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Abstrak

Statistik Jennrich adalah salah satu statistik sedia ada yang digunakan untuk menguiji
kesamaan bagi beberapa sampel bebas matriks korelasi. Statistik tersebut semakin
mendapat perhatian dalam beberapa bidang ekonomi dan pasaran kewangan.Dalam
bidang penyelidikan ini, kebiasaannya bilangan pemboleh ubah, p, lebih besar
daripada saiz sampel, n, yang dikenali sebagai data berdimensi tinggi. Selanjutnya,
penganggaran pekali penentu bagi matrik korelasi dan kovarians akan mengalami
kegagalan akibat daripada masalah kesingularan. Apabila ini berlaku, statistik
Jennrich tidak akan berfungsi kerana pengiraannya melibatkan songsangan matrik
korelasi. Oleh itu, bagi mengatasi kelemahan tersebut, kajian ini membangunkan satu
statistik alternatif untuk menguji kesamaan matriks korelasi bagi beberapa sampel
bebas dalam data berdimensi tinggi. Untuk tujuan itu, pendekatan aljabar
berdasarkan operator vec, matriks komutasi dan elemen norma Frobenius keluar-
pepenjuru-atas digunakan untuk menerbitkan taburan asimptotik baharu bagi statistik
alternatif, yang dikenali sebagai statistik z". Kajian simulasi dilakukan dengan
mengambil kira bilangan pembolehubah, saiz sampel, dan anjakan korelasi yang
berbeza untuk menilai prestasi statistik baharu. Sebagai tambahan, data sebenar bagi
struktur mata wang Asia Pasifik semasa gempa bumi Tohoku digunakan untuk
mengesahkan statistik z"baharu. Kuasa bagi statistikz® dibandingkan dengan
statistik Jennrich dan juga statistik T~ yang sedia ada melalui kajian simulasi.
Hasilnya, kuasa statistik z* mendominasi kuasa statistik Jennrich dan statistik T~
dalam semua keadaan, terutamanya, apabila perubahan dalam matrik korelasi adalah
sekurang-kurangnya 0.3. Kesimpulannya, hasil dari segi teori ataupun simulasi
menunjukkan keputusan yang mantap disokong oleh kuasa ujian yang diperlukan.
Manakala, kajian terhadap data sebenar menunjukkan statistik alternatif baharu boleh
memenuhi kondisi data berdimensi tinggi.

Kata kunci:. Matrik korelasi, Operator vec, Matrik komutasi, Norma Frobenius.



Abstract

Jennrich Jennrich statistic is one of the existing statistics which is used for testing the
equality of several independent samples of correlation matrices. The statistic is
gaining considerable importance in several areas of economics and financial markets.
In these research areas, the number of variables, p, is usually larger than the sample
size, n, which is known as high dimension data p > n. Subsequently, the estimation of
correlation and covariance determinant will breakdown due to singularity problem.
When this happens, Jennrich statistic is unable to function as the calculation involves
the inversion of correlation matrix. Therefore, to resolve the aforementioned
problem, this study develops an alternative statistic for testing several independent
samples of correlation matrices in high dimension data. For this reason, the algebraic
approach on the basis of vec operator, commutation matrix and Frobenius norm of
upper-off-diagonal elements are used to derive the new asymptotic distribution for
the new alternative statistic, namely z”statistic. Simulation study was conducted by
considering different number of variables, sample sizes, and correlation shifts to
evaluate the performance of the new statistic. In addition, real data on Asia Pacific
currencies structure during the Tohoku earthquake were applied to validate the new
Z" statistic. The power of the z" statistic is compared with the existing Jennrich
statistic, and T~ statistic through simulation study. As a result, the power of z*

statistic dominates the power of Jennrich statistic and T~ statistic in all conditions,
especially, when the shift in correlation matrix is at least 0.3 As a conclusion, the
theoretical and simulation results are established and supported by desirable power of
test. Meanwhile, investigation on real data indicates that the new alternative statistic
can accommodate high dimension data.

Keywords: Correlation matrix, Vec operator, Commutation matrix, Frobenius norm.
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CHAPTER ONE

INTRODUCTION

1.1 Background of Study

Recently, testing the equality of several correlation matrices has become an
important subject in the economic and financial industry research areas. Various
researchers have implemented this test for diagnosing the structure of several

independent samples of correlation matrices.

Applications have been found in equity markets, asset businesses, stock markets, real
estate analysis, risk management, portfolio analysis and financial markets. However,
when dealing with a large number of variables in real cases, understanding all their
interrelationships simultaneously is a difficult job. Therefore, the correlation
structure analysis it becomes very important when dealing with related variables

where the number of variables is large.

Several researchers have studied the equality of several correlation matrices,
including, for example, Cho and Taylor (1987), Tang (1995), Meric and Meric
(1997), Lee (1998), Tang (1998) and Da Costa Jr, Nunes, Ceretta, and Da Silva
(2005). All these researchers studied stability in stock returns to understand the
behavior of a sequence of the correlation structures based on independent samples in
certain time periods by applying Box’s M statistic proposed by Box (1949) and
Jennrich’s statistic proposed by Jennrich (1970). Furthermore, Deblauwe and Le
(2000) studied risk credit and portfolio analysis using the same analysis of

1



correlation structures. Another example is that of Annaert, De Ceuster, and Claes
(2003) who focused their study on the stability of covariance structures and

correlation based on small samples.

In testing the equality of a correlation matrix, the earliest development was in 1898
by Pearson and Filon who obtained the asymptotic derivation for a covariance matrix
of a set of correlations (Steiger, 1980). Following this line of logic, several other
studies have tested correlation matrices from time to time. These include Hotelling
(1940), Box (1949), Bartlett and Rajalakshman (1953), Lawley (1963), Kullback

(1967), Aitkin, Nelson, and Reinfurt (1968), and Jennrich (1970).

Therefore, in the next section, we discussed the overview of Jennrich statistic for

details.

1.2 Overview of Jennrich Statistic

There are many statistics that can be used for testing the equality of correlation
matrices. The latest statistic was introduced by Jennrich (1970). Jennrich presented a
counter example where Kullback's assertion fails and showed that this assertion was
incorrect because the asymptotic distribution under the null hypothesis is in reality a
linear combination of independent Chi-square variates with the weights depending
on an unknown value of common correlation matrix. Furthermore, Jennrich’s
statistic has much better properties than Kullback’s statistic in terms of

computational and distributional properties.



Specifically, Jennrich’s statistic is used to test the equality of m independent sample

of correlation matrices. The null hypothesis is H:62 =2, =...= 0, (= £2) versus
the alternative hypothesis is H,:€ =2, for at least one (i, j)is different. The
independent m samples of size n;,n,,..,n_  is drawn from p-variate normal
distribution N (£4,%), N (14,,%,), ... N (s, ,2,,) and 2, denotes the covariance

matrix of the i-th population where i =1, 2, ..., m.The Jennrich statistic is as

follows:

J= i{%w(zf)—(zd )tw-lzd} (1.1)

i=1l
where:

1

Z,=n?R*(R -R,)

R. is the i- th sample correlation

R, is the average of all sample correlation matrices

W=1 +R, * R;lthe * is Hadamard product of two matrices

Z, is a diagonal of Z;

|, is the identity matrix of size (pxp)
J is asymptotically distributed as y > with df = % (m—1) p(p —1) degrees of freedom
where p is the number of variables (dimensions). The null hypothesis is rejected at a

level of significance a if J>y2, at the (1—«)"quantile of Chi-square

distribution.



Jennrich’s statistic was basically developed for a large sample test. Therefore, the
statistic performs poorly for a small sample size (Larntz & Perlman, 1985).
Furthermore, Jennrich’s statistic was developed based on a likelihood ratio test

(LRT) approach.

Equation (1.4) clearly shows that the Jennrich statistic involves the inversion of the

correlation matrix. Under this condition, the correlation matrix will be singular if the
number of variables is larger than the sample size (p >n) (Eichholtz, 1996; Gande

& Parsley, 2005)

Schott (1996) and Schott (2007a) also constructed tests based on the same approach.
A LRT is sensitive to non-normality but is also impossible to use when the number
of variables is larger than the sample size (Anderson, 2006; Herdiani & Djauhari,

2012; Schott, 1996). Besides that, LRT is unsuitable for use if the number of the

variables is much larger than%i (Schott, 2007a) and requires more time to calculate

(Sul, Han, & Eskin, 2011). .

In multivariate setting, testing the correlation matrix with a high dimensional data is
very difficult and challenging. However, some efforts have been undertaken to
improve the problem of singularity that Jennrich faced. More than three decades
after Jennrich had proposed his statistic, Djauhari and Herdiani (2008) introduced
the vector variance standardized variable test. This statistic was developed based on
the vector variance (VV) approach to increase computational efficiency, and this

approach is very promising particularly when dealing with a high number of



dimensions. Another advantage of the VV approach is the simplicity of its
computation. The computation is based on the Frobenius norm, which is equal of the

sum of all the square elements.

A few years later, Sharif and Djauhari (2014) presented the T statistic in. This
statistic is used from a different approach which is the upper-off-diagonal elements
to overcome the problems of singularity. The upper-off-diagonal elements of the
correlation matrix approach were used in the derivation of the T~ statistic. From the
power of test analysis, generally, this statistic is more sensitive than Jennrich’s
statistic. However, room for improvement still exists because the results of

sensitivity analysis are inconsistent.

1.3 Problem Statement

Nowadays, data with a high number of dimensions is collected routinely in finance,
genomics, biomedical imaging and tomography (Pourahmadi, 2013). Let X be an
n X p data matrix where n is the sample size, and p is the number of variables. In a
high dimensional data, n < p, any statistical method that relies on the inversion of
correlation matrix will be singular or not well conditioned because the sample
correlation is not full rank (Djauhari & Herdiani, 2008; Pourahmadi, 2013). The
inversion matrix is also negligible and sparse for very large correlation matrices and
is a poor estimator when p =n (Djauhari & Gan, 2014; Khare, Oh, & Rajaratnam,
2015). In this case, the use of Jennrich’s statistic is not appropriate anymore for
testing the correlation matrix. When p is large, the computation of this statistic is

tedious because the computational efficiency of the determinant and the inverse of
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the matrix is low. The larger the value of p, the higher the costs to compute the

determinant and the inverse of covariance or correlation matrix. This is the first

problem that arises in using Jennrich’s statistic when involving high dimensional

data.

Moreover, Jennrich’s statistic was developed based on likelihood ratio test (LRT) for
testing the equality of two correlation matrices (Jennrich, 1970). This statistic is
theoretically and asymptotically derived under Chi-square distribution and its
distributional behavior totally fails when normality assumptions cannot be met
(Aslam & Rocke, 2005). The complexity of the computing methods for LRT are
higher when more and more variables are involved. This is because this method

involves the inversion of the correlation matrix.

