%S3x
+5h3s2s3x — 5K s2s3xn — 20h3S2S3X + 20i° §)83X, — 3h3s X+ 3h3s3xn + 8h3s3x
—8h3s3xn + 3h2s1x 6h2s1xxn + 3h2s 2 — 3h2sls3x + 8h2s2x — 84K S1852Xn
—|—6h2s1S3xxn - 3]’1281.5‘3)6,% — 6h%s1x% + 12h% s xx, — 6h251x,% — 3h2s%x2 + 6h2s2xxn
—3h2s%x% —|—5h2S2S3X2 — 10h2SZS3XXn + 5h2S2S3XZ + 8h2szx2 - 16h2szxxn + 3xi
+6h2s3xxn — 3h2s‘§‘x,2[ + é%hzspc2 — 16h2,93xxn + 8h2‘93xﬁ + 3hs1x3 — 9hs1x2xn
—3hszx3 + 9hs2xzx,Z — 9hs2xx,21 + 3hs2x§l — 3hS3X3 + 9hS3x2xn = 9hS3xx5 + 3hS3x,31
—|—9hs1xx — 6hx’ 3h2s 3h25152x +6h> slszxxn—3h slszx 3hs1x + 3x*

— 513 s353% -+ 813 s5x — 812 53x, 4 18hx’x, — 18hxx> + 6hxs — 12x°x, + 18x%x2)
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B, = (X —=x,) (Xp —x4hsy) (xg —x+hsy) (x, —x+hs3)
K (50400*55(s1 — 52) (52— 53) (52 — 1))

—5h*siss — 8h*s] 4+ 3h*sTs3 — ShsTsasy — 8hsTsy — Sh*sts3 + 3htsh

3 hzslszx%

+3h4s1s§ — 5h4S1S%S3 — 8h4s1s% — 5h4s1szs% + 20h4S1S2S3 — 5h4s1s§
+20h*s 53 — 3h%s + 3h*s3s3 + 6h*s3 + 3h*s3s3 — 8hs3sy + 3htsys
—8h*sys3 — 8h*s3 + 31Psx — 3h3six, + 3hPstsox — 3R sTsox, — 3x*
+5h3S1S3xn — 8h3s X+ 8h3slxn + 3h3s1s%x— 3h3sls%xn — 5]’1381S2S3X
‘|‘5h3S1S2S3Xn — 8h3s1szx + 8h3s1szxn — 5h3s1s%x +5h3s1s%xn — 6hxfl
—20i° S183X, — 3h3s X+ 3h3s2xn + 31 S%S3x — 3h3s%S3xn + 641 s%x
+3h3s2s3x — 3K s2s3xn — 84K $2853Xx + 8K’ 283X, + 3h3s3x 3h3s3x,,
+8h3s2 3%, + 3h2s1x — 6h2s1xxn + 3h2s%x,% + 3h2s1szx2 — 6h2s1szxxn
—5h2S1S3X2 + 10h2s1S3xxn — 5h25133x3 — 8h2s1x2 + 16h2s1xxn — ?))c;,t
3h2s2x2 + 6h%s3 S5XXy — 3h2s%x,% + 3h2sz.s3x2 - 6h2S2S3xxn + 3]’12S2S3X,21
+6h2s2x — 12K7 S2XXy + 6h> szx + 3h253x 6h2s3xxn + 3h2s%x% + 6hx°
+16/7 S3XX; — 8h? ng -~ 3hs1x — 9hs1x Xn + 9hs|xx — 3hs1x — 3hs2x
+9hsyx*x, — Ohsaxxs + 3hsyxy 4 3hs3x® — Yhs3x*x, + Yhszxxs — 3hs3x
—8h%s3x> — 8h2s1x% + 3h*st — 813 s3x — 6h3s3x, + 20k 51 53x — 5hs3s3x

+20h*s353 4 3h*s3s5 — 18hx’x,, + 18hxx? + 12x°x, — 18x%x2 + 12xx)
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B, = —(x—xp)(xn —x+hsy) (xp —x+ hs2) (X, —x+ hs3))
" (5040n%s3(s1 — 53) (52 — 53) (53 — 1))

+3h*s3s3 — 8h*s? — 5h¥sTs3 — Shsisasy 4+ 20h*stsy + 3h*sTs3 — 8h'siss

(3n*st — 5h*sisy

—5h*s153 — Shs|s3s3 +20h*s 53 — Sh*s15053 4 20h*s 5253 4 3h*s |53 — 6hx
—8h*s155 4 3h*s5 4+ 3h*s3s3 — 8h*s3 + 3h*s5s53 — 8hts3ss + 3hsas3 — 8htsys?
—3h*s§ + 6h*s3 4 313 s3x — 3k s3x, — Shstsox + Sh3sTsox, + 383 5730 — 3x*
-3 slsycn — 8i3s? X+ 8h3s1xn 5h3s1s%x + 5h3s1s%xn — 5h3S1S2S3x — 3xi
+5h3S1S2S3Xn + 20h3s1szx - 20h3s1szxn + 3h3s1s%x— 3h3s1s§xn — 8h3S1S3X
+8h351S3xn + 3h3s X — 3h3s2xn + 333 583X — 3h382S3xn — 8h3s X+ 8h3s2xn
+3h3szs§x — 3h3s2s%xn — 8h3s2S3x + 8h3S2S3xn — 3h3s§x—|— 30353 3X, + 6h3s3x
—6h°s% 3Xn + 3h2s1x — 6h2s1xxn —|—3h2s1x —5h2s1szx + 1042 §182XXy, +6hx°
—5h2s1szx,% + 3h2sls3x2 — 6h2S1S3X)Cn + 3h23133x%, — 8hzs1x2 + 16h2s1xxn

— 851 B 3h2s2x 6h2s%xxn + 3h2s%x,21 + 3h2szLV3x2 — 6h2sz.93xxn + 12xx,31
—|—3h2s2syc — 8h252x + 164* S)XXy — 8h’ s2x 3h2s X + 6h2s3xxn — 3h2s3x
+6h253x2 — 12h253xxn + 6h2S3X% + 3hs1x3 — Ohs1x°x, + 9hs1xx% — 3hs1x,31

+3hsyx> = O hspx®x, + Ohsyxxs — 3hspxs — 3hs3x® + Yhs3x’x, — Yhszxx

+3hs3x0 — 18hx%x, 4+ 18hxx? + 12x°x, — 18x%x2)
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By =— (x —x) (X0 — x4 h53) (X, — x4 hs1) (X, — x4 hs2)
‘ (50400 (s3 — 1) (52— 1)(s1 — 1))

—5h*s3s3 — Shts3s3 + 15h*s3sy53 — Sh*s?s3 — Shsys3 + 15k s 5353 — 3hs3x

(3h*st — 5htsis,

—5h*s53 4 3h*s5 — Shts3s3 — Shs5s3 — Sh*syss + 3h*sy + 303 s3x — 31353,
—5Ks% 152x + 5K slszxn — 5 S1S3x—|— 5K S1S3xn — 51 s1s2x+ 5h3s1s2xn — 3x
+ 15k s15053x — 15h% 5150535, — Sh3s155x + Shs1s3x, 4 3 s3x — 3h°s3x,,
—|—5h332S3xn — 5h3szs%x + 5h3szs§xn + 3h3s x— 3h3s3xn + 3h2s1x — 6hzslxxn
+3h2s1x Shzslszx + 1042 slszxxn—Sh 5152X;, —5h2s1S3x + 1042 S183XXy,
—|—3h2s 6h2s2xxn + 3h2s%x,21 — 5h2s2sy62 + 10h2S2S3xxn — Shzszsyc,zl
— 6h2s3xx,, + 3h2s%x% + 3hs1x3 — 9hs1x2xn + 9hs1xx% — 3hs1x§’l + 3hs2x3
—Ohsox®x, + 3253 — ShPsis3x2 — Sh3s353x + Ohsyxx? — 3hspx) + 3hssx’

+15h4s1szs§ — Ohs3x°x, + 9h53xx3 —3xt 122, — 18x2x3 + 12xx,31)
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Evaluating Equation (5.9) at the non-interpolating point x,| produces

((s2—=1)(s3—1)) ((s1=1(s3—1))
Ynt+1  — (51 (51 _52)(51 — ) Yn+s =+ (52(31 —5) (% —S3)) Yn+sy
D) Do)

(s3(s1 —s3) (s2—153)) (s15253)
—/’14(S1 — 1)(S2 — 1)(S3 — 1)
(5040S1S2S3)

—3s‘1‘ + SS{’ + SS%S% — 15S%S2S3 — 15s%s2 + SS%S% — 15S%S3 + SS% + 5s1sg — 3s‘2‘

(5s§’sz + 5S?S3 + 551 — 15S1S%S3 + SS% + 583

—1—553 — 15s1s% — 15s1szs% — 155182 + 5s1s§ — 15s1s§ — 155183 —|—5s§ - 3s‘3l + 559

1105515253 + 55353 + 55353 — 155353 + 553 + 55253 — 155255 — 155253 — 3) fo

_ h4(S2—1)(S3—1)
5040S1(S1 —S2)<S1 —S3)

+5s%sz — 3s%s% + 5S%S3 — SS% — 3s1s§ + 5S18%S3 + 5s1s% + 551s2s§ — 15515253

(357 — 35350 — 35353 — 357 — 35753 + 55750534 55152

—3s1s§ + 5sls% + 55183 — 3851 — 35‘2l + 5S%S3 + SS% + SS%S% — 15S%S3 + SS% + SS%

155753 = 155085 ~ 155283 + 557 — 353 + 553 + 553 + 553 — 3) frus;
h4(S1 — 1)(S3 i 1)
504OS2 (S] = Sz) (Sz - S3)

—I—SS%S% — 15S%S3 + SS% - 3sls§ + SSIS%Sg + 5sls% + 5s1s2s% — 15518283 + 55187

(557 — 357 = 35757 + 55753 — 35755 -+ 5575253 + 55257

—|—5s1s:§ — 15s1s% — 155183+ 581 + 3s‘21 — 3S%S3 — 353 — 3s%s% + 5S%S3 — 3s% + 583

_3szs§ + SSQS% + 55083 — 350 — 3s‘3‘ + 553 + Ss% _ 3)fn+52
W sy —1)(so—1
_ (5040s(3 (IS1 _);3)2(52 _)S3)) (—3s‘f + 58?52 — 3S?S3 + 5s? + SS%S% + SS%st3 — 353

— 15535y — 35753 + 55753 + 557 4 55155 + 5515553 — 155155 4 5515055 — 15515253

—15s157 — 3s1s§ + 5s1s§ + 55183+ 5851 — 3s‘2l — 3S%S3 + SSE — SS%sg + SS%S3 + SS%
3 2 4 3 2
—35283 + 55285 + 55283 4+ 552 + 353 — 353 — 353 — 3) futss

h4
+——(=3s1+ SS%SZ + 55%83 - 3s? + 55753 — 15575253 4 55757 + 55753 + 55753

5040
—35% + 5s1s% — 15s1s%S3 + 5s1s% - 15s1szs% — 15515283+ 55150 + 5s1s§ + 5s1s%
455153 — 351 — 353 4 55353 — 353 + 55353 + 55353 — 355 4 55053 + 55253 + 55253

—3s57 — 353 — 353 — 353 — 353+ 3) fur1 (5.13)
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Equation (5.10) is evaluated at all points i.e, X, Xnts;» Xnts,» Xn+s; and X, 1. This gives

the following schemes

y, _ (Sz S3) y + (Sl S3) y
n (hsi(s1—s2) (s1 —s3)) ~"" (hsy (s1—s52) (52 —s3)) = "%
(5152) (5152 + 5153 4 5253) h’ 4 3
_ = 3s7—5
(/’lS3 (Sl — S3)(S2 — S3))yn+s3 (/’lS1S2S3) + 5040( sl S1S2

—8s% — SS%S% + 15S%S2S3 + ZOS%SZ — SS%S% + 20S%S3 — 5s1sg + 15S1S%S3 + 2Os1s%
+ 15s1s2s% —120s1 5253 — 5slsg + 2()s1s% + 3s‘21 — 5.5%53 — 8S% - 5s%53 — SS%S%

+35% + 205353 — 55253 + 205253 — 853) f

_ h3S2S3
5040(S1 —Sz)(sl —S3)(Sl — 1)

+5S%S2S3 + 8s%sz — 3s%s% + 8S%S3 — 3s1s§ + 5S1S%S3 + 8S1S% + 5S1S2S% — 20515253

(3s] — 35350 — 35353 — 35753 + 853 + 55353

—6s‘;’ — 3s1s§ + 8s1s% — 3s421 + 5S%S3 + 8s3 — 20S%S3 + 5s2s§ — 20s2s% — ?)S%)f,ﬂ_s1

. h3s1s3
5040(s1 —s2)(s2 —s3) (52 — 1)

—l—8s? + SS%SQ + SS%S% — 205753 — 35153 + 5515553 + 8s1s% + 5s1szs% — 20515253

(=357 — 35752 + 55753 — 35755 =353 + 5575253

—|—5s1s§ —20s IS% + 3s‘21 - 35‘%5‘3 - 6s% — SS%S% + 8S%S3 — 3szs§ + SSQS% =+ 8s§) Jnts,

B /’Z3S1S2
5040(sy —s3)(s2 —s3)(s3—1)

—ZOs%sz — 3s%s% + 8S%S3 + 5s1s3 + 5.8‘1.5‘%53 — ZOsls% + 5s1s2s% — 20815253 — 3sls§

(353 4 55750 — 35753 + 855 - 55753 + 5575253

—|—8s1s§ — 3s‘2l — 3S%S3 + 8s§ — 3s%s% + 8S%S3 — 3szs§ + 8528% — 6s§ — 3s‘1‘) Jnts;

4 ]’l351S283
5040(S1 — 1)(S2 — 1)(S3 — 1)

— 15S%S2S3 + SS%sg + 5s1s3 — 15S1S%S3 — 15s1szs% + 5s1s§ — 3s‘21 + 5szs§)fn+1

(5535355353 — 35T 4 55750 + 55753 + 55753 — 3574

(5.14)
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/ (5253 — 25183 —2s1sz+3s%) s1(s1—53)

Yits, i1 =) 1—53)) "0V (hsa(s1 —s2)(sa —s3)) "
(51 (s1—%2)) y _ _(1=9%) (s1—-%3))
(hss (s1-53) (s2-s3) "% (hs15253) o
_h3(s1 —S2)(S1 —S3)

(5040s,53) (205253 + 957 — 125752 — 125753 — 1857 — Ts{s3 + 25575253
253

+32s%s2 - 7s%s% + 32S%S3 — 2s1s% + 10S1S%S3 + 12s1s% + 1Os1s2s% + 3s‘31 — 8s§

100515255 25153+ 125153 4353 — Sy — 853 — 55343 + 20633 — )
h3
504005, — 1) (1557 — 125350 — 125353 — 2457 + 55253 — 205253 — 353 + 853

—9s%s% + 15S%S2S3 + 24s%sz — 9S%S% + 24S%S3 — 6s1sg + 10S1S%S3 + 16s1s% + 8sg

-|—10s1szs% — 40515253 — 6s1s% + 16s1s% — 3s£21 + 5S§S3 + 5s%s§ — 20S%S3) Snts

(P51 (s1 —s3) 4
~ (5040s2(s2—s3) (s2—1)) (—9s1 — 65752 — 35253 + 85253 — 353 + 853

+12S?S3 + 18s? — 35%53 —|—7S%S2S3 + 10s%sz + 7s%s§ — 325%53 + 2S1S%S3 —|—2s1s%

+2s1szs% — 12515253 + 2s1s§ — 125153+ 355 — 3S%S3 — 6sg - 3s%s% + 8S%S3)fn+52
oo h3S1 (S1 r Sz)
(504OS3 (SQ . S3)<S3 — 1))

-32s%s2 — 3s%s§ + 10.5‘%.5‘3 + 2s1s3 + 2S1S%S3 — 1251s% + 2s1s25% — 125185783 — 333l

(=957 4 125757 — 65753 + 1853 4 75753 + Ts7s253

—|—2sls% — 3S%S3 + 8S% — 3S%S% + 8S%S3 — 3s2sg + 8s2s% + 3s§ — 6s§ + 2s1s%)f,,+s3

B (h3s1(s1 —s52)(s1—53)
5040(s; — 1) (s —1)(s3—1)

175253 + 25153 — 10515353 — 10515255 4 25153 — 353 + 55353 + 55353 + 55253) fur1

(125357 — 957 + 125753 — 25575253 + 75753 — 353

(5.15)
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/ _ (Sz(Sz—S3)) (S1S3 —2S1S2—2S2S3—|—3S%)
Tt sy (51— s2) (51— s3) (hsa(s1—52)(s2—3)) """
(s2(s1 —52)) y _ (s1—2)(52—53)
(hS3 (S1 — S3> (S2 — S3)) n+s3 (hS1S2S3)
h3 (Sl — S2)(S2 — S3)
(5040S1S3)

— SS%S% + 20S%S3 — 12s1s% + 25S1S%S3 + 32s1s% + IOslszs% —100s15253 — 5s1s§

_|_

n

(351 — 25152 — 55153 — 857 — Tsis3 + 10s7s2s3 + 125752

4205153 + 953 — 125353 — 1853 — 75353 + 325353 — 25253 + 125253 + 3553 — 853) fn

h?sy(s2 — s3) A .3 s 0 o ) -
(50405 (s1 —s3)(s1 — 1)) (357 — 35753 — 657 — 35755 + 2575253 + 25752 — 35753

+8S%S3 — 6s1s§ + 7S1S%S3 + 10s1s% +2s1szs§ — 12515253 — 3s1s§ + 8s1s§ — 959‘2t

+12s%S3 + 18sg + 7s%s% — 328553+ 2s2s§ — 12s2s% — 3s‘31 + Eis%)fnﬂ1
3
504005, 1)

—|—5s%s% — 205%5‘3 — 12sls§ + 15S1S%S3 —|—24s1s%—|— lOslszsg — 40815253 + 5s1s§

(852 — 3s‘1‘ — 6s?s2 + 5S%S3 + 8s? — 9s%s% + lOs%szs_g + 16s%s2

—20s183 4 1553 — 125353 — 2453 — 95353 + 245353 — 65253 + 165255 — 353) fuisy

h3sy(s1 — 50) 4,53 3 3,722 12 3
(508037 =52 (5= T)) (=357 + 25750 — 35783 + 857 + 7755 + 25752853 — 653

— 12s%s2 — 3s%s% + 8s%33 + 12s1s% + 7S1S%S3 — 3231s% + 2s1s2s% — 12518283+ 3s§1

—35153 + 8s1s% — 955 — 65333 + 18s% — 3s%s% + 108353 + 2s2s%)fn+s3

Wsy(s1 —52)(s2 — 53)
5040(s; —1)(so —1)(s3—1)

+5s%s§ + 12s1sg — 25S1S%S3 — 1Os1szs§ + 5s1s§ — 9s42t + 12S%S3 + 7s%s% — 3s§)fn+1

(25253 — 357 + 25752 + 55753 + 75755 — 10575253

(5.16)
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(s3(s2—s3)) B s3(s1—53)
s1—82)(s1—53)) nsi (hsa(s1—s2)(s2 — 83

(5152 — 25153 —2S2S3+3S%) (s1—53)(s2 —53)

— (hs3(s1 —53) (52— 53)) Intss =T (hsys253) In

B B3 (s1 —s3)(s2 — s3)
(5040s157)

—7s%s% + 128%S3 — 5slsg + 10S1S%S3 + 20s1s% +258182S% —100s1 5253 — 12s1s§

yn+s3 + (hs1( )) Yn+s;

(357 — 55357 — 25753 — 853 — 55753 + 10575253 + 205757

+32s1s§ + 3s3 — 2S%S3 — 8sg — 7s%s§ + 12S%S3 — 12szs§ + 32szs% + 9s§ — 18s§)fn

h3S3(S2—S3)
(5040S1(S1 —S2)(S1 — 1))

+2S%S3 — 3s1sg + 2S1S%S3 + 8s1s% +7s1s2s% — 12515283 — 6sls§ + IOSIS% — 3s‘2l

+ (35T — 35350 — 657 — 35753 + 2575253 + 85757 — 35753

125353 + 853 + 75353 — 125353 + 125253 — 325253 — 955 + 1853) o,

Ws3(s1 —53)
504082(S1 — SZ)(SZ — 1)

+7s%s% — 12S%S3 — 3s1sg + 2S1S%S3 + 8s1s% + 7s1szs§ — 1251850853+ 12s1s§ + 18s§

(=357 — 35752 + 25353 + 857 — 35755 + 2575253 + 85757

—325153 + 355 — 655 — 35353 + 25553 — 65253 + 105253 — 953 ) f145,
h3
+5040(S3 -1) (

—24s53 — 95753 + 165753 + 55153 + 10515353 — 20555 — 4055753 — 125153 — 357

15s1s2s% + SS%SQ — 6S?S3 + 85% + SS%S% + 1OS%S2S3 — ZOs%sz

—|—24s1s§ — 353 o 6S%S3 4:853 4 9s%s% 4165353~ 12szs§ I= 24szs% 51 15s§) Jntss

_ h3S3(S1 —S3)(S2 —S3)
5040(S1 — 1)(S2 — 1)(S3 — 1)

+5S?S2 + 5s1sg — 10S1S%S3 — 25s1s2s% — 3s§1 + 2s353 + 7s%s% + 12s2s§ — 9s‘31)fn+1

(75753 + 25353 + 55753 — 10575253 + 125153 — 35}

(5.17)
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yln+1 (252 ki 2S3 _2h 3) Yn+s + (S1S3 — ZS3 _ 2S1 a 3) Yn+s
(hsy(s1—s2)(s1 —s3)) ] (hs2(s1—52)(s2—53)) ?
(251 + 250 — 5150 — 3) o (5150 — 250 — 253 — 251 + 5153 + 5253+ 3)
(hsa(s1 —s53) (52 —s3)) 2" = 7 (hs1s253) n
3
+(504(Zm (3S?S2S3 — 6S?S2 — 6S?S3 —|—9s? —SS?S%S3 + 10s‘1‘s% — SS?stg

+12s‘fszs3 + s‘fsz + 10s‘1‘s% + S?S_?, — 24s‘1l — SS?S%S_O, + 10s%sg + 15S%S%S% — SSS?S%
— 5535753 — 35575253 + 605757 + 105353 — 555353 + 605353 — 5575353 + 105753
+ ISS%S%S% — SSS%S% + ISS%S%sg — 180s%s%s§ +245S%S%S3 + 60s%s% — SS%szsg1
+245s%s2s% — 360S%S2S3 + lOs%sg1 — SSS%Sg + 60s%s% + 3S1S§S3 — 6s1s§ — 1265553
—5s1sgs% + 12S1S§S3 + slsézl — 5s1sgs§ — 35S1S%S3 + 6Os1s% — 5s1s%sg + 245s1s%s%
—360S1S%S3 + 3s1szsg + 12s1szs§ - 35s152s§ — 36Os1szs% 4+ 630515253 — 1265152
+60s153 — 1265153 — 65353 + 953 + 105353 + 5753 — 24s% + 105353 — 555053

3 2 2 253 2 2 253 253
—6s1s§ s slsg1 + 60S%S3 + 10.9%s§ — 55s%s§ + 60s%s% - 6st§ + szsg1 + 60szs§

4255 + 953 — 2453 + 425 + 4253 — 18) £,
h3
504057 (51— s2)(s1 — 53)(s1 — 1)

+ 65753 — 3575053 + 6575283 -+ 3ty + 65153 + 35753 185 — 3535353 + 65353

(3575253 — 65757 — 65753 + 957 — 3575353

15575353 + 4535353 — 255753 — 3515053 + dsisnst — 17535053 + 245350 + 65753
465755 + SS%S%S% + 4S%S%S3 — 25s%s3 + SS%s%sg — 40s%s%s§ + 39535353 + 245753
—3s%szs‘3‘ + 4s%szs§ + 39s%s2s% — 60575253 + 6s%s‘3l — ZSS%Sg + 24s%s% — 3S1S%S3
—25S?S% + 24S?S3 — 3575583 + 65153 + 5515955 + 4s15353 — 255155 + 5515%52
—4Os1s%s% + 39S1S%S3 + 24sls% + 5s1s%s‘3‘ — 4051s%s§ + 95sls%s§ — 6081S%S3
—I—4s1szs§ + 39s1szs§ — 60s1szs% + 6s1s§ - 25s1s§ + 24s1s§ + 6S§S3 - 9s§ + 6szs§
— 105353 — 5353 + 2453 — 105353 + 555353 — 605353 — 105355 + 555353 — 605353

—3515283 — 5255 — 605253 + 1265253 — 4259 — 953 + 2455 — 4253 + 18) o,
h3
_|_
(504057 (51— s52)(s2 —53) (52 — 1))
— 105753 — sTs3 4 24sT — 3575353 4 65753 + 5575353 + 4535553 — 255755 + 5575253

(—3575253 + 65757 + 65753 — 957 — 3575353
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— 40535253 + 39575053 + 24575y — 1057853 + 555753 — 605753 — 3575353 + 65755
—|—4S%S%S3 — ZSS%S% + SS%S%.S‘% 4057 s2s3 +39s7 S2S3 + 24s%s% + SS%SQ.S‘% — 40s%s2s§
+5s%s%s% + 6sls2 + 5s1s2s3 + 4S1S2.S‘3 — 25s1s2 —|—95s1s2s3 60.5‘%52.5‘3 — IOS%SSl
—1—555153 — 605753 + 3515353 — 65155 — 3515955 + 6515353 + 35155 — 3sls§s§
—17S182S3 +24s1s2 3s1s2s3 +4s1s2s3 —l—39s1s2s3 — 60S1S2S3 — 3s1szs3 — 9s3
—6Os1szs§ + 6sls§ s1s3 60s1s3 + 1268153 — 4251 — 6S2S3 + 9s2 + 6s2s3
—18s2 + 6s2s3 25S%S% + 245%5‘3 + 6s%s‘31 —25s sg + 2453 s3 + 6szs3 25s2s‘31

—|—3S‘2‘S3 + 4sls%s% + 4s1s2s§ + 24s2s% + 39s1s2s§ + 24s§ — 4253+ 18)  fats,
h3

(504053 (s —53) (52 —53) (53— 1))

—10s‘fs% — 3s‘1‘szs% + 4s‘1‘SQS3 slsz + 6s1s3 25S1S3 + 24s1 + 5S1S2S3 10s%s§

(—35752853 + 65757 + 65753 — 957 + 5575353

+5s1s2s3 40S?S%S3 + SSS?S% — 3S%S2S§ + 4s?szs% + 39s? 52853 — 60si’sz + 6s§s§
—|—24S?S3 i 5s%5353 — IOS%SE1 + SS%S%S‘% 4OS%S%S3 + SSS%S% + SS%S%S% 40s%s%s%
— 605755 — 3575255 + 4575053 4 39575255 — 60575253 + 65755 — 255753 + 245753
—|—6s1s§ < 3s1s‘2‘s§ + 4515353 — 5155 — 3s1sgsg + 4515353 + 395153853 — 60s1sg

—I—4sls%sg i 39s1s%s§ — 60S1S%S3 + 3s1szsg + 6s1szs§1 — 17slszs§ — 6Os1szs%
—i—351s§1 + 24s1s§ — 4251 + 6S§S3 9s2 + 6s2s3 — 255353 + 2453 + 6s2s3 25s1s3
—6s1s§ - 3sls§S3 — 3s1s%s§ + 95575353 — 25S%S% + 24S%S3 + 6s%s3 25s2s3

11265157 + 245353 — 65253 + 35253 + 245253 — 4250 + 953 — 1853 +18)  frry,
h3
_l_
5040(51 — 1)(S2 — 1)(S3 — 1)

+5s1szs3 — 20S1S2S3 + 15s1sz — 10s1s3 + 15S1S3 + 5S1S2S3 10s1s2 ISS?S%sg

(65757 — 3575253 + 65753 — 957 + 5575553 — 105755

—|—20S%S%S3 + 15S%S% + 5S?S2S§ + 20s?s2s3 45S152S3 — 10s1s3 + 1553 s3 + 551S2S3
lOsls2 ISS%S%S% + 20S%S%S3 + ISS%S% — ISS%S%.S% + 60s%s%s% 4551S2S3 9s§
—i—20s1szs3 45575753 — 105755 + 1551s3 3s1s253 + 65155 + 5515353 — 20515553

4155155 4 5515553 + 20515355 — 45515353 + 5515355 + 20515353 — 45515553 + 425

—84s953 — ZOslszsg1 — 45s1szs§ +210s15253 — 845152 + 6s1s§ + 15s1s431 — 845153
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—|—6S§S3 — 9sg — 3s1szs§ + SS%szsg — lOsgs% + 15s§S3 10s3 s3 + 1553 s3 + 6szs3

— 105355 + 155553 + 155055 + 4255 + 4253 — 24) frs | (5.18)

Evaluating Equation (5.11)) at all points gives

" Z(Sz —|—S3) B 2(S1 —I—S3)
& W st (s1—52) (s1—53) """ W55 (s1—52) (s2—s3) "%
n 2(s1+52) Yt B (251 4 252 +253)
n—+s -
h2S3(S1 —S3)(S2 —S3) 3 (h2513253)
h2
_m(&v?sz + 3S?S3 — SS?S% — 10S?S283 — 8s‘1‘sz — SS?S% + 3s1s§ - 8SlSL3t

— 85753 — SS?S% + 10S?S%S3 + 20s?s% + IOs?szs% + 40S?S2S3 — SS?S% + 3S§S3 — 5s§s%
+20s1s3 5s1s2 + 10S1S2S3 + 20s152 + SOs%s%sg 100S%S%S3 — 8S§S3 — 100s1s%s%
—|—10s1s2s3 — lOOslszs3 — 557 s3 + 20s1s3 +3s1s2 — 1055353 — 5szs3 +40s1s2s§

410515353 + 4055353 + 10s1s2s3 10515255 + 20s2s3 Ss s§+20s%s§ —|—3szs§

— 85253 — 85155) /3
h2
+
(2520S1(S1 —S2)(§1 —S3)(S1 — 1))
— 65752 — 353 sz 4 253 S2S3 H 8s1s2 +2s1s253 & 16S1S2S3 357 s3 1] 851s3 3s1s3

(35752 4 35753 — 35753 — 6575253 — 65753
— 35152 + 253 5253 + 8s sg + 10s%s%s% 1251825‘3 +2s1s2s3 12s152s3 +5s2s3

— 357 s3 + 8s1s3 35155 + 251S2S3 + 8S182 + 10s1s2s3 12S1S2S3 3szs§ + 8szs§
+ 10s1s2s3 4Os1s2s3 + 2s1szs3 — 12s1szs3 — 3s1s3 + 8s1s3 — 3S2S3 —20s2s3

185353 + 55353 + 55357 — 205353) s,
h2

(252055 (s1 — 52) (52 — 53) (52 — 1))

—|—8s‘fsz —|—5s‘fs§ + SS?S’_; 3s]s2 + 2S]SZS3 + 85152 + 1()s1szs3 353 s3 + 8szs3

(—3s750 — 35753 — 35753 + 2575083 — 35353

—12S1S2S3 +5s1s3 20s1s3 — 357 s2 + 257 s233 + 857 s2 + 8s2s3 — 3szsg +8S2s§
+10s%s%s% 12535353 + 10s1szs3 40s1st3 +5s1s3 2Os1s3 3s1s3 +8s1s3
+3s152 — 6S1S2S3 — 6s1s2 + 2s1s2s3 + 16S1S2S3 +2s1s2s3 12s1s2s3 +2s1s2s3

— 12s1s2s§ + 3S§S3 — 3s§s§ — 6S§S3)fn+sz

232



hZ
+ —3s5s2 — 6s1szs4 + 16s1S2s3 + 10525252
(2520S3(S1—S3)(S2—S3)(S3—1>)( 1 3 3 192°3

+8ss57 — 3S411s§ + 8553+ SS%S% + 10S?S%S3 — ZOS?S% + 2s?s2s% + 85153 + 2s1s%s%

—1251S2S3 — 3s1s3 + 853 s3 + 55755+ 10S%S%S3 20s152 3S1S3 + 3s1s3 — 6s1s3
—40s? S2S3 — 12s1szs3 357 s3 + 8s%s§ — 3s1sg + 2s1s‘21'S3 — 3sgS3 — 3sgs% + 8s§S3
+ 2535053 — 12515553 + 2515553 — 12515553 — 35353 + 85353 + 55753 + 2575253

—3s3 s3 + 8s2s3 + 3szs3 6szs3)fn+s3
h2
_|._
(252051 —2520)(so — 1)(s3 — 1)

— 10575253 — 5s‘1‘s3 5s1s2 + 10s1s253 + 10s’i’s2s% — SS?Sg + lOsls%sg — 10s1s2s§

(3s?s2 + 3S?S3 5s1s2 10S1S2S3 + lOsls2s3

—5s1s2 + 1051525‘3 + 30s%s%s% + 10s%szs§ — 5s%s§ + 3sls§ + 3s1s§ + 3S§S3 5s2s3
— 55353 — 55355 4+ 35083) fr s 1 (5.19)
y// 1l (2(3S1 — 52 —S3)) y 4 (2(2.5‘1 —S3)) y
i (h2s1(s1 —52) (51 —s3)) 2" (h2s3(s1 —s2) (s2 —s3)) ~ "%
(2(25‘1 E- Sz)) (2S2 — 45+ 2S3) h? 6 5
(/’l2S3 (Sl 3 S3)(S2 = S‘z)) (/’128‘1 Y2S3) Jn (25208‘1 8‘28‘3) ( 31 5152

— 665753 — 6057 + 105T53 + 155575253 + 1425755 + 105753 + 1425753 + 105353
—35S]S2S3 40s]s2 3551szs3 440S]S2S3 + 10s1s3 40s s%—i— 1()s1s2 4Os1s2
—35S1S2S3 1552 szs3 + 260S1S2S3 — 35s1szs3 + 260s1szs3 + 10s1s3 4Os1s3
—6s1s2 + 5S1S2S3 + 16s1s2 + 25s1s2s3 20S1S2S3 + 25s1s2s3 160s1s2s3 6s1s3
—20s1s2s§ + 16s1s£31 + 3S§S3 — 5s§s§ — 85353 — 5s2s3 + 20s2s3 553 s3 +20s2s3

+3s2s§ + 5s152s‘3l — 8szs‘31')fn

h2
(252051 (s1 —52)(s1 —s53)(s1 — 1))
— 189S41¥S2S3 — 180s‘fsz — 6s41‘s§ — 180s‘fS3 — 6s?sg + 13S?S%S3 + 16s%s% + 13s?szs%

(=750 + 1145757 + 1145753 + 10857 — 65155

+344S1S2S3 — 6s1s3 + 16s1s3 65753 + 13S%S%S3 + 16s%s% +5s%s%s% 48575553

+13s1s2s3 48s1s2s3 6s%s‘3‘ + 16s%s§ — 6s1s§ + 13515353 + 165153 —|—5s1s%s%
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—48S1S2S3 +5s1s2s3 20s1s2s3 + 13s1szs3 48s1szs3 6s1s3 + 16s1s3 +3S2S3

—5s‘21s% — 8s§S3 5s2s3 + 20s2s3 553 s3 +20s3 s3 +3s2s3 8s2s3)fn+s1
h2
_|_
(252052 (s1 —52)(s2 —53) (52 — 1))
—60s] + 16sTsy + 105753 + 142sTs3 — 65355 + 13535353 + 165755 + 55795253

(3359 — 65757 — 665753 — 65753 + 13575253

—48S1S2S3 + 10s1s3 40s1s3 6S1S2 + 1357 S2S3 + 1657 s2 + SS%s%sg 48S%S%S3

+5slszs3 20s1szs3 + 1Os1s3 4Os1s3 + 6s1s2 3S1S2S3 125;1521 — llslsgs%
—1—8.5‘15%.5'3 — 11s1s%s% + 36s1s%s% 11s1s253 +36s1s2s3 6s1s3 + 16sls3 3S§S3

—|—3s2s3 + 65553 + 3s2s3 8s3 s3 + 3s2s3 8s2s3 + 3s2s3 8s253)fn+52
h2

(2520s3(s1 —53) (52 —53) (53— 1))