For this reason and to overcome the drawbacks of singularity problem, the algebraic
approach was investigated. The combination of the upper-off-diagonal elements
approach (Sharif, 2013; Sharif & Djauhari, 2014) and the VVV approach (Djauhari &
Herdiani, 2008), which is called Frobenius norm of upper-off-diagonal elements, is

expected to produce better alternative statistics than the existing statistics.

Therefore, the aim of this research is to focus on how to handle the drawbacks of

Jennrich’s statistic as well as the T~ statistic. Later, a statistical test for testing the
equality of several independent samples of correlation matrices is derived to satisfy
instances in which a high number of dimensions are present. The derivation is based

on the condition that the samples are independent and identically distributed (i.i.d.).



1.4 Objectives of the Study
The main objective of this study is to propose an alternative statistical test for testing
the equality of several independent samples of correlation matrices in the case of

high number of dimensions. The sub-objectives of the study are as follows:

I. To derive new statistical test Z™for testing the equality of several
independent samples of correlation matrices in cases that have a high number
of dimensions;

ii. To evaluate and compare the performance of the new alternative statistic
based on the power of the test by using simulation study; and

iii. To validate the performance of the new alternative statistic by using real data
from Asia Pacific currencies; two independent samples of correlation

matrices and several independent samples of correlation matrices.

1.5 Limitation of the study

The main assumption in this study is that all random samples are drawn from a
multivariate normal distribution. The sampling distributions are derived based on
that assumption. Hence, all the results of this study are valid only under multivariate
normal distribution. The second limitations of this study is the application of new
statistic is applied using one set of financial data only. Thus, the ability of the real
data performance is limited. However, it does not means that the statistic is not

suitable for other case of data.



1.6 Significance of the Study

This study contributes towards knowledge development in multivariate hypothesis
testing especially in the derivation of a correlation test in the cases that have a high
number of dimensions. For example, a financial analyst could use this alternative
statistic to validate a global financial crisis in a short period of time while including a
large number of variables in the analysis. Moreover, the alternative test offers some

improvement in the power of the test.

As is well known, data that fulfill all the assumption of the Jennrich's statistic are
difficult to find. The benefit of this study is the development of an alternative

statistic that can tolerate the condition of p >n. Additionally, researchers will not

be constrained by n > p as required by Jennrich’s statistic.

1.7 Thesis Organization

This thesis contains five chapters. Chapter One covers a general introduction of the
study. This chapter, presents the background of this study, problem statements,
objectives of the study, limitation of the study, significance of the study and thesis

organization.

The reminder of the thesis organized as follows. Chapter Two, the literature review
this chapter start with introduction and correlation matrix then we focus on some
methodologies for testing the equality of correlation matrices and some of the
applications and then we discuss methods used to overcome the drawback when the

number of variables are larger than the sample size, then we presents vector operator,



commutation matrix and power of statistical test. Later in this chapter we present T~

statistic.

In Chapter Three, we discuss the methodology and the theory used to achieve the
objective of the study. This chapter, presents mathematical derivation of asymptotic
distribution and discuss variables manipulated, significance level and performance
evaluation based on simulation study. In the last of this chapter, we discusses
validation of Tohoku earthquake on Asia Pacific currencies by using correlation

structure. For that purpose we used 23 currencies from Asia Pacific countries.

Chapter Four presents the derivation of the new altrnative statistic and its asymptotic

distribution and the computation of the covariance of correlation matrix. Then, we
discusses the analysis power of test of the new alternative statistical test Z~,

Jennrich statistic and T statistic. In the last of this chapter we presents of real

application by using two approaches for propose of validation.

Finally, this thesis closes with the conclusions and some suggestions for future

research in Chapter Five.



CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

This study, inspires to propose the alternative statistical test which is used for testing
the equality independent sample of the correlation matrices. This test can be used
when the number of variables is small. Interestingly, the new test is able to overcome

the drawback of Jennrich statistic.

This chapter reviews some of the literatures to have a better understanding on testing
the equality of correlation matrices. We start this chapter by introducing the
correlation matrix, then we presented some of methodologies used for improvement
of the theoretical of testing the equality of correlation matrices and introduced some
of previous application on testing the equality of correlation matrices. The next
section, aims to introduce some of methods used to overcome the drawback the case
where number of variables are larger than the sample size, such as banding, tapering,
thresholding and Frobenius norm of upper-off-diagonal elements. In section five and
six, vector operator and commutation matrix are discussed, respectively. Next, the
power of statistical test is elaborated. Finally, the details of T™ statistic presented in

the last section close this chapter.

2.2 Correlation Matrix

Correlation is the most commonly used measure for describing the linear relationship

10



between two variables (Sang, Dang, & Sang, 2016). The correlation coefficient, p;

between two random variables of X say the i-th and j-th is,

o
py =——— forall i,j=1,2,....p (2.1)

0ii0 jj

Where o and o are the standard deviations, and oy is the covariance. When the

covariance is divided by the two standard deviations, the range of the covariance is
rescaled to the interval between -1 and +1. Therefore, correlation is a scaled version
of covariance (El Karoui, 2007). The computation is simple and how well variables
correlate with each other is quickly noticed. The correlation efficiency gives

information on the degree of the relationship as well as its direction.

The coefficient of correlation that equals p; == is present if and only if the two

variables are perfectly related, while p; =0 is present if the two variables are

perfectly unrelated. When the coefficient has a negative value, it implies a negative
linear relationship between the i-th andj-th variables. In addition, when the
coefficient has a positive value, it implies a positive linear relationship between the

i-th and j-th variables.

Consequently, the sample correlation coefficient between the i-th and j-th variables

is,

S, (2.2)

SiiSjj

where the r;is the maximum likelihood estimate of p;under the multivariate

normality assumption (Muirhead, 1982).
11


file:///D:/phd/last%20thesis%2024-4-2017/after%20submit/last_after%20submit_19_5_2017.docx%23_ENREF_84
file:///D:/phd/last%20thesis%2024-4-2017/after%20submit/last_after%20submit_19_5_2017.docx%23_ENREF_40
file:///D:/phd/last%20thesis%2024-4-2017/after%20submit/last_after%20submit_19_5_2017.docx%23_ENREF_73

Furthermore, the correlation coefficient can be used to evaluate whether a linear

relationship exists in the population. The null hypothesis for testing the bivariate

correlation is H,:p; =0, and three different hypotheses alternatives must be
chosen from. These are H,:p; #0(two-tailed), H,:p; >0(one-tailed), or

H,:p; <0(one-tailed). Next, the statistical test is computed using the following

r;vn .. . . .
formula, t:”—z. The null hypothesis is rejected if |t|>tadf (two-tailed) or
1-r 2"

ij

|t|>1, 4 (one-tailed), with df =n—2 degrees of freedom.

In recent years, more than two variables is often have been considered in the
analysis. To estimate the correlation between all possible pairs of variables calls for

a correlation matrix. The correlation matrix is a symmetric matrix in which the

correlation between X ; and X ; is equal to X ;and X,. The main advantage of using

a correlation matrix is the ability to visualize all coefficients for a large number of
variables in the same window. Interpretation is easy because the correlation matrix is

a symmetric positive semi-definite matrix (Cui, 2010).

In the matrix form, the population and sample correlation matrices are denoted by

P P2 " Prp o T o I

P P 0 Pap o T 0 Ty ]
Q= and R= , respectively.

ppl pp2 ppp rpl rp2 rpp
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The correlation matrix can be obtained from the covariance matrix (Rencher, 2003),
let :diag(,‘;’all, NEZ— ,/app):diag(al, oy, . 0,) the  population
correlation matrix is Q:Zd‘}/2 ><2><2d_% and let S, =diag(,/sll,,/szz,...,Jspp)

=diag(sl, ST Sp) the sample correlation matrix is R :Sd_% xS de_% where 2,

and S, are the diagonal elements of X and S, respectively. Thus, the correlation

matrix 2 and R is,

1 1
— 0 0 0 0
0 L 0 O-ll 012 O-lp 1
NCP On 0yp - 0 ° J02 ’
2= x| . oo 7 lx 2
o. O . O
0 0 1 pl “p2 pp ; 4 1
m Opp
A AN 1
\/SZ 0 0 \/g 0 0
0 1 0 Su Sp Sip 0 1 0
R S22 o 521 822 S2p o S22
Spl sz Spp
0 0 1 0 0 1
Spp Spp

Therefore, the correlation matrix is equivalent to the covariance matrix of the
standardized random variables. Under the multivariate normality assumption, the
correlation coefficient is formally regarded as a measure of the linear dependence

between those variables (Muirhead, 1982).
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Since the 1970’s, many studies involving correlation analysis can be found in
various literatures. These began with simple correlation analysis, continuing with
more advanced analysis such as correlation matrix analysis. This includes the
research work of Makridakis and Wheelwright (1974), Watson (1980), Philippatos,
Christofi, and Christofi (1983). For example, Maldonado and Saunders (1981) used
correlation analysis for hypothesis testing related to bivariate correlation. They
examined the inter-temporal stability of international return correlations over a 22-
year period. The data included monthly returns on a United States stock index and
four foreign stock market indices (Japan, Germany, Canada, and the United
Kingdom). The results showed that in the short term of up to two quarters of a
period, a comparatively predictable relationship existed between inter-country
correlations, which is a very short-term strategy a good news for investors. Next, we

discuss some methodologies for testing the equality of correlation matrices.

2.3 Some Methodologies for Testing the Equality of Correlation Matrices

Before Jennrich(1970) presented his test, testing the equality of correlation matrices
had a long history. Nowadays, Jennrich’s statistic has been widely used by
researchers such as Deblauwe and Le (2000), Annaert et al. (2003) and Gan,

Djauhari, and Ismail (2014) to examine the equality of correlation matrices.

From time to time, research on the correlation matrix test have been developed by
scholars to overcome the problems encountered when using existing statistics.
Generally, the three main problems that inspired researchers to enhance existing tests
have been to: (1) accomplish non-normality distribution (2) overcome the drawbacks

of LRT, and (3) solve the singularity problem of a covariance determinant matrix.
14
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First, to handle the problem of non-normal distribution, Browne and Shapiro (1986)
and Neudecker and Wesselman (1990) derive a general matrix expression for the
asymptotic covariance matrix of correlation coefficients by using a linearization
theorem with some matrix notation and its properties. In their research only requires
that the observation vector are i.i.d. according to multivariate distribution with finite

fourth moments.

Next, the asymptotic of covariance matrix and Wald statistic theorem were enhanced
by Schott (2001) to derive a more general Wald statistic. This test was constructed
under the assumption of elliptical distributions and compared with LRT. Analysis
has shown that the LRT is conservative where the value of type I error is smaller
than 0.025 with negative kurtosis for non-normal elliptical populations and, liberal
where the value of Type | error is larger than 0.075 with positive kurtosis for non-
normal elliptical populations. For that reason, the Wald statistic has been found to be
asymptotically equivalent to the likelihood ratio criterion. This test is not appropriate

unless the sample size is very large and number of variables is small.

In Schott (2007b) study, partitioning the correlation matrix into a submatrix is
implemented to obtain Wald statistics under the assumption of multivariate
normality as well as extensions that apply to elliptical distributions. The Wald tests
produces sensible significance levels, except if the number of the variables is large
and the number of groups is small. In this study the Schott construct his test for

testing the equality of several dependent samples correlation matrices.
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The next problem is to overcome the LRT drawback. The LRT approach is very
sensitive to non-normal distribution. By using LRT, it is very difficult to use when
p > n and it requires more time to calculate. For example, Schott (1996) derived a
Wald statistic for testing the equality of correlation matrices for several independent
samples from a normal distribution for small sample size. Then, the estimated
significance levels of the alternative statistic are compared with LRT. The simulation
results indicate that in most cases that involve small sample sizes the Wald statistic
yields actual significance levels closer to the nominal level than LRT does. In
addition, the computation of the Wald statistic has advantages over LRT, it is easy to

calculate (Sabharwal & Potter, 2002).

Last is the singularity of covariance determinant matrix problem. In order to solve
this problem, Larntz and Perlman (1985) suggested a new procedure for small
sample size and the singular matrix, through the application of the Fisher z-
transformation formula to each sample coefficient. The result showed that the
procedure has numerous advantages over the Jennrich statistic for a small sample
size and is still valid when one or more correlation matrices are singular. This
procedure is easily computed by a hand calculator. Additionally, this test is more
sensitive than Jennrich’s statistic and is asymptotically consistent as n goes to
infinity. However, this test is not preferable to large sample size (Olkin, Lou, Stokes,

& Cao, 2015).

In addition, Goetzmann, Li, and Rouwenhorst (2005) investigated the correlation
structure of the main world equity markets over 150 years. They discovered that

international equity correlation changes vary over time and are highest during of
16



periods of financial and economic integration. Further, they also examined the
derivation of asymptotic distribution of a correlation matrix that Browne and Shapiro
(1986) and Neudecker and Wesselman (1990) introduced. The upper-off-diagonal
elements approach is integrated into the asymptotic distribution to avoid the
singularity problem. To achieve the best results, the validity of the asymptotic
distribution requires that the observation vectors are i.i.d. according to a multivariate

distribution with finite fourth moments.

Furthermore, Schott (2005) proposed a simple statistic for testing the complete
independence of random variables in instances in which the variables have a
multivariate normal distribution. This statistic is designed for a sample correlation
matrix test in instances with a high number of data dimensions. To derive the
statistic, the sum of squared of sample correlation coefficient approach is employed.
This test was compared with LRT, and the simulation results of significance levels

showed that the Chi-square approximation is particularly poor if p =n. For fixed p

, the performance of the statistic improves as the sample size n increases, but the

rate of improvement decreases as p increases. Based on the power of the test, the

results showed that the power increases as the sample size n increases and increases

as p increases. Additionally, the result showed that the distribution was asymptotic

normal as number of variables and sample size tend to infinity.

In another study, Schott (2007a) suggested a simple statistic for testing the equality
of covariance matrices for several multivariate normal populations when the number
of dimensions is large relative to the sample size based on the Frobenius norm

approach. The result showed that, when the sample size was small, the empirical
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results of the test were not close to the nominal level. The values are lower than the

nominal level and they converged to the nominal level when the sample size and p

are increased.

After the development of theoretical, some applications began testing correlation
matrices. For example, Tang (1995) provided an extension of the theoretical for
Box’s M so it could be used for testing the correlation matrices directly, provided
that the data were standardized in the first stage. In doing so, this study investigated
the stability of correlation matrix of stock markets. The results showed that the
correlation structure is very stable even when the holding interval varied among 12
stock markets. Furthermore, the results showed that the correlation matrix of returns
was sensibly stable over time when short time periods are considered. While, the
variance-covariance structure of stock returns is less stable that was empirically
supported by the literature in this study by many researchers. When p is large the use

of this procedure is cumbersome.

In addition, Kaplanis (1988) investigated the stability of the correlation and
covariance matrices of monthly returns and compared the matrices estimated through
sub periods by using Jennrich’s statistic. The result discovered that the covariance

was less stable than the correlation matrix, which becomes stable over time.

In another study, Deblauwe and Le (2000) used Jennrich’s statistic based on a
pairwise test to investigate the stability of correlation matrices for market risk and
credit over different periods of time. The results showed that a pair-wise test for log
returns calculated on a monthly basis was more stable than log returns calculated on

18



a daily or weekly basis. Furthermore, the test pointed out that holding periods over
one month were more stable than 2 or 4 month holding periods. Additionally, the
researchers applied the Jennrich's statistic to determine stability of daily, weekly, and
monthly log returns for holdout periods ranging from 1-12 months. The use of the
Jennrich statistic confirmed the non-homogeneity of correlation matrices for all

holding periods and all data frequency.

Similarly, Chesnay and Jondeau (2001) used weekly stocks returns series for the
S&P, the DAX, and the FTSE over the period from 1988 to 1999 and found that
international correlations significantly increased during high turbulent periods.
Interestingly, Ragea (2003), who studied emerging markets in Europe (Czech
Republic, Hungary, Poland, Russia, and Turkey) and counterparts from established
markets in Europe and North America), found that the null hypothesis of constant

correlation could not be rejected.

In contrast, Annaert et al. (2003) studied the inter-temporal stability of correlation
and covariance matrices using the Jennrich statistic for small samples with normal
distributions. The result showed that, for small sample sizes, the test was not well
specified when the assumption of normality was relaxed. In other research, Annaert,
Claes, and De Ceuster (2006) studied the intertemporal stability of the covariance
and correlation matrices of credit spread changes on weekly data based on the EMU
Broad Market indices. The Jennrich statistic was used for the equality of correlation
matrices and Box M statistic was used for the equality of covariance matrices. A

bootstrap-based statistical inference provided evidence that correlations and
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covariances between various (investment grade) credit spread changes were unstable

over the 1998-2003 period.

Two years later, Djauhari and Herdiani (2008) reported that neither the instability
nor the stability of the correlation structure accounted for either the instability or
stability of the covariance structure. Therefore, the researchers used the multivariate
statistical process control (MSPC) approach to eliminate the obstacles that the
Jennrich statistic faces when p is large. This was implemented by using VV as a
multivariate dispersion measure to overcome the limitations. In this study, the
researchers used real data and compared the proposed method with Box’s M statistic
and Jennrich’s statistic. The results for Box’s M statistic and Jennrich’s statistic were
the same; however, the result given by the proposed multivariate statistical process
control approach using vector variance as multivariate dispersion measure was
different. The difference in the result was not surprising because the two statistics
and the proposed approach used different measures of multivariate dispersion. Based
on the simulation experiment, the result showed that, in general, vector variance
standardized variables (VVSV) were better than Jennrich’s statistic and more
sensitive to the shift of the correlation structure. Moreover, the notion of MSPC used
to monitor the stability of the correlation structure was equivalent to reduplicating

the tests of significance of the hypothesis.

In brief, the Jennrich statistic as shown in equation (1.4) contains the inversion of
pooled correlation matrix. In practice, however, it is not infrequent that the number

of variables p is large. Consequently, when p is large the computation of this
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statistic is uninteresting because the computational efficiency is very low and makes

the correlation matrix singular.

In the next section, some of the methods used to handle the drawback of n < p are

discussed.

2.4 Methods to Overcome the Drawback of n <p

When the number of variables is larger than the sample size the correlation matrix is
not of full of rank so the inverse of the matrix will not exist (Bai & Shi, 2011).
However, the data collected routinely in scientific investigations often have a high
number of dimensions. For example, these studies include web-search problems,
climate studies, gene expression arrays, risk management, and functional magnetic
resonance (Cai, Zhang, & Zhou, 2010). Regularization methods that were originally
developed for nonparametric estimation functions have been applied recently to
estimate large covariance matrices. However, these matrices will have many
elements of zero that are sparse. To overcome this problem, methods such as
banding, tapering, thresholding, and upper-off-diagonal elements can be applied to

estimate the covariance matrix.

2.4.1 Banding

Large covariance matrices are bound to have many elements with either zeros or
small entries, which denote as a sparse, estimating or regularization the small entries

by zeros appears like a natural thing to do. The banding of covariance matrix arises
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when the variables are ordered and serially dependent as in the data of climatology,

time series or spectroscopy (Choi, Lim, Roy, & Park, 2016).

Banding is a simple and systematic way for estimating a large covariance matrix
because for high dimension data the sample covariance matrix is singular
Pourahmadi (2013). Banding starts by estimating the covariance matrix by a
diagonal and then consecutively adds the other subdiagonals by estimating the first,
second,..., ¢thsubdiagonals, if warranted by the data or the application area. In
implementing the banding method, the main thing is how to choose the tuning or the
banding parameter /. Banding is a simple approach to obtain nonsingular estimator

and a well-conditioned estimator.

Let S Z(Su) a sample covariance matrix of size px pand any integer 7/, 0</<p,

its / banded version (Bickel & Levina, 2008b; Pourahmadi, 2013; Tulic, 2010)

which is defined by,

B,(S)=1s, (i - jf)< ] (2.3)

can serve as an estimator for 2. The estimate matrix ZA,@'p =B, (ﬁp) for some 2.

This regularization is perfect when the indices or the variables can be arranged so
that items of the covariance matrix are farther away from the main diagonal are

negligible

i-j|>(=0;=0 (2.4)
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19 29

!
defined by the moving average process Zwt’t_jgj ,where &; are i.i.d. with the mean
j=1

equal to 0 and finite inverse. The performance of the estimator depends on the
optimal choice of the banding parameter. The method usually used for the choice is a
cross validation method because banding an arbitrary covariance matrix does not

assure positive definiteness (Bickel & Levina, 2008b).