+ 142s‘11sz — 6s‘fs§ + 16S?S3 + IOS?S% + 5S%S%S3 — 40S%S% + 13s?szs% — 48S?S2S3

(3359 — 665752 — 65753 + 105755 + 13575253
—6s1s3 -+ 16s1s3 + 10s1s2 + 5S1S2S3 40s%s% + SS%S%S% 20S%S%S3 + 13s%s2s§
—48s1s2s3 — 657 s3 + 165153 6s1s§ — 1ls1s§S3 + 16s1s§ — llslsgs% —|—3681S%S3
—60s] 11s1s2s3 % 36s15253 3s]szs; -+ 8515253 3 6s1s3 12s1s3 + 3S2S3 + 3s2s3

85753 + 355853 — 85553+ 35555 — 85553 — 35253 + 65257 Jrtsy
/’12
_|_
(252051 —2520)(s2 — 1)(s3—1)
+10s7 s3 + 10s1s2 35S1S2S3 35s?s2s% +10s3 s3 + 105753 — 35S1S2S3 ISS%S%S%

(3359 — 665757 — 665753 + 105753 + 155575253
—35s%s253 + lOs%sg — 6s1sg + 5s1s§S3 + ZSSIS%S% + 25s1s%s§ + 5s1s2sg — 6sls§

135353 — 55353 — 55353 — 55555 4+ 35283) fr s 1

(5.20)
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yu B (2(2S2—S3)) y B (2(51 — 35 +S3)) y
i (K251 (s1—52) (51— 83))"" ™" (H2s2(s1 = 52) (52— 3))”""™
(2(s1 —2s2)) (251 —4s2+2s3)
(h2s3(s1 —s53) (52 — S3))yn+s3 N (h2s15253)
h2

* (252051 5253) (65752 — 35753 — 105155 — 5s{sp53 — 165755 + 55153 + 8s{s3

— 105353 4 35575553 + 405353 — 25575253 + 20535253 + 55753 — 205753 — 105755
435575353 4 405753 + 15575353 — 260575353 — 25575253 + 1605750535 + 55753

— 205753 + 665155 — 155515353 — 1425155 + 35515355 + 440515553 + 35515353
—26Os1s%s3 5s1szs3 + 20s1s2s3 3s1s3 + 8s1s3 3333 + 66S§S3 + 60s2 1052s3
— 1425353 — 10s2s3 + 405253 —10s3 s3 + 40s2s3 + 6s233 — 16s2s3)

h2

(252051 (s1 — 52)(s1 —53)(s1 — 1))
135753 + 65753 — 65753 + 13535353 + 165755 — 11535255 + 8575053 4 35753 — 85753

(65757 — 35753 — 65755 — 3575253 — 125750

— 65755 + 13575353 + 165753 + 5575353 — 48575353 — 11578555 + 36575255 + 35755
—8sls3 6s1s2 + 13S1S2S3 + 16s1s2 + 5s1s2s3 48S1S%S3 +5s1s%s% — 20s1s%s%
—1 lslszs3 + 365 szs3 + 3s1s3 SS]S’; + 33s2 66825‘3 - 6052 +10s4 s3 + 142s253

+1Oszs3 4053 S',; + 105353 — 40s2s3 6S2s§ 4-16s253) nas!
h2
_|_
(2520S2(S1 — S2) (Sz — S3) (Sz — 1))
—SS?S% — 8sts3 — 6s?s3 + 13S?S%S3 + 16s?s% + SS?SQS% — 48S?S2S3 —5s s% + 20s1s3

(—65357 + 35753 — 65753 4 13575253 + 165757

—65%542l + 13S%S%S3 + 16s%s% + SS%S%S% 48S1S2S3 + 5slszs3 20s1s2s3 SS%Sg

+20s7 s3 + 114s1s2 — 189sls253 180sls‘2l + 13s1s%s% + 344s1s%S3 + 13515%53
—48sls%s§ + 13s1szs§ — 4851szs§ + 3sls§ — 8s1s§ — 75sg + 114S§S3 + 108s§

—6sgs% — 180s§S3 6s sg + 16s2s3 6s sg + 16s2s3 6S2S3 + 16szs3) Jutsy
h2

(2520s3(s1 — 53) (52 — 53) (53 — 1))

—|—3s1s3 +10s7s3 + 3SIS3 + 165152 + 3s1s3 8sts3 + IOs%sg + SS%S%S3 40s1s2

(—6s?s2 + 36S%S2S3 — lls?szg — lls?szs%
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+13s1s2s3 8s3 s3 +10s7 s2 + SS%S%S3 — 40s%s§ + SS%S%sg 20S%S%S3 — lls%szsg

+36s1s2s3 + 3sls3 8s1s3 66s132 + 13S1S2S3 + 142s1s2 + 13s1s2s3 48S1S%S3
—48s1s%s% — 35152S§ + 8S1S2S§ — 3sls§ + 6s1s§ + 33sg — 6sgS3 — 6Os2 6s2s3

+16s353 — 65 sg + 165353 — 65355+ 1653 s3 + 6szs3 — 1252s3)fn+s3
hZ
+ (
(252057 —2520)(sp — 1)(s3 — 1)

+10s1s2 35S1S2S3+25S1S2S3 Ss s% + 105755 — 35S1S283 1557 s2s3 + 10s2s3

—6s?sz + 3S?S3 + IOS?S% + SS?S2S3 — SS?S%

—SS%sg — 66s1s§ + 155515753 — 35s1s§s% — 35s1s§s§ + SSlszsg1 + 3s1s§ + 33sg

+25s1s2s3 6652S3 + 10s253 + 10s2s3 65253)fn+1 (5.21)
" N (2(s2 —2s3)) B (2(s1 —2s3))
y}’H—S3 (hZS] (S] _SZ)(S] —53)) )’n+s1 (h2S2(51 _SZ) (SZ—S3)) )’n+s2
n (2(S1—|—-S2—3S3)) y _ (251+2S2—4S3> y
(h? s3(s1—s83)(s2—153)) e (h? s515283) i
h2

_m (3s?s2 — 6S?S3 — SS?S% i 5s§'5253 = 85‘1‘s2 -4 IOS?S% § 16541‘53 — SS%S%
25535553 -+ 208753 — 35575253 — 20575253 + 105753 — 405753 — 55755 + 25575353
+20s1s2 ISS%S%S% 16091S2S3 35s1 52 5‘3 + 260s1szs3 ¢ 10s1s; 4052 s3 + 33s3
+3s1sg + 5S1S‘21S3 — 8s1s‘21 — 35s1sgs§ — 2OS1S%S3 — 35s1s%s§ + 260s1s%s3 40s2s3
—|—155s1s2s§1 — 440s1s2s% — 66s1s§ + 142s1s3 6S2S3 + 1Os2s3 + 16S2S3 + 10s253
4105355 — 405353 — 665253 + 1425255 — 6053) £
h2

(252051 (s1 — 52)(s1 —53)(s1 — 1))
— 65753 — 125753 + 35753 — 11575353 — 85353 + 13575253 + 8575253 — 65753 + 165753

(=3s3sy + 65753 + 35753 — 3sTs0s3 + 65750

+3s7s55 — 11S%S%S3 — SS%S% + SS%s%sg + 36575353 + 13s%szs§ — 48s%szs% — 6s%s‘31
—|—16s%s§ + 3s1s§ — 11S1S3S3 — 8s1s‘2l + SSls%s:% + 36s1s353 + 5s1s%s§ — 20s1s%s%
+13515255 — 48515253 — 65153 + 165153 — 65553 + 105353 + 165353 + 105353 4 3355

—405353 + 105355 — 405353 — 665255 + 1425255 — 6053) fruts,
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h2
+
(2520S2(S1 - S2)(S2 - S3)(S2 - 1))
+ 1Os1s3 + 165753 + 3s1s2 11S1S2S3 SS?S% + SS?SQS% + 36S%S2S3 + 10s?s%

(35752 — 65753 + 35755 — 11stsnss — 8sisn

—40s3 s3 + 3s152 11S1S2S3 SS%S% + 557 s2s3 + 365152S3 + 551s2s3 20s1s2s3
+ 105753 — 4Os1s3 — 3s1s§ — 3515553 + 65155 + 13515355 + 8515353 + 13s1s%sg
—48s1s%s% + 13s132s§1 — 48S1S2S% — 66s1s§ + 142s1s§ + 6S§S3 6s2s3 — 12S§S3

— 65353 + 165353 — 65355 + 165353 — 65255 + 165255 + 3355 — 6053) frr15,
h2

(2520s3(s1 —53) (52 — 53) (53 — 1))

—6s1s3 + 165753 — 5s1s2 + 551S2S3 + 2051s2 + 13s1s2s3 48S?S2S3 — 6s‘;’s§ — 75sg

(35752 — 65753 — 55753 + 13575253 — 85782

+16s353 — 5S182 + 5S1S2S3 + 20s1s2 + 5575353 — 20575353 + 13s1szs3 4857553

—6s%s§ + 1657 s3 + 3s1s2 + 13S1S2S3 — 8s1s2 + 13s1s2s3 48S1S2S3 + 13s1s2s3
—48s1s%s§ — 189s1szs§1 + 344s1szs§ + 11451s§ — 180s1s‘31 — 6S§S3 — 6s§s§ + 16S§S3

+6 s% H 16s2s3 653 s3 -+ 16s2s3 + 114S2S’; — 18Oszs3 i 108s3)f,,+s3
h2
+
((2520s; —2520)(s2 —1)(s3—1))

—SS?sg o= ZSS?S%S?, — 35535253 + IOS?sg — 55755 + 25575353 — 15575555 — 35s1szs§

(35750 — 65753 — 58753 + 5578253 + 105753

+10S%S§ + 3s1s§ + 5S1S§S3 — 35s1s%s% — 35s1s%s§ + 155s1szs3 66s1s3 6S2S3

1105553 + 105353 4 105355 — 665253 +3355) fru 11 (5.22)
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" (2(S2—|—S3—3)) (2(S1—|—S3—3))

4 _
yn+1 (hZS] (S] _52) (S] _53)) Yn+s1 (h252 (Sl _SZ) (52 —S3)) yn+sz
2(s1+852—3 251 +2s2+2s3—6
+ 2( ( )) Yn+s3 = ( 2 )yn
(h?s3(s1—53) (52 —53)) (h?s15253)
(n?

_m (3s?s2 + 3S?S3 — 9s1 5s1s2 1OS152S3 —|—7s1s2 SS?S% +7s‘11S3
+24s7 — 553 s2 + 1081S2S3 + 35s1s2 + lOslszs3 5S1S2S3 —60s1sz — 5s1s3 9s§
—|—3531s3 6OS:15S3 557 s2 + 10s7 S2S3 +35s S§+30s s2s3 — 145815‘253 60s%s%
410575253 — 145575253 + 360575253 — 55757 + 355753 — 605753 + 35155 — 605153
—10S1S2S3 + 10s1s2s3 + 1Os1s2s3 145s1s2s3 + 36051S2S3 + 36Os1szs3 +7s1s2
—5s1s%S3 — 1Oslszs‘31' — 5s1s2s§ — 840515253 +210s152 + 3sls§ +7s1s§ + 35s%s%

—60sls§ + 2105153 — 84s1 + 3sgS3 — 953 — 55355 + 75553 + 2455 — 553 s3 + 2453

— 605353 — 55355 + 355353 — 605353 + 35253 + 75255 — 605253 + 210553 — 84,
/’12

(2520S1 (Sl — S2)(S1 — S3)(91 3 1))
—6S?S2S3 + 3s‘fs2 # 3s‘fs% + 3S411S3 + 18s1 353 s2 4253 S2S3 IF 17s?s% + 10S%S%S%

—84s3+42)f, + (35752 + 357853 — 957 — 35153
1575053 — 24535) — 35753 + 175355 — 245353 — 35753 + 2575353 + 1573 + 2535053
—278%5%53 245753 + 2s1szsg 27515253 4 60sTsps3 = 35755+ 17s1s3 24s1s3
—3s1s2 + 2S1S2S3 + 17s1s2 + 10s1s2s3 — 27S1S2S3 — 24s1s2 + 10s1s2s3 55s1s2s%
+60S1S%S3 + 2s1szs£31 — 27s1szs§ + 6Os1szs% — 3sls§ + 17s1s‘31 —24s1s§ — 3s§S3
+9sg + 5s§s§ — 7s3s3 — 2453 + 5s2s3 3553 s3 + 6OS%S3 + SS%.S‘g —35s sg + 6Os2s3

—3s2s3 7szs3 + 60s2s3 2105253 + 8457 + 9s§ — 24s§ + 8453 — 42)fn+s1
hZ

(252055 (s1 —52) (52 —53) (52— 1))

+17s‘fsz + SS?S% — 7s‘1‘S3 — 24s‘1l —3s3 s2 + 253 S2S3 + 17s1s2 + 10s1szs3 — 27S1S2S3

(—3s3s2 — 38753 + 957 — 35153 + 2575283

—24s1s2 + 5s1s3 35s1s3 + 60S1S3 3s%s‘21 + 2S%S%S3 + 17s%s% +10s? s2s3 + 5s1s3
—275%5‘%5‘3 24s1s2 + 10s1s2s3 55s1s2s3 —|—6Os152S3 35s%s3 3s253 + 17s2s3
1605753 + 35155 — 6515753 + 35157 + 25155535 + 515553 — 245155 + 2s1s2s3 + 35353

—27s1s2s3 + 60S1S283 + 2s1szs3 - 27s1szs3 +60s1szs3 — 3s1s3 7S1S3 + 60s1s3
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—210s153 + 8451 + 3S§S3 — 9s§ — 3s‘21s% + 18s§ 353 s3 + 17s2s3 24S2S3 — 24szs3

—245353 — 35255 + 175255 + 955 — 2455 + 8453 — 42) f i,
h2
+
(2520s53(s1 —53) (52 —53) (53— 1))
—7s‘fsz — 3s‘fs§ + 17s‘11S3 — 245‘1l + SS?S% + 1OS?S%S3 — 35s1s2 + 2s1 szs3 27S]S2S3

(=3s5750 — 35753 + 957 + 55753 + 2575083

+60s?sz 3s sg + 17s1s3 24S1S3 +35s sg + 1051S2S3 35s%s3 + IOS%S%S% + 18s431
— 55575353 + 605753 + 2slszs3 27s1szs3 + 60575253 — 3s1s3 + 17s1s3 24s1s3
—1—2.5‘15‘215‘3 — 7s1s‘21 + 231s3s3 27s1s233 + 6Os1s2 + 2s1s2s3 27s1s2s3 9s§ — 24s‘21
—65152s‘31 + s1s2s§ + 60s1s2s% —210s152 + 3sls§ + 3s1s3 245153 3S2S3 3slsg
+84s1 + 60S1S%S3 + 9s§ — 3s3s§ + 17S§S3 353 s3 + 17s2s3 24S%S3 — 3S%S§ + 8452

+17s2s3 2453 s3 + 3szs3 + 3szs3 24s2s3 42) frtss
h2
+
(25205‘1 =, 2520) (S2 == 1)(S3 -3 1)
155 s 5s‘11s§ + 15s7s3 — 553 sz + 10s3 S2S3 + 15s1s2 + 10s1s2s3 45S{’S2S3

(35752 4 35753 — 55753 — 105Ts353 + 1265,

55353 + 155353 — 55755 + 10575553 + 155753 4 30575353 — 45575353 + 10575253

4551szs3 s s% + lSs%sg + 35155 — 108515553 + 155155 + lOsls%s% —4581S§S3
+10€1s2s3 455 €2s3 — 10s1sz93 — 4551szs3 + 420515253 — 2108152 + 3s1s3 — 9s1
—210s153 4 126571 + 3S§S3 — 9s2 553 s3 + 155353 — 55 sg + 15s2s3 5s2s3 — 9s§

+155153 + 155353 + 35253 + 155055 — 2105253 + 12653 — 84) for1 (5.23)
3 293 3 3

Equation (5.12) is evaluated at all points in the selected interval. This produces the

following schemes
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n 6 6

- n + n-+
n (h3s1(s1—52)(s1 —53)) Yntsy (h3sy(s1—52)(s2 —53)) Intsz
6 6
(h3s3(s1—53) (52 —53)) Yntss = (h3s15283) In
h

* (840s15253) (357 — Ssysy — 5sis3 — 857 — 58755 + 1555283 + 205353 — 55253

+20s‘;’s2 — SS%S% + 20S%S3 — SS%S% + 15S%S%S3 + ZOS%S% + 155%s2s% — 1206‘%5‘253
—5s7 s3 + 2057 s3 — 5s1s2 + 15S1S2S3 + 20s1s2 + 15s1s2s3 — 12081S2S3 5s2s3
—120s1szs§ — 551s431 + 20s1s§ + 3s§ — 5S3S3 — 8s2 5s2s3 + 20S2S3 + 15s1szs3

+205753 + 353 — 85%) f
B h
(840s; (51 —52)(s1 —53)(s1 — 1))

+8s?s2 — 3s?s§ + 85?53 3s1s2 + 5s1s2s; + 851s2 + 5s1s2s3 ZOSISZS3 ZOS%S%

(357 — 3575y — 3s]s3 — 657 — 35353 + 5575083

357 s3 185755 = 3s1s2 + 5515583 + 8s1s2 + 55132s3 20515553 + 5s1szs3 + 5szs3
— 20515253 = 35155 + 85153 — 353 + 55353 + 853 + 55353 — 2053853 + 55353 — 205253

_352 N 8S§)fn+51
h
+
840s2(s1—52) (52 —53) (52— 1)
—|—8s1sz + 551s3 20S1S3 3s1s2 + 5575353 + 85753 + 5575253 — 20575253 + 85353

(853 — 357 — 3sTsy + 55753 — 35753 + 5535083

+ 55753 — 205753 — 35155 + 5515353 + 85153 + 5515353 — 20515353 + 5515253
—20s15253 + 55153 — 205153 + 355 — 35353 — 655 — 35353 + 85353 — 35353 + 85253
+857 — 353 — 35253) futsy
h
84053 (51 —53) (52 —53) (53— 1)

—20s]sz — 3sls3 + 8S1S3 + 5s1s2 + 581S2S3 — 20s1s2 + 5s1szs3 20S1S2S3 — 3s1s3

(55752 — 357 — 3s]s3 + 55753 + 5575053 + 857

185753 + 55153 + 5515353 — 205153 + 5515555 — 20515353 + 5515255 — 205152573
—3515% + 85153 — 355 — 35353 + 853 — 35555 + 85353 — 35353 + 85353 — 35053

85253+ 353 = 653 e
h

—|—84O(s1 “D(sa—1)(s3—1) (55752 — 357 + 55753 — 353 + 55753 + 55155 — 355
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155753 — 15575353 — 15575055 4+ 55753 + 55155 — 15515353 — 15515353 — 15515253

B 155?S2S3 + 5s1s§ + 55353 + 5s§s§ + 55%3% + 5szs§)fn+1 (5.24)
n . 6 + 6
Ynts (h3sl(51 _52)(5’1 _s3))yn+sl (h3S2(S1 _52)(S2 _S3)))7n+s2
6 6 h

(3953 — 65575,

 (M3s3(s1 —s3)(s2— s3))yn+53 T <h3S1S2S3)yn ~ (840s15253)
—65s7s3 — 6257 + 551s2 + 125S1S2S3 + 120s1s2 + 5s1s3 + 120S1S3 + 5s1s2 + 8s3
— 15535353 — 205755 — 15575253 — 300575253 4 55753 — 205755 4 55155 — 15515353
—20s1s2 — 15s1s2s3 + 120S1S2S3 — 15s1szs3 + 12Os1szs3 +5s1s3 — 20s1s3 3s2
455353 4 853 4 55355 — 205353 4 55353 — 205553 + 55055 — 205253 — 353) f

h

(84051 (51— s2) (51 —53)(s1 — 1))
— 275535753 — 2725389 — 35753 — 272s:1553 — 3s%s% + 5575353 + 857853 + 5575253

(—165s7 + 2075152 + 2075753 4 20457 4 853

+400S1S2S3 = 32 s3 + 85753 — 35155 + 5515353 + 8s132 + 55155 s3 — 20S1S2S3
45515053 — 20515253 — 35155 + 85153 — 353 + 55953 + 855 + 55353 — 205353 — 353

455353 — 205355 + 55253 — 205253 — 35553 ) it
4 h

(840S2(S1 - Sz) (S2 - S3) (S2 - 1))
45535253 + 85757 + 55753 + 1205753 — 35753 4 5575353 + 85753 + 557553 + 85253

(3957 — 35757 — 655753 — 6257 — 35755 4 855

—20s7s253 + S5s753 — 205753 — 35153 + Ss15353 + 85153 + 5515353 — 20515353
+5s1szs3 2Os1szs3 + 5s1s3 - 20s1s3 + 3s2 3S§S3 — 6s§1 - 3s%s% + 8S%S3 — 3s§

—35353 + 85353 — 35255) friss

h
~ (840s3(s1 —53) (52— 53)(s3 — 1))
— 6257 + 5575053 + 1205750 — 35753 + 85753 + 55753 4 5575353 — 205755 + 5575253

(3953 — 65575y — 35753 + 55353 + 5515083

— 20575253 — 35753 + 85753 + 55157 4 5515583 — 205155 + 5515555 — 20515353
—20s1525% — 35155 + 85153 — 353 — 35353 + 853 — 35353 + 85353 — 35353 + 85353

—3575% + 85253 4+ 353 — 653) friss
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h
T (82051 —840) (5o — 1)(s5— 1))

155753 4 55753 — 15575353 — 15575253 4 55753 + 55153 — 15515353 — 15515353

(3957 — 655757 — 655753 + 55753 + 12557 5053

— 15s1s2s§ + 5s1s‘31 — 3s§ + 55353+ 5s%s§ + SS%sg + 5szs‘31 — 3s§)fn+1

(5.25)
n 6 + 6
y}’H—SQ (hSS] (Sl —S2) (S] _53)) Yn+sy (h352 (S] _52) (52 _53)) Yntsy
6
_ n — ——Vn + S EEE— 355 — 5S4S2
(h3s3(s1—s3)(s 2—S3))y 3 (h3S1S2S3)y (840S1S2S3)( 1 !

—5s153 — 8s1 — 55353 + 15575253 + 205357 — 55753 + 205353 — 55753 + 15575553
+20s1s2 + 15s1szs3 120S1S2S3 — 5S1S3 + 20s1s3 + 65s1s2 125S1S2S3 120s1sg
+15s1s%s§ + 3OOS1S%S3 + 15s1szs§ — 12Os1szs3 551s3 + 20s1s3 39s2 + 65S2S3

16255 — 5s2s3 120.5‘%.8‘3 — SS%S% = 20s%s§ — 5s2sg + 2Os2s§ + 3s§ — 8sg)f,,
h

(8405, (s — 52)(s1 —s3)(s1 — 1))

48535y — 35753 + 85153 — 35785 + 5575353 - 85753 + 5575253 — 20575253 — 35753

(357 — 35752 — 35783 — 657 — 35755 + 5575253

+8s%s§ — 3s1s421 + 5513393 L 8s1s3 + 5s1s%s% - 2OS1S%S3 4- 5S1S2S% - 20s1szs§

—35153 + 85153 + 3953 — 655353 — 6253 + 55353 + 1205353 + 55555 — 205353
h
(840S2 (Sl - Sz)(Sz - S3)(S2 — 1))

—3s‘fsz + SS?S3 + 851 3s152 + 5S]S2S3 + 8s1sz —|—5s1s3 205183 3s3 3s1s2

(=35

455253 — 205253 — 353 + 85%) frrs, +

15575353 + 85753 + 5575255 — 20575253 + 55753 — 205753 + 2075155 — 275515353
—272s1s2 + 5s1s2s3 + 400S1S2S3 + 5s1szs3 20s1szs3 + 531s3 — 20s1s3 165s§

12075353 + 20453 — 35353 — 2725353 — 35353 + 85353 — 35255 + 85253 + 85%) sy
h

~ (840s3(s1 —s3) (52— 3)(s3— 1))

—20s757 — 35755 + 85753 4 55753 + 5575353 — 205755 + 5575253 — 20575253 — 3s%s%

(=357 + 55752 — 3573 + 857 + 55353 + 5535083

185753 — 655155 + 5515353 + 1205153 + 5515555 — 20515353 + 5515255 — 20515253
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—3s1s§ + 8s1s§ + 39s§ — 35353 — 6253 — 3s§s§ + SS%S3 — 35%.5% + SS%S% — 3s2s§
h
(84051 — 840)(s2 — 1)(s3 — 1)

155753 + 55753 — 15575253 + 55753 + 55153 — 15575353 — 15575053 4 55753 + 55353

+85253 + 353 — 653) fursy + (=357 + 55752

—65s1s§l + 125s1s353 — 15s1s%s% - 15s1szs§ + 5s1s§1 + 3953 — 65S421S3 + 5sgs§

455255 —353) fr1 (5.26)
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n 6 6
Intsy T (h3s1(s1—52) (51 —53)) Ynts T+ (h3s53 (51 —52) (52— 53)) Ynts;
6 —6
B (h3S3 (Sl — S3)(S2 — S3>)yn+s3 N (h3S1S2S3)yn + (840S1S2S3)

—5s1s3 — 8s7 — SS%S% + 15S?S2S3 + 20s‘i’s2 — SS‘;’S% + 20531’53 5s1s2 + 15575353

(357 — 55757 — 3953

4205755 + 15575253 — 120575253 — 5s1s3 + 205753 — 55153 + 15515353 + 205153
—|—15s1s%s% - 120S1S%S3 - 125s1szs§ + 300s1szs% + 65s1s§ - 12Os1sg + 3s§ — 5S3S3

— 853 — 55355 4 205353 — 55353 4 205353 + 655253 — 1205253 4+ 6253) f
h

(84051 (s1 —52)(s1 — s3) (51— 1))

+8s?s2 — 3s%s% + 85?53 357 52 + 5575353 + 85753 + 5s1s2s3 20575253 — 3s%s§

(357 — 3sTsy — 35753 — 657 — 35753 + 5535083

—I—&s%s% — 3s1342L + 5S1S%S3 + SSlsg + 5s1s%s% — 20s1s%83 + 5s1szs§ — ZOslszs§

— 35155 + 85153 = 355 + 55353 + 855 + 55355 — 205353 + 55355 — 205353 — 655255
h

(840s2(s1 — 52)(52 —83)(52 = 1))

455153+ 857 = 3s%s% + 5S?S2S3 + SS?SZ + SS?S% — 20.5‘?5‘3 — 3s%s% + 5535353 + 8s2s§

41205253 43953 — 6253) fo 15, + (=357 — 35t

185755 + 5575255 — 20575053 + 55753 — 205753 — 35153 + 5515353 + 85155 4 5515553

—20S1S2S3 —|—5s1szs3 ZOslszs3 — 65S1S3 + l20s1s3 + 3s2 3s333 —6s3 3s2s3

185353 — 35353 + 85353 — 35255 4+ 3953 — 625%) v,
h

~ (840s3(s; —53) (52 —53) (53— 1))

—20s‘i’s2 — 3s?s§ + 8s%53 + SS%S% + 5S%S%S3 — ZOS%S% + SS%SQS% — 20S%S2S3 — 3s%s§

(=357 + 55757 — 35753 + 857 + 55753 + 5535083

+857 s3 + 5s1s2 + 551825‘3 - 20s1s2 + 5s1s2s3 2081S2S3 - 275s1szs3 + 40()s1szs3
—|—207s1s3 272s1s3 3s2 3S3S3 + 8s§ — 3s§s§ + 8S%S3 3s2s3 + 8s2s3 + 204s3

+2075253 — 2725253 — 16553) fo-ts5
N h
(84051 —840)(s2— 1)(s3— 1)

—15S1S2S3 +5s1s3 + 58152 15575553 — 15S%S2S% + 5s%s§ + 55159 — 15S15%S3

(—3s] 4 55152 + 55753+ 55753 — 655255 — 353

— 15515353 + 12581S2S§ — 65s1s§ + 5S3S3 + 55353 + SS%sg + 39sg)f,,+1 (5.27)
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" 6 6

- +
Y] (R351(s1 —52) (51 —s3)) > "™ (B352(s1 —52) (52 —53)) >+
6 6 5 4
_ -2 " 3o 5
(h3S3(S1 —S3)( 2_S3))}’n+S3 (/’l3S1S2S3)yn + (84051S2S3) ( Sl S1S2

—5S1S3 — 8s1 — 553 sz + 15S1S2S3 + 20s1sz 553 s3 + 2OS1S3 SS%S% — 5s1s§
+15S%S%S3 + ZOS%S% + 15S%S2S% 120S182S3 - 5s1s3 + 20s1s3 5s1s§ + 15S1S3S3
—|—20s1s3 + 1551s%s% — 120S1S%S3 + 15s1s2sg — 120s1s2s% + 420515253 — 1408152
—|—20s1s§ — 140s153 +70s1 + 3s§ — 55353 — 855 — 55353 + 205353 — SS%sg — 853

— 1405553 4 205353 — 55255 4+ 205253 + 7057 + 353 + 7053 — 42) f;,
h

~ (840s (51— 52) (51 —53) (51 — 1))

+8s?s2 — 3s?s§ + 8S%S3 — 3s%s% + 5S%S%S3 + SS%S% + SS%SQS% — 20S%S2S3 + 1405253

(357 — 3sTsy — 3s]s3 — 657 — 35755 + 5535083

—3s57 s3 + 8sls3 3sls‘21' + 5S1S%S3 + 85 s% + 5sls%s% — 205]5%53 + 5slszs§ + 5s2sg
—20S1S2S3 — 3557+ 85133 3s2 + 555534 853 + 58355 — 205353 - 53253 2()s2s3

—20szs3 70s7 — 3s§ + 8s§ — 7083 +42) fo1+,
£ h

(840S2(Sl 'n Sz) (S2 — S3) (Sz o 1))
+8slsz =S 5s1s3 20S%S3 - 35%53 + 5575353 + 85153 +5s%s2s% — 20575253 — 3s§

(—3s7 = 3ssy + 5s7s3 + 857 — 35353 + 5535253

+5s1s3 20s1s3 35152 + 5s1s253 + 8s1s2 + 5s1s2s3 206‘]5283 + 5515253 + 5sls3
—20s1szs3 20s1s3 + 1405153 — 7051 + 3s2 3S§S3 — 6s‘21 — 3s§s§ + 8S%S3 3s2s3

+85353 — 35253 + 85253 + 853 — 7053 +42) fris,
h

~ (840s3(s; —53) (52— 53) (53— 1))

—20s‘i’s2 — 3s‘;’s§ + 8S%S3 + SS%S% + 5S%S%S3 — ZOS%S% + SS%SQS% — 20S%S2S3 — 3s%s§

(=357 + 55752 — 35Ts53 + 857 + 55353 + 5535283

+ 85753 + 55155 + 5515353 — 205155 + 5515555 — 20515353 + 5s1szs3 20515253
+140s152 — 3s1s3 + 8s1s3 — 70s1 — 3s2 — 3s233 + 8s2 — 3s2s3 + 8S2S3 — 3s2s3

+8s2s3 — 3szs3 + 8szs3 70s, + 3s3 6s§ +42) frts,

h
T 18405, —840) (s — 1)(s5— 1)

(— 3s1 + 5s1sz + 551S3 + 5s1s2 15S1S2S3 +210s,
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455353 + 55753 — 15575353 — 15575053 4 55753 + 55153 — 15515553 — 15515355 — 353
— 15s1szs§ + 420515253 — 2808152 + 5s1s§ —280s1s3+210s1 — 333 + 5S§S3 + 5s§s%

455553 4 55257 — 2805253 + 21053 — 168) f11 1 (5.28)

Combining (5.13)), (5.14), (5.19) and (5.24)) of discrete schemes to form a block

A[3]4Yn[13]4 — B[13]4R[13]4 _{_B[23}4R[23]4 +B[33]4R[33]4 +B£|_3}4R4[‘3]4
+ H*DPRE A EBl gDl (5.29)
where
—((s2=1D)(s3—1)) ((s1=D(s3—1)) —((s1=D)(s2—1))
(s1(s1—52)(s1—53)) (s2(s1—52)(s2—53)) (s3(s1—53)(s2—53))
—(s253) (s153) —(s152)
ABl — (hs1(s1—s2)(s1—53))  (hs2(s1—s2)(s52—s3))  (hs3(s1—s3)(s2—53))
(25242s3) —(2s142s3) (2514252)
(h2s1(s1—52)(s1—53))  (KPs2(s1—s2)(s2—s3))  (W?s3(s1—s3)(s2—53))
—6 6 —6
(1Bs1(s1—52)(5183)) (BPs2(s1=s52)(s2—53))  (h*s3(s1—53)(52—53))
s1—1)(so—1)(s3—1
Vs, 0o 0 0 & )((S 1252S3))(3 )
—(s18245153+5253)
Y[3]4 | Y= B[3]4 _ 000 1(2h51slzs3) =
"o oL (2(s1+52453)) ’
yn+S3 000 (h25152S3)
—6
Yn+1 00O (h3s1s233)
Vi3 000 0 s
3 Yn—2 3 000 —1 3 y;z—z
R[1]4: ,B[2]4: ,R[zhz , ’
Vn—1 000 O Vo1
Vi 000 O v,
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"

000 0 Vo3
B 000 0 Rk Y o
000 —1I -
000 0 v
000 0 o s
000 O Yo
000 —1 v,
000 D fas
(3]a
P 0.0 0 Dy R = Jn—2 |
00 0 DI fact
0 00 D fi
3 3 3 3 .
EEREROER fors
3 3 3 3
O - O B
— Bls —
3 3 3 3
G fosn
Bl e el fun
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The elements of D+ and EB4 are given by

—(s1=1)(s2—1)(s3
(5040s15253)

—3s‘f + 557 4 55753 — 15575053 — 155757 + 55755 — 155753 + 557 + 55155 — 3s‘21

—1
D[ﬂ“ = ) (SS%SQ + 5S?S3 + 5851 — 15S15%S3 + SS% + 553

+5s% — 15s1s% - 15s1szs§ — 155182 +5s1s§ - 15s1s§ — 155183 +5s§ — 3s§ + 587

+105s15283 + 5S3S3 + 5s%s§ — 15S%S3 + SS% + 5szs§ - ISSZS% — 155253 —3)

Bl _ 1
247 50404

—8s1 — 551s2 + 155%825‘3 + 205%52 — SS%S% + 205‘%53 — 551s% + 15S]S%S3 + 20515%

(3s1 5s31’s2 + 15s1s2s§ —120s15253 — 5s1s§ + 20s1s§ + 35‘2l — 5S%S3

—SS% — 5S?s3 — Ss%s% + 3s§ + 20S%S3 — 5s2s§ + 20szs% — 8s§)

3 —1 32
[3‘34 B (2520h25)5253) (3752 + 3s7s3 — Ssis3 — 10sTs2s3 — 8sysa — 55153 + 205753

— 85753 — SS?sg + 10S?S%S3 + ZOS?S% + IOS?SQS% +4OS?S2S3 5s1s3 55753 — 5s2s3
—|—10s152s3 100s1s253 531s3 o 20s1s3 + 35132 — IOslszsg 8s1s§+ 1OS%S%S3

iE 10s1s2s3 + 4OS]SZS3 —F 105152s3 — 100515253 — ]0s1s2s3 F 40s1s2s3 + 20s1s2

+3s1s§ 1 8s1s§1 435553 — 5s§s§ — 8s§S3 S5s sg +20s S% +30s%s%s% 10081S2S3

4205353 + 35253 — 85253)
1
(840h3S1S2S3)

—|—20s?s2 5s1s3 + ZOS%S3 — SS%S% + 15S%S%S3 + ZOS%S% + ISS%SZS% — 1205%5253

Dﬂ“ = (3s? — 5s‘11s2 — 5S?S3 — 85411 — SS%S% + ISS?S2S3 +20S%S%

—5s sg + 205753 — 55153 + 15515553 + 205155 + 15515353 — 12055353 + 15s1szsg

—5szs3 — 120s1szs3 5s1s3 + 20s1s3 5s§S3 8 — 553 s3 + 20S2S3 SS%sg

+20s253 + 353 — 855 +353)

£B —(s2—=1)(s3—1)
1 5040S1<S1 —Sz)(sl —S3)