In cases in which asymptotic analysis for banded estimators /,n and p are large,

Pourahmadi (2013) suggested using the class of bandable covariance matrix

n(v,s)= {2 ecle): mJaXiZ{‘O'ij |;|i - j| > E}S Cf“} (2.5)

where g(g):{Zp:O<g£/1min(2p)£g’l} is the set of well-conditioned of

covariance matrix and C >0. The parameter v controls the average of decay of the
entries of the covariance matrix as one move away from the main diagonal. In
addition, the optimal rate of the convergence of estimating a covariance matrix from
this class depends critically on/. The /-banded is not necessarily positive definite.
The idea of banding and regularizing the lower triangular matrix of the Cholesky
decomposition of the inverse of covariance matrix has been studied by Wu and
Pourahmadi (2003). In the next section, tapering is introduced as another method of
regularization in estimation of the covariance matrices in instances of a high number
of dimensions. In some cases, tapering is beneficial in including the positive

definiteness.
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2.4.2 Tapering

Tapering has a long history and has been used in time series analysis. Recently, it
has been used to develop the performance of linear discriminant analysis (Bickel &
Levina, 2004; Da Rocha, 2008). When the researchers used the banding of the
covariance matrix the problem that is faced is the lack of assured positive
definiteness (Bickel & Levina, 2008b). Therefore, Furrer and Bengtsson (2007)

found that the positive definiteness can be protected by tapering the covariance

matrix. A tapered estimator of the covariance matrix to a tapering matrix W =w

replaces S by

Sw =S *W =s;w, (2.6)
where (*) is the Schur matrix multiplication. If W is a positive definite symmetric
matrix, then S, is ensured to be positive definite (Pourahmadi, 2013). The choice of

W a smoother positive definite tapering with off diagonals elements progressively
decaying to zero to ensure the positive definiteness (Pourahmadi, 2013; Xue & Zou,

2014). The tapering weights can be written as follows:

1 if fi-jj<¢,
W = Z-H, if ¢, <fi-j<¢
Ch @2.7)
0, otherwise,

where /is a tapering parameter with 7, =§. The tapering estimator for any even
integer / with 1</ <p, is defined in equation (2.4). The tapering estimator can be

24



written as a sum of several small block matrices along the diagonal (Cai & Zhou,
2012). Tapering is different from banding, and the difference is how it progressively
shrinks the off-diagonal entries on the band to zero (Chen, Wang, & McKeown,
2012). Originally, tapering was proposed by Cai et al. (2010). A simulation study
was conducted to compare the performance of banding and tapering estimator. The
simulation results showed that the tapering estimator is usually better than the
banding estimator and has a good numerical performance. However, the suggested
tapering estimator does not develop the bound under the Frobenius norm, so under

this norm, the banding estimator performs as well as tapering (Pourahmadi, 2013).

2.4.3 Thresholding

It is reasonable in instances of a high number of dimensions that many of the entries
of the covariance population matrix could be small, and thus the 2 could be sparse.
Therefore, the development of an estimator other than S that can deal with

additional information is needed.

Thresholding was developed in nonparametric function estimation. It has been used
for the estimation of the large covariance matrices (Karoui, 2008; Rothman, Levina,
& Zhu, 2009). As example, thresholding of the sample covariance matrix is used in
time series (Song, 2011). This estimator does not require the variables to be ordered
in sequence; therefore, the estimator is invariant to the permutation of the variables

(Pourahmadi, 2013). For the details, a thresholding operator 7, foran 1 >0 for the

sample covariance matrix is defined as follows:
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hZ(S):[sijl(sij)z/lJ (2.8)
thus thresholding S at A amounts are replaced by zeros in all elements with an
absolute value less than A. Thresholding under the permutation of the variables
labels maintains symmetry and is invariant. However, it does not necessarily
maintain positive definiteness. Moreover, it is simplistic as it carries no main
computational encumbrances compared to its competitors methods except for cross
validation for the tuning parameter, and hard thresholding tends to do worse than
more flexible estimators (Bickel & Levina, 2008a; Pourahmadi, 2013; Rothman et
al., 2009). In practice, the choice of a threshold parameter is an important step in
applying this procedure. Threshold selection is difficult to deal with analytically.
Bickel and Levina (2008a) used the Frobenius norm to partially analyze numerical
and theatrical performance. Thresholding has good properties in estimating large
sparse covariance matrix but it frequently has negative eigenvalues in real data

analysis (Xue, Ma, & Zou, 2012).

In addition, Bickel and Levina (2008b) suggested a regularization method by
thresholding to estimate large covariance matrices. However, the major advantage is
its simplicity, and hard thresholding carries no computational burdens, unlike several
methods for covariance regularization (Rothman et al., 2009). A possible
disadvantage is the loss of positive definiteness, but for appropriately sparse classes
of matrices the estimators are consistent as long as they preserve the positive definite

with the probability as it tends to one.
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2.4.4 Frobenius Norm of Upper-off-Diagonal Elements

The upper off-diagonal elements can help to overcome the problem of singularity
and reduce the computational complexity (Goetzmann et al., 2005). Goetzmann
derived the statistic on the basis of the Wald test. This test allows the relaxation of
restrictive assumptions on the correlation matrices. This test has advantages over the
covariance matrix. It can work directly with correlation matrices and easily
improved according to different hypotheses. Consequently, the upper-off-diagonal
elements was used by Sharif (2013) and Sharif and Djauhari (2014) to derive the
asymptotic distribution for testing several independent samples of correlation
matrices. The development of the T statistic is based on vec operator and
commutation matrix. This statistic shows that the singularity problem when high

dimension data is solved. However, computation is very challenging.

In reducing the computational complexity, Djauhari and Herdiani (2008)
implemented the VVV approach as a measure of dispersion in developing VVSV. This
measure is derived for testing the equality of several correlation matrices. Based on
the MSPC approach, it also can be used to monitor the stability of correlation

matrices using a control chart.

From the simulation results, it has been proven that the statistic can handle the
singularity problem in cases in which the number of variables is larger than the
sample size. The development of this statistic is also based on the commutation
matrix and vec operator. However, it is different from the T~ statistic in terms of the

correlation estimator.
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The singularity problem can be avoided by examining the algebraic approach. As
mentioned in Chapter One using the Frobenius norm of the upper-off-diagonal
elements approach to derive alternative statistical test is expected to produce a test

having better properties than the existing tests.

The following matrices show how to calculate Frobenius norm of the upper-off-

diagonal elements of R .

Let p =3, therefore, the correlation matrix of size 3x3as follows:

l r12 r13
R=[r, 1 1,
r-31 r23 l

The Frobenius norm of the upper-off-diagonal elements of R is

”Ru ”2 = r122 + rli, + r223-

The development of the new alternative statistic test is also based on the
commutation matrix and vec operator. Next, we illustrate the vec operator and the

commutation matrix.
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2.5 Vector operator

The technique of vector operator is very simple and it can be applied to a matrix for
any order. There are situations in which it is very useful to transform a matrix to a
vec one of such situation in statistics involves the study of the distribution of the
sample covariance matrix (Schott, 1997). It is usually more convenient
mathematically in distribution theory to express density functions and moments of
jointly distributed random variables in terms of the vector with these random
variables as its components (Schott, 2016). The vector operator alters a matrix into a
vector by adding the columns of the matrix one underneath the other. The vec is

defined for any matrix, not only for square matrix.

Let B be an p x p matrix and by, its j-th column, then Vec(B) is the px1 vector

Let further F be a matrix; then the Kronecker product B® F can be defined as
B®F =(b,F)
In certain case, the matrix algebra associated with the utilize of the vec operator and

Kronecker product can be facilitated over the use of commutation matrix (Schott,

2003). Next, we deliver the discussion on the commutation matrix.

2.6 Commutation matrix

The commutation matrix is used in multivariate statistical analysis. This matrix is

very useful when computing the moments of the multivariate normal and related
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distributions (Schott, 1997). Commutation matrix K is a square matrix containing

only zeros and ones. The main property of the commutation matrix is that it
transforms vec(R) into vec(R )t . The commutation matrix can be used for reversing

the order of a Kronecker product (Magnus & Neudecker, 1980). This property
indicates that there is important relationship with vec operator and Kronecker
product (Schott, 1997) . Also, this property is very useful in the calculation of matrix

derivatives.

Let G; be a matrix of px p that has its nonzero element, a one, in the (i,j)-th

position. Then the ppx pp commutation matrix, denoted by K __,as follows,

pp’

Kpp = ZZGH ®G;

i=1l j=1
where G; is a matrix of size (px p) having all elements are equal O except it is

(i, j)-th element equals 1.

Next, we illustrate how to obtain the commutation matrix K = forp =2, and in

Table 4.1, show the commutation matrix K,, for p=2,3 and 4.

Let p=2, the commutation matrix Kppzz

p
i=1

p
>'G,®G; of size
)

]
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Table 2.1

2, 3and 4

Commutation Matrix K , for the Case p

o O O

o 1 O O

o O «H O

- O O O

1 0 000 O0OO0O0TO
0 0010 0O0O0TO
0 000 OOT1O0O
01 00 0O0O0O0TP O
0 0001 0O0O0TO
0 000 OOOTZ11O0
0 01 0 00 O0OTPO
0O 0O OO O1O0O0O0
0 000 OOO0OO 01

1 000O0O0O0OOOOOOOOOO
0 0O00O10O0O0OO0OOOOOOOOTG O

0 000O0OO0OOO1O0O0O0OCOGOOOGO

0 0000O0OOOOOOO1TO0O0OT® O

01 000O0OO0OOOOOOOOOTGO
000001 0O0O0OO0OO0OOOOOTGO

0 000O0OOOOOI1O0O0OO0OOOTP

0 000O0OOOOOOOOOI11TO0O

001 00O0OO0OO0OOOOOOOOPGO
0 000O0O0O110O0OO0OO0OO0OOOOTGO

0 00O0O0OOOOOOI1O0O0OO0OO0OTP

0 000OO0OOOOOOOOOOTI1IO

0001 00O0OO0OO0OO0OO0OOOOOTGO
0 000O0OO0OO11O0O0OO0OO0OO0OOOOTG

0 000O0OOOOOOOI1IO0O0OO0OTGO

0 000O0OO0OOOOOOOOOOOQOTI1
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To simplify the mathematical derivation of the asymptotic distribution of the test the
vec operator and commutation matrix are used. Since the exact distribution is

impractical to use, an asymptotic distribution is our concern.

2.7 Power of statistical test

Power of statistical test is defined as 1- g, where £ is the Type Il error. The Type
Il error is the probability of failing to reject the null hypothesis. As power of
statistical test increase, the probability of a Type Il error decreases, and vice versa.
The minimum value of the power of statistical test is zero while the maximum value

is one.

The power of a test is useful in research design and interpretation. During the design
of research, the power test provides the ability to determine whether the study has a
sensible chance of obtaining statistically significant results (Cohen, 1977).
Therefore, it is important to consider the power of test when designing experiments,
and the power of a test contributes to a more efficient research design that results in
the saving of time, money and effort (Aktas, 2013; Baroudi & Orlikowski, 1989).
The power analysis in the research enables a highly reliable and valid study and
guarantees the validity and sensibility of the results in that research Sawyer (1982).
It is also used to assess to what degree the decisions obtained as a result of a
statistical test are reliable and valid in terms of probability values (Sullivan & Feinn,

2012).

It has been found the power of a test has not been accounted for by several

researchers, and accordingly, their results run a high risk of Type Il errors (Clark-
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Carter, 1997). Most research studying the power of tests deals with the computation
of the power statistics where normality assumptions are required use of the most
powerful test but this power may not be provided when assumptions have been
violated. In most parametric tools, the assumption of normality plays an important
role, and, when these approaches are used for non-normal data, results are unreliable

and inferences have low power (Gali, 2015).

A simulation study is a technique for conducting experiments on the computer that
involves random sampling from the probability of distributions. Gilbert and
Troitzsch (2005) stated that a simulation study can be used for getting a better
understanding of a phenomenon of interest and for the purposes of prediction. In
addition, they claimed that a simulation is worthy for social science as a tool for

formalizing theory.

First, this current study generated data from multivariate normal distribution (MVN)
to examine the performance of the three statistical tests. The data was generated as
follows:

MVN, (z,1,) (2.9)
where =0 is the mean vector and |, is the identity of the covariance matrix. A
simulation study is conducted for 10000 iterations to got best result Sharif, (2013)
from the standard multivariate normal distribution MVN (0,1,). To test the
hypothesis H,:42 =€ wversus H,:€2 =2 . Next paragraph, the power of

statistical test is discuss to compare the three statistical test.
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The power of a test was used to compare the three different statistical tests, and the
most powerful statistical test was defined as that which had the higher percentage of

rejecting the null hypotheses. Thus, the power of a test can be defined as the

probability of rejecting H, when it is false (Cohen, 1990) and quantifies the chance
that the H, will be rejected when it is actually false. Therefore, the power of a test

is the ability of a test to correctly reject H,. It is known as 1- 3, where g is the
Type 1l error that is defined as the probability of failing to reject the null hypothesis
H,when it is false. If the power of statistical test is low, then a good possibility

exists that the test will be indecisive (Syed-Yahaya, 2005).

In evaluating the performance of a test the power of that test must be large to ensure
that shifts in the process can be detected. The power of the test gives a signal for the
ability of the test to detect a shift in the correlation matrices. The closer the value of
the test to the 100% the better is the performance of that test. The sensitivity of the
test to the shifts in correlation structures increase as the power of the test increases.
This means that a powerful test will be very sensitive to a shift in correlation
structure. For example, if the power of the test reaches 100%, this would indicate
that the test detected all shifts. However, in general, the minimum accepted level for
the power of a test should be 0.8 or above to be considered suitable (McCrum-

Gardner, 2010; Murphy, Myors, & Wolach, 2014).

Therefore, to evaluate the performance of a specific test, data are generated from a

standard normal distribution with shifts in correlation matrix. A good statistic test
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should have strong power. As for the power of the test, the higher the percentage, the

better the statistical test.

In this current study, simulations were run by using MATLAB (2016a) for the

alternative statistic, the Jennrich's statistic and the T~ statistic to evaluate the power

of each test. The power of statistical test was calculated for the three statistical test.

In this study, critical value is determined by using simulation method. A total of
10000 statstical values is generated for that purpose (Sharif, 2013) and then all the
values is arranged in ascending order. Since, the hypothesis testing is implemented at
the 5% significance level, the value at 95% is considered as critical value. This

value is used to decide whether to reject or fail to reject the null hypothesis.

Therefore, the 9500th value (10000>< 95%) represents the simulated critical value.

The process is run repeatedly for all combinations of p and n.

In the next section, we discussed the T~ statistic which introduced by Sharif and

Djauhari (2014).

2.8 T~ Statistic
Testing the equality of a correlation structure has become a vital subject because the

Jennrich statistic can only solve a problem when p <n. Because of the Jennrich
statistic involving inversion of correlation matrix, this test cannot handle the case

when p > n. Sharif and Djauhari (2014) proposed the T’ statistic constructed based
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on upper-off-diagonal elements to overcome the difficulty of the existing statistical

test.

For testing the hypotheses H,: 2 =<2 forall i, versus H,:€2 = (2 for at least

one i, where j =1,2,... m the testis as follows:

where

T =n{/(Ry)-V(2 ) vV (Ry)-V ()} (2.10)

w =V, -V, -V, +V,

Vl

1. +K,, Je®0)

Vv, =(@®1, +1,002)K,,) (2®.0)

v, =%(Q®|p +1,002)K,,), (28 2)K,), (@1, +1,®0)

p._p
K,, = ZZG ® G is the commutation matrix of size (p*x p?)

]
i=l j=1

Gij is a matrix of size (pxp)where all elements equal 0 except if
(i, j)—tnh elements equals 1.

V (Ry) and V (£2,) are T xvec (R ) and T xvec (£2), are the upper-off-
diagonal for the matrix R and (2 respectively.

' =TyT!

V(RU):(rlz,rlg,r23,r14,r24,r34,...,rlp,rzp,rSp,...,qu,)t

Suchthat1<q< p—1.
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1 if l<i<

|o(|02—1)1j _ap +b

t2 =

0 otherwise

The transformation T is presented in matrix form as a block matrix

T= (T1|T1| ...‘Tp ) of size (k xp?) partitioned into p blocks where k = p(pT—l)

T :(t.a’.)each of size (kxp)where T, is zero matrix, where

Under the null hypothesis, Sharif shows that T"-2>%*> where v is the degree of

freedomyv = % p(p —1). Therefore, at level of significance « the statistic is rejected

if T >ij at the (1—05)th quantile of chi-square distribution with v degrees of

freedom.

Sharif (2013) found that the power of the T statistic for a small sample size and

when the number of variables was small p =3, 4 and 5 are excellent only for a
large shift of correlation matrices. On the other hand, the Jennrich statistic is
dominate over the T statistic for a small shift of correlation matrices. When the
sample size is large and p =3, the T~ statistic is better than the Jennrich statistic.
On the other hand for p =5, the Jennrich statistic is better than the T statistic for a
moderate shift. In cases in which p =10 and 12, the T  statistic dominates the
Jennrich statistic only for a large shift in correlation matrices. When the number of

variables is 15 and 20 the Jennrich statistic is dominate over the T statistic for
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small and moderate shifts. But, for a large shift in correlation matrices, the value of
the power of the T~ statistic is better than the Jennrich statistic. For a large number

of variables, the T statistic is better than the Jennrich statistic except for a
moderate shift. From the results of the simulation study, the conclusion can be

made that the sensitivity analysis is not consistent.

In what follows, the new altrnative statistical test Z~ is proposed based on linear
transformation. Using that linear transformation, the correlation matrix is changed
into a vector where its elements are the upper-off-diagonal of the correlation matrix.
This transformation can help to ensure the non-singularity of the matrix. The
alternative asymptotic distribution has been derived based on the commutation

matrix and notation of the vector operator.
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CHAPTER THREE
METHODOLOGY

3.1 Introduction

The purpose of this research is to derive the new alternative statistical test Z”, to be

used in testing correlation matrices. This test should be approparite for either when
the number of dimension are low or high, the new alternative statistical test is Z”

expacted to have better performance than the Jennrich statistic test and T~ statistic

test.

This chapter outlines the methodology to achieve the objective of the study. We
beginning this chapter, firstly, we discuss the method to propose new alternative
statistical test, which is constructed on vec operator, the commutation matrix and
Forbenius norm of upper-off-diagonal elements. In order to assess the performance
of the alternative statistical test, various conditions they are created by manipulating
the number of dimensions (p), the number of observations (n),and shift in
correlation matrix (p) and we illustrate the significance level. The performance of
the alternative statistical test is assessed based on the assumption that there is a
change (or shift) in elements of the correlation matrix. The performance evaluation is
measured by power of test which represents the probability of not committing a Type
Il error. The value of power should be large enough to ensure that the statistical test
can promptly detect and strongly sensitive to the change (or shift) in the correlation
matrix. The power of the test, means that the sensitivity is high and the probability
that it will reject a false null hypothesis is large.
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This chapter begins with discuss the mathematical derivation of asymptotic
distribution. In the next section, we introduce distribution of vec (R ). The variables

manipulated will be explained in section four. In section five we introduce the
significance level. In the next section, we introduce the performance evaluation of
the statistical test based on simulation study. In the last section we discuss the
validation of Tohoku earthquake on Asia Pacific currencies using the correlation

structure.

3.2 Mathematical Derivation of Asymptotic Distribution

As mentioned in previous chapters, the Jennrich statistical test is the most frequently
test used for testing the hypotheses of a correlation structure. It plays an important
role in testing the stability of correlation structures (Deblauwe & Le, 2000). Indeed,
this test has become a standard test in financial market analysis (Annaert et al., 2006;
Ragea, 2003). However, this test is not free from drawbacks. To overcome the

drawbacks researchers are focusing on improving this test.

The sample correlation is approximate by Wishart distribution (Kollo & Ruul, 2003).
Wishart distribution is impractical (Sheppard, 2008). Due this limit the

approximation of the distribution is needed.

In this study, new alternative statistical test is derived for testing the equality of
several correlation matrices by using the notion of vec operator and the commutation
matrix. To derive this test, first we have to derive the asymptotic distribution of
sample correlation matrix. Therefore, in what follows, we derive the asymptotic

distribution of sample correlation matrix. Then, based on that asymptotic distribution
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of sample correlation matrix we derive the asymptotic distribution of upper-off-
diagonal elements. Then, we derive the asymptotic distribution of Frobenius norm of
upper-off-diagonal elements. Based on that asymptotic distribution we derive the
asymptotic distribution of the proposed test. To investigate the asymptotic
distribution Frobenius norm of upper-off-diagonal elements we used Theorem 3.1

from Schott (2007b). To be formulated in next section, and the asymptotic
distribution of vec (R ) developed by Browne and Shapiro (1986), and Neudecker
and Wesselman (1990). This current study used Theorem 4.2.3 that is presented in
Anderson (2003, p. 132) for finding the asymptotic of v (RU) to be formulated in

next section.

3.3 Distribution of vec(R)

Let Z,,Z,,.., Z,be arandom sample of size n having covariance matrix, (2. The
covariance matrix 2 of Z is so called correlation matrix of X . If R is a sample
correlation matrix, then we call vec(R)as the representation of Rin vector form.
This vector is obtained from R by arranging columns, one on top of other. the
asymptotic distribution of the vec(R) is stated by Browne and Shapiro (1986),

Neudecker and Wesselman (1990), and Schott (2007b) as follows:

Theorem 3.1 (Schott, 2007b)
Let X,, X,, ..., X, be a random vector drawn from p-varite normal distribution of

size n then

M[vec(R)—vec (Q)]%N (0,1)
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where

I=2M M,
M, =%(Ip2 JrKpp)

p=1, -, 0, Qe . 4,0, 00)

p
Ko, =2 .G, ®G; is the commutation matrix of size (p?x p?)

p
ij ij
i=1 j=1

G, is a matrix of size (px p)having all elements are equal 0 except it is

ij

(i,j)-th element equals 1.

p
A, =Y hhi ®hhi where, h; is thei - th column of I .
i=1

In this current study, the asymptotic distribution of vec(R) will be examined from a

particular case that is p =2 to a general case where p >2. For that purpose, a

multivariate approach is used, and the basic tool utilized is the following Theorem
3.2 to identify the asymptotic distribution. Theorem 3.2 is presented in Anderson

(2003, p. 132).

Theorem 3.2 ( Anderson, 2003, p. 132)
Let {U (n )} be a sequence of p-component random vectors and b a fixed vector such

that Vn[U (n)-b]—=>N (0,7) as n—oo. Let f (u) be a vector valued

. ... of.
function of usuch that each component f, (u) satisfies % #0. If
u.