—|—5s152 — 3s1s3 + 5s153 — 3s% — 3s1s3 + 5S15%S3 + 5s1s% + 551szs% — 15515253

(357 — 35357 — 35753 — 357 — 35753 + 5575083

— 35153+ 55155 4 55153 — 351 — 353 + 55353 + 553 4 55355 — 155353 4 555 + 553

4551850 + 5szs§ - 15szs§ — 155253 4+ 557 — 3>s‘31 + 5s§ + 5s§ +5s3—3)
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gl Gi=D(s3—1)
12 504055 (s1 — 52) (52 — 53)

(557 — 357 — 35752 + 55753 — 35755 + 5575253
+5s1s3 15S1S3 +5s1 3s1S% +5S1S%S3 +5s1s% —|—5s1szs§ — 15518283 + 55152
+5s1s§ — 15s1s% — 155153+ 551+ 3s‘2l — 3S%S3 — 3s§ — 3s%s§ + 5S%S3 — 3S% + 583

—|—5s%sz — 3s2s§ + SSZS% + 559853 — 359 — 3s§ + 5s§ + SS% -3)

B 1i=Dm-1)
13 (504053 (s1 — 53) (52— 53))

— 15535y — 35753 + 55753 + 557 4 55155 + 5515353 — 155155 + 5515253 — 15515283

(=354 55350 — 35753 + 557 + 55753 + 5575083

— 155157 — 35153 + 55153 + 55153 + 551 — 353 — 35353 + 555 — 35355 + 55553 4 553
— 35253 + 55253 — 353+ 55053 + 557 + 355 — 353 — 353 — 3)

1
Eﬁh_ 5040( 3s1+551sz+5S1S3 3s1—|—551s2 15S1S2S3—|—5S1S2+5S1S3

—3s% + 5s1s2 1581S2S3 + 5s152 15s1szs3 — 15815253 + 58152 + 551s3 + 5s1s%
455153 — 351 — 355 4 55353 — 353 + 55353 + 55553 — 3554 55053 + 55253 + 55253

455753 — 355 — 353 — 353 — 353 — 353 +3)

(3] 5253 J \
@t 35352 — 35353 — 35753 + 853 + 553
21 5040h(sy — 52)(s1 —s3)(s1 — 1) (—3s152 5183 — s1s2 + 853+ 3253

—|—5s%szs3 + SS%SZ — 3s%s% + 8S%S3 — 35 s% + 551 5353 + 851 s% + 5s1s2s% — 20815253

351 — 657 — 35153 + 85155 — 355 + 55353 + 853 — 205353 + 55253 — 205253 — 35%)

Bla _ 5153
22 5040h(S1 — Sz)(SZ — S3)(S2 — 1)

+85? + SS%SQ + 5s%s§ — 20S%S3 — 3s1s§ + 5S1S%S3 + SSIS% + 5s1szs§ — 20515253

(55353 — 353857 — 35753 — 357 + 5575283

—3s7+ 5s1s3 20s1s3 4355 — 3S%S3 — 6s% — 3s%s% + 85553 — 3s2s§ + SSZS% + 8s§)

Bl _ 5152

= — 3 4 5 3. 3 3 5 22 5 2
23 5040h(sy —s3)(s2 —s3) (53— 1) (353 + 5182 5153 + 587855 + 58752583

—20s%sz 3s1s3 + 8S1S3 + 5s152 + 5S1S2S3 — 20s1s2 + 5s1szs3 — 20515253 — 3s1s3

4857 + 85153 — 355 — 35353 + 853 — 35353 + 85353 — 35253 + 85255 — 653 — 3s7)

Bl 515253
247 5040h(s; — 1)(sp — 1) (s3— 1)

—15s15253 +5s1s3 +5s1s2 — 15S1S2S3 — 15s1szs3 +5s1s3 3s2 + 5szs3 3s3)

(5555355353 — 35T 4 55357 + 55753 + 55755
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g3l _ 1
31 (2520h251 (S] —Sz)(sl —S3) (S] — 1))

— 65752 — 35353 4 2575553 4 85755 + 2575253 + 16575053 — 35753 + 85753 — 35753

(35750 + 35753 — 35753 — 6575253

—3s7 s2 + 2S1S2S3 + 8s s% + IOS%S%S% 12S1S2S3 —|—2s1s2s3 12s1s2s3 6s‘11S3

—3s7 s3 + 851s3 — 3s152 + 2515953 + 85153 + 10s1szs3 12.5‘15%.8’3 + SsgS%
+1Osls%s3 4Os1s2s3 + 251szs3 — 12s1szs3 — 3s1s3 + 8sls3 35253 + 8S2S3

155353 — 205353 + 55353 — 205353 — 35253 + 8525%)

E[3]4 — _ 1
32 (2520]’12S2(S1 — S2)(S2 — S3)(S2 — 1))

+85752 + SS?S% +8sts3 — 3s?s% + ZS%S%S:; + 8.5‘%5‘% + lOs?szs% + 2slszs§1 + 3s1s§

(=3s757 — 357853 — 35753 + 2575083

—12S152S3 + 5sls3 20s1s3 35755 4 257 S253 + 8s1s2 3sls§ + 8sls§ + 3S§S3
+10s75353 — 12575353 + 1Oslszs3 40575753 + 55757 — 2()s1s3 35353 — 65353
—6S1S§S3 65132 + 2s1s2 S‘g + 16S1S2S3 + 2s1s2s3 1251S2S’; — 12s152s3 3s2s3

185353 — 35353 + 85353 — 35253 + 85253)

E[3]4 — !
33 (2520R253(s1 —s3) (52— 53) (53 = 1))

+8s‘11s2 — 3s‘fs% A 8s‘1l53 + SS?S% + 105?5%5‘3 2051 52 + 2sl s2s3 + 357 s3 6sls3

(=3s752 — 35753 + 55753 + 2575053

— IZS?SQS3 3sls3 + 85753 + 55755 + 10575353 — 205753 4 10575353 + 1651S2S§
4 2.3 2.2
185353 + 2575253 — 12575253 — 35753 + 85753 — 35155 + 2515953 — 35353 + 85353
4 3.2 4 5 22
+85155 + 25155855 — 12S1S2S3 + 2s1s2s3 12s1s2s3 6515253 — 355853 — 40575553

— 35353 — 35555 4 85553 + 35255 — 65253)
; (
12(2520s1 — 2520)(s2 — 1)(s3 — 1)

—105‘1‘SQS3 — 5s‘1¥s§ — 553 s2 + 10S1S2S3 + 1Oslszs3 — 5sls3 — 10S1S2S3 + 10s1s2s%

E3[Z]4 = 3s?sz + 3S?S3 — SS?S% + 3s1s§ + 3835‘3

— 55755 + 10575353 + 30575353 + 10575253 — 55755 4 35155 + 10515353 — 105152575

—5S2S3 5S2S3 5825'3 +3S2S3)

250



—1
 840/3s1(s1 —52)(s1 —s3)(s1 — 1)

185757 — 35753 + 85753 — 35753 + 5575353 4 85753 + 5575253 — 20575253 — 205353

EEM (3s? — 3s‘1l52 — 3S?S3 — 681 38152 333

— 35753 + 85753 — 35155 + 5515553 + 85153 + 5515353 — 20515553 + 5515253 + 55255
—20s1525% — 35155 + 85153 — 355 + 55353 + 853 + 55353 — 205353 + 55353 — 205253

45535253 + 857)

g3 _ 1
42 840m3s5y(s1 —52)(s2 —83) (50 — 1)

485352 4 55753 — 2085353 — 35755 + 5575353 + 85755 + 5575753 — 20575253 + 85353

(853 — 357 — 35Ty + 55753 — 35753 — 353

+ 55753 — 205753 — 35183 + 5515353 + 85153 + 5515353 — 20515353 + 5515253
—20slszs§ + 5s1s‘31 — 20s1s§ + 3s§ — 35353 — 657 — 3s%s% + 8s3s;5 — 3s%s§ + 8s2s%

+ 5535253 4 857 = 35253)

=1
840h3s3(s1 — 53) (52 — 53)(s3 — 1)
—205757 — 35753 + 85753 + 55753 + 5575553 — 205753 + 5575255 — 20575253 — 35753

Eg“ (557 50— 357 — 357853 + 58355 + 5575083

—I—8s1 93 +5s1s2 + 5§1s2v3 - 2Ov1v2 -+ 5S1S253 2091SQS3 + 5s1szs3 20s1szs%
—3515%+ 85153 — 355 — 35353 + 853 — 353535 + 85353 — 35353 + 85353 — 35055

485253 4 353 — 655 + 857)

g3 _ 1
4 840m3 (51 — 1) (s —1)(s3— 1)

455753 — 15535553 — 15575255 + 55753 4 55155 — 15515353 — 15515353 — 15515253

(5552 — 357 4 55753 — 353 + 55753 + 55755

— 15575253 + 55155 + 55353 + 55353 + 55353 + 55255 — 353)

Multiplying Equation (5.29) by inverse of ABls gives a hybrid block method of the
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form

1[3]4Yr£l3}4 _ 3[13]413[]3}4 +B[23}4R[23]4 +B[33]4R[33}4 _'_534[13}4&[13]4

n B4 pl3la R[53}4 e EB3l4 R[63}4

where

100 0 0001
| 0100 e 0001 f
0010 0001
0001 0001
00 0 sih 000 %n
2
0 0 0 s 000 Fh
al3la sB8la 2
324_ 7B[3}4_ 8‘2
0 0 0 sh 000 5h
00,0 h 0.0.0 3h
000 In 00 0 D
5 (Bls
H_ 000 gh | oy |000D;
3 ’ 3
000 %h 00 0 D
1 =13
000 in 000 D
=3 =13 =3 =13
Boay B A
=3 =13 =3 =3
o | Bt OEROER B
S0l g0l g0l g0
314 E324 E334 344
=3 =13 =3 =13
o Ent EQE
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and the non -zero terms of D4 and EB) are given by

(s‘l‘(28s152 + 285153 — 1685253 — 8S%S2 — 8S%S3 — SS% + 3s? +28s15253))

13,

Dy = - (5040s553)

Bk _ (s§(168s1S3 — 285152 — 2859853 + 8s1s% + 8S%S3 + SS% — 3s3 —28s15253))
24 (5040s153)

ik _ (Sg(28S1S3 — 168s157 + 285253 — 8s1s% — 8S2S% — 8s§ + 3s§ + 28s15253))
34 (5040s157)

Dﬁ“ _ ((8s1 + 852+ 8s3 — 285150 — 285153 — 285253 + 168515253 — 3))

(5040S1S2S3)

£ _ (s‘l‘(14s1sz + 145153 — 4250853 — 6s%sz — 6S%S3 — 6s% + 3S'I5 + 14s15253))

1 (5040(S1 — 1)(S1 —S3)(S1 —S2))

20 (55(2853 — 851 — 85153+ 35}))

127 (504085 (s2 — 1) (52— 53) (51 — 52))

E[3]4 _ (S?(ZSSZ — 851 — 851852 + 3s%))
13 (5040s3(s3 — 1) (s2 —53) (51 —53))
F3la _ (S?(28S253 — 85153 — 85152+ 3S%))
147 (5040(s3 — L)(s2 — 1)(s1 — 1))

P2V (s5(28s3 — 85> — 85283+ 353))
20 (50405, (51 — 1) (s1 —83)(s1 —52))

Bl (Sg(42S1S3 — 145157 — 145553 +6s1s% —|—6s%s3 + 6s% 3 33% — 14s;5283))
A\ (5040(s2 — 1)(s2—=53) (51 —52))
~3l _(s3(8s2 —285) + 8515 — 353))

23 (5040s3(s3 — 1) (52 —53) (51 —53))

F8la (53(85152 — 285153 + 852853 — 3s%))
# (5040(s3 — 1)(s1 — 1)(s2— 1))
S0 (58(853 — 2852 + 8553 — 353))

L (5040S1(S1 — 1)(S1 —S3)(S1 —SQ))
B (h*s8(8s3 — 2851 + 85153 —353))
32 (5040S2(S2 — 1)(S2 — S3)(S1 — SQ))
EBl _ (S§(14S1S3 — 425157 + 1452853 — 6s1s§ — 6szs§ — 6s% + 3s§ + 14s15253))
33 (5040<S3 — 1)(S2—S3)(S1 —S3))
NET (52(28s1s2 — 85153 — 88083 + 3s§))
34 (5040(sy — 1)(s1 —1)(s3 — 1))
B3l (285253 — 853 — 855+ 3))
4 (5040571 (s —1)(s1 —s3) (51 —52))
E[3]4 _ ((28S1S3—8S3—8S1+3))
42 (504085 (s2 — 1)(s2 — 83)(s1 —52))
=34 _ ((28S1S2—8S2—8Sl+3))
43 (5040S3 (S3 — 1)(S2 — S3)(S1 — S3))
=32 ((6S1 + 657 + 653 — 145150 — 145153 — 145253 + 42515253 — 3))

Ey = (504O(S3—1)2(5S§—1)(51 —1)




Equation (5.30) can also be written as

/ S%]’l2 " S%h3 "
Yn+s; = Yn +S1hyn+ _yn+ —Vn

2 6
(h4s‘1l (285152 + 285153 — 1685353 — SS%SQ — SS%S_O, — 8s% + 3s? +28s515253)) f
(5040s753) "
N (h4s‘1‘(14slsz + 145153 — 425753 — 6s%sz — 6S%S3 — 6s% + 3si’ + 14s15253)) »
(5040(.91 — 1)(S1 —S3)(S1 —SQ)) !

(h*s$(28s3 — 8s1 — 85153+ 357)) f
(50405 (52 — 1)(s2 — 83) (51 —52))” "
B (h*s%(28s2 — 851 — 85152 + 35%)) f
(504053 (53 — 1) (s — s3) (51 — 83))° "%
(h4s? (28525‘3 — 85153 —8s152 + 35%))

5.31
(5040(53 — 1)(s2 — 1)(s; — 1)) 7"+! (5-31)
/ S2h2 " S3]’l3 "
sy T Vn oM+ =5+ =
[ (h4s§(168s1S3 — 285182 — 285253 + 8s1s% + 8S%S3 + SS% — 3s% —28515253)) f
(50405 53) "

(h*s3(2853 — 857 — 85253 +-353))
(50405, (s1 — 1) (51 — s3)(s1 sz))f””1
$ (h's3(425153 — 145155 — 145253 165155 + 65553 + 055 — 353 — 14515253))
(5040(s2 — 1) (s2 — s3) (51 — 52)) e
(h*s8(8sp — 2851 + 85152 — 353))
(5040s3(s3 — 1) (52 —53) (851 — 33))fn+53
(h4sg(8s1sz — 285153 + 85253 — 35%))

T (5040055 (s~ D(sa—1)) ™! (532)
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/ S2h2 " S3h3 "
Yntsy = Yn+ 830y, + 2=y, + 2—,

2 6
(h4s‘31 (285153 — 1685152 + 285253 — 8s1s% — 8szs% — 8s§ + 3s§ +28s515253))
- n
(5040S1S2)

(h*s§(8s3 — 2855 + 85253 — 353))
(504051 (51— 1) (51— s3) (51 —52)) """
(h*s5(8s3 — 2851 + 85153 — 353))

(504055 (52 — 1) (52— s3) (51 — sz))f"“2

. (h4s§(14S1S3 — 425157 + 145753 — 651.5% — 6S2S% — 6S% + 353 + 14s15253))

(5040(s3 — 1)(s2 — s3)(s1 — 53)) e
(h*s8 (285152 — 85153 — 85253 + 353))
(5040(s2 — 1) (s; — 1)(s3 — 1))

Snr (5.33)

/ 2 " h3 1

N (h*(8s1 + 852 + 853 — 285157 — 285153 — 285253 + 168515253 — 3))
(504051525‘3)
(h4 (28S2S3 — 853 — 859 + 3))
(50405 (s1 — 1)(s1 — s3)(s1 — sz))f"“l
(/’14(28S1S3 — 853 — 851+ 3))
(504085 (s> — 1) (52— 53) (51 — 52)) Jues:
(h*(28s152 — 855 — 851 +3))
~ (504053 (s3 — 1)(s2 —53) (51— ‘sg))f e
" (/’14(6S1 + 65y + 653 — 145150 — 145153 — 14553 + 42815253 — 3))
(5040(S3 — 1)(5‘2 — 1)(S1 — 1))

Ja

fn+1

(5.34)
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Substituting Equations (5.31), (5.32) and (5.33) into (5.13) —(5.18) gives the first

derivative of the block as below

I I " Szhz "
1
Yntsy = Yn +s1hy, + D) Yn
(h3s? (215152 + 215153 — 1055253 — 7s%sz — 7S%S3 — 7s% + 3s? + 21S1S2S3))f

(840s753) "

N (h3s?(14s1sz + 145153 — 355253 — 7s%sz — 7S%S3 — 7s% + 4s? + 14s15253))

(840(sy — 1)(s1 — 53) (51 — 52)) s
h3s? (21s3 —7s1 —Ts1s3+ 3s%)

: )
+ (840s5(s2 — 1) (52 —s3)(s1 _SZ))fn—O—sz
(

_ (84053(5‘3 — 1)(S2 _53)(5‘] _SS))fn+S3
(

h3s?(21sz —Ts1 — 181850 + 3s%))

h3s? (2159853 — Ts153 — Tsys2 + 3s%))

(840053 — D(sa— (s, —1)) 1

(5.35)

27,2

S 2 "

yn+s2:yn+s2hyn+ 2 Yn

+

+

(h3s3(105sls3 — 215150 — 215553 —|—7sls% +7S%S3 —|—7s% — 3s§ —21s15253))

(840s53) "

(hPs3(21s3 = Ts2 — 75253 +353)) f
(84051 (s1 — 1) (51 —53)(s1 —s52)) "
(h3S%(35S1S3 — 145157 — 145753 +7s1s% + 7S%S3 + 7s% — 4s% — 14515253))

(840(sy — 1) (52 — 53) (51 — 52)) ns2
(h3s3(7s2 — 2151 +Ts152 — 353))

(840s3(s3 — 1) (52 — 53) (51 —S3))f”+~‘3
(h3sg(7s1s2 — 215183 + 752853 — 3s%))

(840(s3—1)(s1 —1)(s2—1)) St
(5.36)
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2h2
I li " S3 "
Yntsy = Yn +s3hy, + Tyn

(h3s§(ZISIS3 — 105s1s2 + 2150853 — 7s1s% — 7S2S% — 7s§ + 3s§ + 21S1S2S3))f

(8405152) !
(H53(Ts3 — 2153 + 7583 — 353))
+ (840s; (51— 1)(s1—s3)(s1 —SZ))fn+S1
(W53 (753 — 2151 + 75153 — 353))
B (840s2(s2 — 1)(s2 —53) (51 — 32))fn+s2
N (h3s3 (145153 — 355152 + 145253 — Ts185 — Tsos3 — 753 +4s3 + 14s15253))

(840(S3 - 1)(82 — S3)(s1 — s3>) n+s3
(h3sg(2151S2 —Ts153 — Tsp83 + 3S§))f
(84O(s2—1)(sl_1)(s3_1)) n+1

(5.37)

2

Vst = Yoy, + Ey;f
(/’l3(7S1 + 75y + 753 — 215150 — 215153 — 215053+ 105515283 — 3))
5 (840S1S2S3)
(3 (215353 — 783 — 752+ 3))
84051 (51 = 1) (81 —53) (1 — s2)) -+
(h3(2151S3 —Ts3—"Ts1+ 3))
(84052 (52 — 1) (52 —57) (51 —s2)) "+
(B3 (215155 — 752 — 751+ 3))
(84053 (53 — 1) (52 —53) (51 — 83)) "
n (h3(7S1 +7sy+ 753 — 1451S2 — 14S1S3 — 14S2S3 —|—3551S2S3 — 4))

(840(s3—1)(s2 —1)(s1—1))

J

fn+1

(5.38)

In order to find the properties of the first derivative method shown above, (5.35) to

(5.38)) are written in a block form

Y,,[,3]4 _ 3[23]4R[23]4 +Bg3]4R[33]4 +B£3]4RL3]4 + h3D’[3]4R[53}4 + h3E’[3]4R[63}4 (5.39)
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where

y;thl 0 0 O 1
B3 _ | Ynee | g [ 000
m - , ) 2 - )
Ynts; 0001
il 0001

2
0 0 0 sih 000 Fn
2
S
3[3}4_ 0 0 0 s 3[3]4_ 0 00 72]1
3 o ) 4 - 52 )
0 0 0 s3h 000 3h
000 h 000 3h
0 00 B} GG
513] AB3le g3l gl Bl
pBla = 0.0 0 D3 EBla — Eyi* En' By Ey’
503 | Bl pBls pBl B
000 D344 E3l4 E324 E334 E344
9 0 0 Bk s e A

and the non-zero terms of D34 and £P are given by

(s?(lelsz + 215153 — 1055253 — 7s%s2 — 7S%S3 — 7s% + 3s? +21s15253))

Bl

Du T (840s753)

Bk _ (S%(105S1S3 — 215150 — 218983 + 7s1s% + 7S%S3 + 7s% — 3s3 —21s15253))
24 (840s53)

Bl (s% (215153 — 1058157 + 2159853 — 7s1s§ — 7S2S% — 7s§ + 3s§ +21s15253))
34 (840s157)

Dﬁ4 _ ((7S1 + 75y +Ts3 — 215150 — 215153 — 215253 + 105515253 — 3))

(840S1S2S3)

£ _ (s?(14s1sz + 145153 — 3552853 — 7s%sz — 7S%S3 — 7s% +4s{5 + 14s15253))

1 (840(5‘1—1)(81 —S3)(S1—S2))

£ _ (572153 —Ts1 — Ts153 4 357)
2 (840sy(s2 — 1)(s2 — 53) (51 — 52))
2B _ (57215 =751 —Ts190 4 357))
1377 (840s3(s3 — 1)(s2 = 53) (51 — 3))
4[3]4 _ (5? (215253 — Ts153 — Ts1s2+ 3s7))
a (840(s3 —1)(s2—1)(s1 — 1))
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(s3(21s3 — 752 — Ts2s53 +353))
(840s1(s; — 1)(s1 —s3)(51 —52))
EEZ]“ _ (S%(35S1S3 — 145159 — 1459853 + 7s1s% + 7S%S3 + 7s% — 4s3 — 14s15253))
(840(.5‘2 — 1)(S2 — S3)(S1 — Sz))
ABls (s3(7s2 — 2151 + 75152 — 353))
23 (840s3(s3 — 1)(s2 —s3) (51 — 53))

A[31a _
Ey'=-—

Bl (S§(75152 — 218153+ 78253 — 35%))
24 (840(S3—1)(sl _1)(32_1))
ERs = (s3(753 — 2152 + 5253 — 353))

(840s1 (51— 1)(s1 —s3)(s1 —52))
3 (83(Ts3—21s; +Tsis3— 353))
S (84052 (52 — 1) (52 —53) (51 —52))
E/gh = (s3(14s153 — 355152 + 1dsas3 — Ts1s3 — Tsos3 — 753 +4s3 + 14515253))
(840(s3 — 1)(s2 — s3)(s1 —53))

(s3(21s152 — 75153 — Ts253 + 353))

EBla

34 (840(s2 — 1)(s1 — 1)(s3— 1))
E[3]4 _ ((21525‘3 —Ts3—"Ts —|—3))

M (840s (51— 1)(s1 —53)(s1.—52))
E[3]4 . ((21S1S3—7S3*731+3))

42 (84055 (52 — 1)(s2 — 53) (51 —$2))
Eé[é]4 pil ((2151S2 — Tso — 751 —|—3))
(840S3(S3 = 1)(S2 —S3)(S1 ——S3))
E[3]4 \ ((75‘1 + 750 + 753 — 145150 — 145153 — 145053 + 35515253 —4))
) (840(s3 = 1)(s2— 1){sy = 1))

Substituting equations (5.31)), (5.32) and (5.33)) into (5.20) —(5.23)) yields the second

derivative of the block as below

Vs = Ynths1y,
(K?s3 (55152 + 55153 — 205253 — 25752 — 25753 — 257 + 53 + 5515253) )
- (60s753) In
(hzs% (55152 + 55153 — 105253 — 3s%s2 — 3S%S3 — 35% + 2S? + 5515253))
(60(s1 — 1) (s1—s3) (51 —52))
(h?s7(553 — 251 — 25153+ 57))
(60s2(s2 — 1)(s2 —s3)(s1 — 52))fn+52
 (1s1(552— 251 — 25150 + 7))
(60s3(s3 —1)(s2 —53)(s1 — 53))fn+s3
(s (55253 = 25153 = 2512+ 51)) . (5.40)
(60(s3 —1)(s2—1)(s1 — 1))

fI’H—Sl
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Yn+sy = Yn +s2hy,
N (h?s3 5(20s153 — 58152 — 55283 + 2s1s2 + 2S2S3 + 2s2 — s2 5515283))
(60S183)
B (h?s3(5s3 — 250 — 25053+ 53)) f
(60s1(s1 — 1)(s1 —s53)(s1 —s2))" """
N (hZS%(10S1S3 — 55180 — 550853 + 3s1s% + 3S%S3 + 3S% - 2s% — 5S1S2S3))f
(60(sy — 1) (52 — 53) (51 —52)) G
(h2s§(2sz — 5851+ 251850 — 2)) f
(60s3(s3 — 1) (52 —s53)(s1 — s3))" """
_(h2s§(2s1s2—5s1S3+25253— 2))fn+1 (5.41)
(60(S3 — 1)(S1 — 1)(S2 — 1))

Ja

yZ+S3 =y, +s3hy,

(h?s3 5(55153 — 205152 + 55083 — 2s1s3 - 2szs3 2s3 + s3 + 5515253))
a (60s157)

(h%s3(2s3 — 552+ 25253 — 53))

(6051 (s1— 1) (s1 —s3)(s1 «sz))f’H—sl

(h?s3(2s3 — 551 + 25153 — 53))
" (6055 (52— 1)(s52 —83) (51 —sz))f’”sz

(h*s% 5(55153 — 105152 + 55283 — 3s1s3 3szs3 3s3 + 2s3 + 5515253))
\ (60053 — )52 — 53) (51— 53)) Tuss

(hzsg1 (58152 — 25183 — 250853 + v%))

(60052~ (s~ (s~ 1)) ™! (542

e

Vut1 =Yuthy,
n (hZ(ZSl + 250 + 253 — 585152 — 55153 — 55253 + 20515253 — 1))
(60s15253)
(h?(5s5783 — 253 — 2855 + 1))
(6051 (51 — 1) (51 —s53) (1 —52)) "
(

e

(h?(5s153 — 253 — 251 + 1))

(605252 — 1) (2 —53) (51 — 52)) "

(h?(5s157 — 257 — 251 + 1))

~(60s3(s3 — 1) (52— 53) (51 — 53))fn+s3

n (h?(3s1 4 352+ 353 — 5515 — 55153 — 55053 + 10515253 — 2))
(60(s3 = 1)(s2—1)(s1 — 1))

_|_

Jnt1 (5.43)
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Block of second derivative can be represented as below

vl = BOMRDl 4 BRRPl 4 p2pBla gDl 4 p2 g3l Rl (5.44)
where

Vits; 0001 00 0 sih

Y[3]4: yn+s2 ’B;g3]4_ 0001 7B;‘[|-3]4: 000 S2h
Vats; 0001 00 0 ssh
Vi 0001 000 #h
0.0 0 B £ £

4(3]4 2314 ZBBla ABle  ABl4

. D ) FBla gBle pBle T g

DBl _ 2\ 0 /24 FBla— ,21 ,22 /23 /24 7
0 0 0 DG B £l
00 0. o

and the non-zero terms of DB and E3 are given by

(s% (55152 + 55153 — 208253 — 2s%sz — 2S%S3 — 2s% + S‘;’ +5s15253))

23],

DH T (60S2S3)

Ak _ (S%(20S1S3 — 55150 — 585083 + 2s1s% + 2S%S3 + 28% — sg —5515253))
12 (60S183)

ik _ (s%(5s153 — 205152 + 55253 — 2s1s§ — Zstg — ZS% —l—sg +5515253))
13 (60S1S2)

D;BM _ ((2S1 + 285y + 253 — 551850 — 55153 — 55253 + 20515253 — 1))
14 (6081S2S3)

£ _ (s%(5s1s2 + 55153 — 105253 — 3s%52 — 3S%S3 — 3s% + ZS? + 5515253))
! (60(s1 — 1) (51 —53) (51— 52))

A8l (51(553 =251 = 25153 + 7))

12 (60S2(S2— 1)(S2—S3)(S1 —Sz))
_ (s1(552 — 251 — 25152+ 5%))
13 (60s3(s3 —1)(s2 —53)(s1 —53))
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éﬁh _ (S?(SSZSS — 25153 — 25152 —|—s%))
(60(s3—1)(s2—1)(s1—1))
EBla _ (s3(5s3 — 252 — 25053+ 53))
21 (60s1(s1—1)(s1 —53) (51 —52))
BBl = (s3(10s153 — Ss152 — 55253 + 35153 + 35353 + 355 — 255 — 5515253))
2 = (60(sy — 1)(s2 —s3)(s1 —52))
égéh _ (s§(252 — 551+ 281852 — s%))
(60s3(s3 — 1) (52 —53)(51 —53))
Al (s3(2s152 = 55153 + 25053 — 53))
(60(s3 —1)(s1 —1)(s2—1))
E’ﬁh _ (S§(253 — 58y + 252853 — s%))
(60S1(S1 — 1)(s1 —s3)(s1 _S2)>
A (s3(253 — 551 + 25153 — 53))
(60s2(s2 — 1) (52 —53)(s1 —52))
EBl = (s3(5s153 — 105152 + 55253 — 35155 — 35253 — 353 + 283 + 5s515253))
»o (60(s3 —1)(s2 —s3) (51 —53))
23l _ (3(55152 = 25153 — 25253 + 53))
> (60(s2 —1)(s1—1)(s3—1))

éﬁh e ((5S2S3—2§3—2S2—|—1))
(6031 (S] — 1)(S1 —S3>(Sl —Sz))
L*Z‘[é]“: ((5s153 — 253 — 281+ 1))
(6052 (52 — 1)(52 —53) (51 — 52))
FBl (55180 =25p = 2s1+1))

3o S— (60S3(S3 v 1)(S2 —S3)(S1 —S3))
A0l — ((3s1 4352+ 353 — 55150 — 55153 — 55253 + 10515253 — 2))
44 (60(S3—1)(S2—1)(S1—1))

Substituting equations (5.31), (5.32) and (5.33) into (5.25) —(5.28)) leads to the third

derivative of the block as following
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n n

Ynts; = In
B (hs1(10s1s3 + 10s153 — 305253 — SS%SZ — 55%53 — SS% + 3si’ + 10s15253))

(60s253) "
+hs1(20s152 +20s153 — 305253 — 155752 — 155253 — 1557 + 1257 + 2051 5253)
60(s1 — 1)(s1 —s3)(s1 —52) (anl

(hs (10s3 — 551 — 5s1S3—|—3s )
(6052052 — )82 — 53) (51 — )
(hs (10sy — 551 — 5S1S2+3S1)
- ( )
(

; f n-+sy
)

60S3(S3 — 1)(S2 —S3)(S1 — 853 ) s
hs (10S2S3 — 55153 — 551850 + 3s1))
(60(S3 — 1)(S2 — 1)(S1 — 1))

St (5.45)

n "

Yntsy =Yn
hs2(30s1s3— 10552 — 105253 + 55152 + 55353 + 552 — 353 — 10815253
| . 2 2 2

(60s153) "
(hs3(10s3 — 557 — 55053+ 353))
B (60s1(sy=1)(s1 —s3)(s1 —sz))fnﬂl
+hs2(30s153 — 205152 — 205253 + 155153 + 155353 -+ 1555 — 1253 — 2051 5253)
60(S2 — 1)(.8’2 — S3)(Sl — S2) nts2
(hs3(5s2 — 10s1 + Ss152 — 353))
(60s3(s3 — 1) (52 — 53) (51 —S3))f"+~‘3
B (hs%(Sslsz — 105153 + 55983 — 3s%))
(60(s3 —1)(s1 —1)(s2— 1))

Jnt1 (5.46)
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n n

yn+S3 =n
hs3(10s1s3 — 30s152 + 105253 — 5s1s% — 5s2s% — 55% + 3s§ + 10s15253)
- (60S1S2) "
N (hs3(5s3 — 1052 + 55253 — 353)) »
(60S1(S1 — 1)(S1 —S3)(S1 —Sz)) !
(
(

hs3(5s3 — 10s1 + 55153 — 353))
605 (52— 1) (52— s3) (s1 — 2))"""™
+hS3(20S1S3 — 305152 + 208753 — 15s1s% — 15szs§ — ISS% + 12s§ +20s715253)

60(s3 — 1)(s2 —53)(s1 — 53) e
(hs%(lOslsz — 55153 — 58083 + 3s§))
(60— )51 (s —1)) ! 47
S
n (h(5s1+ 552 + 553 — 10s152 — 105753 — 105253 + 30515253 — 3))fn
(60s15253)

__ (h(10s253 — 553 — 552+ 3)) £
(6051 (51— 1) (51 —83) (51 —82)) """
(h(10s153 — 553 — 551 +3)) f
(6053 (s2 — 1)(s2—53)(s1 —82)) "
) (A(15s1+ 1557 + 1553 = 205152 — 205153 — 205253 + 3055253 — 12))
(60(s3—1)(s2—1)(s1— 1))
(h(10s152 — 552 = 551 +3))

B ntss 5.48
(6053055 — 1) (52 —53)(51 —3)) """ (5.48)

fn—i—l

Block of third derivative can be represented in block form as below

v e = pRBl | ppBlagBle 4 gl gLl (5.49)
where
Vs, 0001
2[3}4_ yn—i—sz B2[3]4_ 0001
mo " T4 ’
Yntss 0001
Vi 0001
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and the non-zero terms of DB and £ are given by

A30a _
D144 -
230a
D244
A3a _
Dyt =-

A
B -

4[3]
Ell4

A
E12

D'J\\\

3]
1

,

4
3., =

(51(10s1572 + 105153 — 305253 — 5s%s2 — 5S%S3 — SS% + 3S? + 10s15253))

(60s753)
(52(30s153 — 105750 — 105253 + 5s1s% + 5S%S3 + SS% — 3s§ — 10s15253))
(60S1S3)
(53(10s153 — 305152 + 105253 — 5s1s% — 5szs§ — SS% + 3s§ + 10s15253))
(60s157)
551+ 553+ 553 — 105152 — 105153 — 105253 + 30515253 — 3))
(60S1S2S3)

(51(20s152 + 205153 — 308253 — 15S%S2 - ISS%S3 — 155% + 12s? +20s15253))

(60(s1 = 1)(s1 —s3)(s1 —52))

3, (57(10s3 — 551 — 55153 +3s7))

o (60S2(S2 1 1)(5‘2 —S3)(S1 —Sz))

14 —

(s3(10s3 — 551 — 55152 +357))
60s3(s3—1)(s2 —53)(s51 —53))

(
‘3l (57(10s553 — 55153 — 5515, +351)

(60(s3 — 1)(s2 — 1)(s1 — 1))
(s‘zl (553 — 250 — 25053 + s%))
(6081(S1 — 1)(S1 —S3)(S1 —Sz))
52(30s153 — 205157 — 205253 + 155152 + 155253 4+ 1552 — 1253 — 2055253
2 2 2 2

(60(s2 — 1)(s2 —s3)(s1 —52))

B (s3(5s2 — 105y + 55152 — 3s3))

(60s3(s3 — 1) (52 —53)(51 —53))
(s%(Sslsz — 105153 + 55253 — 3s%))
(60(s3 —1)(s1 = 1)(s2—1))
(s3(5s3 — 1052 + 55253 — 353))
(60s1(s1 —1)(s1 —s53) (51 —52))
(s3(5s3 — 1051 + 55153 — 353))
(6082(S2 — 1)(S2 — S3)(S] — 52))
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Bls (53(20s153 — 30552 + 205253 — 15s1s% — 15szs% — 158% + l2s§ +20s15253))

m\\\

33 — (60(s3 —1)(s2 —53)(s51 —53))

Ef[3]4 (53105152 — 55153 — 55253+ 353))
34 (60(sy —1)(s1 — 1)(s3— 1))
5[3]4 B ((10S2S3 — 553 — 582+ 3))
41 —

(60S1(S1 — 1)(S1 —S3)(S1 —Sz))
éé[éh _ ((10S1S3—583—551 —|—3))
(60S2(S2 — 1)(82 —S3)(S1 —Sz))
éé[éh _ ((10s155 — 550 — 551+ 3))
(60s3(s3 —1)(s2 —s3)(s1 —53))
5[3]4 _ ((15S1 + 155y + 1553 — 205152 — 205153 — 205253 4+ 30515253 — 12))
“ (60(s3 —1)(s2 = 1)(s1 — 1))

5.1.1 Establishing of the Properties of One Step Hybrid Block Method with Gen-

eralised Three Off-Step Points for Fourth Order ODEs

In this section of this chapter, numerical properties which includes order, zero stability,

consistent, convergence, error constant, region of absolute stability are established.