! u=b
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is the (i, j)th component of o. Then
Jn[f (U (n))-f (b)|—>N (0.0'y0).

Besides Theorem 3.1 and Theorem 3.2, another essential point is the integration
method, i.e., the upper-off-diagonal element (Schott, 1997; Sharif & Djauhari, 2014)
and the Frobenius norm (Djauhari & Herdiani, 2008). The Frobenius norm of upper-

off-diagonal element is implemented to derive the alternative statistical test.

The following section will discuss the variables manipulated, which are used to
calculate the power of test for the alternative statistic, the T*statistic, and the

Jennrich statistic.

3.4 Variables Manipulated

In this research, three variables are manipulated to investigate the strengths of the
statistical tests: (1) the variables are the number of variables (p), (2) sample size
(n), and (3) the shift in correlation matrix (p). The selection of variables was based
on previous research from Sharif, (2013), Djauhari and Herdiani (2008), Mason,
Chou, and Young (2009) and Alfaro and Ortega (2009) who utilized these variables

in their research.

3.4.1 Number of Variables (p) and Sample Size (n)

In multivariate problems, sample size determination has always been slightly

subjective and relies on the statistical instrument being used. Generally, when the
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sample size is large it is expected that it produce better estimation, the large sample

size a rise the accuracy of the estimators (Chou, Mason, & Young, 2001). This
current study considers different samples sizes including n, =3,5,10,20,30,50 and
100, the number variables p =3, 4, 5, 10, 15, 20and 30. The choice of the sample

size and the number of variables are listed in Table 3.1 below

Table 3.1

The values of pand n

Classification p n

Small no. of. variable 3 3, 5, 10, 20, 30, 50, 100
4 3, 5, 10, 20, 30, 50, 100
5 3, 5, 10, 20, 30, 50, 100

Medium no. of. variable 10 3, 5, 10, 20, 30, 50, 100
15 3,5, 10, 20, 30, 50, 100

Large no. of. variable 20 3,5, 10, 20, 30, 50, 100
30 3,5, 10, 20, 30, 50, 100

The sample size nand number of variables p, namely small no. of. variable
(p=3,4and 5), medium no. of. variable (p =10 and 15) and large no. of
variables (p =20and 30) in Table 3.1 are considered for calculating the power to

evaluate the performance of the three statistical tests. Jennrich’s statistic cannot be

perform when p >nbecause of singularity. So, that, in this study, the Jennrich

statistic is calculated when n > p.
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3.4.2 Shift in Correlation Matrices €2,

The power of test is used to assess the performance of the test. A simulation study

will be focus on H,:€ =€ versus H,: €0 =2 where @ =1 and Qis
asymmetric matrix of size (px p)with diagonal elements are 1’s and all off the

diagonal elements are from p=0,0.1,...,0.8 with increments of 0.1. Thus, the
values of the pare specified in the range of values from no correlation to high

correlation.

For example, for p=3 and p =0.1 the correlation matrix (2, as follows:

1 01 01
Q=01 1 01|
01 01 1

To obtain the best results, the study simulates 10000 datasets (Atiany & Sharif,
2016; Barnett & Onnela, 2016; Sharif, 2013) for different sample sizes n, and
number of variables p in Table 3.1 by using Matlab (2016a) to calculate the power

of the test.

3.5 Significance Level

In hypothesis testing, the significance level is also denoted as alpha «, is the
criterion used for rejecting the null hypothesis and is defined as the probability of
rejecting the null hypothesis when it is true. When the significance level 0.05 this
indicates a 5% risk of concluding that a difference happens when no actual
difference exists. To check the performance of the statistical tests, significance level

a =0.05 was used.
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To evaluating the performance of the proposed statistic test, the power of the test is
calculated by using a simulation study, and the statistical test with a higher value of
power is the better statistical test. Next, details of the performance evaluation are

discussed in the following section.

3.6 Performance Evaluation Based on Simulation Study

To analyze the performance of the alternative statistical test, a simulation study was
conducted. This study was designed to include two conditions: (1) to examine the
weaknesses and strengths of the statistical test and (2) to evaluate the performance of
the test. To illustrate the performance of the statistical test, a better understanding of
its distribution is required to achieve the appropriateness of the statistical test. Thus,
a simulation study was conducted to estimate the quantiles of the statistic. This

study, focuses on the values of the sample size, n, the number of variables, p and

correlation shift p.

Based on Theorem 3.1, an asymptotic distribution is implemented in derivation of
new statistic. It means that, when the sample size is large, the statistic is
asymptotically distributed to normal distribution. Therefore, CV=1.96 is used for
large sample size, and the simulated CV is used for small sample size. Next,
Algorithm 3.1 is presented to illustrate on how to determine the simulated critical
value (CV). The value is identified before performing Algorithm 3.2 which

identifying the power of test via simulation study (Sharif,; 2013; Haddad, 2013)
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Algorithm 3.1
To compute the CV:

Set a variable, count = 0.
Generate sample data related to condition to reflect the H (& = 0.05) .

Let the correlation shift p is equal zero, calculate the statistical test.

Iv. Repeat step i to iii 10000 times.
v.  Sort the 10000 values of statistical test.
vi. ldentify simulated CV based on 95%.
Algorithm 3.2
To compute a power of test :
i.  Generate sample data related to condition to reflect the H, (a =0.05).
ii.  Change the correlation shift p to 0.1, calculate the statistical test.
iii.  If the value of the statistic is larger than CV, then increase the count by
one (count = count+1).
iv.  Calculate the power of test by dividing the number of count with the
number of replications.
v.  Change the shift in correlation matrix p from 0.1 to 0.8 and repeat from

step (i) to step (iv).
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Based on Algorithm 3.2, all statistics; (1) the new alternative statistic, (2) the
Jennrich statistic, and (3) the T* statistic are computed. To illustrate the power of the

test computational process for all statistics, Figure 3.1 is presented as follows.
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Figure 3.1. The flowchart for power of test
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3.7 Validation of the Impact of Tohoku Earthquake on Asia Pacific Currencies
Using Correlation Structure

The validation of the method is essential to determine that the method is fit for the
proposed statistic and to ensure that the results are acceptable (Nickisch,
Nockemann, Tillack, Murphy, & Sturges, 1997). To validate the alternative
statistical test, the currencies from Asia Pacific countries were employed to analyze
the differences in correlation matrices between before and after Tohoku earthquake

incident.

The Tohoku earthquake ripped apart the seafloor on 11 March 2011, with a
magnitude of 9.0. The earthquake shocked the Pacific coast of the northeastern part
of Japan and included Miyagi, Fukushima, Ibaragi and Sanriku (Imamura & Anawat,
2011). It was very powerful and separated Japan by 8 feet from mainland Asia. The
earthquake had a severe impact on the people of Japan. The number of deaths
reached 15,883 and 2,671 were reported missing (Hood, Kamesaka, Nofsinger, &
Tamura, 2013). The main cause of death was a tsunami and 57% of the deaths
happened in Tohoku in Miyagi state, 33% in lwate state and 9% in Fukushima state
(Mori, Takahashi, Yasuda, & Yanagisawa, 2011). The early estimates of the insured
losses were around 25 billion US dollars, and the total estimated economic lost
exceeded 200 billion US dollars. The greatest damage was done to the three nuclear
reactors that had failed and exploded. The waves of the tsunami spread throughout
the Pacific and destroyed many port and harbor areas in Hawaii, Oregon and
California and buildings along the coasts of Guam and Chile. However, the greatest

devastation happened in Japan (Satake, 2013).
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With respect to the Japanese economy, the earthquake also affected the Tokyo
exchange, one of the biggest stock exchanges in the world. The everyday average
market is 20 billion dollars, and the stock market felt of the influence of the
earthquake and tsunami when trading opened (Hood et al., 2013). The earthquake
not only affected stocks, but also the Japanese Yen (JPY) that is the national
currency of Japan, which is the third largest economy in the world (Botman, de
Carvalho Filho, & Lam, 2013; Cooper, Donnelly, & Johnson, 2011). Overall, the
impact of the Tohoku earthquake reduced the value of JPY against the major
currencies of the world and produced changes in stock market (Atiany & Sharif,

2015; Cooper et al., 2011).

Generally, a currency is used for payments of transactions within a country, and the
exchange from one currency to another currency is needed for conducting business
abroad or engaging in financial transactions with residents and businesses in other
countries. So the exchange rates have direct impact on all markets because the price
of any asset is expressed in terms of a currency (Gorski, Drozdz, & Kwapien, 2008).
The foreign exchange rate is considered to be a measure of the economic balance of
a country and reflects the whole economic status of a country (Mizuno, Takayasu, &
Takayasu, 2006). Therefore, the currency exchange rate plays an important role in

economic growth.

This study focuses on the currencies of the Asia Pacific because they are nearest to
Japan and the impact of Tohoku earthquake was felt in all countries in this region. In
addition, the economy of each Asian country is considered to be part of the general

economy of Asia region (Nguyen, 2012).
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3.7.1 Data Preparation for the Case Study
Generally, financial data and currency exchange rate in particular is time series data
that is dependent and autocorrelated (Sewell, 2011). For that reason, the tests were
not performed on the original data but on the change of the data to logarithms of the
price of currency, j. Mantegna and Stanley (2000) calculated the variable of interest
as follows:

Y; =InP(t+1)-InP,(t),j=12,...p (3.2)
where

YJ- is the daily change of the of the price of currency j at time t.
P, (t) is the dialy closure price of currency j at time t.

p is the number of variables (currencies).

The change of data to the logarithm price of the currencies as in (3.2) makes that

data independent and stable (Fama, 1965).

In this example, the correlation matrices of exchange rate were analysed for 23 of the

Asia Pacific exchange currencies p =23;the data retrieved comprised daily data

from January 1,2010 to December 31, 2011. The data was downloaded from the
University of British Columbia, Sauder School of Business (2011) Pacific Exchange
Rate Service (http://fx.sauder.ubc.ca/data.html). Those currencies are listed in Table
3.2, and the study gathered two samples, one after and one before the Tohoku
earthquake in March 2011. For the base currency, precious metal such as gold, silver

and platinum can be used (Mizuno et al., 2006) because precious metals have been
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proven to offer a safe haven and are utilized to preserve fortunes and add safety to

otherwise uncertain financial futures.