5.1.1.1 Order of One Step Hybrid Block Method with Generalised Three Off-

Step for Fourth Order ODEs

In finding the order of the block (5.30), Definition (3.1.2)) is applied. Expanding y and

f-function in Taylor series, that gives
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oo (52)1111 j h2 no K3 m
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6
" (52(8s1s2—28slS3+852S3*3S%)) Zoo Rith j44
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oo (53)W i s3h> v s3h m
Y By — v = sahy, — Sy — S,
4.4
\ (h S3(28S1S3—1685‘1-5‘24-288253—881S3—852S3—8S3+3S§+28S15‘253)) iv
(5040s157) Yn

(sg(85g72832+8s253—3s%)) (s))/hit* _j
~ 2 3 3 k oo L 1)' h' ]+4
(5040s1 (s1—1)(s1—53)(51—52)) Zj:() Jj! Yn
(h*58(853—2851+85153—353)) Jpit4
+ 3 153 3 o (s2)'h j+4
4 (508052 (53— 1) (52 —53) (51 =53] 2j=0 —j1
_ (53(145153—42s1s2+14SZS3—6sls%—6s2s%—6S%+3sg+14s1szs3)) o  (s3)/RIT* 44
(5040053 T) (5253 (51 =53)) Lj=o—jr—n
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Y0 51Yn —Yn =y, = FYn = G Vn
4
_(h (8S1+8S2+8S3728S1S2728S1S3728S2S3+168S1S25373)) iv
(50405553 In
((28s253—8s3—8s2+3)) (s1)/nit* _j
3 oo 1 ]+4
50305 51— G153 61 -52) =0 17
((285153—853—8s1+3)) (s2)/nit*_j
_ oo ) j+4
(50405 (55— 1) (52—53)(51—52)) Yio T n
(285157 —857—851+3)) (s3)/nit* _j
oo 3 j+4
+ (504053 (s3—1)(s2—53)(s1—53)) Zf:o T On
((651+652+653— 145150 —14s153—14s i j
. 253+42515253—3)) oo RIT4j+4
(5040(s3—1)(s2—1)(s1—1)) Yico jr Y
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Comparing the coefficients of 4/ and y/ . This gives
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Q
I

(s1)* 4 (s7(28515242851 53— 16852538575, — 85753 —857+357+28515253))
41

(5040s753)
. (s‘l‘(14s1 so+14s153—425753 —6S%S2—6S%S3 —6S%+3S? +14515253)) (s )0
(5040(s1—1)(s1—s53)(s51—52)) 0!

(S?(28S378S178S1S3+3S%)) (52)°

(504053 (s2—1) (s2—53) (51 —52)) 0!
(s?(2852—8s1—8s1sz+3s%)) (53)°

(504053 (s3—1)(s2—s3)(s1—53)) O!
(S?(2852S3—8S1S3—851S2+3S%))l
5040 S371 Szfl Slfl i

o

(s2)* _ (S§(168S153—285152—2852&3+851s%+85%5‘3+85%—3s%—28515253))
4! (5040sy53)
+( (52(28(53—8s)2(—SSQS3)—(|—3s%)))) (s(;‘)o
50405‘1 Slfl S1—53)(851—952 .
o (S%(42S1S3714315‘2714S2$3+6S1$%+6S%S3+6S%73S%714515‘25‘3)) (s2)0
(5040(s2—1)(s2—53)(51—52)) 0!
(sg(8s2—28s1+8s1s2—3s%)) (53)°
(504053 (s3—1)(s2—53)(s1—s3)) 0!
+(Sg(851S2—28S1S3+852S3—3S%))l
(5040(s3—1)(s;—1)(sp—1)) 0!

(s3)* 4 (S§(28S|S37168S]S2+28S2S378S1S§78S2S%788§+3S§+28S1S2$3))
4! (5040S152)
(Sg(8S3—2852+8S253—3S%)) (S])O
(50403‘1(3‘1—1)(5‘]*83)(.8']73'2)) 0!
n (h*s§(8s3—285)+85153—353)) (s,)°
(504052 (s2—1)(s2—53)(s1—s52)) 0!
- (s% (145153 — 425150+ 145753 — 65155 =65253 =653+ 353+ 14s15253)) (s53)°
(5040(s3—1)(s2—53)(s1—53)) ot
_ (5§ (285152 —8s)53—85253+353)) 1
(5040(s;—1)(s;—1)(s3—1)) 0!

1 ((8s148s24-853—285150—285153—285753+168515253—3))
4! (504051 5253)

L (8585 8913)) (s)°
(50405 (s;—1)(s1—s3)(s1—52))  O!

_ ((28s153—853—8s5143))  (s50)°
(504055 (s, —1)(s2—s3)(s1—52)) O!

n ((28s152—857—8s14+3))  (s53)°
(504053 (s3—1)(s2—s3)(s1—s3)) 0!

(65146521653 — 145150 — 145153 —145253+42515253—3))

1
(5040(s3—1)(s2—1)(s1—1)) 0!
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(s1° (s](14s1 52+ 1451 53—425753—6575, —65753—657+357+ 1451 5253)) (s57)"

3 (5040(s —1)(s1—s3)(s1—52)) 1t
(9(28s53—851—8s51534357))  (s2)"
(504055 (s—1) (s2—s53) (s1—s2)) 1!
+ (S?(2852—8S1—85152+3S%)) (33)1
(504053 (s3— 1) (s2—53) (51 —s3)) 1!
(S?(28S2S3*8S1S3*8s1s2+33%))L
(5040(s3—1)(s2—1)(s1—1)) 1!

(52)5 + (sg(ZSS3—8S2—852S3+3S%)) (sl)l
5! (5040_?1(5‘171)(‘9175‘3)(5‘175‘2)) 1!
o (S%(42S1S3714515‘2714S2$3+6S1$%+6S%S3+6S%73S%714515‘25‘3)) (s7)!
(5040(s2—1)(s2—53)(51—52)) 1
(s5(852—28s1+85152—353))  (s53)"
(504053 (s3—1)(s2—s3)(s1—s53)) 1!
+(Sg(851S2—28S1S3+852S3—3S%))l
(5040(s3—1)(s;—1)(sp—1)) 1!

(s3)° (s§(853—2852+85253—353))  (s7)!
5! (5()4051(sl-l)(sl—S3)(slfsz)) 1!
+ (.9?(8S3728s1+8s1s373s§)) (52)1
(50403‘2 (Szfl)(sz 783)(3'] 7S2)) 1!
| (53(14s155—425150+ 145753681 53 —68753 —653 4353+ 1451553)) (53)!
(5040(s3—1) 5> —53) (51 =53)) i
. (52(28_915278_91S378S253+3S§)) 1
(5040(5271)(5‘171)(5‘371)) I!

1, (Bun8s-8913) ()
5177 (504051 (s1—1)(s1—s3)(s1—s2)) 1!
_ ((28s153—8s3—8s1+3))  (s2)!
(504055 (55— 1) (s2—s53) (s1—s2)) 1!
4o (851 85-85113)) (sy)!
(504053 (s3—1)(s2—s3)(s1—53)) 1!
((651+657+653— 145150 — 145153 — 145753 +42515253-3)) 1
- (5040(s3—1)(s2—1)(s1 1)) ﬂ
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(s1)® (s}(14s152+14s153—425753— 65757 —65753—657+357+14515253)) (57)2

of (5040(s1 —1)(51—53)(51—52)) 2!
(9(28s53—8s51—8s51534+357))  (s2)?
(504055 (s—1) (s2—s53) (s1—52)) 2!
n (s?(2852—8s1—8S152+3s%)) ( )2
(504053 (s3— 1) (s2—53) (51 —53)) 2!
(S?(28S2S3*8S1S3*8s1s2+33%))L
(5040(s3—1)(s2—1)(s1—1)) 2!

(52)6 + (sg(ZSS3—8S2—852S3+3S%)) (51)2

6! (5040_?1(5‘171)(‘9175‘3)(5‘175‘2)) 2!

o (S%(42S1S3714515‘2714S2$3+6S1$%+6S%S3+6S%73S%714515‘25‘3)) (52)?

(5040(s2—1)(s2—53)(51—52)) 2!

(s5(852—28s1+85152—353))  (s3)?

(504053 (s3—1)(s2—s3)(s1—s53)) 2!

+(Sg(851S2—28S1S3+852S3—3S%))l

(5040(s3—1)(s;—1)(sp—1)) 2!

(53)° _ (s§(853—2852+85253—353))  (s1)2
6! (5()4051(sl-l)(sl—S3)(slfsz)) 2!
+ (.9?(8S3728s1+8s1s373s§)) (52)2
(50403‘2 (Szfl)(sz 783)(3'] 7S2)) 2!
| (53(14s155—425150+ 145753681 53 ~68953 —653 4353+ 1451553)) (53)°
(5040(s3—1) 5> —53) (51 =53)) by
. (52(28_915278_91S378S253+3S§)) 1
(5040(5271)(5‘171)(5‘371)) 2!

1, (Buy8y8913) (u)
6! T (504051 (s1—1)(s1—53)(s1—52)) 2!
_ ((28s153—8s3—8s51+3))  (s2)*
(504055 (s—1) (s2—s53) (s1—52)) 2!
4o (81585 -85143)) (s3)?
(504053 (s3—1)(s2—53)(s1—53)) 2!
((651+657+653— 145150 — 145153 — 145753 +42515253—3)) 1
- (5040(s3—1)(s2—1)(s1 1)) 2
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(s1)” (s](14s1 52+ 145153 —425753—6575, —65753—657+357+14515253)) (s7)°

7 (5040(s —1)(s1—s3)(s1—52)) 3!
(9(28s53—851—8s1534351))  (52)°
(504055 (s—1) (s2—s53) (s1—s2)) 3!
+ (S?(2852—8S1—85152+3S%)) (33)3
(504053 (s3— 1) (s2—53) (51 —53)) 3!
(S?(28S2S3*8S1S3*8s1s2+33%))L
(5040(s3—1)(s2—1)(s1—1)) 3!

(52)7 + (sg(ZSS3—8S2—852S3+3S%)) (51)3

7! (5040_?1(5‘171)(‘9175‘3)(5‘175‘2)) 3!

o (S%(42S1S3714515‘2714S2$3+6S1$%+6S%S3+6S%73S%714515‘25‘3)) (s2)?

(5040(s2—1)(s2—53)(51—52)) 3!

(s5(852—28s1+85152—353))  (s3)°

(504053 (s3—1)(s2—s3)(s1—s53)) 3!

+(Sg(851S2—28S1S3+852S3—3S%))l

(5040(s3—1)(s;—1)(sp—1)) 3!

(s3)7 _ (Sg(8S3728S2+832S373S§)) (s1)°
7! (504051(Sl-l)(s1—33)(s1—52)) 31!
+ (.?3(85‘3*2851+8S153—f3s§)) (s2)°
(50403‘2(Szfl)(szfs3)(sl7S2)) 3!
A (5§(145153 —42S132+l4s2s3—6sls%—6s2s%—6s%+3sg+l4s1SZS3)) (s3)3
(5040(s3—1)(s2—53)(51—53)) 3!
. (52(28_915278_91S378S253+3s§)) 1
(5040(so—1)(s;—1)(s3—1)) 3!

1, (2895 8s-8913) (5)]
70 (50405 (s1—1)(s1—s3)(s1—52)) 3!
_ ((28s153—8s3—8s1+3))  (s2)°
(504055 (55— 1) (s2—s53) (s1—52)) 3!
4o (851 85p-85143)) (53)’
(504053 (s3—1)(s2—s3)(s1—53)) 3!
((651+657+653— 145150 — 145153 — 145753 +42515253—3)) 1
- (5040(s3—1)(s2—1)(s1 1)) 3!
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(s])8 _ (s‘l‘(14s]s2+14s1S3742s2LV3f6s%s276s%3376s%+3s?+14s1s233)) (s1)4
8!

. (s‘z‘ (425153—14s157— 1457534651 S%+6S%S3 +6S%73S%7 14515253)) (s2)4

(5040(s;—1)(s1—53)(51—52)) 4!
(59(2853—851 —8s153+357))  (52)*
(504053 (s2—1) (s2—53) (51 —52)) 4!
I (s?(28s2—8s1—851sz+35%)) (33)4
(504053 (s3—1)(s—53)(s1—s3)) 4!
(59 (285253 —8s153—8s5152+357)) 1
(5040(s3—1)(so—1)(s;—1)) 4!

(s2)8_|_ (Sg(28S3—8S2—852S3+3S%)) (s1)*
8! (504057 (s1—1)(s1—53)(s1—52)) 4!

(5040(s2—1)(s2—53)(s1—52)) 4!
(s§(8s52—28s1+8s150—353))  (s53)*
(504053 (s3—1) (s2—53)(51—s53)) 4!
+(Sg(8S1S2—2851S3+852S3—3S§))l
(5040(8371)(5‘]71)(3‘271)) 4!

(53)8 . (Sg(8S3728S2+8S2S373S%)) (s1)4
8! (5040sy (s1—1)(s;—s3)(s1—52)) 4!
X (S:?(SS3*28S1+8S1S373S§)) (s2)4

(504052(5‘2—1)(5‘24.&‘3)(3‘17S2)) 4!

(.9%(1451 53—425153+ 145253 =65 s%—6szs%—6s%+3sg+ 14515253)) (53 )4

(5040(s3—1)(s2—53)(51-53)) 41
u (5§ (285152851 53—85053+353)) 1
(5040(sp—1)(s;=1)(s3—1)) 4!

110 (285 Res-8913)) . (5))°
81 7 (504051 (51— 1) (s1—53)(51 —52)) 4!
_ ((28s153—8s3—8s1+3))  (s2)*
(504055 (s2—1)(s2—s53)(s1—52)) 4!
4 ((28s150—8s57—8s1+3)) (s3)*
(504053 (s3— 1) (s—s53)(s1—s3)) 4!
((651+652+653—14s1 57— 145153145253 +42515253—3)) 1
- (5040(s3—1)(so—1)(s1—1)) a
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o1 (5040051 —1)(s1—53)(51—52)) 5

(59(2853—8s1 —8s153+357))  (s2)°

(504052 (s2—1) (s2—53) (51 =52)) 3!
(s?(2852—8S1—85152+35%)) (33)5

T (304053 (53— ) (52—33) (51 —-53)) 5

(56 (28525385153 —8515,+357)) | 0
(5040053 —1)(s2-1)(s1—1)) 5!

51)°  (sT(14s152+ 1451 53—425y53— 65757 —65753—657+357+14515253)) (51)°
H 1 1 17557

(S2)9+ (sg(ZSS3—8s2—852S3+3S%)) (s1)°

9! (50405 (s1—1)(s1—s3)(s1—52)) 5!

(Sg(42S]83*14S1S2*1452S3+6S]S%+6S%S3+6S%*3S%714slszs3)) (32)5
(5040(s5—1)(s2—53)(51—52)) 5!

(s§(852—28s1+85150—353))  (s53)°

(504053 (s3—1)(s2—53) (51 —53)) 3!

+ (55 (8s152—28s5153+85253—353)) | 0

(5040(s3—1)(s;—1)(s2—1)) 5!

&
I

(s3)°  (s5(8s3—28s)+8s253-353)) (s1)°
Ol ~ (504051 (s1—1)(s51—53)(s1~2)) 5!
(808532851 +85153-383)) _(s5y)’
(504057 (s3—1)(52—-53) (51 —52)) 3!

(53 (145153~ 425150 + 145253 =651 5365753 —653 +353 +14515253)) (s3)°
(5040(s3—1)(s2—53)(51—53)) 2
(55(285152—=8s153=8sp53+353)) 1 0

(5040(s53=T)(s1 =D)(s3—1)) 5!

l_'_ ((28S2S3A8S37852+3)) (sl)s
91 7 (50405, (5] —1) (51 —53) (51 —52)) 5!
((28s153—8s3—8s1+3)) (52)5
(504052 (52— 1) (s2—53)(s1—52)) 5!
4 ((28s15,—8s52—8s1+3)) (s3)°
(504053 (s3—1) (s2—s53) (s1—53)) 5!
((651+652+653— 145159 — 145153 — 145053 +42515253—3)) 1 0
I - (5040(s3—1)(s5—1)(s1—1)) st

Therefore, the order of the block (5.30) is [5,5,5,5]7 with general vector error con-

stants

[ (59 (245152 +245153— 84525395752 — 95753 —9s] +457 +24515253))
- 1814400
0 84s1S3724S1S272452S3+9S]S2+952S3+9S2*4S3*243132s3
S 2175 2775
C_' 1814400
9 —_
58 (2451 53—84s) 5, +245253—9s1 53— 95253 —9s3+453+24s51 5253
(5 3 3753153
1814400
(951+952+953— 24515 —2451 53245753 +84515253—4)
I 1814400 |

. . o 9S%S3+9S%—4S?—24Sls3 o 245253-9&%53—9&%—0—453
which s true forall s1,s2,53 € (0, 1)\ {s2 = 2451 —8453—9s]+245153 fUls = 84s53—2457+953 245753 }

_ —950—9s534+24s753+4
} U {s1 T 9—-24s)—2453+84sy53 }

U{ . 7245‘15‘34’95‘15‘%4’95‘%*45%
52 7 TRasy 42453953+ 24515
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The same strategy as mention earlier is also employed in order to find the order of first

derivative block |i Expanding y/ and f- function Taylor series gives

o (s1)h _j+1 / U s%hz 1
Z j= i - - Slhy — =5y
j=0" 1 Yn Yn 5V
I (h3s?(21s1s2+213153fIOSSQS377s%s277s%S377s%+3s?+21s1s233))yiv
(840s7s3) n
_ (53 (14515041451 53—355053—TsT50—T57 53— Ts7+4s57+ 1451 5253)) e (s1)0hit3_j+d
(840(s1—1)(s1—53)(s1—52)) j=0 "I n
. (S?(21S3—7S1—7S1S3+3S%)) ZO? (sz)j.hf” 4
(840S2 (Szfl)(S27S3)(s1 732)) j=0 ! n
(s7(2152—7s1—Ts515243s7)) ¥ (s3) i3 _j+d
(84053 (53— 1) (s2—53)(51—53)) &j=0 " jT__In

_(S?(2152&3—75153—751524-35%)) Zoo Rit3_ j44 0
(B40(s3—1)(s—1)(s1 1)) &j=0 jT In
o ($2)7h) _j+1 ’ no s2h2 m

Zj:O T Yn = Yp— 52y, — 22 Yn

(h?s3(1055153—2 15152 —215253+75153+75353+753—3s3—21515253)) iy
(8405153) n
+ (s§(2153—752—7s253—0—3s%)) Zoo (Sl)jhj+3yj+4
(84051 (s1—1)(s1—53)(s51—52)) ~J=0 Jj! n
(53(3551S3—14S1S27]4—52S3+7S1S%+7S%S3+7S%*4S%71451325‘3)) Zo-o (sz)j.hj“ yj+4
(840(s2—1)(s2—53)(s1—52)) s YW
- (sg(752721s1+7slszf3s%)) Zo-o (S3)jhj+3 4
(84053 (53 ~1)(s2—53)(51-s3)) &j=0 — jT__ I
(sg(7s1s2—2151S3+7SZS3—3S%)) o Rit3_ j+4
TG DE 1) Zj=0 T 0
s Jhi i1 / " 212 m
Lizo (S3j)'! ' —Yn — 830y, — %yn
(h3sg(2]S1S3—105S1S2+2]8283—751S%—7szs%—75%+35§+2|S1S2S3)> v
(8405152) n
. (sg (7S3721S2+7S2S373S%)) o (s1)/RIT3 jt4
Yo n
(84051 (s1—1)(s1—53)(s51—52)) ~J=0 Jj!
4 (s§(733—21sl+7sls3—3s§)) yee (32)].hj+3yj+4
(84053 (s2—1)(s2—53)(s1—52)) =J=0 ! n
(sg(14s1s3—35slsz(+14(szss _)7(SIS%_;E2S%_7)S)%+4sg+]4SISZS3)) 7, (33)j;‘1j+3 y£+4
840(s3—1)(sp—s3)(s1—53 J= J!
(sg (21S]S277S1S37782S3+3S%)) Zo'o Wit3 j+4 0
(84005, 1)(s1—1)(s3-1)) 4&j=0 jT n
o hi_j+1 i " W2
ijo TYn = Yn— hy, =5 ¥n
(h3(7S1+7S2+7S3721S1S2721S1S3721S233+105S]S28373)) iv
(84051S253) Yn
((21s353—753—752+3)) oo (Sl)jhj+3 j+4
+ (840s1(s1—1)(s1—s3)(s1—52)) Zj:() Jj! n
((21s153—753—7s51+3)) Yo (s2)/hit3 _j+4
(840S2 (Szfl)(S27S3)(S1 7S2)) j=0 J! n
n (21s150—Ts5—T751+3)) ye (s3)/hI T3 _jra
(84083 (53— ) (s2—53) (51 —s3)) &j=0 — jT__ In

_ ((7s1+75247s3—14s150— 145153 — 14525343551 5253 —4)) ye pit3 j+4
L (840(s3— 1) (s2—1)(s1—1)) j=0 jr n

+
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Comparing the coefficients of 4/ and y/ yields

0-0
_ 0-0
Co =
0-0
0-0
1—1
B 1—1
C =
1—1
1—1
§1—91
= §2 — 82
Gy =
§3 — 383
1—1
T
2772
$5 5
- 277
Cr =
T2 g
)
1 1
_2 2_
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(s? (21sysp421s153—1055753 —7S%S2—7S%S3 —7s%+3s? +21s15753))

(s1)

3! + (840S2S3)

_ (S?(14S]82+14S|S3735S2S377S%S277S%S3*7S%+4S?1)+14S|S2S3)) (s1)°
(840(s1—1)(s1—53)(s1—52)) 0!
(s3(21s3—7s1—Ts153+3573)) (s55)°
(84052 (s2—1)(s2—53)(s1—52)) 0!

(s? (215~ 751 —Ts152+35%)) (53)°
(840s3(s3—1)(s2—53)(s1—s3)) 0!
(S?(21S2S3*7S1S3*7S1S2+3S%))l
(840(s3—1)(so—1)(sy—1)) 0!

(s2)3 _ (S%(105S153—213152—2]S2S3+7S1S%+7S%S3+7S%—3S%—21515253))
3! (840S1S3)
+ (S%(218377S277S2S3+3S%)) (51 )0
(84051 (s1—1)(s1—s3)(s1—s2)) O!
(S%(35S1S3—14.5'152—145253-‘-7515%-‘-75%53+7S%—4S%—14S152S3)) (52)°
(840(s2—1)(s2—s3)(s1—52)) 0!
(sg(7s2—21s1+7s1s2—3s%)) (53)°
(8405‘3(8371)(5‘273‘3)(5‘17.&‘3)) 0!
+(53(751S2721S153+7S25373S%))l
(840(s3—1)(s;=1)(s,—1)) 0!

(53(215153—10551 5, +218053— 75183 — 75253 —Ts3+353+21518253))

3
55

(840s152)
(53(753—21s52+75253—353)) (s1)°
(840s1 (s1—1)(s1—s3)(s1—s2)) O!
(s% (753215 +7S]S343S%)) (5,)0
(84052 (s2—1)(s2—s53)(s1—s52)) 0!
. (s% (145153 *355‘1S2+14S2S3*7S1S%*7S23%*7S§+4S%+l451SZS3)) (s3)0
(840(5‘371)(5‘27&‘3)(31 7S3)) 0!
(Sg(21516‘2—7513‘3—752534—35%))l
(840(S2—1)(S1—1)(S3—1)) 0!

1 ((Is1+7s347s3 215150 —215153—215253+105515253—3))
3! (840S1S2S3)
+ ((21525‘3775‘3 77S2+3)) (S] )0
(84051 (s1—1)(s1—s3)(s1—52)) 0!
((215153—7s3—T51+3))  (s2)°
(840s2(s2—1)(52—53)(s1—s52)) 0!
+ ((21s150—Ts5—751+3)) (S3)O
(8405‘3(8371)(5‘273‘3)(5‘1783)) 0!
. ((7S1 +7s524+7s3— 145157 —145153—14s5253+3551 5253 74)) 1
(840(s3—1)(so—1)(s1—1)) 0!
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(s)*

(s3(14s152+14s153—355253—TsTsy—TsTs3—TsT+4s+14s15253)) (s7)"

41

(840(s1—1)(s1—s3)(s1—s52)) 1
(s? (21s3—7s1—Ts153 +3s%)) (s5)!
(84053 (s2—1)(s2—s53)(51—52)) 1!
4 (s3(2152—Ts1=Ts152+353))  (s3)!
(840s3(s3—1)(s2—53)(s1—s3)) 1!
(s? (215‘25‘377S1S377S1S2+3S%))
(840(s3—1)(s2—1)(s1 1))

L
Il

(s2) 4 (s3(2153—7s2—Ts52534+353)) (s7)"
4! (8405‘1(Slfl)(slfs3)(slf_¥2)) 1!
(sg (35s153—14s157— 145753 +7S1$%+7S%S3 +7S% 74sg —14515253)) (s52) 1

(840(s2—1)(s2—53)(s1—52)) I!
(s3(7s2—21s1+751520—353)) (s3)"
(840s3(s3—1)(s2—s53)(s1—s53)) 1!
(s3(7s152—21s153+75253—353))

T 84005 D) (51— 1) (52-1)

L
1!

(S3)4_ (S§(7S3721S2+732S373S§)) (51)1
4! (840S1(S]—])(SI—S3)(517S2)) 1!
sy /s3—2181+7/5153—3s K}
+(;(7 21s51+7 353) (s0)"
(8405‘2(5271)(5‘2753)(8]7S2)) 1!
(53(14s153—3551 52+ 145253—T51 53 —Ts253 — 753 +453+14515253)) (s3)"
(840(s3—1)(s2—s3)(s1—53)) 1!
(S§(21S15277S1S377S253+3S§))
(840(s2—1)(s1—1)(s3—1))

L
1!

L_'_ ((21525‘3775377824’3)) (Sl)l
411 (84051 (s1—1)(s1—s3)(s1—s2)) 1!
((21s153—7s3=75143))  (s2)"
(84053 (s2—1)(s2—s53)(s1—52)) 1!
+ ((2ls159—7s2—751+3)) (s3)!
(840s3(s3—1)(s2—53)(s1—s3)) 1!

. ((7S1+7S2+7S3714S152714S1S3714S2S3+358152S3 74))

(840(s3—1)(s2—1)(s1—1))

L
Il
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(s1°

(s3(14sy52+14s153—355253—TsTs3—TsTs3—Ts7+4s7+14515253)) (s1)2

5!

(840(s1—1)(s1—s3)(s1—52)) 2!
(s3(2153—7s1—Ts153+353))  (s)2
(84053 (s2—1)(s2—s53)(51—52)) 2!
4 (s?(2152—7s1—7s1s2+3s%)) (33)2
(840s3(s3—1)(s2—53)(s1—53)) 2!
(S‘?(215‘25‘377S1S377S1S2+3S%))L
(840(s3—1)(s2—1)(s1—1)) 2!

(s2) 4 (s3(2153—7s2—Ts52534353)) (s1)2
5! (8405‘1(Slfl)(slfs3)(slf_¥2)) 2!
(sg (35s153—14s157— 145753 +7S1$%+7S%S3 +7S% 74sg —14s515253)) (s2)2

(840(s2—1)(s2—s3)(s1—52)) 21
(s3(7s2—21s1+75152—353)) (s3)2
(840s3(s3—1)(s2—53)(s1—53)) 2!
4 (Sg(751S2—2151S3+752S3—3S%)) 1
(840(s3—1)(s1—1)(s2—1)) 2!

(s3)5 . (S§(7S372152+732S373S§)) (51)2
5! (840S1(S]—])(SI—S3)(517S2)) 2!

L (s3(7s3—21s1+75153—353)) ()2
(8405‘2(5271)(5‘2753)(8]7S2)) 2!
(s3(14s153—3551 52+ 145253—T51 53 —Ts253 — 53 +453+14515253)) (s3)2
(840(s3—1)(s2—s3)(s1—53)) 2!

(s§(21s1s277s1S377s253+3s§))L
(840(5‘271)(&171)(3‘371)) 2!

L_|_ (215353753~ T52+3))  (s1)?
51T (8405, (51— 1) (51 —53)(51—52)) 2!

((21s153—7s3—7s1+3)) (52)2
(84053 (s2—1)(s2—s53) (s1—52)) 2!

4 ((2Lsyso=Ts5=T75143))  (s53)*
(840s3(s3—1)(s2—s53) (s1—s3)) 2!
((7s1+7s2+7s3—14s150—14s 53— 14s753+35s15053—4)) 1
- I CENCENIGED) 2
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(s1)®

(s3(14sy52+14s153—355253—TsTsy—TsTs3—TsT-+4s3+14s15253)) (s51)°

6!

(840(s1—1)(s1—s3)(s1—52)) 3!
(s3(21s3—7s1=Ts153+357))  (s57)3
(84053 (s2—1)(s2—s53)(s1—52)) 3!
4 (s?(2152—7s1—7s1s2+3s%)) (33)3
(840s3(s3—1)(s2—53)(s1—s3)) 3!
(S‘?(215‘25‘377S1S377S1S2+3S%))L
(840(s3—1)(s2—1)(s1—1)) 3!

(s2) 4 (s3(2153—7s2—T5253+353)) (s51)°
6! (8405‘1(Slfl)(slfs3)(slf_¥2)) 3!
(sg (35s153—14s157— 145753 +7S1$%+7S%S3 +7S% 74sg —14s515253)) (s2)3

(840(s2—1)(s2—s3)(s1—52)) 31
(sg (7sp—21s; +7s1s2—3s%)) (s3)3
(840s3(s3—1)(s2—s53)(s1—s3)) 3!
4 (Sg(751S2—2151S3+752S3—3S%)) 1
(840(5‘371)(5‘171)@271)) 3!

(s3)3_ (s3(753—21s55+75053—353)) (s1)°
3! (840s1 (s1=1)(s1=53)(s1—s2)) 3!
+ (Sg(7S372151+7S153*3S§)) (S2)3
(8405 (s2=1)(s2—53)(s1—s2)) 3!
(53(1451S3—35s1s2+l4s2s3—7s|s%—7s2s%—7s%+4sg+l4s1sZS3)) (s3)°
(840(s3—1)(s2—53)(s1—53)) 3!
(s§(21s1s277s1S3f7sz53+3s§))L
(840(5‘271)(&171)(3‘371)) 3!

L_|_ ((21sp53—753—755+3))  (s1)°
6! T (8405, (s1—1)(s1—53)(s1—52)) 3!
((21s153—7s3—7s1+3)) (52)3
(84053 (s2—1)(s2—s3)(s1—52)) 3!
4 ((2Lsysy=Ts,=Ts143))  (s3)°
(840s3(s3—1)(s2—s3)(s1—53)) 3!

. ((7S1+7S2+7S3714S152714S1S3714S2S3+358152S3 74)) l

(840(s3—1) (52— (s1-1)) 3
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(s1)”

(s3(14sy52+14s153—355253—TsTs3—TsTs3—Ts7+4s7+14s515053)) (s1)*

7!

(840(s1—1)(s1—s3)(s1—52)) 41
(s3(21s3—7s1—Ts153+357))  (s52)*
(84053 (s2—1)(s2—s53)(51—52)) 4!
4 (s?(2152—7s1—7s1s2+3s%)) (33)4
(840s3(s3—1)(s2—53)(s1—53)) 4!
(S‘?(215‘25‘377S1S377S1S2+3S%))L
(840(s3—1)(s2—1)(s1—1)) 4!

(s2)7 4 (s3(2153—7s2—Ts52534353)) (s1)*
7! (8405‘1(Slfl)(slfs3)(slf_¥2)) 4!
(sg (35s153—14s157— 145753 +7S1$%+7S%S3 +7S% 74sg —14s515253)) (s2)4

(840(s2—1)(s2—53)(s1—52)) 4!
(s3(7s2—21s1+751520—353)) (s3)*
(840s3(s3—1)(s2—s53)(s1—53)) 4!
4 (s3(7s152—21s153+75253—353)) 1
(840(s3—1)(s1—1)(s2—1)) 4!

(53)7_ (s3(7s3—21s2+75053—353))  (s1)*
7! (84051 (s1—1)(s1—53)(51—52)) 4!
+ (Sg(7S372151+7S153*3S§)) (S2)4
(84052 (s2=1)(s2—83)(s1—52)) 4!
(53(1451S3—35s1s2+l4s2s3—7s|s%—7s2s%—7s%+4sg+l4s1sZS3)) (s3)*
(840(s3—1)(s2—s3)(s1—53)) 4!
(s§(21s1s277s1S3f7sz53+3s§))L
(840(sy—1)(s1—1)(s3—1)) 4!

L_|_ (215353 Ts3—T52+3))  (s1)*
71T (8405, (s1—1) (51 —53)(51—52)) 4!
((21s153—7s3—7s1+3)) (52)4
(84053 (s2—1)(s2—s53) (s1—52)) 4!
4 ((2Lsyso=Ts5=T75143))  (s3)*
(84053 (s3—1)(52—53) (51 —53)) 4!
((7s1+7s2+7s3—14s150—14s 53— 14s753+35s15053—4)) 1
- I CENCENIGED) al
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(s1)8 _ (s3(14sy52+14s153—355253—TsTsy—TsTs3—TsT+4s3+14s15253)) (s51)°
8! (840(51—1)(51—53)(S1—52)) 5!
(s?(2153—7s1—7s1S3+3s%)) (50)°

(84052 (52— 1) (s2—53)(s1—52)) 5!

4 (s?(2152—7s1—7s1sz+3s%)) (s3)°
(840s3(s3—1)(s2—s3)(s1—53)) 5!

(S?(21S2S377S1S377S1S2+3S%))L
(840(s3—1)(so—1)(s;—1)) 5!

(s2) + (S§(21S3—7S2—752S3+3S%)) (sl)s
8! (8405‘1(Slfl)(slfs3)(S17S2)) 5!
(S%(35S1S3714515‘2714S2$3+7S1$%+7S%S3+7S%74S%714515‘25‘3)) (s2)°
(840(s2—1)(s2—53)(51—52)) 5!
(s3(7s2—21s1+75150—353)) (s53)°
(840s3(s3—1)(s2—s53)(s1—53)) !
_"_(S§(7S1S2—2151S3+752S3—3S%))l
(840(5‘371)(3171)@271)) 5!

(S3)8_ (S§(7S372152+752S373S§)) (51)5
8! (84051 (s1—1)(s1—83)(s1—52)) !

L (s3(7s3—2Ls1+75153—353)) (52)°
(8405‘2(5271)(5‘2753)(8]7S2)) 5!
(53(14s153—355182-+145253—T51 53 —Ts253 — 753 +453+14515253)) (s3)°
(840(s3—1)(s2—s3)(s1—53)) 5!

(s§(21s1s277s1S377s253+3s§))L
(840(5‘271)(&171)(3‘371)) 5!