Furthermore, Jang, Lee, and Chang (2011) suggested using the Special Drawing
Right (SDR) as a base, which is usable freely on the currencies of international

monetary system. Therefore, the SDR is used as a base in this research. In general,

the data for currency exchange rates around 5 trading days per week, the data is
monthly we have 24 samples. Equation 3.2 was used to change the data to the
logarithm of the price. Table 3.2 below illustrates the Asia Pacific currencies used in

validation the tests.
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Table 3.2

Asia Pacific Currencies

No. Currency
1 AUD Australia Dollar
2 CAD Canadian Dollar
3 CNY Chinese Yen
4 COP Colombian Peso
5 FJD Fijian Dollar
6 XPF French- Pacific Francs
7 GHS Ghanaian Cedis
8 HKD Hong Kong Dollars
9 INR Indian Rupiah
10 IDR Indonesian Rupiah
11 Y Japanese Yen
12 MYR Malaysian Ringgit
13 NZD New Zealand Dollar
14 PKR Pakistani Rupees
15 PEN Peruvian Sol
16 PHP Philippines Pesos
17 RUB Russian Rubles
18 SGD Singapore Dollars
19 LKR Sir Lank Rupees
20 KRW South Korean Won
21 THB Thai Baht
22 uUsD United States Dollar
23 VND Vietnamese Dong
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3.7.2 Testing the Currencies Correlation Matrices of Asia Pacific Currencies
This section presents two different approach validation of the new alternative

statistic Z~ and the T *statistic. This is as follows:

i Testing two independent samples of correlation matrices; comparing before
and after Tohoku earthquake. Specifically, February and April 2011 represent
the periods before and after the Tohoku earthquake, respectively; and

ii. Testing several independent samples of correlation matrices using a control

chart; comparing i-th sample and reference sample, i = 1, 2, ..., m.

The hypothesis statement of the first approach is,

Ho © 2 sore = arer VEI'SUS

efore after

H, Q... * 2

efore after '

The hypothesis statement of the second approach is,

H, 102 =€, versus

H, 10 =0,
The second approach is known as the MSPC approach. However, by using this
approach the stability is equivalent to testing the hypothesis of the similarity of the

two correlation (or covariance) matrices done repeatedly that the approach

correlation matrix is equal to a particular matrix of constants. Assume m independent

samples are available, each of size n,, n,, ..., n, drawn from a p -variate normal
distribution with positive definite covariance matrix. To test the hypothesis H,
versus H, (Montgomery, 2005) stated that testing the stability of approach

correlation structure, H,versus H, is equivalent is equivalent to a repeated the tests

56



of the hypothesis of correlation matrix is equal to a particular matrix of constants. In

this approach 2 is the i-th monthly sample of correlation of size pxp; from

January 2010 until December 2011. Meanwhile, €2, is the reference correlation

sample that refer to the pooled correlation sample.

However, before the hypothesis testing is performed , Q-Q plot is presented in order

to check the normality assumption of Z statistic. It is because Z  statistic is
developed on the basis of mutlivarite normal distribution. To confirm that, we test

the hypothesis that the data are normally distributed. Therefore, the hypothesis are
H, : The data follow normal distribution versus H,: The data do not follow normal

distribution. Anderson-Darling (A-D) test is implemented to achieve the target. The

test is used for checking the multivariate normality assumption (Rahman, Pearson, &

Heien, 2006) as required by Z " statistic.
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CHAPTER FOUR
RESULTS AND ANALYSIS

4.1 Introduction

This chapter presents the results of analysis on the new alternative statistical test
Z", which constructed based on vec operator, commutation matrix, and Forbenius

norm of upper-off-diagonal elements. The search for alternative statistical test is

justified by transforming the sample correlation matrix into vector of correlation

where its elements is the upper-off-diagonal elements only which is called v (R, ).

The upper-off-diagonal elements is used to ensure the non-singularity problem
Sharif, (2013) since the sample correlation matrix is a symmetric matrix and having
many redundant elements (Schott, 1997). Futhermore, the commutation matrix can

help to simplify the investigation of parameters (Djauhari & Herdiani, 2008).

To verify the claim, firstly, we derive the formulation of alternative statistical test
using a theorem and asymptotic distribution. Next, in order to achieve the objective,
the power of test is conducted for comparing three different statistics which are
alternative statistical test, Jennrich statistic, and T statistic. The real data on
financial study is used to validate the performance of the alternative statistic. Two
different conditions of samples which are two independent samples of correlation
matrices, and several independent samples of correlation matrices are presented at

the end of this chapter.
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4.2 Asymptotic Distribution of Correlation Matrix when p =2

Findings are elaborated based on the asymptotic distribution of R investigated from

particular case where p =2 to general case where p >2. To construct the new

alternative statistical test Z", the asymptotic distribution of the correlation matrix
developed by Browne and Shapiro (1986), and Neudecker and Wesselman (1990)

are used.

Let X,, X,, ..., X be a random sample drawn from p-variate normal distribution

N (y,Z) of size n with mean vector 4 and positive definite covariance matrix 2 .

The sample mean vector and covariance matrix are respectively as follows,

X =

S| e

Zn:Xi and s — 1 _[B] where B :Zn:(xi -X)(X, —X_)t.

[N i-1

In this section, the asymptotic distributions of correlation matrix is examined from

p=2.

Firstly, the investigation on the asymptotic distribution for the correlation matrix R

of size 2x2 is presented using a multivariate process approach and Theorem 3.2.

X, .o L
When p =2, we denote X, :( 'lJ for bivariate normal distribution, assume that

i2
E(X i;‘)<oo, =1 2,..,n, and j=12 Without loss of generality, assume that

E(X ij):0. Therefore, to derive the asymptotic distribution of the sample

. S . . . .
correlation r = —=2_ let consider the distribution of the next random vector,
S11522
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X,
NS4
M, EZ X,
M, Nz 4.1)
13 :
My |= _lezi
Mzz :T i:l
=3'x2
Mlz n; 2
S XX,
L
Then, s’ =M, -M,,s2 =M,,—M, and s, =M,, -M,M,
M, 0
M, 0
Since | M, |—%>| o, | according to central limit theorem,
I\/|22 0'22
My, O12
1 n
%Z Xli
N4
XX,
Nz
EZ X/ converges to multivariate normal distribution, thereafter
Nz
RS
Nz
1 n
_leixzi
N
M, N
M, 0
Jn|| My, |-| o, || convergesto N (0,2).
MZZ (o
My, O12) |
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Cov (X X ) Cov (X X ) Cov (X ,Xz) Cov (X ,Xz) Cov (X X X )
1 1 1 2 1 1 1 2 1 1 2
Cov (X ,X) Cov (X X ) Cov (X ,ij Cov (X ,Xz) Cov (X X X )
2 1 2 2 2 1 2 2 2 1 2
2 =| Cov (XZ,X) Cov (XZ,X ) Cov (XZ,XZ) Cov (XZ,XZ) Cov (XZ,X X )
1 1 1 2 1 1 1 2 1 1 2
Cov XZ,Xj Cov | X?,X ) Cov XZ,XZ) Cov Xz,Xz) Cov (XZ,X X )
2 1 2 2 2 1 2 2 2 2
cov (x X x ) cov(x x X | cov (x X ,xzj Cov (x X ,xz) cov (X X X x|
1 2 1 1 2 1 1 1 2 1 2 1 2

Moreover, since rdepends on M, M,,and M ,the we define function from

Mll
R® — Rapplied on (4.1) therefore, | M,, | and its distribution are investigated.
MlZ

According to Sharif (2013), by using the delta then,

M, Oy

Jn M,, [—| 02 _d’N(O’@)’
M, Oy

where

COV(XZ,XZJ Cov[xz,xz) Cov(XZ,X X j
1 1 1 2 1 1 2
y = Cov(xz,xzj COV(XZ,Xz) COV(XZ,X X j

2 1 2 2 2 1 2

Cov(x X ,Xz) Cov(x X ,XZ) Cov(x X X X )
1 2 1 1 2 2 1 2 1 2
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By using Theorem 3.2, the vector +/n[U(n)—b] has normal distribution with mean 0

(o2
11 11

M
and covariance matrix »,where U(n)=| M,, | and b=|o0, | the covariance
M

12 Oy

matrix is as follows,

20121 2,020-110-22 2+ O-1310-22
y=| 2p°0,,05 207, 2p\ 03,

24 0131022 2+ 0'110-232 (1 + p)allGZZ

To find the distribution of r, we define function f from R3to R, as follows,

where M;, =v;,M,, =v,,M,, =v,and the function f(012,011,022)= ©£. Then,
f(U(n))=rand f(b)= pand according to Theorem 3.2,

Jn(f(U(n))— f(b))=+/n(r — p)—2—>N(0,4) where A=o'yw with

o' = of of of . Then,
aVl aVZ aVS

or

3 1
—_— ——lv v, 2,2 N T 3 __P
ov E e 2 31 E VV V 20
' V1=b v;=b - 121 11
v2y?2
102
3 1
i —_1\/ V_ZV 2 :_L
ov 3V Vy 26
2lv,=b Vv,=b 22
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Thus w=| -

2 2 [ 3
207, 2p%0,0,  2pN0,0,

£ £ = J x| 2p*oy,0,, 207, 2p\o3,  |x

A=w'yo= [— -
20, 204, V0110 / /
nee 2p 0'1310'22 2p ‘7110232 (1 + p)0'110'22

0
20,
0

2o )
1

V01102
Y. 2011 ,0 2p20'110'22 2p\/0'110'22 2,0 01105, — 25 26222“'
22

2(711 20'22 3 [c)'llo'22

mzp\/qp;z - 2/7 2pN01103, = 2py03,05, + m 1"',0)0'110'22
’ -p° 0110 —(1+p2 )\/‘711‘722 )X

= (_ PO, = POy +2p0y  — P Oy = POy, +2p0y,

V011072
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1
:(_p3011+p0_11{_ij+(_p30_22+p022{_?'022j+(—2p2\/E‘F(l‘l'pZM)xm

=p'—p*+2p* +14p°
=p*-2p"+1

=1-2p" +p*
=0
Which implies that \/ﬁ(r - p)—> N(O,(l-pz)z). Next, we derive the asymptotic

distribution of correlation matrix when p > 2.

4.3 Asymptotic Distribution of Correlation Matrix When p > 2

We presented the methodology for p =2 in the previous section. The correlation

matrix when p =2 of size 2x 2, is as follows,

Rz(l nz}
r, 1

The matrix is transforms to r,which is the upper-off-diagonal element. The

generalization of this transformation matrix is a part of our contribution in this study.
To simplify the sample correlation matrix into vector correlation, the notion of vec
operator and commutation matrix are used. Following, we formulated the asymptotic

distribution of R based on Theorem 3.1.
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Theorem 3.1 (Schott, 2007b)

Let X,,X,,..., X, be a random vector drawn from p-varite normal distribution of

size nthen Vn—1[vec(R)-vec(€2)]——N ,(0,7), where 7~ =2M ,¢M .

However, before performing the derivation of new statistic, the proving of

covariance of vec( S) is shown in the next section

4.3.1 Covariance of vec(S)

The exact distribution of S under the normality is Wishart distribution. From

[

1
Anderson (2003) we can write S :—1—1 Z,Z{ where 2,,Z,,...2
n—1%

be an i.i.d.

n

n-1
random vector from N (0, 2. The probability density function of B = ZZiZit is

i=1

e
F(A)= FRNTCEY

1
22 g 4 |2|z"17i”1FB(n+1—i)}

When p =1, Wishart reduces to a central Chi-square distribution with (n-1) degrees

of freedom (Kollo & Von Rosen, 2006). Conversely, when number of variables is
larger than two, Wishart distribution is impractical (Sheppard, 2008). Due to this

limitation, the distribution of S will be approximated.