L + ((21525‘3775377824’3)) (S] )5
8! 1 (840sy(s;—1)(s;—s3)(s1—52)) 5!
((2Ls153—753—75143))  (52)°
(84053 (s2—1)(s2—s53)(51—52)) !
+ ((21s15—Ts2—751+3))  (s3)°
(840s3(s3—1)(s2—s3)(s1—53)) 5!
((7S1 +Tsy+7s3—14s15p—14s153—145p53+3551 5253 74)) 1
(840(s3—1)(s2—1)(s1—1)) 5! |

Hence, the order of the first derivative block method is [5,5,5,5]"

. 1451534—65%834—65%—35? o 14SQS3—6S%S3—GS%+SS%
for all 51, 52,53 € (0, 1)\ {s2 = 14s1—42s3—6s%+1452s3}U {s1= 42s3—14s2+6s§—14s2s3}
714s1S3+6s1s§+6s§73sg }U {S
— 4251+ L453—652+ 145153 1

_ —65p—653+14s753+3 }}
T 60—14sy—14s53+42sy53 1 S *

U{S2 =

with general error constants vector
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(s? (145152 +14s5153—425353 —65%52—63%53 —6S%+3S%+1451S253))
201600
(sg (425153—14s150—14s5253+651 s%+6s%53 +6S%—3S%— 14515253))
201600
(s§(14SIS3 —42s5150+145953 —6sls§—6szsg—6sg+3s§+ 14s15753))
201600

(651+652+653—14s150—14s153— 145753+42515253—3)
201600
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In finding the order of second derivative block li Expanding yN and f- function

Taylor series, that gives

oo (sl)jhj 42 " "
Yo T Yn —Yn—hs1y,
+(hzs%(5s132+5s1S37203253fZS%sszS%g723%+s?+531s2g)) iv
(605,53) n
_(S%(5S1S2+551S3—10S253—35%52—35%53—35%-‘—25%4—5515253)) Zoo (s1)/hI2_j+4
(60(s1—1)(s1—53)(51—52)) j=0"— T In

. (s‘ll(SS3723172sls3+s%)) Zoo (Sz)jhj+2 j+4
(60S2(S271)(827S3)(S| 7.3‘2)) j=0 J! n
(s}(552—251—25150+57)) ye (s3)j.hj+2yj+4
(60s3(s3—1)(s2—s3)(s1—s3)) =/=0  jI "
(s‘l‘(SSZS3—2S1S3—2s1s2+s%)) Zo'o Wit2 44 0
(60053~ 1)(s2—1)(s1—1)) &j=0 j1 In
oo (s2)jhj 42 " "
ijO il Yn _yn_S2hyn
(/’l2S%(20S18375S15275S2S3+281S%+28%S3+28%7S%7581S283)) iv
(60s153) n
+ (S§(5S3—2S2—2.S‘2S3+S%)) Zoo (Sl)j.hj+2yj+4
(6051 (s1—1)(s1—s53) (s1—82)) =/=0 " j1 7
(S%(loslS3—5S1527552S3+3S1S%+3S%S3+3S%72S%~5513253)) o0 (52)j11j+2yj+4
(60(_9271)(5‘2753)(51 7S2)> _]=0 ]' n
: (s‘zt((zsz—s)?+231§%—S§)))) B (S3>j].1j+2y ’]1+4
60s3(s3—1)(sp—53)(s51—53 J= Jj!
. (Sg(zslsz—sslS3+2S2S37S%)) i /,lj'+2 j+4 0
(60(s3=1)(s1=D)(s2—1)) &Jj=0 jI -7
i s3) hi_j+2 1 "
Zj:() %)’n _yn _S3hyn
+(hzs_%(SslS3—20s1s2+5‘SZS3—2sls_%—2szs_%—25_%+s§+5s1s253)) iv
(60s152) n
(s3(253—552+25253—53)) ¥ (s1)/hit2_j+4
(6081 (51— 1)(s1—53)(s1—s2)) &=j=0 " jI__ In
(S§(2S3—5S1+2S1S3—S%)) ye (sz)j:hj+2yj+4
(6052 (s2—1)(s2—s53)(s1—52)) =~j=0 Jj! n
(s%(5s153—1Osls2+SSZS3—3s1s%—3s2s%—3s%+2s§+5s1szm)) Zo-o (s3)/hit2_j+4
(60(s3—1)(s2—s3)(s51—53)) j=0" T n
. (Sg(551&2—2515‘3—2525‘34—5%)) ye Wt j+4 0
(60(s2—D){s1—1)(s3-1)) &j=0 jr

o hi 42 " "
Zj:o yn T Vn hy,
(h2(2S]+282+2S375S1S275S1S375S2S3+20S1325371)) iv
(60s15253) Yn
((55253—253—25241)) yee (s1) W2 j+4
60s1(s1—1)(s1—s3)(s1—52)) ~j=0 J! n
((55153—253—2s5141)) ye (s2)/hI*2 j+d
(603‘2(8271)(5‘2783)(& 7.3‘2)) j:() ]' n
((5S1S272S27281+1)) Zoo (S3)jhj+2 j+4
(6053 (53— 1)(s2—53)(s1—s3)) &=j=0 " jI__In

((3s1+352+353—55150—55153—55253+ 10515253 —2)) Zoo Wit2_j+4 0
j=0 T Yn

T

L (60(s3—1)(s2=1)(s1—1))
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Comparing the coefficients of 4/ and y/ produces

&
I
I
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(s1) +(S%(55132+5S1S3—20S2S3—25%6‘2—25%6‘3—25%+S%+551S253))
2 (60s253)
(s%(5s1s2+5s1S3—10s253—3s%52—3s%53—3S%+2s{’+5s1SZS3)) (s1)°

N (60(s1—1)(s1—s3)(s1—52)) 0!
(s}(553—251—2s5153+57))  (s2)°

(6053 (s2—1)(s2—53)(s51—52)) O!
(s?(55272s172s1s2+s%)) (53)°

(60s3(s3—1)(s2—s3)(s1—s3)) 0!

(S?(SSZ_S‘Q,72S1S372S1S2+S%))l
(60(s3—1)(s2—1)(s1—1)) 0!

(52)? (53(205153— 5515055253 +251 53 +25353+255 —53—5515253) )

21 (60s153)

+ (s3(5s3—25—25053+53))  (s51)°
(60s1(s1—1)(s1—s3)(s1—s2)) 0!
(S%(10S1S3*5S1S2*5S2S3+3S1S%+3S%S3+3S%72S37551S2S3)) (52)°
(60(s2—1)(s2—53)(s51—52)) 0!
(s‘z‘(25275s1+2s1szfs%)) (53)0
(60s3(s3—1)(s2—s3)(s1—s3)) 0!
1 (s3(25150—55153+25253—53)) 1

(60(s3—1)(s1—1)(s2—1)) 0!

(s3) +(S%(5S1S3720S152+5S2S372S1S§7252S%72S%+S§+5S1S2S3))
2! (60s752)
(s§(253—5sz+ZSZS3—s§)) (sl)o

(605 (s1—1)(s1—s3)(s1—s2)) 0!

+ (S%(ZSg*SS]‘FZS]Sg*S%)) (S2)0

(6052 (s2—1)(s2—53) (s1—=52)) 0!

(s%(SsIS3f10s1s2+552537351S%f3szsgf3sg+2s§+551szs3)) (53)0

(60(s3—1)(s2—53)(s1—53)) 0!
_ (s§(5s1s2—2s1S3—ZSZS3+s§)) 1
(60(s2—1)(s1 —1)(s3—1)) 0!

(2514250 +253—55150—55153—55253+20s 5053 —1)
(60s15253)
+ ((58253—253—252+1)) (s1)0
(6051 (s1—1)(s1—s3)(s51—52)) O!
((5s153—253=251+1))  (52)°
(6052 (s2—1)(s2—s3)(s1—s2)) 0!
+ ((5s152—25p—25141))  (s3)°
(60s3(s3—1)(s2—s3)(s1—s3)) 0!
((351+352+353—55150—55153—55253+10515253—2)) 1
(60(s3—1)(s2—1)(s1—1)) 0!

L
2!
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(s1°

(s% (5s152+5s153—10s753 73S%3273S%S3 *3S%+2S?+5S1S2S3)) (s1)!

S
I

3

(60(s1—1)(s1—s3)(s1—52)) 1!
(s1(553—2s1—2s153+52))  (s2)"
(60s2(s2—1)(s2—s53)(s1—52)) 1!
(s](5s2—251—25150+57))  (s3)!
(60s3(s3—1)(s2—53)(s1—53)) 1!
(s‘l‘(Sszn —25153 —2s1sz+s%))
(60(s3—1)(s2—1)(s1—1))

L
Il

(s2)3_|_ (s5(5s3—250—25053+53))  (s1)!
3! (6051 (s1—1)(s1—s3)(s51—52)) 1!

(s3(10s153—55150—55253+35155+35353+353 253 —5515253)) (57)]

(60(s2—1)(s2—53)(s1—52)) 1!
(s‘z‘(25275s1+2s1szfs%)) (s3)!

(60s3(s3—1)(s2—s3)(s1—s3)) 1!
(s§(2s1s2—5s1S3 +25953 —S%))

T 600531 (51— (s2-1))

L
1!

3! (60s1(s1—1)(s1—s3)(s1—52)) 1
I (s3(253=581+25153—53))  (s2)"
(6052 (s2—1)(s2—s3)(s1—52)) 1!
(s%(SSIS3—10s1sz+5s253—3s1s%—3s2s§—3s%+2sg+5s1s2sg)) (s3)!
(60(s3—1)(s2—s3)(s1—53)) 1!
_ (5‘3‘(5s1s2—2s1S3—ZSZS3+S%)) 1
(60(s2—1)(s1—1)(s3—1)) 1!

(S3)3 (S§(253—552+25253 —s%)) (sl)l
]

Ly (Bs23-255-25p41)) (s1)"
307 (6051 (s1—1)(s1—s3)(s1—s2)) 1!
((5s153—2s3—251+1))  (s2)’
(60s2(s2—1)(s2—s53)(s1—52)) 1!
((5s152—285—2s14+1))  (s3)!
(60s3(s3—1)(s2—53)(s1—53)) 1!
. ((3S1+3S2+3S375S1S275S1S375S2S3+108152S372)) 1
(60(s3—1)(s2—1)(s1—1)) 1!
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(s)*

(s% (5s152+5s153—10s753 73S%3273S%S3 *3S%+2S?+5S1S2S3)) (51)?

S
I

4

(60(s1—1)(s1—s3)(s1—52)) 2!
(S?(SS3*2S]*2S1S3+S%)) (52)?
(60s2(s2—1)(s2—s53)(s1—52)) 2!
(s1(550=251=2s150+57))  (s3)°
(60s3(s3—1)(s2—53)(s1—53)) 2!
(s‘l‘(Sszn —25153 —2s1sz+s%)) 1
(60(s3—1)(s2—1)(s1—1)) 2!

(s2) + (s5(553—250—25053+53))  (s1)2
4! (6051 (s1—1)(s1—s3)(s1—s2)) 2!

(s3(10s153—55152—55253-+35155+35353+355—253 —5515253)) (57)2

(60(s2—1)(s2—53)(s1—52)) 2!
(s‘z‘(25275s1+2s1szfs%)) (53)?
(60s3(s3—1)(s2—53)(s1—53)) 2!
1 (s§(2s1s2—5s1S3 +25953 —S%)) 1
(60(s3—1)(s1=1)(s2—1)) 2!

(53" (53(253=5504+25053—53)) _ (s1)°
4! (60s1(s1—1)(s1—s3)(s1—52)) 2!

I (sg(253—5s1+2s1S3~s%)) (s2)?
(6082(3‘271)(3‘275‘3)(_91752)) 2!
(s%(SSIS3—10s1sz+5s253—3s1s%—3s2s§—3s%+2sg+5s1s2sg)) (53)?

(60(s3—1)(s2—53)(s1—53)) 2!
_ (5‘3‘(5s1s2—2s1S3—ZSZS3+S%)) 1
(60(s2—1)(s;—1)(s3—1)) 2!

1y (55253 255-25p41)) (s1)°
417 (6051 (s1—1)(s1—s3)(s1—52)) 2!
((5s153—2s3—25141))  (s2)?
(60s2(s2—1)(s2—s53)(s1—52)) 2!
(5515025, —251+1))  (s3)?
(60s3(s3—1)(s2—s3)(s1—s3)) 2!
. ((3S1+3S2+3S375S1S275S1S375S2S3+108152S372)) 1
(60(s3—1)(s2—1)(s1—1)) 2!
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(s1)°

(s% (5s152+5s153—10s753 735‘%32735‘%33 73S%+2S?+5S] 5253)) (s1)3

5

(60(s1—1)(s1—s3)(s51—52)) 3!
(s}(553—251—2s5153+57))  (s2)3
(60s2(s2—1)(s2—53)(s1—52)) 3!
(s?(5s272s172s1s2+s%)) (s3)3
(60s3(s3—1)(s2—53)(s1—53)) 3!
(s‘ll(Sszn —2s1s3—2s1sz+s%)) 1
(60(s3—1)(s2—1)(s1—1)) 3!

(s2)5+ (S§(5S3*2S2*2S2S3+S%)) (31)3
5! (6OSI(SI*1)(S]*S3)(S]7S2)) 3!

(s% (10s153—5s152—55253+3s1 s%+3s553 +3s%72s375s1 5253)) (82)3

(60(s2—1)(s2—s3)(s1—52)) 3!
(s4(250—551+25152—53))  (s3)°

(60s3(s3—1)(s2—s3)(s1—s3)) 3!
(8421(25‘15‘2755‘15‘3 +257583 fs%)) 1

160051 (s, =D (2 —1)) 3!

(s3°  (s3(2s3=552+2s253—53)) (s1)

5! (60s1(s1—1)(s1—s3)(s1—s52)) 3!
(sg(ZS3—5s1+2s1S3—s%)) (52)3
(60s2(s2—=1)(s2—s3)(s1—52)) 3!

(s3(55153— 108152+ 55253—35) 53 —35253 —353+253+5515253)) (53)°
(6O(S371)(527S3)(Sl7‘8‘3)) 31
(S%(55‘1S2—2S1S3—2S2S3+S%))l

(60(sp—1)(s;—1)(s3—1)) 3!

Ly ((55253—253=2501)) - (s1)°
5! (60S1(S]*l)(S]*S3)(S|7‘8‘2)) 3!
((5s153—2s3—251+1))  (s52)°
(60s2(so—1)(s2—53)(s1—s52)) 3!
+ ((5s150—250—25141)) (S3)3
(60s3(s3—1)(s2—53)(s1—53)) 3!
. ((3S] +3S2+3S375S]S275S]S375S2S3+10S1S2S372)) 1
(60(s3—1)(s2—1)(s1—1)) 3!
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(s1)®

(s% (5s152+5s153—10s753 73S%3273S%S3 *3S%+2S?+5S1S2S3)) (s1)*

&
I

6

(60(51—1)(S1—S3)(51—52)) 4!
(S?(SS3*2S]*2S1S3+S%)) (50)*
(60s2(s2—1)(s2—s53)(s1—52)) 4!
(s1(55—251=2s150+s1))  (s3)*
(60s3(s3—1)(s2—53)(s1—53)) 4!
(s‘l‘(Sszn —25153 —2s1sz+s%)) 1
(60(s3—1)(s2—1)(s1—1)) 4!

(s2)6_|_ (s5(5s3—250—25053+53))  (s1)*
6! (6051 (s1—1)(s1—s3)(s1—s2)) 4!

(s3(10s153—55152—55253-+35155+35353+355—253 —5515253)) (57)*

(60(s2—1)(s2—53)(s51—52)) 4!
(s‘z‘(25275s1+2s1szfs%)) (s3)*
(60s3(s3—1)(s2—53)(s1—s3)) 4!
1 (s§(2s1s2—5s1S3 +25953 —S%)) 1
(60(s3—1)(s1=1)(s2—1)) 4!

(53)° _ (s3(253—5s242s253—53))_ (s1)*
6! (60s1(s1—1)(s1—s83)(s1—52)) 4!

I (sg(253—5s1+2s1S3~s%)) (s2)*
(6082(3‘271)(3‘275‘3)(_91752)) 41
(s%(SSIS3—10s1sz+5s253—3s1s%—3s2s§—3s%+2sg+5s1s2sg)) (s3)*

(60(s3—1)(s2—53)(s1—53)) 4!
_ (5‘3‘(5s1s2—2s1S3—ZSZS3+S%)) 1
(60(s2—1)(s;—1)(s3—1)) 4!

1y (55253 255-25p41)) (s1)*
6! ' (60sy(s;—1)(s1—s3)(s1—52)) 4!
((Ss1s3—2s3=25141))  (s2)*
(60s2(s2—1)(s2—s53)(s1—52)) 4!
((55150—250—2s51+1)) (S3)4
(60s3(s3—1)(s2—53)(s1—53)) 4!
. ((3S1+3S2+3S375S1S275S1S375S2S3+108152S372)) 1
(60(s3—1)(s2—1)(s1—1)) 4!
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(s1)” (s3(5s152+55153— 105253357 50— 357 53— 357 +257+5515253) ) (s57)°
7 (60(s1 —1)(s1—s3)(s1—52)) 5!
(S?(5S372S172S1S3+S%)) (52)5

(60s2(s2—1)(s2—s53)(s1—52)) 5!
(s1(55—251=2s150+s1))  (s53)°

(60s3(s3—1)(s2—53)(s1—53)) 5!

(S?(SSZS3—251S3—25152+S%))L
(60(s3—1)(s2—1)(s1—1)) 4!

(Sz)7+ (s3(5s3—250—25053+53))  (51)°

7! (6051 (s1—1)(s1—s3)(s1—s2)) 3!
(s3(10s153—551 50— 55253+35155+35353+353 253 —5515253)) (5)°
(60(s2—1)(s2—53)(51—52)) 51
(s‘z‘(25275s1+2s1szfs%)) (s3)°
(60s3(s3—1)(s2—s3)(s1—s3)) 5!
4 (53(251S2—5S1S3+2S2S3—S%)) 1

(60(8371)(S171)(S271)) 5!

(s3)] (s3253=552425053—53)) _ (s1)°
7! (60s1(s1—1)(s1—s3)(s1—52)) !

4 (s3(253=581+25153—53))  (s2)°
(6052(3‘271)(3‘275‘3)(_91752)) 5!
(s%(SSIS3—10s1sz+55253—3s1s%—3s2s§—3s%+2sg+5s1s2n)) (s3)°
(60(s3—1)(s2—53)(s51—53)) 5!

_ (543‘(5‘?1‘?2—2&‘;3—2‘92s3+s%)) 1
(60(s2—1)(s;—1)(s3—1)) 5!

1y (Bs253-253-25p+1)) (51)°

700 (6051 (s1—1)(s1—s3)(s1—52)) 5!

((5s153—2s3—251+1))  (s52)°

(60s2(s2—1)(s2—s53)(s1—52)) 5!

+ (5515025, =251+1))  (s3)°
(60s3(s3—1)(s2—53)(s1—53)) 5!

((3S1+3S2+3S375S1S275S1S375S2S3+108152S372)) 1
(60(s3—1)(s2—1)(s1—1)) 5! ] B

Therefore, the order of second derivative method (5.44) is [5,5,5,5]7 with general

error vector of constants

. (s‘l‘(1451s2+14s1S3—35s2s3—7s%s2—7s%s3—7s%+4s?+14s1s253))

50400
(S‘Zl (355153 —14s150— 145753 +7S1S%+7S%S3 +7S%,4S3, 14515253))
C 50400
9 p—

. (S§(14S]S3735S]S2+14S2.§‘377S|S%*7S2S%*7S§+4S§+14S]S2S3))

50400
(7s1+7s2+7s3—14s150—14s1 53— 145753+35s15053—4)
i 50400 |
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—14SIS3+7S%S3+7S%—4S% }U {S . 14s253—7s%53—7s%+4s% }
145, —3553— 752+ 145153 L 3553145, +752— 145383

_ — 145153475153+ 753 —4s3 _ —Tsp—Ts3+14s053+4
U{sy = BTN Vraw e ¥ oy FU{s) = T 145y 1453 33505 }. In order to find the order of

third derivative (5.49), strategy in section (5.1.1.1) is applied. Similarly, ym and f-

function are expanded in Taylor series. This is illustrated below.

This is true for all s1,s52,53 € (0,1)\ {52 =

Zoo o (Sl)jhjyj+3_y”’+ (I’lS](10515‘2—"105153—3052S3—55%5‘2—55%5‘3—55%—"35:1’)—"10515253)) iv
j: j! n n (60S253) n
(51(205152+2051 53305253 — 155752 — 155753 — 155741257 +20s] 5253) ) e (s1)/nit! 44
(60(s1—1)(51—53)(51—52)) j=0" 1 Yn
(s3(10s3—551—5s5153+357)) ye (s2) Wil _jra
(6052(52—1)(52—53)(s51—32)) &=j=0 " jT__ I
4 (s3(10s3—551—5s5152+357)) ¥ (s3)/hI 1 jya
(6053(53— 1) (52-53) (51 —53)) &j=0  j1_ 7"
(s%(10s253—5s153—5s152+3s%)) ye Wt j+4 0
(60(s3—1)(s2—1)(s1—1)) j=0 ;T Yn

Zo.o 0 (sz)jhjyj+3 _y/// B (h52(3051S3—105152—lOSQS3—|—551s%+55%S3+5s%—3s%—10515253))yiv
j=0j 1 n n (60s153) n
(531053552 —552834353)) ¥y (s)dh/ ! [j+4
(6051 (51— 1)(51—53)(51—52)) &j=0 " j1 I
(s2(30s]33720s1s27205233+1551s%+15s533+153%712s372031s233)) Zo-o (sz)jhj+1 j+d
(60(52—1)(3‘275‘3)(51 7S2)) j=0 J! Yn
(s%(Ssz—losl+55152~3S%)) s (s3)Ihi*! _j+4
(6053 (53— 1) (5283 (51 —53)) =0 jT I
4 (sg(5sls2— 10S1S3+5S2S3—3S%)) Zoo i+l 0
(60(s3—1)(s1—1)(s2—=1)) Iz ' WA

Zoo (53)J'hjyj+3 _y/// 4 (hS3(10S1S3*3OS]S2+10S2S3*5S1S%*SSzS%*SS%+3S%+IOS]S2S3))yl’v

J=0 " n n (60s152) n
_(sg(Ss»gf1052+55253735%)) Zo? (sl)jhj“ 44
(6051 (s1—1)(51—53)(51—50)) &j=0 " ;T In
(53(553—1051+55153-353)) yooo  (sp)/W/H! _j+4

(6052 (s2—1)(s2—53)(s1—52)) Lj=o J! n
(s3 (20S1S3730S1S2+20S2S3715S1S§715.&‘2.3%715S%+12S%+20S1S2S3)) Zoo (s3)7hIT_j+4
(60(s3—1)(52—53)(51—53)) j=0" T In

(Sg(10S1S275S1S375S2S3+3S%)) o Rt j+4
Yoo 0
(60(s2—1)(s1—1)(s3—1)) J=0"J!

Zoo W j+3 " (h(5s14-5524-553—10s150—10s153—105253+30s15253—3)) iy
j=0 ]‘yn Yn (60s15253) Yn
(105253 —553—552+3)) o (s1)/HF! j+4
T 1605151 =131 =53) (51 =53)) 201V
_ ((10s1s3—5s3—551+3)) yo (s2) Wil jra
(6052 (52— 1) (52—53)(s1—52)) &=j=0 " jI__ O

+ ((10s150—5s2—5s1+3)) Zoo (S3)jhj+1 j+4

(6053(s3— 1) (s2—53)(s1—s3)) &j=0 " jT__In

_((]551+]5S2+]553—20S1S2—20S153—205253+30S1S253—]2)) Zoo Wil j+4 0
(60(s3—1) (52— 1) (51— 1)) j=0 jrn 1 Y]
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Comparing the coefficients of 4/ and y/ produces
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(sl)l _ +(sl(10s132+10s1S3—30s2s3—5s%s2—5s%s3—5s%+3s%+1031s2S3))
1! (60S2S3)

_ (51(20s1 524205153 —30s753— 155%5‘2 7153‘%5‘3 — 158%+12S?+20S1S2S3)) (s1)0h7+1

(60(s1—1)(s1—s3)(s51—52)) 0!

(s3(10s3—551—55153+357)) (s)°

(60s2(so—1)(s2—s3)(s1—s2)) O!

(s3(1052—551 —55152+353)) (s3)°

(60s3(s3—1)(s2—53)(s1—s3)) 0!

. (53 (105253 —55153—55152+357)) 1
(60(s3—1)(s2—1)(s1—1)) 0!

(52)! L (S2(30S153—]Oslsz—10S2S3+5S1S%+5S%S3+5S%—3S%—10515253))
1! (60S1S3)
(s3(1053—552—55253+353)) (s1)°
(6051 (s1—1)(s1—s3)(s51—52)) O!

_ (52(30s153—205159—205253+155155+155353+1553—1253 —20s15253)) (57)°

(60(so—1)(s2—s3)(s1—52)) 0!
(s3(552—10s1+55152—353)) (s3)°
(605‘3(3‘371)(.8‘273‘3)(5‘1 7S3)) 0!
- (S%(SS]S2*10S1S3+5S253*3S%)) 1
(60(s3—1)(s;—1)(so—1)) 0!

(53)1 (S3 (103‘153—305‘] s7+10s753 *5515% 755‘2.5%—55%4»35%4» 10sq S2S3))
T (60s152)

(53(553—10s2+55253—353)) (s1)°
(60s1(s1—1)(s1—s3)(s1—s2)) 0!
(S%(5S3—1OS1+5S1S343S%)) (5,)0
(60s2(s2—1)(s2—53)(s1—52)) O!

_ (53(205153—30s 594205253 — 155153 — 155255 — 1553 +1253+ 2051 5253)) (53)°

(60(5‘371)(3‘275‘3)(817.8‘3)) 0!
(sg(10s1s2—5s1S3 —55953 +3s%)) 1
(60(s2—1)(s1—1)(s3—1)) 0!

(5514552+553—10s1 50— 105153 —10s5253+30s1 5253 —3)
(60s15253)
((105‘25‘3755‘3 75S2+3)) (S] )0
(6051 (s;—1)(s1—s3)(s51—52)) O!
((10s153—553—551+3))  (s2)°
(6052 (s2—1)(s2—53)(s51—52)) 0!
((10s152—550—551+3))  (s3)°
(605‘3(3‘371)(.8‘273‘3)(5‘1 7S3)) 0!
((ISSI +15S2+15S372081S2720S1S3720S2S3+3OS|S2S3712)) 1
(60(s3—1)(s2—1)(s1—1)) 0!

1_
Il
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(s1)*

(51(20s1 524205153 —305253 — 155750 — 1557 53— 1557+ 1257 +20s15253)) (s57)"

2!

(60(s1—1)(s1—s3)(s1—52)) 1!
(s%(1053—5s1—5s1S3+3s%)) (s0)!
(60s2(s2—1)(s2—s53)(s1—52)) 1!
(s?(1052—5s1—5s1s2+3s%)) (s3)!
(60s3(s3—1)(s2—53)(s1—53)) 1!
(S:ls(10S2S375S1S375S1S2+3S%))L

(60(s3—1)(s2—1)(s1—1)) 1!

(57)? n (53(1053—550—552534353)) (s7)"

2! (6051 (s1—1)(s1—s3)(s51—52)) 1!

(52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S3720S1S2S3)) (50)!

(60(s2—1)(s2—53)(s1—52)) 1!

(s%(5s2—10s1+5s1s2—3s%)) (53)!

(6053 (s3—1)(s2—s3)(51—s3)) 1!

(S%(SS]SZ-IOS]S3+5S2S3—3S%))l
(60(s3—1)(s1—1)(s2—1)) 1!

+

2! (60s1(s1—1)(s1—s3)(s1—s52)) 1!
+ (Sg(5S371051+5S1S373S§)) (sz)l

(6052 (s2—1)(s2—s3)(s1—52)) 1!
(53(20S153—30S152+205253—ISSIS%—15S25%—]55%+123%+20S1S253)) (s3)!

(s3)2 (53(553—10s2+55253—353)) (s7)"
!

(60(s3—1)(s2—53)(s51—53)) 1!
(S%(lOS]SQ*SS]S375S253+3S§)) 1
(60(3271)(3171)(5371)) 1!

l‘i‘ ((10525‘3755375824’3)) (Sl)]
200 (6051 (s1—1)(s1—s3)(s1—s2)) 1!
((10s153—5s3—=55143))  (s2)"
(60s2(s2—1)(s2—s53)(s1—52)) 1!
((10s1525—5s2—5s1+3)) (sg)1
(60s3(s3—1)(s2—s3)(s1—s3)) 1!
((1551+15S2+1553720S1S2720S1S37208253+30S1S283712)) 1
(60(s3—1)(s2—1)(s1—1)) [l
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(s1)®

(51(20s1 524205153 —305253 — 15550 — 1557 53— 1557+ 1255 +20s15253)) (s71)2

3!

(60(s1—1)(s1—s3)(s1—52)) 2!
(s%(1053—5s1—5s1S3+3s%)) (52)?
(60s2(s2—1)(s2—s53)(s1—52)) 2!
(s?(1052—5s1—5s1s2+3s%)) (s3)2
(60s3(s3—1)(s2—53)(s1—53)) 2!
(S:ls(10S2S375S1S375S1S2+3S%))L

(60(s3—1)(s2—1)(s1—1)) 2!

(s7)3 n (53(1053—552—55253+353)) (s1)2

3! (6051 (s1—1)(s1—s3)(s51—52)) 2!

(52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S3720S1S2S3)) (50)?

(60(s2—1)(s2—53)(s1—52)) 2!

(s%(5s2—10s1+5s1s2—3s%)) (53)?

(6053 (s3—1)(s2—s3)(51—53)) 2!

(S%(SS]SZ-IOS]S3+5S2S3—3S%))l
(60(s3—1)(s1—1)(s2—1)) 2!

+

(s3)° = (s3(553—10s2+55053—353)) (s1)?
3! (60s1(s1—1)(s1—s3)(s1—52)) 2!
4 (Sg(5S371051+5S1S373S§)) (S2)2
(60s2(52—1)(s2—53)(51—52)) 2!

(53(20s153—30s1 534205253 — 158 s%— 15s2s%— 1 55%—1— 12s§ +20s15253)) (53)>

(60(s3—1)(s2—53)(s51—53)) 2!
(S%(lOS]SQ*SS]S375S253+3S§)) 1
(60(3271)(3171)(5371)) 2!

l‘i‘ ((10525‘3755375824’3)) (Sl)z
300 (6051 (s1—1)(s1—s3)(s1—52)) 2!
((10s153—553—551+3))  (s2)?
(60s2(s2—1)(s2—s53)(s1—52)) 2!
((10s150—557—55143))  (s3)?
(60s3(s3—1)(s2—53)(s1—53)) 2!
((1551+15S2+1553720S1S2720S1S37208253+30S1S283712)) 1
(60(s3—1)(s2—1)(s1—1)) 2!
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(s)*

(51(20s1 524205153 —305253 — 15550 — 1557 53— 1557+ 1255 +20s15253)) (s71)°

Y

(60(s1—1)(s1—s3)(s1—52)) 3!
(s%(1053—5s1—5s1S3+3s%)) (52)3
(6052 (s2—1)(s2—s53)(s1—52)) 3!
(s?(1052—5s1—5s1s2+3s%)) (s3)3
(60s3(s3—1)(s2—53)(s1—53)) 3!
(S:ls(10S2S375S1S375S1S2+3S%))L
(60(s3—1)(s2—1)(s1—1)) 3!

(s)* n (53(1053—550—552534+353)) (s1)3
4! (6051 (s1—1)(s1—s3)(s51—52)) 3!
(52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S3720S1S2S3)) (s2)3
(60(s2—1)(s2—53)(s1—52)) 3!
(s%(5s2—10s1+5s1s2—3s%)) (s3)3
(60s3(s3—1)(s2—s3)(51—s3)) 3!
(S%(SS]SZ-IOS]S3+5S2S3—3S%))l
(60(s3—1)(s1—1)(s2—1)) 3!

+

(S3)4 _ (S%(5s371052+5S2S3*3S%)) (s1)3
40 (60sy (s1=1)(s1—s3)(s1—s2)) 3!
4 (Sg(5S371051+5S1S373S§)) (S2)3
(6052 (s2—=1)(s2—s3)(s1 —s52)) 3!

(53(20s153—30s1 534205253 — 158 s%— 15s2s%— 1 55%—1— 12s§ +20s15253)) (53)3

(60(s3—1)(s2—53)(s51—53)) 3!
(S%(lOS]SQ*SS]S375S253+3S§)) 1
(60(3271)(3171)(5371)) 3!

l‘i‘ ((10525‘3755375824’3)) (S1)3
417 (6051 (s1—1)(s1—53)(s1—52)) 3!
((10s153—553—551+3))  (s2)°
(60s2(s2—1)(s2—s53)(s1—52)) 3!
((10s150—557—5s5143))  (s3)°
(60s3(s3—1)(s2—53)(s1—s3)) 3!
((1551+15S2+1553720S1S2720S1S37208253+30S1S283712)) 1
(60(s3—1)(s2—1)(s1—1)) 3!
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(s1°

(51(20s1 524205153 —305253 — 155750 — 1557 53— 1557+ 1257 +20s15253)) (s1)*

5!

(60(s1—1)(s1 —s3)(s1—52)) 4!
(s%(1053—5s1—5s1S3+3s%)) (50)*
(6052 (s2—1)(s2—53)(s1—52)) 4!
(S?(1052—5S1—55152+3S%)) (s3)*
(60s3(s3—1)(s2—53)(s1—s53)) 4!
(s?(10s25375s1S3fSS1S2+3S%))L
(60(s3—1)(s2—1)(s1—1)) 4!

(s2)° n (s3(10s3—550—552534353)) (s1)*

5! (6051 (s1—1)(s1—s3)(s51—52)) 4!

(52(3051S3720S1$2720S2S3+1551S%+15S%S3+15S%712S3720S1S2S3)) (s2)*

(60(s2—1)(s2—53)(s1—52)) 4!

(s%(5s2—10s1+5s1s2—3s%)) (s3)*

(6053 (s3—1)(s2—s3)(51—s3)) 4!

(S%(SS]SZ-IOS]S3+5S2S3—3S%))l
(60(s3—1)(s1—1)(s2—1)) 4!

+

(S3)5 _ (S%(5s371052+5S2S3*3S%)) (s1)4
51 (6051 (s1=1)(s1—s3)(s1—s2)) 4!
4 (Sg(5S371051+5S1S373S§)) (S2)4
(6052 (s2—=1)(s2—s3)(s1 —s52)) 4!

(53(20s153—30s1 534205253 — 158 s%— 15s2s%— 1 55%—1— 12s§ +20s15253)) (s3)*

(60(s3—1)(s2—53)(s51—53)) 4!
(S%(lOS]SQ*SS]S375S253+3S§)) 1
(60(3271)(3171)(5371)) 41

l‘i‘ ((10525‘3755375824’3)) (S1)4
500 (60sy(s1—1)(s1—s3)(s1—52)) 4!
((10s153—5s3—551+3))  (s2)*
(60s2(s2—1)(s2—s53)(s1—52)) 4!
((10s150—557—5s5143))  (s3)*
(60s3(s3—1)(s2—53)(s1—53)) 4!
((1551+15S2+1553720S1S2720S1S37208253+30S1S283712)) 1
(60(s3—1)(s2—1)(s1—1)) 4!
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(s1)°  (51(205152+205153—30s253— 15575 — 155753 — 1557 +1257+20515253)) (51)°
6! (60(s1 —1)(s1—s3)(s1—52)) 5!
(s%(1053—5s1—5s153+3s%)) (52)°
(60s2(s2—1)(s2—53)(s1—52)) 5!
(S?(1052—5S1—55152+3S%)) (s3)°
(60s3(s3—1)(s2—53)(s1—53)) 5!
(S?(10S2S375S1S375S1S2+3S%))L 0
(60(s3—1)(s2—1)(s1—1)) 5!

(57)° 4 (53(1053—550—552534+353)) (s1)°
6! (6051 (s1—1)(s1—s3)(s51—52)) 5!
(52(30s153—205152—205253+ 155153+ 155353+ 1555 — 1253 —20s15253)) (s7)°
(60(s2—1)(s2—53)(s1—52)) 5!
(53(532—10s1+5s1s2—3s%)) (s3)°

(6053 (s3—1)(s2—s3)(51—s3)) 5!
(S%(SS]SZ-IOS]S3+5S2S3—3S%))l 0

(60(s3—1)(s1—1)(s2—1)) 5!

+

&
I
RN

(s3)°  (53(553—10s2+5s5253—353)) (s1)°

6! (6051 (s1—1)(s1—s3)(s1—s2)) 3!
(93 (553—10s1+55153 73%)) (sz)5

605,02 D) (5r—53) 61 —52)) 5!

s (53(2OSIS3—305152+205253—15s1s%—15s2s%—155%+12s§+20sISZS3)) (s3)°
(60(s3—1)(s2—53)(s51—53)) 3!
(sg(10s1s275s1S375sz33+3s§))L 0

(60(s2—1)(s1—1)(s3—1)) 5!

1 ((10s53-553-55+3)) (s1)°

6! ' (60sy(s;—1)(s1—s3)(s1—s2)) 5!
((10s153—553—55143))  (s2)°
(60s2(s2—1)(s2—s53)(s1—52)) 5!
((10s1525—5s2—5s1+3)) (S3)5
(60s3(s3—1)(s2—53)(s1—s53)) 5!
((15514+1559+1553—20s152 —20s153—205253+30s15253—12)) 1 0
L - (60(s3—1)(s2—1)(s1—1)) 51

Hence, the order of third derivative block method(5.49) is [5,5,5,5]7 with general

vector of error constants

(s?(Ssls2+5s1S3—IOSZS3—3s%s2—3s%53—3s%+2s?+5s1s253))
7200
(sg(10sls375s1s275s253+3s1s%+3s%S3+3s%723375s1323”3))
Co— 7200
o7 (s3(55153— 105152 +55253 =355 — 35253 — 353+ 253 +5515253))
3 193 152 253 193 253 3 3 15253
7200
(35143524353 —55150—55153— 55253+ 10515253 —2)
i 7200 ]
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—5s153+3s%53+3s%—25? } U {S o SSZS3—SS%S3—SS%+253 }
5S17105373S%+5S|S3 1= 10537532+3S%75S2S3

_5s153+3sls%+3s§—2sg } U {Sl _ 73s273S3+5S2S3+2}

—1031+553—3s%+55133 3—5s2—5s3+10s253 I

and this is true for all s1,s7,53 € (0,1)\ {s2 =

U{Sz =

5.1.1.2 Zero Stability of One Step Hybrid Block Method with Generalised Three

Off-Step Points for Fourth Order ODEs

In finding the zero-stability of the block (5.30)), we only consider the first characteristic

function according to Definition (3.1.3)), that is

M) = |1 -8
1 00O 0001
0100 0001
_ZOOlO_OOOl
00 01 0 0 0 1

= 2(z-1)=0

whose solution is z = 0,0,0, 1. The first characteristic polynomial of the first derivative

block method (5.39) according to Definition (3.1.3) is given by

M(z) = |o1B4—BM
1 00O 0001
01 00 00 01
~ 0010 R 0001
0001 0001

= 2(z-1)=0
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whose solution is z = 0,0,0, 1.

The characteristic polynomial of second derivative(5.44) is

M(z) = |o1B4— Bk
1 00O 00 01
01 00 00 01
) 0010 i 00 01
00 01 00 01

= 2(z—1)=0

which implies z = 0,0,0, 1. The same strategy as earlier mention is also used to prove

zero stability of third derivative block (5.49), that is

M@ = |28 8%
1 0 0O 0 0 01
01 00 0 0 0 1
i%: 00160 ) 00 01
0 0 01 00 01
= 2(z—1)

This implies z = 0,0,0, 1. Hence, the conditions in Definition (3.1.3) are satisfied.
Therefore, the block method(5.30) and its derivatives (5.39)), (5.44)) and (5.49) are zero

stable.

5.1.1.3 Consistency and Convergent of One Step Hybrid Block Method with

Generalised Three Off-Step Points for Fourth Order ODEs

Consistency and convergent of the method (5.30) and its derivatives (5.39),(5.44) and

(5.49) are proved by Definition (3.1.4) and Theorem (3.1)
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5.1.1.4 Region of Absolute Stability of One Step Hybrid Block Method with

Generalised Three Off-Step Points for Fourth Order ODEs

Applying (3.29) for one step hybrid block with generalised three off-step points (5.30),

it gives
}_l(e h)— ][3]4YYL3}4(6)_33[13]4R[13]4(9) (5.50)
’ [DBWR[;M (0)+E [3}4YR[63]4 (0)] '
where -~ _
es19 0 0
l'Sze
IB]4Y;1[13]4(9): 0 e 0 0
0 0 €9 0
0 0 0 €
0 0 0 1
~ 0O 0 01
0 0 01
0 0 0 1
_ ]
000 D
000 DBk
DPly 4, (0) = 2
R _3}
’ 000 D
A 3]
|00 0 Dy* |
Eﬁheisle 51[32} £i520 E%heme -1[2}461'9
Sy o) E£31]4eis19 E£32}4eis29 E‘2[33}4eis39 -5}461‘6
3 —
R gBlaisio gBline  gBlise gl ie
31 32 34
E‘[ﬁlh 1510 E‘[é]zt 1920 E[3]4 1530 _4[131}4 0
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simplifying the above matrix and finding its determinant, we get

60963840000(¢® — 1)

h(0,h) = :
(6,7) (s?s%s%(ZOsl +20s5 + 2053 — 105152 — 105153 — 105253 + 4515253 + 515253€ — 35))

Expanding the above equation trigonometrically and equating the imaginary part to
zero, the equation of stability region for one step hybrid block method with three gen-

eralised off-step points for fourth order ODE is obtained as below

B6.H) 60963840000(cos(6) — 1)
T (s?s%sg (20s1 +20s7 + 20s3 — 105152 — 105153 — 105253 + 4515253 + 515253 cos(0) — 35))

(5.51)

5.2 Numerical Results for Solving Fourth Order ODEs

This section considers specific numerical method for hybrid block method with gener-

alised three off-step points for fourth ODEs.

Substituting s; = A—Il, Sy = %, §3 = % into equations (]5.31[)-(15.34[), (]5.35[)-(]5.38[), (]5.40[)-

(5.43)and (5.43)-(5.49)), the following block of one step with three hybrid points and

its derivatives are obtained
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bW B ow o 33730 1314*
Yui} TIn 0 33t 35 ¥ 300657607 30965760
1394* 283h% 179n*
154828877} ~ 516096077+ T 77414407+

N Y S L 37h4f K
Tny T I g T T 302407 T 15120

594% Kt 114*
i - — 5.52
30240 m+5 T 1152704+ 30220703 (5.52)

3ho 9K 4 9K w S319K% 297h*
Yatd =T T 3 T 150 T 11268807 T 1146880
28894% 15394* 81h*
38672077+ ~ 5732407n+1 T 57348703
W B 118* n*
20 6y” T 945 512
4h* h* 4n*

T 35/med T 315704 T g3

fn+1

fn+1

fn+l

Yn+1 = Yn+hyn+ Jnt1

fn+%

: _+/+hm+h2 m+113h3f h’ 47 +107h3

Yt d T 0T I T 30 e T 168077 T 645120 VT 64512
10343 4343

T 1075207+ T 107500 0+

——. ,,+hj ///+331h3f 19h*f 83h?
Vny T 30T g F 03207 T 403207 T S0a07n

8
h3 1343
T f £, . (5.53)

=t

5 T 5040
L3 ,,+9h2 ,,,+1431h3f 81h° p 18631°

Yurd =T 0T 35 T 1680 I T 716807 T 35840
24343 45K3

~ 35840 n+3 T 71680043

w310 h3 3443

2 g0 5080 315

oz St

“zean fot

Yn+1=Yn +hyn +
W 23

31071 T 1057

Tl
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" v howm  367h* Th? 3h?

Yueh = 0 T 330407 7680 1 T 128 n
4Th? 29h%
~38407n+1 T 57607+
" v how  53h3 h? h?
Vad TIn 30 T Taapn T ago 1 T 1g0 e
h? h?
54
48fn+2+90fn (55 )
p v 3w 147h? 9h? 117h2
Yuy =0 P T 5560 T 256071 T Tgag S
27h? 3h?
1280 1 T 128 e
p v 7h2 4h2 h
4h?
+Efn+i
w251k 323h 11k
Yny = In ogeg /i 2880f"+1 1440744 ~ 1agned
Ny
144077 +3
n n 29h h h
y :yn +%fn_ﬁfn+l +9_03lfn+sl 15]0,1
5.55
+90fn (5.55)
" n 27h 51h
Ynid TIn T app/n 320f”+1 1607+ +40f"
21h
160’
v Th 16k 2h
Yne1 = Yn + %fn fn-H + 45 f + Bfn+l
16k
RPEREE

Based on the approach used in section (5.1.1.1), the block method and its derivative
above are of order [5,5,5,5]7 , [5,5,5,5]7 , [5,5,5,5]" and [5,5,5,6]7 with error con-
stant [3.088509¢7,4.736414¢78,1.885210e7, —2.066566¢ 6],
[5.260346¢78,3.390842¢7,8.276531¢~7,1.550099¢ 67,
[6.478930e~7,1.550099¢°,2.452305¢76,3.100198¢ 6],
[4.577637¢75,2.712674¢%,4.577637¢7%, —5.1670¢~7]". In order to find the region

of absolute stability of ll 5] = }‘,sz = %,Sg = % is substituted into Equation (5.51)),
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this gives
H(6.h) = (2367600721920000(cos(8) — 1))
T (3cos(0) —368)

(5.56)

Equation is evaluated at intervals of 30° , this produces tabulated results below.

0 0 30° 60° 90° 120° 150° 180°

h(6,h) || 0| 8.6808¢!! | 3.2300e'? | 6.4337¢'? | 9.6114¢'% | 1.1921e!3 | 1.2763¢"3

Hence, the interval of absolute stability is (0,1.2763¢!?) as demonstrated in Figure 5.2

as a region in polar coordinate system.

90 45000000000000

5000000000000

180

270

Figure 5.2. Region stability of one step hybrid block method with three off-step points
S| = %, Sy = % and s3 = % for fourth order ODEs.

306



In order to test the accuracy of our methods, the following fourth order ODEs are
considered. We solved the same problems the existing methods solved in order to

compare our results in terms of error.

. !/ " n 1
Problem 17: yW=x0)=0,y0)=1,y (0)=y (0)=0, h= 0
2
Exact solution: y(x)=—+x 0<x<1
120
Source: Kayode et al., 2014
Problem 18: YW (y )2 Hyy 4 — e (1—dx+x2) =0, y(0)=1,
! n 1
Exact solution: y(x) = ¥4 e 0<x<1
Source: Olabode and Omole, 2015
Problem19: "1y =0, y(0)=0, y (0) = m———— Y (0) = S
’ ’ 72 Mol 144 — 1007’

" 1.2 1
y (0)

=14 —1007’ "~ 30

Exact solution (x) = I —x—cosx—1.2sinx
H y e
144 — 1007

Source: Kuboye and Omar, 2015

/ "

Problem 20: Y —4y” =0,y(00)=1,y(0)=3, y (0)=3,

n 1
0)=16, h=—
y (0)=16, h= 7
I —x—cosx—1.2sinx
Exact solution: = <x<1
xact solution y(x) A4 — 1007 0<x
Source: Awoyemi et al., 2015
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5.3 Comments on the Results

The benefit of using the one-step hybrid block method for solving IVPs of fourth order
ODE:s is obvious. The new method displays its superiority by producing less error if
compared to the present methods as shown in Tables 5.1-5.5. Based on the numerical
results, it can be concluded that the one-step hybrid block method would be a better

choice for solving IVPs of fourth order ODEs directly.

5.4 Conclusion

We have developed one-step hybrid block method with generalised three off-step points
for the solution of fourth order initial value problems. The properties of the developed
block method which include: zero stability, order, consistency and convergence are es-
tablished. The existing one step hybrid block method only focus on the specific off step
points. The new method, however, are capable of generalising the off step points and
also able to solve fourth order IVPs directly. Thus, these method are more robust and
flexible. Besides having good numerical property the method is also claim superior to

the existing method in term of error.
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CHAPTER SIX
CONCLUSION AND AREA OF FURTHER RESEARCH

6.1 Conclusion

This study has successfully developed a new class of one step hybrid block methods
with generalized off-step points for solving higher order ordinary differential equations
directly. There are several advantages of the new methods if compared to the existing
ones. These methods are capable of solving initial value problems of higher order
ODE:s directly. Therefore, the new methods do not require converting initial value
problems of higher order ODEs to their equivalent system of first order ODEs. As
a result, the number of equations will not be increased and this can avoid evaluating
more functions which may lead to computational burden, lots of human effort and

complexity in writing the computer program.

The second advantage of the new hybrid block methods is that the zero-stability barrier
occurs in multistep block methods can be overcome. It was discovered that the multi-
step block methods are subjected to zero-stability barrier which states that the highest
order linear multistep method is k + 2 when the step length & is even and k+ 1 when
k is odd. In order to overcome this barrier, hybrid methods which use information at
off-step points were proposed. Hybrid block methods take the advantages of hybrid
and block methods that is numerical approximation not only can be computed at more

than one point at the same time, but zero-stability barrier can also be avoided.

The existing one step hybrid block methods only focus on the specific off-step points.
The new developed methods, however, are capable of generalising the off-step points.
Thus, these methods are more robust and flexible. The derivation of these methods
includes one step block methods with g generalised off-step points where g = 1,2

and 3 for solving second order ODEs, one step block methods with ¢ generalised off-
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step points where g = 2 and 3 for third order ODEs and one step block methods with
three generalised off-step points for the solution of fourth order ODEs. Interpolation
and collocation technique is adopted in developing these methods where power series
approximate solution is used as interpolation polynomials while its highest derivative is
used as a collocation equation. Different strategy of interpolation was considered based
on the order of differential equation while collocation points were made at all points
in developing the methods. The properties of the new developed block methods which
include: zero-stability, order, error constant, consistency, convergence and region of

absolute stability are established.

It was observed that the order of one step block method with ¢ hybrid points where

g = 1,2 and 3 for second order ODEs is between three and five. Similarly, the order of
one step block method with ¢ hybrid points where g = 2 and 3 for third order ODEs
is between four and five while the order of one step block method with three hybrid
points for fourth order ODEs is five. This implies that the block methods are consistent
because the order is greater than one. The developed block methods are convergent
since they are zero-stable and consistent. It is noted that the more off-step points
considered on the interval, the higher the order of the method will be. Furthermore, it
is also found that the more hybrid points, the larger the interval of absolute stability of
the developed block method for second, third and fourth order ODEs. The application
of the developed methods was then made to several linear and non-linear initial value
problems of higher order ordinary differential equations. The generated numerical

results claim superiority over the existing methods in terms of error.

6.2 Areas for Further Research

In this research work the derivation of one step block with ¢ hybrid points where ¢

is the number of generalised off-step points for second, third and fourth order ODEs.
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Further researchers can extend the work by developing a generalised hybrid block
method that will cater for any step-length & for solving n-th order initial value problems
of ODEs directly using interpolation and collocation strategy. These methods can also

be extended to solving boundary value problems of higher order ODEs directly.
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APPENDIX A
MATLAB CODE OF THE NEW METHOD WITH

GENERALISED ONE OFF-STEP POINT FOR SOLVING

SECOND ORDER ODE

Matlab code of new method with one off-step point for solving problem 4 of second
order ODE clear

clc

9% y/ is represented by z

syms x0 y0 z0 fOx y z

%f(x,y,y) =y

disp (’x — value exact — solution computed — solution error’)

/

tic

x0=0; y0=0; 20=—1; h=(0.1);
§s=12/5;

for j=0:h:1;

f0 =z0;

x(1) =x04 (sxh);

1) = (0% %53) /64 (20 x h? % 5%) /2 + 20 % h x5 + Y0;
)
)

1) = +(20%h? %5%) /2 + 20 x hx s +20; f(1) = z(1);

<

(
¥(
(
(

x(2

x0+ (1xh);

¥(2) = +(z0%h%) /6 + (20%h?) /2 + 20 x h+y0;2(2) = (z0%h*) /24 + (20% 1) /6 + (z0 %
h?) /2420 % h + 20,

f(2) =z(2);

ypl =y0+20xhxs — (fOxh2xs2 % (s —4)) /124 (F(2) x B2 % s%) /(12 % (s — 1)) +
(f(1) k> xs7x(s—2))/(12% (s — 1))

yp2 =Y0+ 20 h+ (fOxh> % (4% s—1))/(12%s) — (F(1) xh?) /(125 s* (s — 1)) +

(f(2)xh?x(2xs—1))/(12%(s—1))
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yp3 =20— (fOxhks*(s—3)) /64 (f(1)xhxs*(2xs—3))/(6%(s— 1))+ (f(2) xh*
s7)/(6% (s —1))

yp4 =20+ (fOxh* (3xs—1))/(6%5)+ (f(2) xh* (3x5—2)) /(6 (s— 1)) — (f(1)
h)/(6xsx(s—1))

frl=ypl;

fr2=yp2;

yrl =y0+z0xhxs— (fOxh> 5% % (s —4)) 12+ (fr2«h?*s*) /(12% (s — 1)) + (frl *
W xs?x (s =2))/(12% (s — 1))

ml =toc;

errl =abs((1—exp(x(1))) —yrl); fprint f('%2.7f %3.18f %3.18f %1.6 \n',x(1),(1—
exp(x(1))),yrl,errd))

yr2 =y0+z0%h+ (fOxh? % (dxs—1))/(12%s) — (fri*h®)/(12xs* (s — 1)) + (fr2*
W x(2%s=1))/(12% (s — 1));

m2 = toc;

err2 = abs((1 = exp(x(2))) = yr2);

fprint f('%27F %3.18f %3.18f %1.6 \nn' , x(2),(1 = exp(x(2))),yr2,errd))

X0 = x(2); y0 = yr2; 20 = yp2;

end
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APPENDIX B
MATLAB CODE OF THE NEW METHOD WITH

GENERALISED TWO OFF-STEP POINT FOR SOLVING

SECOND ORDER ODE

Matlab code of new method with two off-step point for solving problem 4 of second
order ODE clear

clc

%y/ is represented by z

syms x0 y0 z0 fOx y z

%f(x,3,y) =

disp ('x — value exact — solution computed — solution error’)

/

tic

x0=0; y0=0;z0=—1; h=(0.1);

forj=0:h:1;

s=1/5;

r=3/5;

f0 =z0;

x(1) =x0+ (s xh);

y(1) = (z0xh* x5%) /24 + (20 % 1 % 53) /6 + (20 % h? % 52) /2 4+ 20 x h x5 +Y0;
2(1) = (20 % 1 x53) /6 + (20 % h? % 5%) /2 + 20 * h x5 + 20;

f(1) ==z(1);

x(2) =x0+ (r=h);

¥(2)

2(2) = (20xh*x73) /6 4 (20 % h* % %) /2 + 20 % hx r + 20;

(20%h*x 1) 24 + (20 B3 % 13) /6 4 (20 x W% % %) /2 + 20 x hox 7 +0;

f(2) =2(2);
x(3) =x04 (1xh);

y(3) = (zO*h4)/24—|—(zO>x<h3)/6—|— (zO*hz)/2+zO*h+y0;
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2(3) = (20% ) /6 + (20 h?) /2 + 20 % h 4 20;

ypl =y0+20xhxs+ (f(1)xh? %52 % (Sxs—10%r+5%r*s—3%s?)) /(60 (s — 1) *
(r—9)) 4+ (f3) xh?*s* % (5xr—2%5))/(60% (r—1)* (s — 1)) — (f(2) xh* % s* % (2 %

s—5))/(60xr+(r—1)x(r—s)) — (fOxh?x5> % (S5 —20%r+5*rxs—2xs2))/(60%r)

yp2 =y0+20xhxr+ (f(2)xh? % r? % (10%s —5%r—Sxrxs+3%r2)) /(60 (r—1)*
(r—5)) = (fB) xh?xrt % (257 = 5%5)) /(60 (s — 1) (r— 1)) + (f(1) x> s r* 5 (2%

r—5))/(60%s%(s—1)*(r—s))+(fOxh>xr? % (20%5—5%r—5*r*s+2xr2))/(60xs)

yp3 =04+ 20%h+ (f(2) xh? % (55 —2))/(60%r (r — 1) (r—s)) — (f(1) * h? *
(5%r=2))/(60 5% (s— 1) % (r—s)) 4+ (fB) *h? x (10% r x5 —5+5~5%r+3))/(60*

(s—1)x(r=1))4 (fOxh%* (20 xr*s—5%s—5xr+2))/(60*r*s)

yp4 =20+ (FB) xh*s> + (257 —5)) /(125 (s = D)x(r—1)) = (fOxh*s*(2%s—
6xr+2xrxs—s2))/(12%r) — (f2Q)xh*s>x (s —2))/(12%r*(r—1)* (r—s)) +

(f(1)shxsx(4xs—6xr+4xrxs—3x52))/(12%(s—1)*(r—s))

yp5=20—(f3)xh*xrPx(r—2%s))/(12% (s — 1) x (r—1) 4+ (fOxh*rx (6xs—2 %
r—2%rxs+12))/(12%8) 4+ (f(2) xhxr* (6xs—dxr—dxrxs+3%r?))/(12% (r —

D (r—s))+(f(1) xhxrPx(r—2))/(12%s% (s —1)* (r—s))

yp6 =20+ (f(2)xhx(2xs—1))/(12%rx(r—1)x(r—s))— (f(1)xhx(2+xr—1))/(12x%
s (s—1)x(r—s))+ (f3)xhx (6xrsxs—4dxs—dxr+3))/(12% (s—1) % (r—1)) +
(fOxhx (6% rxs—2%s—2%r+1))/(12%rxs)

Jrl=yp4;

fr2 =yp5;
325



fr3=yp6;

yrl =y0+z0%hxs— (fOxh? %525 (Sx5—20%r+5%r+s—2%5%))/(60%r) + (frl*
B2 x5 (Sxs— 10%r+5%r*s—3%5%))/(60% (r—s)*(s—1)) — (fr2*h?xs* % (2%
5—5))/(60%r%(r—s)*(r—1))+ (fr3«h?*s** (5xr—2x%s))/(60% (r—1)* (s —1));
ml = toc;

errl = abs((1 — exp(x(1))) —yrl);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(1), (1 —exp(x(1))),yrl,errl))

yr2 =y0+z0%hxr+ (fOxh? 2% (20% s —S*r—S*rxs+2%r?)) /(60 s) + (frl *
B2 r 5 (257 —5)) /(60555 (r—s)* (s — 1))+ (fr2h? 512 % (105 — 5% r —Sxr*s+
3%72))/(60% (r—s)* (r—1)) — (fr3xh?xr* 5 (2% r —5%5)) /(60 (r—1)* (s — 1));
m2 = toc;

err2 = abs((1 — exp(x(2))) — yr2):

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(2), (1 — exp(x(2))),yr2,err2))

yr3 =y0+20%h+ (fOxh%% (20 r s —S5*s—5*r42))/(60*r*s) — (fr1xh>* (5%
r—2))/(60%s%(s— 1) % (r—8)) F(fr2«h>%(5xs—2))/(60%r* (r—1)*(r—s))+
(fr3+h?«(10%r%5—5%5=5%r+3))/(60%(s—1)*(r—1));

m3 = toc;

err3 = abs((1 — exp(x(3))) — yr3);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(3), (1 —exp(x(3))),yr3,err3))

x0 = x(3); y0 = yr3; z0 = yp6;

end
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APPENDIX C
MATLAB CODE OF THE NEW METHOD WITH

GENERALISED THREE OFF-STEP POINT FOR SOLVING

SECOND ORDER ODE

Matlab code of new method with three off-step point for solving problem 1 of second

order ODE

clear

cle

%y/ is represented by z

syms x0 y0 z0 fOx y z

%f (x,3,y) =x()?

x0=0; y0=1; z0=1/2; h=1/320;

disp (x — value exact — solution computed — solution error’)

tic

forj=0:h:1;

sl=1/5;

§2=2/5;

s3=3/5;

x(1) = x0+ (s1 xh);

y(1) = y0+ (s1 % h) %20 + ((s1 % h)%/2) % (x0 % 20%) + ((s1 % h)3/6) (20 4 2 % x0? x
203) 4+ ((s1%h)*/24) % (6% x0 % 203 + 6% x0% % 20*) 4 ((s1 % 1) /120) * (36 % x0% % z0* +
24*x04*z05+6*z03);

2(1) = 20+ (s1 % h) % (x0 % 202) + ((s1 % 7)?/2) * (0% + 2% x0? % 203) + ((s1 % h)3/6) *
(64 x0 % 20° + 6 % x0% 5 20%) + ((s1 % h)* /24) (36 % x0% 5 20* + 24 % x0% % 20° + 6% 20°);
F(1) =x(1)*z(1)%

x(2) =x0+ (s2xh);
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Y(2) = Y0 + (52 % 1) %20 4 ((s2 % h)%/2) % (x0 % 20%) + ((s2 % h)3/6) % (z0% 4 2 % x0 *
203) + ((s2 % h)*/24) % (6% x0 % 20° + 6 % x0° % 20%); +((s2 x 1) /120) * (36 % x0? % 20* +
245 x0% %20 + 6% 20%);

2(2) =20+ (s25 h) % (x0 % 20%) + ((s2 % h)? /2) * (202 + 2 % x0% % 20%) + ((s2 % h)* /6)
(6% x0 % 203 + 6% x03 % 20%) 4 (52 % h)* /24) * (36 % x0% % 20* + 24 % x0%* % 20° + 6 % 20%);
£(2) = x(2) x2(2)%

x(3) = x0+ (s3 xh);

¥(3) = y0 + (s3 % h) 20 4 ((s3 % h)%/2) * (x0 % 20%) + ((s3 % h)3 /6) * (207 + 2 % x0% *
20%) 4 ((s3 % h)*/24) (6 % x0 % 20> + 6% X0 % 20%) + ((s3 % h)® /120) * (36 % x0? % 20* +
24 5 x0% % 20° + 6% 20%);

2(3) = 20 + (53 * h) % (x0 % 20%) + ((s3 % h)?/2) * (20? + 2% x0? % 203) + ((s3 % h)3/6) *
(6% x0% 203 + 65 x03 % 20%) 4 (53 % h)* /24) * (36 % x0% % 20* 4 24 % x0* % 20° + 6 % 20%);
(3) =x(3) x2(3)%

£(4) =20+ (1 h);

(
y(4) = y0+4 (L) * 20+ ((1xh)%/2) % (x0%20%) + ((1 % 1)3/6) * (20° + 2% x0? x z0°) +
(

~

+ (1
(
((1%h)*/24) % (6 % x0 * 20> 4 65x0% + 20™) = (1 52)° /120) % (36 x0% % 70* + 24 % x0* *
20° +6%20%);

2(4) = 204 (1% h) * (x0%20%) 4 (1 % h)?/2) * (0% + 2 % x0% % 203) + (1% h)3 /6) x (6%
x0 %203 + 6 % X0 5 20%) + (1 x h)* /24) * (36 % x0% % 20* + 24 % x0% 5 20° + 6% 20°);

f(4) =x(4) x2(4)%

ypl =y0+ 20 % hx sl — (F(3) % A2 % s1% % (5552 — 2% 51 — 2% 51 52 + 512)) /(60 *
535 (53— 1) % (52 —53) # (51 —3)) + (f(2) x h? 51 % (5% 53 — 2551 — 2% 51 %53+
$12)) /(60 % 525 (52 — 1) % (52 — 53) % (s1 —52)) — (F(1) xh? 512 % (S x 51 % 52+ 5% 51 %
53— 10%52%53 —3x512%52 — 35512 %53 — 34512 +2%51° + 5551 %525 53))/(60 %
(s1—1) % (s1—53) % (s1 —52) 4 (f(4) % h? % 51% % (S%52 %53 — 2% 51 %53 — 2% 51 %52+
512))/(60% (s3 = 1) % (s2— 1) % (s1 = 1)) — (fOxh? %512 % (5% 51 %524+ 5% 51 %53 —20%

52553 — 2% 512 %52 — 25512 %53 — 2512+ 51° + 551 %52%53)) /(60 % 52 % 53)
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yp2 =0+ 20 % hx 524 (f(3) x h? % 2% % (2% 52 — S 51 4+ 2 % 51 % 52 — 522)) /(60 *
s3% (53— 1) % (s2—53) * (s1 —53)) — (f(4) % h? %52 % (2% 51 %52 — Sk 51553+ 2452 %
53 —522))/(60% (s3—1) % (s1 — 1) % (s2—1)) — (f(1) % h? 2% % (5553 — 2% 52 — 2%
52%534522)) /(60 %51 % (s1 — 1) % (s1 —53) % (s1 —52)) + (O h? %522 % (20% 51 % 53 —
Sk 5152 —5x52% 534+ 25515522+ 25522 %53+ 2%52%2 — 523 — 5x51 %52 %53)) /(60
s1553) + (f(2) xh? %527 % (10% 51 %53 — 5 %51 %52 — 5552 %53+ 3% 51 %522 43 %522 %

53435522 —2%523 — 5% 51 %52%53)) /(60 % (52— 1) * (52 — s3) % (s — 52))

yp3 =y0+ 20 % hxs3 — (f(2) x h? % s3% % (2% 53 — 551+ 2 %51 %53 — 532)) /(60 *
525 (52— 1) % (s2—53) * (51 —52)) + (f(4) % h? % 53% % (Sx51 %52 — 2% 51 %53 — 2% 52 %
534532))/(60% (52— 1) % (s — 1) % (s3— 1)) + (f(1) s h? % 53% % (2% 53 — 5% 52+ 2 %
52% 53— 53%)) /(60551 % (sL— 1) % (51 —s53) * (s1 — 52)) — (fO* 7% 532 % (551 %53 —
20% 51 %52+ 552553 —2%51 %532 = 2x52%53% —2%53% +53° + 5551 %52%53)) /(60
s1%52) + (f(3) % h? 537 5 (Sx51 %53 — 105 51 %524 5 % 52% 53 — 3% 51 532 — 3 %52 %

5§32 —3 %532 42 %533 4 5% 51 52 %53)) /(60 % (53 = 1) * (52 = 53) # (s1 = 53))

yp4d=y0+20xh— (f(2) % h>* (S#51 %53 —2%53 —2x51+1))/(60%52% (52— 1) *
(52 —53) % (s1 —52)) — (F(3) xh?* (5% 51 %52 —2%52 — 251 +1))/(60% 53 (s3— 1) *
(s2—53) % (s1—53)) + (fOxh? % (2551 +2%52+2%53 —5%51 %52 — 5551553 —5x52%
53+20%s152%53—1))/(60%51%52%53)+ (f(4)%h? % (3%51+3%52+3%53—5*s51*
§2—5%51 %53 —5%52%534+ 1051 %52%53—2))/(60% (s3—1)*(s2—1)*(s1—1))—

(F(1) s h?% (5%52%53 —2%53—2%52+1))/(60%51% (s1 — 1) (s1 —s3) % (s1 —s2))

yp5 =20+ (f(4)*h*s13% (1055253 —S* 51553 —5x51%52+3x512)) /(60 (s3 —
D) (s2—1)x(s1—1)) 4+ (f(1)xh*sl*(20% 51 %52+ 20%51 %53 —30 %52 %53 — 15
512552 — 15% 512 %53 — 15 %512 4+ 125513 +20% 51 %52 %53)) /(60 % (s1 — 1) * (s1 —

53) % (51 —52)) — (fOxhxs1% (10451 %52+ 10 %51 %53 —30 %52 %53 — 5% 512 %52 —
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5512553 —5%512 435513+ 1051 %525 53)) /(60 % 52 % 53) + (f(2) x hx 513 % (10 %
53 —5%51 —5x51%53+3%512))/(60 %525 (52— 1) % (s2—53) * (s1 —52)) — (f(3) *

hxs13% (10552 —5%51 —Sxs1x52+3%512)) /(60453 % (s3 —1) % (s2 —53) * (s1 —53))

yp6 = 20+ (f(2) % h* 52 % (30 % 51 % 53 — 20 % 51 % 52 — 20 % 52 % 53 4 15 * 51 % 522 +
155522 %53 +15%52% — 12%52% —20% 51 52 %53)) /(60 % (52 — 1) % (s2 — s3) * (s1 —
52)) + (fOxhxs2x (3045153 —10% 51 %52 — 1052 %53 + 5% 51 %522 + 5522 %53 +
5%522 —3%52% — 1051 %52 %53)) /(60 %51 %53) — (f(4) % hx523% (5%51 52— 10 %
s1s345%52%53 —3%522)) /(60 (s3—1)% (s2— 1) % (s1— 1)) — (f(1) xh*s23 % (10 %
53 —5%852—5%52%53+3%522))/(60%s1 % (s1—1)x(s1 —s3)*(s1—52))+ (f(3)*

hxs23 % (S%52— 10%51 +5x51 %52 —3%522)) /(60453 % (s3 —1) % (s2 —53) * (s1 —53))

ypT =720+ (f(3) % h* 53 % (20 % 51 %53 — 30 * 51 % 52+ 20 % 52 * 53 — 15 * s1 532 —
15%52%53% — 15% 532 + 12%53% +20% 51 %52 % 53)) /(60 * (53 — 1) * (s2 — 53) * (s1 —
53)) = (fOxh*s3 % (10% 51 53 —30% 51552+ 10%52 %53 =55 51 %532 — 5% 52% 532 —
5532434533 L 10 % 51 %525 53)) /(60 %51 #52) + (f(4) 5 hxs533 * (1051 %52 — 5 *
s1%53—5%52%53+3%53%))/(60% (s3—1)*(s2—1) % (s1 — 1))+ (f(1)xh*s33% (5%
53— 10%52+5%52 %53 —3%53%)) /(60 %51 % (s1 — 1) % (s1 —53) % (s1 —52)) — (f(2) *

Bk s33 % (5453 — 105514+ 5%51 %53 —3%532)) /(60% 52 (s2— 1) % (s2 —53) % (s1 —52))

Y8 = 20— (F(1)xhk (10%52%53 — Sx53 — S%52+3))/(60%51 % (s1 — 1) % (s1 —53) %
(s1—52))+ (fOxh*(5Sxs1+5%52+5%53 —10%51 %52 —10%s51 %53 — 10%52x53+30%
s1x52x53—3))/(60%xs1%52%53)+ (f(4)xhx(15%51 +15%52+ 15%53 —20% 51 %52 —
20%51 %53 —20%52%53+30xs51%52%53—12))/(60% (s3—1)*(s2—1)*(s1—1))+
(f(2)*h*(10%s1 %53 —5%53—5%51+3))/(60%52% (s2—1)%(s2—53)*(s1—52)) —
(f(3)*h*(10%s1 %52 —5%52—5%s51+3))/(60%s53%(s3—1)%(s2—153)*(s1 —s3))
fr1 =x(1) xyp5%;

fr2=x(2) % yp6?;
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fr3=x(3) xypT?;

frd=x(4) * yp82;

yrl = (YO+ 205 ksl — (fr3«h? «s1% % (5% 52 — 2% 51 — 2% 51 %52 + 512)) /(60 *
535 (53— 1) % (52 —53) % (s1 —53)) + (fr2sxh? % s1% % (5% 53 — 2% 51 — 2% 51 %53 +
512)) /(60 % 52 % (s2 — 1) % (s2 — $3) % (s1 —52)) — (frIxh> x 51?5 (Sx 51 %52+ 551 %
53— 10%52%53 — 3% 512 %52 — 3% 512 %53 — 35512+ 2513 + 5% 51 %52 %53)) /(60 %
(s1—1)% (51 —53) % (51 —52) 4+ (frdxh? xs1* % (5x52% 53 — 2% 51 %53 — 2% 51 %52+
$12)) /(60 (s3 = 1) % (s2— 1) % (s1 —1)) — (fOxh? %512 % (5% 51 %52+ 5% 51 %53 — 20
52553 — 2% 512 %52 — 2% 512 %53 — 2512+ 51° + 551 %52%53)) /(60 % 52 % 53)

errl =abs(1+1/2xlog((2+x(1))/(2—x(1))) —yrl);

forint f('%2.7f %3.18f %3.18f %1.6 \n',x(1),14+1/2xlog((2+x(1))/(2—x(1))),yrl,errl))

yr2 = y0+20% hxs2 4+ (fr3x h? 2% % (252 — 551 + 2% 51 %52 — 522)) /(60 % 53 *
(s3—1)%(s2—53) % (51 —53)) = (frd+«n?xs2* % (2% 51 %52 = Sx 51 %53+ 2% 52 %53 —
522))/(60% (53— 1) % (s1 = 1) % (s2— 1)) — (frih? xs2* 5 (5 %53 = 2% 52 — 2% 52 %
534522)) /(60 %1% (51— 1) % (s1 —53) % (s1 —52)) + (fO* h? %522 % (20 % 51 %53 — 5%
$1%52 — 5% 52 %53+ 2551527 + 2% 522 %534 2% 522 — 523 — 5x51 %52 %53)) /(60 *
s1x83) + (fr2xh? %5225 (10 % 51 %53 — 5% 51 %52 — 5% 52453 + 3551 522 + 3522 %
$343 %522 —2%523 —5x51%52%53))/(60% (52 — 1) (s2 —53) * (s1 — 52))
err2=abs(1+1/2xlog((2+x(2))/(2—x(2))) —yr2);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(2),14+1/2xlog((2+x(2))/(2—x(2))),yr2,err2))

yr3 = Y0+ 20 % hs 53 — (fr2xh? % s3% % (2% 53 — 5551 + 2% 51 %53 — 532)) /(60 52
(52— 1) % (s2—53) % (s1 —52)) + (fradxh? xs3* % (5% 51 %52 — 2% 51 %53 — 2% 52 %53+
532)) /(60 % (s2 — 1) (s1 — 1) % (s3— 1)) + (fri*h? % s3* % (2% 53 — 5% 52+ 2% 52 %
53 —532)) /(60 %515 (51— 1) % (s1 —53) % (s1 —52)) — (fOxh? 532 % (551 %53 —20%

S1#5245%52%53 — 2551 %532 — 2 %52 %532 — 2% 532 +533 + 5% 51 %52 %53)) /(60 *
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s1%52) 4 (fr3h? %5325 (551 %53 — 10 %51 %52 + 5% 52 %53 — 3551 %532 — 3% 52 %
5§32 =3 %532 42 %533 +- 5% 51 %52 %53)) /(60 % (53 — 1) (s2 — 53) * (s1 — 53))
err3 =abs(1+1/2xlog((2+x(3))/(2—x(3))) —yr3);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(3),14+1/2xlog((2+x(3))/(2—x(3))),yr3,err3))

yrd=y0+z0%h— (fr2*h?* (5xs1 53 —2%53 —2%51+1))/(60%52% (52— 1) % (s2 —

$3) % (s1—52)) — (fr3xh?* (5% 51 %52 —2%52 —2%s51+1)) /(6053 % (s3—1)* (52 —

53) % (51 —53)) 4+ (fOx A2 % (2551 +2%52+2%53 — 5451 %52 — 551 %53 —5x52 %53+

2051 %5253 —1))/(60% 51 %52 % 53) + (frdxh?* (3xs1 +3%52+3%s3 — 551 %
2545153 — Sks2453+ 10%51 #5253 —2)) /(60 % (s3— 1) (s2— 1) (s1 — 1)) —

(fr1sh® % (5%s2%53—2%53 —2%524 1)) /(60 *s1% (s1 = 1) % (s1—s3) * (s1 —s2))

errd =abs(1+1/2xlog((2+x(4))/(2—x(4))) —yrd);

Fprint f('%2.7f %3.18f %3.18f %1.6 \n',x(4),1+ 1 /2xlog((2+x(4))/(2—x(4))),yrd, errd))
x0=x(4); yO=yrd; z0 = yp8;

end
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APPENDIX D
MATLAB CODE OF THE NEW METHOD WITH

GENERALISED TWO OFF-STEP POINT FOR SOLVING

THIRD ORDER ODE

Matlab code of new method with two off-step point for solving problem 8 of third
order ODE clear

clc

%y/ is represented by z

%y”is represented by v

syms x0 y0 z0 fOx y z v v0

%f(x.3,y,¥) =~y

x0=0; y0=1;20=—1; v0=1; h=(0.1);

disp (’x — value exact — solution computed — solution error’)
tic

s =3/10;

r=17/20;

v(1) = —(z0%h? % 52) /2 4+ 20 % h* s — Z0;
f(1)=—y(1)
x(2) =x0+ (r«h)
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f(2) =—y(2);

x(3) =x0+ (1 h);

¥(3) = — (205 h* % 1%) /24 + (205 1> % 13) /6 — (20 h? % 12) /2 + 20 % hx 1 +0;
2(3) = — (205 K3 % 13) /6 + (20 % h* % 12) /2 — 20 h* 1 + Z0;

v(3) = —(z0%h? % 12) /2420 h* 1 — Z0;

f(3)=—y(3);

ypl = (VOxh? %52 + 25720 % h#s+2%y0) /2 — (fOxh® %53 % (3x5 — 15%r+3r*s—
$2)) /(1205 7) + (B3 %53 % (2% s —Sxr+ 2% rxs—s2)) /(1205 (s — 1) % (r—s)) * f(1) —
(B 552 %(s—3))/(120%r* (r— 1) (r—s)) % f(2) + (K x> % (3xr—s))/(120% (r —
D) (s—1))*f(3)

yp2 = (VOx 2512 + 2520 hkr +2%y0) /2 + (fOxh3 %3 % (1555 — 3% r— 3% rxs+
7))/ (1205 5) 4+ (W3 %P % (r—3)) /(120 %55 (s — 1) % (r—s)) % f(1), + (B3 P % (5 x5 —
257 —2%rxs+12))/(120% (r— 1) % (r — 8)) % £(2) = (B> x P % (r —3%5)) /(120 % (s —
D) (r—1))«f(3)

yp3 = (VOx M2 +2%z0%h+2%y0) /2 (fOx P % (155 r+s—3%s—3*r+1))/(120%r*
§)— (P (3xr=1))/(120% s (s— 1) (r==s)) % f(1)+ (7 % Bxs — 1)) /(120 % r* (r —
Dx(r—s))*f(2)+ (B % (S*r*s—2%s—2%r+1))/(120% (s — 1) x (r— 1)) x £(3)
yp4 =204+ v0xhxs— (fOxh? %52 (Sxs—20%r+Sxr*s—2x5%))/(60%r)+ (h? *
25 (Sxs—10%r+5%r*xs—3%52))/(60% (s—1) % (r—s5)) % f(1) — (W2 % 5* % (255 —
5))/(60% r (r—1)% (r—s)) % f(2) + (W5 s* % (547 —25)) /(605 (r— 1) * (s — 1))
f3)

ypS =204 v0xhxr+ (fOxh2 51> % (2055 —Sxr—Sxrxs+2xr2))/(60%s) + (h?
% (247 —5))/(60%5% (s — 1) % (r—s))* f(1) + (B2 %> % (10% 5 —5%r—5S*r s +3%
)/ (605 (r—1)% (r—s)) % f(2) — (B2 % r* % (2%xr—5%5)) /(60 (s — 1) % (r—1)) % £(3)
yp6 =20+ v0xh+ (fOxh? % (205 r+s —S5x5—5%r+2)) /(60 r*s) — (h?* (5*r—
2))/(60%s% (s— 1) (r—s))* f(1) + (W% (5+5—2)) /(6047 % (r—1) % (r—s)) % f(2) +
(% (10%rxs—5%5—5%r+3))/(60% (s — 1) % (r— 1)) * £(3)

ypT=v0— (fOxhxsx(2xs—6xr+2xr*xs—s2))/(12%r) 4 (hx s (dxs—6%xr+4x*
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rxs—3%52))/(12%(s—1) % (r—s))* f(1) = (h*s> % (s —2))/(12%r* (r—1) % (r —
$)# f(2)(hxs> % (2xr—5)) /(12 (r— 1) % (s — 1)) * (3)

yp8 = V04 (fOxhsr*(6xs—2xr—2%r*s+7r2))/(12%5) + (h*xr3 % (r—2)) /(12 %
sk(s—1)x(r—s5))* f(1) 4 (hxr*(6xs—dxr—dxrxs+3xr2))/(12% (r—1) % (r —
$))# F(2) = (hxrPs (r—2%5))/(12% (s— 1) % (r— 1)) £(3)

yP9 =v0+ (fOxhx (6% rks—2%s—2xr+1))/(12%rxs) — (hx (2xr—1))/(12% 5%
(s—=1)x(r—s)*f(1) 4 (hx(2xs—1))/ (125 r% (r—1) % (r—s)) * f(2) + (h* (6% rx
s—dxs—4xr+3))/(12%(s—1) % (r—1)) = f(3)

yrl = (VOxh2 % s> + 2% 20 hxks+2%y0) /2 — (fOxh3 %57 % (35— 15%r+ 3% rxs—
$2))/(120%7) 4+ (B 3 % (2% s = S5 r+2%rxs—s2)) /(120 % (s — 1) % (r —s)) * frl —
(W57 % (s—=3))/(120%r* (r—1) % (r—s)) * fr2+ (> x>« 3xr—s)) /(120 % (r —
1) (s—1))%fr3

ml = toc;

errl = abs(exp(—x(1)) —yrl);

fprintf('%2.7f %3.18f %3.18f %1.6 \n",x(1),exp(—x(1)),yrl,errl))

yr2 = (v0x R2 %12 425 20 % ha r+2%y0) /2 4 (fOx B35 12 # (1555 —3%r—3xr*s+
) /(1205 s) + (B3 % (r—3)) /(120 % s % (s— 1) % (r—s)) % frl,+(BP xr3 % (5% s —
2xr—2%rx5+12))/(120% (r—1)% (r—s))* fr2— (B3 s % (r—3xs)) /(120 % (s —
)% (r—1)) % fr3

err2 = abs(exp(—x(2)) — yr2);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(2),exp(—x(2)),yr2,err2))

yr3 = (VOxh> +2%20xh+2%y0) /24 (fOxh3 * (15%r+s—3%s—3xr+1))/(120
rxs)— (3% (3xr—1))/(120%s% (s — 1) (r—s)) * fri+ (B3 * (3xs—1)) /(120 % r x
(r—=1) % (r—s))fr2+ (k> x (S*rxs—2%s—2%r+1))/(120% (s — 1) (r— 1)) * fr3
err3 = abs(exp(—x(3)) — yr3);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(3),exp(—x(3)),yr3,err3))

x0 = x(3); 20 = yp6; y0 = yr3; v0 = yp9;

end
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APPENDIX E
MATLAB CODE OF THE NEW METHOD WITH

GENERALISED THREE OFF-STEP POINT FOR SOLVING

THIRD ORDER ODE

Matlab code of new method with two off-step point for solving problem 10 of third
order ODE clear

clc

%y/ is represented by z

%y”is represented by v

syms x0 y0 z0 fOx y z v v0

%of(x,3,y .y )=~y

x0=0; y0=0;20=1; v0=2; h=(0.1);

disp (’x — value exact — solution computed — solution error’) tic

forj=0:h:2;
sl =1/5;
s2=3/5;
s3=4/5;

f0=—z0;

x(1) =x0+ (s1xh);y(1) = (20%h x51°) /120 — (VO h* % 51%) /24 — (205 h* % 51%) /6 +
(VO* h? % 512) /2 + 20 % hx 51+ y0;
2(1) = (20 % h* x51%) /24 — (VO * h3 % 513) /6 — (20 % h? % 51%) /2 +vO % h* 51 + 20;

v(1) = (205 h3 % 513) /6 — (VO x h? % 512) /2 — 20 % h* 51 +10;
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x(2) =x0+ (s2xh);
¥(2) = (20 % 1 %52%) /120 — (vO x h* % 52%) /24 — (20 % h® % 523) /6 + (vO x h? % 522) /2 +
20 x h*s2 4+ y0;

2(2) = (20 % h* % 52%) /24 — (VO * h3 % 523) /6 — (20 % h? % 52%) /2 + VO * h* 52 + 20;

v(2) = (205 h3 %523) /6 — (VO % h? % 52%) /2 — 20 % h % 52 +10;
f(2) = —z(2);
x(3) =x0+ (s3xh);

)
¥(3) = (20 h° x53%) /120 — (vO x h* % 53%) /24 — (20 % h® % 53%) /6 + (vO x h? % 53%) /2 +
205 h% 53 -0
2(3) = (20 % h* % 52%) /24 — (VO * h® % 53°) /6 — (20 % h? % 53%) /2 4+ vO * h* 53 + 20;

)
v(3) = (20% 1’ %533) /6 — (VO x h? * 53%) /2 — 20 % h % 53 +0;

(4)
y(4) = (20 %1 % 1°) /120 — (VO x h* 5 14) /24 — (0% B3 % 13) /6 + (VO h? % 1%) /2 + 20 %
s 1+40;
72(4) = (20 h* % 1%) /24 — (VO x 13 % 13) /6 — (20 % h? % 12) /2 +v0 % h* 1 + Z0;

v(4) = (0% 13 % 13) /6 — (VO W2 % 12) /2 — 20 % hx 1 +10;

ypl = —(f3)* WP 517 % (21 %52 — T sl — T sl %52+ 3%512)) /(840 %53 % (s3 — 1)
(52 —53) % (51 —3)) + (f(4) x B3 % 51° % (21 52 %53 — T x sl %53 — T xs1 %52+ 3 %
s12))/(840% (s3 — 1) % (s2— 1) % (s1 — 1)) + (f(2) % h® 517 % (21 %53 — T 51 — T xs1 *
53 +3%512)) /(840525 (52 — 1) % (s2 —53) * (s1 —52)) +y0+ (f(1) A3 %513 % (14 %

sTxs2+14%51 %53 —35%x52%53—T #5122 —Txs1% %53 —Txs12+4%s13+ 14 %51 *
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52%53)) /(840 (s1 — 1) % (s1 —53) % (s1 —52)) — (fOx A3 513 % (21 51 %52+ 21 %51 %
53— 10552553 —T 512552 —Txs51% %53 —Tx512+ 35513+ 21 %51 x52%53))/(840%
525 53) + (vOx h? x512) /2420 % h* s1;

yp2 = (f(3) % h® % 52% % (7552 — 21 %51+ Txs1x52 — 3%52%)) /(840 %53 % (s3 — 1) x
(s2—53) % (s1 —53)) 4+ (f(2) xh> %523 % (3551 %53 — 14551 %52 — 14%52 %53+ T x5 *
522 4 T %527 %53+ T#52% — 45523 — 1451 %52%53)) /(840 (s2 — 1) % (s2 —53) * (s1 —
52)) — (f(4) % h3 %527 % (T 51552 —21 %51 %53+ T %52 %53 —3%52%)) /(840 (s3— 1)
(s1—1)%(s2—1)) — (F(1) % h3 %527 % (21 53 — T 52 — T % 52+ s3 + 3% 52%)) /(840 *
s (s1—1)% (51 —53) % (s1 —52)) + Y0+ (fOx h? %523 % (105 % 51 % 53 — 21 %51 % 52 —
21 % 52553+ T #5152 + T %522 %53 +T#52% — 3523 — 21 x51%52%53)) /(840 % s1 *
53) + (VO * h? % 522) /2 + 20 % h * 52;

yp3 =30 — (fOx A3 5533 % (21 % 51 %53 — 105551 %52 +21 #5253 — T x 51 %53> — T %
525532 — 7 %537 +3%53% +21 * 51 %52 % 53)) /(840 % 51 % 52) 4 (£ (4) * b % 53% x (21 %
s1%52 —T#s1453—Tx52453+3%532))/(840% (s2 = 1)+ (s1—1)*(s3— 1))+ (f(1)*
B3 % 53 % (T %53 — 21 %52+ Tx52%53 — 3%53%)) /(840 xs1 % (s1 — 1) % (s1 —s3) * (51 —
52)) — (F(2) % h® %53 (Tpks3 — 2151 T 51 %53 —3%532)) /(840 % 52 % (s2 — 1) *
(52 —53) % (s1 —52)) + (f(3) %A %533 % (14 %51 %53 —35 %51 52+ 14552 %53 — T *
515532 —Tx52%53% — 7532 +4%533 + 14551 x52%53)) /(840 % (s3 — 1) % (s2 — 53) *
(s1 —53)) + (vO* h? % 53%) /2420 % h* 53;

yp4 =205 h+y0+ (f(4) % B3 % (Txs1 +Txs2+T+53 — 14 %51 52 — 14551 %53 —
14552553 +35%s152%53 —4))/(840% (s2— 1) x (sl — 1) % (s3— 1))+ (vOxh?) /2 —
(fF(1)#h® % (21 %52% 53 —T %53 —T*52+3))/(840 % 51 % (s1 — 1) * (s1 — s3) * (s1 —
$2)) + (f(2) % 1P % (21 % 51 %53 —T#53 — T+ 51 +3))/(840% 52 % (52 — 1) * (s2 — s3) *
(s1—82)) 4 (fOxh3 % (Txs14+T#s2+T#53—21 x51 %52 —21 551553 — 21 %52 %53+
105 %51 % 52553 —3)) /(840 % 51552 %53) — (f(3) % h3 % (21 % 51552 — Tx52 —T*s1 +
3))/(840x 53 (s3—1)*(s2—53)*(s1 —53));

yp5 =20+ (f(4) x W% 55145 (552 %53 — 2% 51 %53 — 2% 51 %52+ 512)) /(60 (s3 — 1) *

(s2—1)%(s1—1)) = (fOxh? 5512 % (Sx 51552+ 5%51 %53 —20%52 %53 — 2% 512552 —
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25512 %53 —2x512 4513 4+ 551 %52 %53)) /(60 % 52 %53) — (f(3) % h? * s1% % (5% 52 —
2551 —2%51%524512)) /(60 %53 % (53— 1) % (52 —53) * (s1 —3)) 4 (f(2) x h? xs1* x
(553 —2%s1 —2xs1%53+512))/(60%52% (52— 1) % (52 —53) * (s1 —52)) + (f(1) *
B2 %5125 (5451 %524+ 5%51 %53 — 10552553 — 3% 512 %52 —3x51% %53 —3x512 + 2%
s134-5 %51 %52 %53))/(60% (s1 — 1) % (s1 —53)  (s1 —52)) +v0 x I x51;

yp6 =20 — (f(4) * %5 52% 5 (2% 51 %52 — Sk 51 %534+ 2% 52553 —52°)) /(60 (s3— 1) *
(s1—=1)%(s2—1)) + (fOxh? %522 % (20 %51 % 53 — 5% 51 %52 — 552 %53 +2% 51 %522 +
255225534+ 2%522 —52% — 5x51%52%53))/(60%51%53) 4 (f(3) % h? %524 % (2% 52 —
Sxsl+2%s51%52—522))/(60%53% (53— 1) % (52 —53) % (s1 —53)) — (f(1) xh? % 52%
(5553 —2%52—2%52%534522)) /(60 %51 (s1 — 1) % (s1 —s53) % (s1 —52)) + (f(2) *
B2 %522 % (10451 %53 — 5% 51 %52 — 5%52% 53+ 3% 51 %522 + 3522 %53+ 35522 — 2%
§23 —5x51%52%53))/(60% (52 — 1) % (52— 53) * (s1 — 52)) 4 v0 % /1 % 52;

ypT =20 (fOxh? %532 % (551 %53 —20%51 %5245+ 52%53 — 251 %532 — 2% 52 %
532 = 258532 + 533 4 5x51 %52 %53)) /(60 %51 % 52) + (f(1)%h?> %535 (2% 53 — 5% 52+
2%52%53—53%)) /(6051 % (s1 — 1) (s1 —53) * (51 —52)) = (f(2) x h2%53* % (2% 53 —
Sx514+2%s1%53 —53%)) /(6052 % (52~ 1) * (52 —=53) # (s1 = 52)) 4 (£ (4) x h? % 53*
(5% 51552 —2%s51%53—2%52%53+53%))/(60% (s3—1)*(s2—1)*(s1—1))+(f(3) *
B2 %532 % (5% 51553 — 10551 %52+ 5% 52453 — 3% 51 %532 — 352 %53% — 3%53%2 + 2%
53345 %51 %52 %53))/(60% (53 — 1) % (52— 53) * (s1 — 53)) 4+ v0 % /1 % 53;

yp8 =20+ v0xh+ (f(4) xh> % (3% 514+ 3%52+3%53 —5xs1 %52 —Sx51%53 —5%s2%
3410551552453 —2))/(60% (53— 1) % (52— 1) % (s1 — 1)) — (F(3) 12 (5551 %52 —
2452 —2%51+1))/(60%53% (s3—1)*(s2—53) % (51 —53)) + (fOxh? % (2551 +2 52+
253 =55l %52 —5x51 %53 —5%52%53+20%51%52x53—1))/(60%s1 x52xs3)—
(F(1)xh? 5 (5%52%53—2%53—2%524+1)) /(60551 (s1 — 1) % (s1 —53) % (s1 —52)) +
(F(2)h? % (5%s51%53—2%53—2%514+1))/(60%52% (s2—1) % (s2—53) % (s1 —52));
yp9 =v0+ (f(2) xhx 513 % (1053 —5%51 — 551 x534+3%51%))/(60%52 % (s2— 1) *
(s2—53) % (s1 —52)) 4 (f(1) % hxs1% (20451 %52 +20% 51 %53 —30% 52553 — 15 %517 %

52— 15% 512 %53 — 15512+ 125 51° +20 %51 %52 % 53)) /(60 * (s1 — 1) * (s1 — 53) *
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(s1—52)) = (f(3)*hxs13 % (10%52 — 551 —5xs1%52+3%512))/(60% 53 (s3—1)*
(52 —53) % (s1 —53)) — (fOxhx sl (10%51 %52+ 10% 51 %53 —30% 52 %53 —S*51% %
52— 5512 %53 —5%512 4+ 3% 513 + 10 %51 % 52%53)) /(60 % 52 % 53) + (f(4) x hx 513 %
(10552 %53 —5x51 %53 — 551 %52 +3%512))/(60% (s3—1)*(s2—1)*(s1—1));
ypl0=2v0— (f(1)xhx523 % (10%53 — 5% 52— 5%52 %53 +3%522))/(60%s1 % (s1 —1) *
(s1—53)%(s1—52))+ (f(2) xh*52% (3051 %53 —20x51 %52 —20x 5253+ 1551 *
522 4 15 %522 % 53+ 15% 522 — 125523 — 20 % 51 %52 %53)) /(60 * (52 — 1) % (s2 — s3) *
(s1—52)) 4 (f(3) % h* 52> % (5452 — 105514+ 5%51 %52 —3%522)) /(6053 % (s3—1) *
(s2—53)* (s1 —53)) + (fOxh*xs2x (3051 %53 — 1051 %52 — 10 %5253+ 5xs1 *
522455522 %534+ 55522 — 3552 — 10%51 %52 %53)) /(60 % 515 53) — (f(4) * hx523 %
(5%51%52—10%51 %53+ 5%52%53 —3%522))/(60% (s3—1)*(s2—1)*(s1 —1));
ypl1 =v0+ (f(4) xhx533 % (10%51 %52 — 5% 51 %53 — 55253 +3%53%)) /(60 (s3 —
) (s2—=1)x (s =1)) 4+ (f(3) xh*x53* (20% 51 x 53 —30 %51 %52 +20% 52 %53 — 15
51532 — 15 %52 %532 — 15%53%2 + 12 %533 + 20 % 51 % 52 % 53)) /(60 % (s3 — 1) x (s2 —
53) % (51 =53)) 4 (F(1) % hx533 % (S%53 — 10%52+ 5 %52 %53 —3%532)) /(6051 % (s1 —
1) # (s1=53)%(s1=52)) —(f(2) %h# 53> % (5 %53 —10%51 5451 53— 3x532)) /(60*
§2%(s2—1)*(s2—53) % (s1—52)) — (fOxh*xs3% (1051 %53 —30%s1 %52+ 10% 52 *
53— 5451 %532 —5%52% 532 — 55532+ 35533+ 10 %51 %52 %53))/(60 %51 %52);

yp12=v0—(f(1)*h+(10%s2%s3 —5%s3 —5%52+3))/(60%s1 % (s1 —1)*(s1 —s3)x*
(s1—=52)) 4+ (f(2) xh*(10%s1 %53 —5%53 —5%s1+3))/(60%52% (52— 1) (s2—53)x*
(s1—52)) = (f(3)xh*(10%s1%52—5%52—5%s1+3))/(60x53%(s3—1)x*(s2—53)x*
(s1—53))+ (fOxh*(5xs1+5%52+5%53 —10%s51 %52 — 10*s1 %53 — 10* 52 %53 +
30551552453 —3)) /(6051 %52%53) 4 (f(4)*h* (15%51 +15%524 15%53 —20%s1 %

§2—20%s51 %53 —20%52%53 43051 %5253 —12)) /(60 (s3—1)*(s2—1)*(s1—1));

frl=—yps5;

fr2 = —ypb6;
Jr3=—ypT;
frd=—yps8;
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yrl = —(fr3xh3 %5195 (21 %52 — Tx 51 — T s1 %5243 x51%)) /(840 % s3 % (s3 — 1) *
(52 —3) % (s1 —83)) + (frd*h3 %517 % (21 %52 %53 — T s1 %53 — T x5l 52 + 3 %
512)) /(840 (s3—1) % (s2 — 1) * (s1 — 1))+ (fr2xh3 #5515 % (21 53 — T 51 — T x51 %
s34+ 3%512)) /(840552 % (52 — 1) % (52 — 53) * (s1 —52)) +y0+ (frlxh %513 % (14 %
s1#524 14551 %53 35552453 — T 512 %52 —Tx512 %53 —Txs12 +4xs513 + 14 %51 %
52%53))/(840 % (s1 — 1) % (s1 —53) % (s1 —52)) — (fOxh3 %513 % (21 51 %52 4+21 %51 %
53— 105%52%53 —T#512%52 — T #5127 %53 — T 512+ 35513 421 %51 %52 %53)) /(840 %
52%53) + (VO x h? x512) /2420 % h* s1

ml =toc;

errl = abs(—2xcos(x(1)) +sin(x(1)) +2 —yrl);
fprintf("%2.7f%3.18 f%3.18 f % 1.6€\n’ ,x(1), —2*cos(x(1)) + sin(x(1)) +2,yrl,errl)
yr2 = (fr3%h> %523 + (752 — 21 51 +7 x5l %52 —3%52°)) /(840 %53 % (s3 — 1) * (s2 —
s3) % (s1 =53)) 4 (fr2*h? %523 % (35% s1 %53 — 14551 %52 — 145 525 53+ T 51 %522 +
Tx 522 %53 +T%52% — 45523 ~ 14551 %52 %153)) /(840 # (52 1) # (52— 53) * (s —
52)) — (fra*h>xs2° x (T+s1 %52 —21 51 %53+ 752 %53 —3%522)) /(840 (s3 — 1) *
(s1—1)%(s2—1)) = (fri=h® %527 % (21 %53 — T* 52 — T %52 % 53 4+ 3% 52%)) /(840 *
s (s1—1) % (s1—53) % (s1—52)) + Y0+ (fO* 1> % 523 % (1055 51 %53 — 21 x51 %52 —
21 % 52553+ T %51 %522 + T %522 %53+ T %52% — 3523 — 21 5152 %53)) /(840 % s1 *
53) + (VO * h? % 522) /2 + 20 % h  52;

m2 = toc;

err2 = abs(—2xcos(x(2)) + sin(x(2)) +2 —yr2);
fprintf('%2.7f%3.18f%3.18 f%1.6e\n’ ,x(2), —2*xcos(x(2)) +sin(x(2)) +2,yr2,err2)
yr3 =y0 — (fO*h3 %533 % (21 % 51 %53 — 105 %51 %52+ 21 %52 % 53 — T+ 51 %532 — T %
525532 — T #8532 43553 +21 %51 %52 %53)) /(840 % 51 % 52) + (frd = h> %537+ (21 *
s1452— 751 %53 —T#52%53+3%532))/(840% (s2— 1) % (s1 — 1) % (s3— 1))+ (frl=*

B %537 % (T#53 =21 %52+ 7 #52%53 —3%53%)) /(840 %51 % (s1 — 1) * (s1 —s3) * (s1 —
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52)) — (fr2# h3 %537 % (T 53 — 21 % 51+ 7 # 51 %53 — 3 %532)) /(840 52 % (s2 — 1) *
(52 —53) % (s1 —52)) 4+ (fr3*h3 5335 (14 %51 %53 —35 %51 %52 + 1452 %53 — T *
51532 —Tx52% 532 — T 532+ 4% 533 4 14 %51 x52%53)) /(840 % (s3 — 1) * (52 — 53) *
(s1 —53)) + (vO* h? % 53%) /2420 % h* 53;

m3 =toc;

err3 = abs(—2x*cos(x(3)) + sin(x(3)) +2 —yr3);

fprint f('%2.7f%3.18 f%3.18 f%1.6¢\n',x(3), —2xcos(x(3)) +sin(x(3)) +2,yr3,err3)
yrd =z0%h+y0+ (fraxhd« (Ts1 +T*s2+T*53 — 14%sl 52 — 14xsl 53— 4%
52553435k 5152453 —4))/(840 % (52 — 1)+ (s1 — 1) % (53 — 1)) + (VO x h2) /2 —
(frish®+ (21 %5253 —T#53 —T*52+3))/(840 %51 % (s1 — 1) (s1 —s3) * (s1 —
$2)) + (fr2xh® + (21 % s1 %53 —T#53 — T+ 51 +3))/(840 %52 % (s2 — 1) * (52 — s3) *
(51— 52)) + (FO* M35 (T 51+ 7552+ 7453 — 21 w5l %52 — 2151553 — 21 52453+
105 % s1 %52 %53 —3))/(840% 51 52%53) — (fr3+xh> % (21 ksl %52~ T 52 — T+ 51+
3))/(840% 53 (s3— 1) * (52— 53) (51 —53));

md = toc;

errd = abs(—2%cos(x(4)) + sin(x(4)) +2 — yrd);

fprintf('%2.7f%3.18 f%3.18 f%1.6e\n' ,x(4), —2xcos(x(4))+sin(x(4)) +2,yr4, errd)

x0 = x(4);z0 = yp8;y0 = yrd;v0 = yp12;

end
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APPENDIX F
MATLAB CODE OF THE NEW METHOD WITH

GENERALISED THREE OFF-STEP POINT FOR SOLVING

FOURTH ORDER ODE

Matlab code of new method with two off-step point for solving problem 18 of fourth

order ODE

clear

cle

%y/ is represented by z

%y”is represented by v

%ymis represented by w

syms X0 y0 z0 fOx y z v vO w w0

%of (x,2,5,5 55 )= (V) — 3y =42+ e (1 =4x+2%)
disp ("x — value exact — solution computed — solution error’)
tic;

x0=0;y0=1,z20=1;v0=3; wO=1; h=1/320;
forj=0:h:1;

0 = (20)? —y0 % w0 — 4 * (x0)? + exp(x0) * (1 — 4 % x0 + (x0)?);

s1=1/4;
s2=1/3;
$3=2/3;

x(1) = x0+ (s1 xh);

y(1) = y0 + (h* * s1% * (exp(x0) * (x0% — 4% x0 + 1) — w0 % yO — 4 % x0% 4 20?)) /24 +
(B2 %512 %v0) /2 + (K3 %513 % w0) /6 — (I % 51° % (8 % x0 — exp(x0) * (x0? —4 % x0+ 1) —
2510 % 20 + w0 % 20 — exp(x0) * (2% x0 — 4) + y0 * (exp(x0) * (x0? — 4 % x0+ 1) — w0 *

y0 — 4 % x07 +20%))) /120 + h % s1 % 20 + (K8 516 % (2 % exp(x0) — 20 * (2 % exp(x0) *
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(x0? —4%x0+1) — 2+ w0 *y0 — 8% x0? + 2% 20%) + exp(x0) * (x0? —4xx0+ 1) — 10 *
w0 + 2 % w0 * 20 + 0 * (8 % x0 — exp(x0) * (x0? — 4 % x0 + 1) — 2% v0 % 20 + w0 * 20 —
exp(x0) * (2% x0 — 4) +y0 % (exp(x0) * (x0? — 4 xx0 4 1) — w0 % yO — 4 % x0% + 20%)) +
2% exp(x0) * (2 x0 — 4) +2 % v0* — 8)) /720;

2(1) = 20+ (1 % 513 x (exp(x0) * (x02 — 4 % x0 + 1) — w0 * yO — 4 % x0? +20%)) /6 +
(h? % 512 % w0) /2 — (h* % 51 % (8 % x0 — exp(x0) * (x0? — 4 % x0 + 1) — 2% v0 % 20 + w0 *
70 — exp(x0) * (2% x0 — 4) + y0 * (exp(x0) * (x02 — 4% x0 + 1) — w0 * yO — 4 % x0% +
202)))/24 + h x s1 0 + (B % s1° % (2 % exp(x0) — 20 % (2 * exp(x0) % (x0> — 4 % x0 +
1) — 25 w0 % y0 — 8 ¥ x0% 4 2 % 20%) + exp(x0) * (x0> — 4 xx0 4 1) — v0* w0 + 2 % w0 *
20+ y0 * (8 % x0 — exp(x0) * (x0% — 4% x0 + 1) — 2% v0 % 20 + w0 * 20 — exp(x0) * (2 *
x0 —4) +y0 * (exp(x0) * (x0? — 45 x0 + 1) — w0 % y0 — 4 % x0% +20%)) + 2 * exp(x0) *
(2%x0 —4) +2%1v0? —8))/120;

v(1) =v04 (h? %512 % (exp(x0) * (x02 = 4 X0+ 1) — w0 * y0 — 4+ x0% 4 20%)) /2 — (K3 *
513 % (8 %20 — exp(x0) * (x0 — 4 % x0+ 1) — 2 % v0 %20 + w0 * 20 — exp(x0) * (2 % x0 —
4) +y0 % (exp(x0) * (x0? — 4% x0 + 1) — wO* y0 — 4 5 x0% 4+20°))) /6.4 h * 51 x w0 +
(h* % s1% % (2% exp(x0) — 20 % (2 % exp(x0) * (x0% = 45 x0 + 1) — 25 w0 x yO — 8 % x0% +
2%20%) + exp(x0) * (x0? — 4% x0 + 1) — v0 5 w0 + 2 % w0 * 20 + y0 * (8 x0 — exp(x0) *
(x0? —4%x041) — 2510 %20 + w0 % 20 — exp(x0) * (2 ¥ x0 — 4) +y0 * (exp(x0) * (x0> —
4% x0+1) — w0 xy0 — 4% x0? 4-20%)) + 2 % exp(x0) * (2% x0 — 4) + 2% 10> — 8)) /24;
w(1) = w0+ hxsl* (exp(x0) * (x0? —4%x0+ 1) — w0 xy0 — 4% x0? 4 20%) — (K% x 512
(8%x0 — exp(x0) * (x0? —4%x0+ 1) — 2% v0% 20+ w0 %20 — exp(x0) * (2 xx0 — 4) +y0 *
(exp(x0) * (x02 — 4% x0 + 1) — w0 % y0 — 4 % x0% +20%))) /2 + (K % 513 * (2 x exp(x0) —
20% (2% exp(x0) * (x0? — 4% x0 4+ 1) — 25 w0 * y0 — 8 % x02 +2 % 20?) + exp(x0) * (x0? —
4% x0+ 1) —v0* w0+ 2+ w0 + 20 4+ y0 * (8 % x0 — exp(x0) * (x0? —4 % x0 + 1) — 2% v0 *
204+ w0 %20 — exp(x0) * (2% x0 — 4) 4+ 0 * (exp(x0) * (x0? — 4% x0+ 1) — w0 x y0 — 4 %
x0% 4-20%)) + 2 x exp(x0) * (2% x0 — 4) +2 % v0> — 8)) /6;

F(1) = ((1))2 = y(1) (1) — 4 (x(1))2 + exp(a(1)) 5 (1 — 4sx(1) + (x(1))2);

x(2) =x0+ (s2xh);
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¥(2) = y0 + (h* * s2* x (exp(x0) * (x0? — 4+ x0 + 1) — w0 * y0 — 4 % x0% + 20%)) /24 +
(h? %522 %v0) /2 + (h® %523 ¥ w0) /6 — (B % 527 % (8 % x0 — exp(x0) % (x0? — 4% x0+1) —
2510 % 20 + w0 % 20 — exp(x0) * (2 x0 — 4) + y0 % (exp(x0) * (x0? — 4 % x0+ 1) — w0 *
Y0 — 4% x0% 4 20%))) /120 + A % 52 % 20 4 (h® % 526 % (2 % exp(x0) — 20 * (2 * exp(x0) *
(x0? — 4% x04+1) — 25 w0 # y0 — 8+ x0% + 2 % 20%) + exp(x0) * (x0? — 4 % x0+ 1) —v0 *
w0 4 2% w0 % 20 + y0 * (8 % x0 — exp(x0) * (x0> — 4 % x0 + 1) — 2% v0 % 20 4+ w0 * 20 —
exp(x0) * (2 x0 — 4) +y0 * (exp(x0) * (x02 — 4% x0 + 1) — w0 % yO — 4% x0? + 20%)) +
2% exp(x0) * (2 x0 — 4) 42 xv0* — 8)) /720;

2(2) = 20+ (1 % 523 * (exp(x0) * (x07 — 4 % x0 + 1) — w0 x yO — 4 % x0? + 20%)) /6 +
(h? %522+ w0) /2 — (h* % 2% % (8 % x0 — exp(x0) * (x0? — 4% x0+ 1) — 2% v0 % 20 + w0 *
70 — exp(x0) * (2% x0 — 4) 4+ y0 * (exp(x0) * (x0> — 4 % x0 + 1) — w0 * y0 — 4 % x0> +
202))) /24 + h x 2 % v0 + (B % 527 % (2 % exp(x0) — 20 % (2 * exp(x0) * (x0> — 4 % x0 +
1) — 2% w0 y0 — 8 %x0? +2 % z0%) + exp(x0) * (x0% — 4+ x0+ 1) —v0 % w0 + 2 % w0 *
20+ 90 (8 % x0 — exp(x0) * (x07 — 4% x0 +1) — 2 % v0 % 20 + w0 * 20 — exp(x0) * (2 *
x0 —4) +y0 % (exp(x0) * (x0? — 4% x0 + 1) — w0 y0 — 4% x0% 4 z0%)) + 2 % exp(x0) *
(2%x0—4) +2%1v0> ~ 8))/120;

V(2) = v0+ (K% %522 % (exp(x0) % (x07 — 4% x0+ 1) — w0 * y0 — 4 % x0? 4-20%)) /2 — (B3 *
523 % (8 % x0 — exp(x0) * (x02 — 4% x0 + 1) — 2% v0 * 20 + w0 % 20 — exp(x0) * (2 ¥ x0 —
4) +y0 * (exp(x0) * (x0 — 4 % x0 + 1) — w0 % yO — 4 % x0%2 +20%))) /6 + h * s2 % w0 +
(h* % 52% % (2 x exp(x0) — 20 % (2 x exp(x0) * (x0? — 4% x0 + 1) — 2% w0 * y0 — 8 % x0% +
2%20%) + exp(x0) * (x0? — 4% x0 + 1) — v0 5 w0 + 2 % w0 * 20 + y0 * (8 x0 — exp(x0) *
(x0? —4%x0+1) — 2% 0% 20 + w0 % 20 — exp(x0) * (2 x0 — 4) 4+ y0  (exp(x0) * (x0> —
4% x0+1) — w0 xy0 — 4% x0? 4-20%)) + 2 * exp(x0) * (2% x0 — 4) + 210> — 8)) /24;
w(2) = w0+ h 52 (exp(x0) * (x0? — 4% x0+ 1) — w0 % y0 — 4 % x0? 4 20%) — (h? % 522 %
(8%x0 — exp(x0) * (x0? — 4% x0+ 1) — 2 0% 20+ w0 % 20 — exp(x0) * (2 x0 — 4) +y0 *
(exp(x0) * (x02 — 4% x0 + 1) — w0 % y0 — 4 % x0% +20%))) /2 + (h3 % 52 * (2 x exp(x0) —
20% (2% exp(x0) # (x02 — 4% x0+ 1) — 2 w0 % y0 — 8 ¥ x0% + 2 % 20%) + exp(x0) * (x0% —

45 x0+ 1) —v0* w0+ 2 w0+ 20+ y0 * (8 % x0 — exp(x0) * (x0? — 4% x0+ 1) — 2% v0 *
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20+ w0 %20 — exp(x0) * (2% x0 — 4) + y0 * (exp(x0) * (x02 —4 % x0+ 1) — w0 * y0 — 4 %
x0% 4-20%)) 4+ 2 exp(x0) * (2% x0 — 4) +2 % v0> —8)) /6;

£(2) = (2(2))* = y(2) xw(2) — 4 (x(2))* +exp(x(2)) % (1 — 45x(2) + (x(2))?);

x(3) =x0+ (s3 xh);

y(3) = y0 + (h* * s3% x (exp(x0) * (x0? — 4+ x0 + 1) — w0 * y0 — 4 % x0% + 20%)) /24 +
(h? %532 %v0) /2 + (h® %533 xw0) /6 — (B % 537 % (8 %x0 — exp(x0) * (x0? —4%x0+1) —
250 % 20 + w0 * 20 — exp(x0) * (2% x0 — 4) 4+ y0 * (exp(x0) * (x0> — 4% x0 + 1) — w0 *
¥0 — 4 % x07 +202))) /120 + 1% 53 % 20 + (K0 * 53 % (2 % exp(x0) — 20 * (2 * exp(x0) *
(x0? —4%x04+1) — 2% w0 x y0 — 8 % x0% +2 % 20%) + exp(x0) * (x0? —4xx0+ 1) —v0 *
WO + 2 % w0 % 20 + Y0 (8 % x0 — exp(x0) * (x0> — 4 % x0 4+ 1) — 2 % v0 % 20 + w0 % 20 —
exp(x0) % (2 x0 —4) + y0 * (exp(x0) % (x0? — 4 xx04+1) — w0 % yO = 4 xx0% +z0%)) +
2% exp(x0) * (2 %x0 — 4) +2 % v0> — 8)) /720;

2(3) = 20+ (h3 * 53° % (exp(x0) * (x0% — 4 *x0 4+ 1) — w0 % y0 — 4 % x0? + 20%)) /6 +
(h? % 532 % w0)/2 — (h* % 3% (8 # X0 — exp(x0) % (x0? = 4% 20+ 1) — 2% v0 % 20 + w0 *
70 — exp(x0) * (2% x0 — 4) 4+ y0 * (exp(x0) * (x0? — 4 % x0 + 1) — w0 * y0 — 4 % x0> +
20%)))/24 + hx 53 %0 + (I % 53° % (2 % exp(x0) — 20 % (2 % exp(x0) * (x0? — 4 % x0 +
1) — 2% w0 % y0 — 8 % x0? + 2 % 20%) + exp(x0) * (x0? — 4 % x0 + 1) — v0 % w0 + 2 % w0 *
70 +y0 * (8 ¥ x0 — exp(x0) * (x07 — 4% x0 + 1) — 2 v0 % 20 + w0 * 20 — exp(x0) * (2 *
x0 — 4) +y0 % (exp(x0) * (x02 — 4% x0 + 1) — w0 % y0 — 4 % x0% + 20?)) + 2 * exp(x0) *
(2% x0 —4) +2 %102 —8))/120;

v(3) =04 (K% %532 % (exp(x0) % (x02 — 4% x0+ 1) — w0 * y0 — 4 % x0? 4-20%)) /2 — (b3 *
533 % (8 % x0 — exp(x0) % (x0? — 4% x0 + 1) — 2% v0 % 20 + w0 % 20 — exp(x0) * (2 % x0 —
4) +y0 * (exp(x0) * (x0? — 4 % x0 + 1) — w0 % yO — 4 % x0%2 +20%))) /6 + h % s3 % w0 +
(h* % 53% % (2 x exp(x0) — 20 % (2 x exp(x0) * (x0? — 4% x0 + 1) — 2 % w0 * y0 — 8 % x0% +
2% 70%) 4+ exp(x0) # (x0? — 4 % x0 + 1) — v0 + w0 + 2 % w0 % 20 + y0 * (8 ¥ x0 — exp(x0) *

(x0? —4%x0+1) — 2% 0% 20 + w0 % 20 — exp(x0) * (2 x0 — 4) 4+ y0 * (exp(x0) * (x0> —
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45 x0 4 1) — w0 % y0 — 45 x0% +20%)) 4 2 exp(x0) * (2% x0 — 4) + 2 %10 — 8)) /24;
w(3) = w0+ hxs3x (exp(x0) * (x0? — 4% x0+ 1) — w0 xy0 — 4% x0? 4 20%) — (h% % 532
(8%x0 — exp(x0) * (x0? —4%x0+ 1) — 2% v0% 20+ w0 %20 — exp(x0) * (2 xx0 — 4) +y0 *
(exp(x0) * (x02 — 4% x0 + 1) — w0 % yO — 4 % x0% +20%))) /2 + (h? % 533 (2 x exp(x0) —
20% (2% exp(x0) * (x0? — 4% x0 4+ 1) — 2% w0 * y0 — 8 % x02 +2 % 20?) + exp(x0) * (x0? —
4% x0+ 1) —v0* w0+ 2+ w0 + 20+ y0 * (8 % x0 — exp(x0) * (x0? —4 % x0 + 1) — 2% v0 *
20+ w0 %20 — exp(x0) * (2 ¥ x0 — 4) 4+ y0 * (exp(x0) * (x02 —4 xx0+ 1) — w0 * y0 — 4 %
x0% 4-20%)) 4+ 2 exp(x0) * (2% x0 — 4) +2 % v0> —8)) /6;

£3) = (2(3)) = ¥(3) £ w(3) — 45 (x(3) + exp(x(3)) # (1— 4 x(3) + (x(3))2):

(4) =x0+h;

x(4)
y(4) =y0+ (B* % 13 %v0) /24 (B3 1*5w0) /64 (h° % 15 % (2510 % 20 — 8 % x0 — w0 % 20 +
exp(x0) * (2 % x0 — 4) +y0 x (W0 * y0 — exp(x0) * (x0? — 4 % x0 + 1) 4 4 % x0% — 20?) +
exp(x0) % (x0? — 4% x0+1))) /120 +h* 1 %20 + (h° % 17 % (2 % exp(x0) — v0 x w0 + 2
w020+ 2% exp(x0) * (2% x0 — 4) — y0 * (2% v0 20 — 8 x x0 — wO % 20 + exp(x0) (2 %
x0—4) +y0 % (W0 *y0 — exp(x0) % (x0? — 45 x0+ 1) + 4 % x0? — 20%) + exp (x0) * (x02 —
4% x0 4+ 1)) +20 % (2 ¥ w0  y0 = 2 x exp(x0) #(x0% — 4 % x0 -+ 1) + 8 % x0> — 2% 20%) +
exp(x0) * (x0? — 4% x0+ 1) +2%v0% —8)) /720 — (h* * 1° * (w0 % y0 — exp(x0) * (x0? —
45 x0+ 1) +4%x0? — 20%)) /24

2(4) = 20+ (h? % 13 5 w0) /24 (h* % 1 % (2% 10 % 20 — 8 x x0 — w0 % 20 + exp(x0) * (2 *
x0 —4) +y0 % (WO *y0 — exp(x0) * (x0? — 4% x0+ 1) +4 % x0? — 20?) + exp(x0) * (x0> —
4%x041)))/24+hx 1500+ (1 % 155 (2 xexp(x0) — vOx w0 + 2% w0 % 20+ 2 exp(x0) *
(2xx0—4) —y0* (20 %20 — 8% x0 — w0 x 20+ exp(x0) * (2 x0 —4) + y0 x (WO * y0 —
exp(x0) * (x02 — 4% x0+ 1) +4%x0% —20%) + exp(x0) ¥ (x0? —4xx0+1)) +20% (2 x w0
¥0 — 2 % exp(x0) # (x02 — 4% x0 + 1) 4 8 ¥ x0% — 2 % 20%) 4 exp(x0) * (x0> — 4+ x0+ 1) +
25v0% —8)) /120 — (B % 15 (W0 % yO — exp(x0) * (x0? — 4% x0 + 1) + 4 x02 — 20?)) /6;
v(4) =04 (h3 % 13 % (2% v0 % 20 — 8% x0 — w0 % 20+ exp(x0) * (2 x0 — 4) + y0 x (w0 *
y0 — exp(x0) * (x0? — 4 % x0 + 1) + 4 % x0? — 20%) 4 exp(x0) * (x0> —4xx0+1))) /6 +

Bk 1xw0+ (B % 17 % (2% exp(x0) — vO + w0 + 2 % w0 % 20 + 2 % exp(x0) * (2% x0 — 4) —
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y0 x (2% 10 % 20 — 8 % x0 — w0 * z0 + exp(x0) * (2 x x0 — 4) + y0 x (W0 * yO — exp(x0) *
(x0? — 4% x0 + 1) 4+ 4 % x02 — 20%) 4 exp(x0) * (x0? — 4% x0 + 1)) +20 % (2 w0 y0 —
2% exp(x0) * (x0? — 4% x0+ 1) + 8% x0? — 2% 20%) + exp(x0) * (x0> — 4% x0 + 1) 42
v0? —8)) /24 — (h? % 13 % (w0 % y0 — exp(x0) * (x0> — 4 % x0 + 1) +4 % x0? — z0%)) /2;
w(4) = w0 — hx 1% (WO *y0 — exp(x0) * (x0? — 4+ x0+ 1) 4+ 4 % x0? — z0%) + (h? * 1%
(2510 %20 — 8 ¥ x0 — w0 * 20 + exp(x0) * (2% x0 — 4) 4 y0 x (WO * yO — exp(x0) * (x0% —
45 x041) +4%x0% — 20%) +exp(x0) * (x0? —4xx0+1))) /2 + (1> * 1* % (2 x exp(x0) —
VO w0 + 2%« w0 % 20 + 2 x exp(x0) * (2% x0 —4) — y0 (2% v0 % 20 — 8 x x0 — w0 x z0 +
exp(x0) * (2% x0 — 4) +y0 x (W0  y0 — exp(x0) * (x0? — 4 % x0 + 1) 4 4 % x0% — 20%) +
exp(x0) * (x02 —4%x0+1)) 420 % (2 * w0 x y0 — 2 % exp(x0) * (x0? — 4+ x0+ 1) 4 8 %
x0% — 2% 70%) + exp(x0) * (x02 — 4% x0+ 1) +2%1v0% —8)) /6;

£8) = (2(4))2 = ¥(4) 5+ w(d) — 4 £ (x(4)) + exp(x(4)) + (1~ 453(4) + (+(4) )

ypl = (WO h> 513 43 5v0% h? % 512 + 6520% 7 5146+ y0) /6 — (fO% h* % 51% x (28
s1%52+28% 51 %53 — 168 %52 %53 —8x512%52 — 8% 512 %53 — 8512+ 3513 +28%
s1 %52 % 53)) /(5040 % 52  s3) + (h* * s1% 5 (14 % 51 % 52 + 14 5 51 % 53 — 42 % 52 % 53 —
6% 512552 —6%512%53 — 6% 512+ 35517+ 1dxs51x52%53)) /(5040 (s1 — 1) % (s1 —
53) (51 —52)) % f(1) 4 (h* %51°% (28 %53 — 8 %51 — 8#51 %53+ 3% 512)) /(5040 % 52 %
(52— 1) % (52 —s3) % (s1 —52)) * f(2) — (h* %510 % (28 %52 — 8% 51 — 851 %52 + 3 %
512)) /(5040 % 53 % (s3 — 1) % (s2 — 53) % (s1 — 53)) * f(3) + (h* 510 % (28 % 52 % 53 — 8 %
5153 —8%s1%52+3%512))/(5040 % (s3—1) % (s2 — 1) * (s1 — 1)) * f(4)

yp2 = (WO h3 %523 + 3% V0% h? %522 + 620 % h % 52+ 6%Y0) /6 + (fO* h* 524 % (168 *
51%53— 28551 %52 —28%52% 53+ 8% 51 %522 + 8% 522 %53+ 8 %522 — 3523 — 28x51 %
52%53)) /(5040 % 51 % 53) — (h* % 520 % (28 % 53 — 8% 52 — 8+ 52 % 53 + 3% 522)) /(5040 *
ST (sT—1) % (s1—53) % (51 —52)) % f(1) + (h* %5245 (425 51553 — 14551 %52 — 14 %
52453+ 65515522 +6%52% %53+ 65522 — 3%52% — 1451 x52%53))/(5040% (s2 — 1) *
(s2—53) % (s1 —52)) % f(2) + (h* %526 % (8 52 — 28 %51 + 8 51 %52 — 3% 522)) /(5040 *
3% (53 — 1) % (s2 — 53) # (s1 —53)) % f(3) — (h* %520 % (8 51 % 52 — 28 % 51 % 53 + 8 %

52453 —3%522)) /(5040 % (s3 — 1) % (s1 — 1)+ (s2 — 1)) * £(4)
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yp3 = (WO*h® 533 +35%v0 % h? %532 + 6 %20 x h* 53+ 6%y0) /6 — (fO+ h* * s3% x (28 *
51453 — 168 %51 55242852553 —8x51 %532 —8#52%53% —8%532 + 35537 +-28 %51 %
52%53)) /(5040 % 51 % 52) 4 (h* % 530 % (8 % 53 — 28 % 52 + 8+ 52 % 53 — 3% 53%)) /(5040 *
s1 (51— 1) % (51 —53) % (s1 —52)) % f(1) — (h* %535 % (8 % 53 — 28 % 51 4 8 % 51 %53 —
3%53%)) /(5040 %52 % (s2 — 1) * (52 — 53) % (s1 —52)) * £(2) + (h* % 53% % (14 %51 %53 —
42 %51 %524 14%52%53 — 651 %532 — 6% 525532 — 6532 +3%53% + 14 %51 %52 %
53)) /(5040 % (s3 — 1) % (52 — 53) * (s1 —53)) % f(3) 4 (h* %530 % (28 % 51 % 52 — 8 51 %
53— 8x52%53+3%532))/(5040% (52 — 1)+ (s1 — 1) % (s3—1)) x f(4)

yp4 = (WO h3 +3x10%h*> + 6520 % h+6%y0) /6 + (fOxh* % (8% 514 8% 524 8% 53 —
28551 %52 —28 %51 %53 —28 %52 %53+ 168 %51 %52 %53 —3)) /(5040 % 51 % 52 % 53) —
(h* % (28 % 52 % 53 — 8 %53 — 8% 52+ 3)) /(5040 % s1 % (s1 — 1) x (s1 — 53) * (s1 —s2)) *
F) + (h* % (28 %51 %53 — 8% 53 — 851 +3)) /(5040 % 52 % (52 — 1) (52 — 53) * (s1 —
52)) % f(2) — (h* * (28 % 51 %52 — 8 %52 — 851 +3)) /(5040 % 53 % (53 — 1) * (52 — 53) *
(s1—=53)) % f(3) + (h** (6%51 +6%52+6%53 — 14551 %52 — 14% 51 %53 — 14 %52 %
$3+42x51%52%53—3))/(5040% (s3 —1)*(s2—1)*(s1 =1)) x f(4)

ypS5 = (WO 2% 512 +2 5 v0x hx51 4+2520) /2 = (fOxh> 513 * (21 551 %52+ 21 % 51 *
53— 105%52%53 —Tx512 %52 —Txs51% %53 —Txs512+ 35513 +21 %51 x52%53))/(840%
52%83) 4+ (WP x 5135 (14551 %52+ 14551 %53 —35%52 %53 — Tx 512 %52 — TH 512 % 53 —
T#s12 445513 4+ 14 %51 x52%53)) /(840 % (s1 — 1) % (s1 —53) * (s1 —52)) * f(1) + (b3
s19% (21 %53 — 7451 —T#51%53+3x512)) /(840552 (s2— 1) * (s2 —53) * (s1 —52)) *
F(2) = (WP %517 % (21 %52 —Txs1 — T s1524+3x51%)) /(840553 % (s3 — 1) % (52 —53) *
(s1—53)) % f(3) + (K3 %517 % (21 %52 %53 — T w51 %53 — T x 51 %52+ 3+ 512)) /(840 *
(s3—1)x(s2—1)x(s1—1))*f(4)

yp6 = (WOxh? %522+ 25 v0* hx 52 +2%20) /24 (fOx 13 %523 (105% 51 %53 — 21 x5 *
52— 21 %52% 53+ 751 %522+ 7% 522553+ 7 %522 — 35523 —21 51 %52%53)) /(840
s1%53) — (B3 %527 % (21 %53 — T %52 — T+ 52 %534+ 3%52%)) /(840 % s1  (s1 — 1) * (s1 —
s3) % (s1 —52)) % f(1) 4 (hP %523 % (35 % 51 %53 — 14 %51 %52 — 14552 % §3 + 7 % 51 %

S22+ Tx 522 %53+ T %522 — 45523 — 14551 %52 %53)) /(840 % (52 — 1)  (s2 — 53) *
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(s1—52)) % f(2) + (h3 %527 % (T %52 — 21 %51 + T %51 %52 — 3% 522)) /(840 % 53 x (s3 —
1) % (52 —53) % (s1 —53)) % £(3) — (h %527 % (7551 %52 — 21 %51 %53+ 7+ 52553 — 3%
522)) /(840 % (s3 — 1) % (s1 — 1) % (s2 — 1)) * £(4)

ypT = (WOxh? %532+ 25 v0% h*s3+2%20) /2 — (fOxh> %532 % (21 % 51553 — 1051 *
52421 %52%53 — T s %532 —Tx52%53% — T %532 +3%533 421 51 %52%53)) /(840
s1552) 4 (B3 %537 % (753 =21 %524+ T+ 52 %53 —3%53%)) /(8405 51 (s1 — 1) * (s1 —
53) % (s1 —52)) % f(1) — (B3 %53 % (T %53 —21 %51 +T 51 %53 —3%532)) /(840 % 52 %
(52— 1) % (52 —53) # (51 —52)) % f(2) + (h® % 53% % (14 %51 %53 — 35 %51 %52 + 14 %
52% 53— T#s1 %532 —Tx52% 532 — 7532 +4%53% + 14 %51 %52 %53)) /(840 % (s3 —
1) (s2—53) % (s1 —53)) % f(3) + (h3 %537 % (21 %51 %52 — T 51 %53 — T# 52 %53+ 3%
532))/(840% (s2—1) % (s1 — 1) % (s3— 1)) * f(4)

yp8 = (WO h? +-2xv0%h+2%20) /2 + (fOxh® 5 (T# 51 +T+52+T#53 —21 51 %52 —
21 % s1%53 — 21 %52%53 4+ 105 %51 52553 — 3)) /(840 % 51 %52 53) — (h> * (21 * 52
s3—T#53—T+52+3))/(840xs1 % (s1 — 1) % (s1 —s3)  (s1 — 52)) * £(1) 4 (B3 * (21 %
s1%53 —Tx53—Txs51+3))/(840 %52 % (s2 = 1) % (52 — 53) * (s1 — s2)) * £(2) — (B %
(21 sl s2 =T %52 —T*51+3))/(840 %53 % (s3 = 1)x (s2—53) % (s1 —=53)) * f(3) +
(B3 % (7451 +T %52+ T %53 — 14551 %52 — 145 51%53 — 14552 %53 +35%51 52453 —
4))/(840 (s3—1)*(s2—1)*(s1 — 1)) f(4)

yp9 =v0+wOxhxsl — (fOxh? 55125 (551 %52+ 5% 51 %53 —20% 52553 — 2517 %
52— 2% 512 %53 — 2% 512+ 513+ 5% 51 %52 %53)) /(60 % 52 % 53) + (h? % 512 % (5 s1 *
5245551 x53—10%52%53 — 3512552 — 3512553 — 3512+ 2517 + 5551 %52 %
53))/(60 % (s1 — 1) % (s1 —s3) % (s1 —52)) % f(1) + (B2 %514 % (5% 53 — 2% 51 — 2% 51 %
534512)) /(605525 (52— 1) % (2 —53) * (51 —52)) % f(2) — (h?> % 51% 5 (5% 52 — 2% 51 —
2551 %524 512)) /(60 %53 % (53— 1) % (s2 —53) % (s1 —53)) % f(3) + (M2 51% % (5% 52
§3— 2551 %53 —2%51 %52 +512))/(60% (s3—1) % (s2—1) % (s1 — 1)) * f(4)
yplO:v0+w0*h*s2+(f0*h2*s22*(2O*sl*s3—5*s1*s2—5*s2*s3—|—2*s1*
522 425522 553 +2% 522 — 523 — 5 %51 %52%53)) /(60551 %53) — (h? % 52% % (5% 53 —

25852 —2%52%534+522)) /(60 %51 % (51— 1) % (s1 —53) % (s1 —52))* f(1) + (h* %522
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(10451 %53 =551 %52 — 5552453 +3%51 %522+ 3522 %53 +3%522 — 25523 — 5%
s1%52%53))/(60% (52— 1) * (52 —53) * (s1—52)) * £(2) + (h? % 52% % (2% 52 — 5* 51 +
2% 51552 —522))/(60% 53 % (s3—1) % (2 —53) % (s1 —53)) % £(3) — (h? %52% % (2% 51
52 —5%51%53+2%52%53 —522))/(60% (s3—1) % (s —1)*(s2—1))* f(4)

ypl1 =v04+w0xh*s3 — (fOxh? %532 % (5551 %53 —20% 51 %52+ 5% 52553 — 2% 51 *
532 — 2552 %532 — 25532 + 537 + 5% 51 52 %53)) /(605 51 %52) + (h? % 53% % (2% 53 —
5524 2%52%53—532)) /(60 %515 (s1 —1) % (s1 —53) % (s1 —52)) % f(1) — (h? x53%x
(2553 =551 +2%51 %53 —532)) /(6052 (52— 1) % (52 —53)  (s1 —52)) * £(2) +
(B2 % 53% % (5551 %53 — 10 %51 %52+ 5%52% 53 — 3551 %532 — 3% 52 %532 — 3532+
25533+ 5551 %52%53)) /(60 (53— 1) % (s2—53) % (s1 —53)) * £(3) + (h? % s3* % (5
s1%52 =251 %53 —2%52%53453%))/(60% (s2—1)* (s1 — 1) % (s3—1))* f(4)
ypl12 =v0+wOsh+ (fOxh? % (2551 +2%52+2%53 — Sxsl %52 — Sxs51%53 —5%s52%
s3+20%51#52%53—1))/(60%s1%52%53) — (h? + (552 %53 —2%53 =2%52+1)) /(60%
s (s1—1)x (s1—=53) % (s1—52)) % £(1) + (B> * (5 xs1 %53 —2%53—2%51+1)) /(60 *
s2% (52— 1) k(52 = 53)# (s1 —82)) % £(2) — (W2 (551 52— 2552 — ksl + 1)) /(60 %
3% (s3—1) % (52 —53) * (s1.—53)) % £(3) o+ (A (3451 +-3%52 + 3553 — 5% 51 %52 —
S5%s1%53—5%52%534+10xs51%52%53—2))/(60%(s3—1)x(s2—1)*(s1—1))*f(4)
yp13 = w0 — (FOx hk sl % (10451 %52+ 10551553 — 30 %52 %53 — 55512 %52 — 5 %
512453 — 5512+ 35513 + 10551 x52%53)) /(60 %52 %53) + (h* 51 % (20 %51 %52 +20%
5153 —30%52%53 — 154512 %52 — 154512 %53 — 155512 + 125513 +20 %51 %52 %
53))/(60% (s1 — 1) % (s1 —s3) % (s1 —52)) % f(1) 4+ (h* 513 % (10% 53 — 5% 51 —5xs1 %
534+3%512))/(60%52% (s2—1) % (s2—53) % (s1 —52)) % f(2) — (h* 51> % (1052 — 5%
51 —5%51%524+3%512))/(60%53% (53— 1) (s2—53) % (s1 —53)) % f(3) + (hxs13 %
(10%52%53 —5%51 %53 —5x5152+3%512))/(60% (s3—1) % (s2— 1) x (s1—1)) % f(4)
ypld =wO+ (fO*hxs2%(30%51 %53 — 10551552 — 105253+ 5% 51 %522 +5%52% %
534+5%522 —3%523 —10%51%52%53)) /(60 %51 %53) — (h+523 % (10%53 —5%52 — 5%
52% 53+ 3%52%)) /(60551 (s1 — 1) % (s1 —53) % (s1 —52)) % f(1) + (hx52% (30 %51 %

§3—20%51 %52 —20%52%53+ 15451 %522+ 15%522 %53+ 15 %522 — 12 %523 — 20«
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s1%52%53)) /(60 % (s2—1) % (s2—53) * (s1 —52)) % f(2) + (h* 523 % (5%52 — 10% 51 +
55152 —3%522))/(60%53% (s3—1) % (s2—53) % (s1 —53)) % f(3) — (h*523 % (5%
152 — 10% 51 %53+ 5% 52453 — 3%522)) /(60 (53— 1) % (s1 — 1) % (s2— 1)) % £(4)
yp15=w0 — (fOxhxs3+ (10451553 — 3051 %52+ 10552 %53 — 5% 51 %532 — 5% 52 %
532 — 54532+ 34533+ 10 %51 %52 %53)) /(60 %51 %52) + (h* 537 * (5% 53 — 1055245
52453 —3%532))/(60 %51 % (s1 — 1) (s1 —53) % (s1 —52))* f(1) — (h*533 % (5% 3 —
10 %51+ 5% 51 %53 —3%532)) /(60552 % (s2 — 1) % (52 — 53) * (s1 —52)) * f(2) + (h*
535 (20 % 51 %53 —30% 51 %52 +20%52%53 — 15 %51 %532 — 15 %52 %532 — 15 %532 +
124533 +20% 51 #52%53)) /(60% (53 — 1) % (52— 53) % (51 —53)) % £(3) + (h 533 % (10 %
5152 — 5551 %53 —5%52%534+3%53%)) /(60 (s2—1)% (s1 — 1) % (s3—1)) % f(4)

ypl6 =wO+ (fOxh+* (5xs1+5%524+5%53—10%s1 %52 — 10%51 %53 — 10%52 %53+
3051552453 —3)) /(60%51%52#53) — (h# (10%52 %53 — 5453 —5#52+3)) /(6051 %
(s1— 1) (s1 —s3)%(s1 —52))* f(1)+ (h*(10%s1 %53 — 5%53 ~5x51+3)) /(60 % 52
(s2—1)%(s2—53)% (51 —52))* f(2) — (h* (1051 %52 —5%52 —5x514+3)) /(60 % s3 %

(s3—1)#(s2—53)*(s1—53))*f(3)+ (h+ (1551 +15% 5241553 —20%s1 52— 20

1% 53— 20 %52 53+ 30 %51 %52 53 — 12)) /(60 (s3 — 1) (52 — 1)+ (s1 — 1)) % £(4)
fri=(yp5)” —yplrypl3 —4x (x(1))* +exp(x(1)) * (1 —4xx(1) + (x(1))?);
fr2=(yp6)> —yp2*ypl4 —4x (x(2))* +exp(x(2)) * (1 = 4*x(2) + (x(2))?);
fr3=(yp7)> —yp3*yp15 —4x(x(3))* +exp(x(3)) * (1 — 45 x(3) + (x(3))?);
frd = (yp8)% — yp4xypl6 — 4 (x(4))> + exp(x(4)) * (1 — 45 x(4) + (x(4))?);
yrl = (WOs 35513+ 35005 h2 % 512+ 6% 20 % hxs1 +6%y0) /6 — (fOxh* %514 (28

5152428 %51 %53 — 168 % 52553 — 8+ 512 %52 — 8% 512 %53 —8xs512 43 %513 +28%
s1 %52 %53)) /(5040 % 52 % s3) + (h* * s1* % (14 % 51 %52 + 14 5% 51 % 53 — 42 % 52 % 53 —
6512452 —6x512%53 — 6% 512+ 3x513 + 14551 x52%53)) /(5040 % (s1 — 1) * (s1 —
53) % (51 —52)) % fr14 (h* %510 % (28 %53 — 8 %51 — 8 %51 534+ 3% 512)) /(5040 * 52 *
(52— 1) % (s2 —53) % (s1 —2)) * fr2 — (h* 510 % (28 %52 — 851 — 8 x 51 52+ 3 %
§12)) /(5040 % 53 % (53 — 1) % (s2 — 53) * (s1 —3)) % fr3 4 (h* 510 % (28 % s2 % 53 — 8 %

s1%53 —8xs1%52+3%512))/(5040 % (s3—1) % (s2 — 1) * (s1 — 1)) * frd
352



errl = abs(((x(1)?) 4+ exp(x(1))) —yrl);

Fprint f('%2.7f %3.18f %3.18f %1.6 \n',x(1), (x(1)2) +exp(x(1))) +2,yr1, errl))
yr2 = (WOxh3 %523 43510 % h% %522 + 6% 720 h* 52+ 6% y0) /6 + (fO* h* % 52% % (168
5153 — 28551 %52 — 28552553 4 8451 %522 + 8 527 %53+ 8x.522 — 35527 — 28451
52%53)) /(5040 % 51 % 53) — (h* % 520 % (28 % 53 — 8% 52 — 8+ 52 % 53 + 3% 522)) /(5040 *
ST (51— 1) s (51— 53) 5 (51— 52)) % fr1 + (h* 5 52% 5 (42551 %83 — 14551 %52 — 14 %
52453+ 6% 515522 +6%52% %53+ 65522 — 3%52% — 1451 %52%53))/(5040% (s2 — 1) *
(52 —53) % (51 —52)) % fr2 4 (h* %520 % (8% 52 — 28 % 51 + 8 51 %52 — 3% 522)) /(5040 *
534 (3 — 1) % (52 —53) % (s1 —53)) % fr3 — (h* %520 % (8 %51 %52 — 28 % 51 % 53+ 8% 52 %
53 —3%522))/(5040 % (s3 — 1) * (sl — 1) * (s2 — 1)) * frd

errl = abs(((x(2)?) 4+ exp(x(2))) —yr2);

Fprint f(%2.7F %3.18F %3.18f %1.6 \n',x(2), (x(2)?) +exp(x(2))) +2,yr2, err2))
yr3 = (WO 1 5 533 + 3510 % h? % 532 + 6 %20 hx 53+ 6% y0) /6 — (fOx h* + 53% (28
51453~ 168 %51 %52 428 %525 53 — 8 %51 %532 — 8+ 52%53% — 8% 532+ 3 %533 +-28 %51 %
52%53)) /(5040 51 % 52) + (h* % 530 % (8 % 53 =28 % 52 + 8 %52 * 53 — 3% 53%)) /(5040 %
s (sL—1)%(s1 = 53) * (s1 —52)) % frl — (h* 530 % (853 = 28 %51 + 8 * 51 %53 —
3%53%)) /(5040 % 52 % (s2 — 1) * (52 — 53) * (s1 — 52)) * fr2 + (h* % s3% (14 % 51 %53 —
425 5152+ 1452453 — 6x51 %532 — 6% 52%532 — 6% 537 + 3 53% + 14551 52 x
53))/(5040 % (s3 — 1) % (s2 — s3) * (s1 —3)) * fr3 + (h* 530 % (28 % 51 %52 — 8% 51 %
53— 8x52%53+3%53%))/(5040% (s2 — 1) * (s1 — 1) % (s3—1)) x frd

err3 = abs((x(3)%) +exp(x(3))) - yr3);

fprintf('%2.7f %3.18f %3.18f %1.6 \n',x(3),((x(3)?) +exp(x(3))),yr3,err3))
yrd = (W03 4+3%v0%h> +6% 20 % h+6%y0) /64 (fOx h* % (8% 51 + 8% 524 853 —
28551 %52 — 28 % 51453 — 28 % 52 53+ 168 # 51 %52 % 53 — 3)) /(5040 # 51 52 % 53) —
(h* % (28 % 52 % 53 — 8 %53 — 8% 52+ 3)) /(5040 % s1 % (s1 — 1) x (s1 — 53) * (s1 — 52)) *
Fri (B (28 %51 %53 — 8% 53 — 8551 +3)) /(5040 % 52 (s2 — 1)  (s2 — 53) * (s1 —
$2)) % fr2 — (h* % (28 % 51 52 — 8452 — 85 51 +3)) /(5040 % 53 % (53 — 1) % (52 — 53) *

(51 —53)) % fr3+ (h* % (6% 51 + 652 +6%53 — 14%s1 %52 — 14 %51 %53 — 14 %52 %
353



3+ 42451 %2553 —3)) /(5040 (s3 — 1) % (s2— 1) (s1 — 1)) = frd

errd = abs(((x(4)2) + exp(x(4))) —yrd);

Fprint f('%2.7f %3.18f %3.18f %1.6 \n',x(4), ((x(4)2) + exp(x(4))),yrd, errd))
X0 = x(4); y0 = yrd; 20 = yp8; v0 = yp12; w0 = ypl6;

end
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