When n— oo the distribution of S is approximated by using multivariate central

limit theorem. The asymptotic distribution of S is given in Proposition 4.1.
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Proposition 4.1(Kollo & Von Rosen, 2006)

If n— o0, according to central limit theorem, the asymptotic distribution of S is
equal to  yn-lvec (S —E)%Np(o,var(s))where the covariance  of

vec(S)=(1 , +K,, [z ®2).

p2
Proof:

(i) Since S :nLlB and B =i(xi -X)(X, —X_)t,then B =i“XiXi‘—nX—X—t
- i=1

i=1

where

XX =7,z and X =L 7
i=1 i=1

n

1
Jn

thus, v/nX = Z, and J/nX' =2Z!.

B :Zn:xixi‘ —nX X' :Zn:zizi‘ —J/nX/nX! zzn:zizit ~2.7!
i=1

i=1 i=1

=22 42,2 +..+2,2 -2 7!
n-1

=2.2,Z,
i=1

n-1

1
Hence, S=——) 72.7'.
n—1Z s

i=1

66



(i) Now we prove E(S)= 2.

X, H
1 X, Hy
From Rencher (2003) supposethatsz—lB,and E(X))=| ."|=|"."|=x,and
n- : :
Xo)
Xi—t Xl_lu’lt
X, - X, -
ZZE[(X —,u)(X _ﬂ)t:|:E 2: Hy 2: H,
Xp_'up Xp_lup
(Xl_lul)z (Xl_:ul)(xz_ﬂZ) (Xl_lu’l)(xp_/up)
_E (Xl_ﬂl)(xz_ﬂz) (Xz_/vlz)2 (Xz_;uz)(xp_,up)
2
(Xp—,up)(Xl—,ul) (Xp_lup)(XZ_ﬂZ) (Xp_lup)
E(Xl_lul)z E(Xl_ﬂl)(xz_ﬂz) E(xl_/'lfl.)(xp_lup)
= E(Xy=m)X ;=) E(X, ) E(Xz_“z)(xp_”p) then
2
E(Xp—,up)(Xl—lul) E(Xp_‘up)(xz_ﬂZ) E(Xp_'up)
Oy O 0 Oy
L
Opr Opz " Opp

Cov()(_):%z,where 2=nE[(X_ —y)(X_—,U)t}

B =Zn:(xi -X )X, —X_)twe can write it as

i=1

n

(%, = X)X, = X) =X, =X, - =n(X - (X - o} and

i=1 i=1
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n n t

D (X = )X, =) =) (X, =X X = X) +n(X = X = )

i=1 i=1

£
|
x|
-
X
|
x|
~
M
="
X
|
><
N—
+
—~
x|
|
i~
—
—
_><
|
><
~
+
—~
x|
|
x_
—_

Since Z(Xi _)Z):Zn:xi —ii,i:%ixi and n%:ixi , then

i=1 i=1 i=1 i=1 i—1

i=1 i=1

(X, = X)X, = X) = (%, = )X, =} (X = X — a0

i=1 i=1
n

Therefore, E(B)= E(Z(Xi - p)X; —ﬂ)tJ— E(”(X—/JXX_/")I)

i=1

=n2—n%2=2(n -1), so the E(s)zilE(B)
n_

1lxzm_n=2.

(iii) According to Anderson (2003) from Theorem 3.4.4 the variance of S

var (S)=Cov (s ,5, ) =0y 0y +oy oy fori, jkand 1=1,2,..., p.

S, S
Now for p=2 let 2:(0“ 012} and S =( H 12}, where the

0-21 0-22 le s22
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vec(S)=(Sy S, S», Sp)and

SSu SiSa Sudp
Cov (vec (5 ))=| 20 = “uln
S SpSa S
Sp%u SuSu SxSn
2R = (Gll GlZJ ®(Gll GlzJ
Oy Oy O, Oy
011011 01101, 01501
_ 0,10, 01,0, 0,0,
0,011 0,0, 0,0
0710y 00, 0,0
1000 1
O] [l WO 0
Let, Keff = and | , =
(ns )] Wk 0
2 0 0 O
0110
thereforel , +K_ =
p =g 1 1 0
0 0 0 2
2 00O
(i ik, Jzox)=|2 + 10
2 — %
p pp 011 0
0 00 2
20,0, 20,,0,,

01109, T 0,073

0,10, +0,,0;

20,0,

01109, + 0,0y,

01105, + 05,04,

20,,0,,

1152

SyS2

S1252 then,

S35

01,01,
01207,
02201,
0220,

0 0O

1 00

010

0 01

01,071 01101,

011071 0110

0,101 0,10y,

071051 010y
20,0,

0120, T 0,07

01,05, +0,,0,

20,0
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01,011 01,09,
01,05, 01505
022011 02,01,
02,071 02,0,
20,01,

01,07, 10,01,

0120, 705,01,

20,0,




var (s;8;,) Cov (s,8,) Cov (s,S;,) Cov (S;S,,)

Cov (5,5,;) var(sySy,) Cov(s,s,) Cov(s,s,)

Cov (5,8;) Cov (s,5,) var(s,s,) Cov (
(5511) COV (S,5,) Cov(S,S,) var(s,sy

Now, for p =2, it is showed that var (S)=Cov (s; s, ) =0y 0y +0,0y . The
proving process for the case p >2, is similar. In the next example, we want to

illustrate how to calculate the covariance of vec(S)= (I , +K, [Z®).

Example 4.1

t

For p =2, let Ez(j g and Vec (S )=(Sy; S, Si, Sp)

SuSu SuSa SuSn SiS
S, S, S,,S S,
var (S ) —Cov (vec (S )) _| S Pada S 21°22

S12811 S12821 312312 S12522

S ZZSll S ZZS 21 S 22812 S 22S 22
Then,

20,0, 20,04, 20,04, 20,07,

01101 10011 01109 10,01, 01,0, 105,011 01,0, 10,0,
Cov (vec (S )) =

01011 70011 01109 10,101, 01,0, 10,011 05,01, +0,,0,

20,0, 20,,0,, 20,05 20,05,

2x2x2 2x2x4 2x4x2 2x4x4
~ (2x4)+(4x2) (2x3)+(4x4) (4x4)+(3x2) (4x3)+(3x4)

1 (4x2)+(4x2) (2x3)+(4x4) (4x4)+(3x2) (3x4)+(3x4)
2x4x4 2x4x3 2x3x4 2x3x3
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16 22 22 24
= ,and
16 22 22 24
32 24 24 18
2 000
0110
Il ,+K = . Therefore,
P 10110
0 00 2
2 00O 4 8 8 16
0110 8 6 16 12
(|2+K XZ®2)= X
P PP 0110 8 16 6 12
0 00 2) (16 12 12 9

16 22 22 24

8 16 16 32
16 22 22 24
32 24 24 18

Hence (I 2+Kpp](2®2)=Cov (vec(S)). From (i), (i) and (iii) since,
p

1 1 L
S= "~ B= n__1(2121t +2Z,2Z% +..+2Z,,Z} ) this implies
1 1
B-E(B))= B-(n-1)2)=+n-1S -2).
L_(8-£(@)= (8 -(1-92)= 15 -2)

The asymptotic distribution of S based on central limit theorem, is

Jn-1(s-x)—>N, (Ovar(S)). We proved that covariance  of
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vec (S):(I - +Kpp)(2®2),thus m(vec (S)-vec (2))%N . (0,var (s ))

where covariance of vec(S) = (I e TK pp)(2®2) .

Next, we illustrate how to find the two parameters mean and variance in the

distribution, based on the results of correlation matrix for R. To prove the covariance
R) i 2 M M . .
of vec( ) is equal to 1 ,#M  we use the following Proposition 4.2, from

Schott (1997, p. 362) and Herdiani (2008).

4.3.2 Covariance of vec (R )

In this section, we illustrate how to proof the covariance of vector of correlation

- g . ] Y
matrix vec(R) ~ n_—lM ,®M . By using the following Proposition 4.2.

Proposition 4.2
If A=S" - where S"a covariance matrix of Z,,Z,,....,Z,,, and suppose 2 is the

corresponding population covariance matrix, has each of diagonal elements equal 1.
£ is the population matrix. Then, Rit can be approximated by first order

approximation as the following values
1
R~Q+ A—E(_QDA +D, Q).

Where D, =diag(a,;,a,,,-..a,, )-
Proof:

By using Proposition 4.2, an approach is attained for vec(R) as follows,
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vec (R ) ~vec [Q+A —%(Q D + DA_Q)]
~vec (£2)+vec (A)—%vec (2D, +D,02)

~vec (£2)+vec (A)—%{vec (.Q D )+vec (DAQ)}

z\,ec(_Q)Jr\/ec(A)—%{vec(_QDAIp)+vec(DA_QI p)}

~vec (2)+vec (A)—%{vec (.Q DI p)+VeC(DAQ | p)}

zVec(_Q)Jrvec (A)—%{(l ; ®.Q)vec(DA)+(Q®Ip)vec(DA)}
|

~vec (£2)+vec(A)-=

1

| ®Q2|+({2&®I |vec(D
A1, ea)+(ae o)
Now vec (D, ). For D, Zhla,,h,‘wherehlsthel -th column of I.

(DA):Zp:hi (hiAhi )hit’ aii -3 hitAhi

i=1

= (o)

i=1

— > H,AH, where H; =hh!

i=1

Therefore, vec (D, ) = Zvec(H AH, )

i=1

p
=Y (H} ®H, Jvec(A),since Hy; is symmetric
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v 550 | |-vm| [ 700 )|
BB -
¢ (o003 joxts) e [0 004 o)
{0003 Je weioyest ] (oo |
(o307 e es(s e e )f D0
-[oii o0 e e ecto ) | 017 0027 - 57001
(s e et ) ) [0s700. |
-0 00, [ fec(5 e (5 - s ) s ) ]
o]
(oo et ))[D;mij.
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From above the covariance matrix  of vec(S) is equal to

var (vec (S )):ni_l(| LK )z ex).

1 1 1 1\!

var(vec(A)):il(Dzz®D22J((|p2+Kpp)(z ®2))[D22®D22J
1 R N 1Y
ZHL(D22®DEZJIPZ{DZZ@DEZJKWJ(Z ®2)(D22®D22J

1 1 1 1
Note (DZZ ® DZZJI 2= IP{DZ2 ® DZZJ and

E RN
[Dg ® D;JKPD = Kpp(DZZ ® D;]

Var(vec(A))=i(|pz+Kpp)[Df_;®D;;](2®Z)[D;®D;T

1 Dby O 1) 1 1
now[D;@D;J - (DZZJ ®(D22J =(D22®D22J

1 1 1 1
var fec (A)) - {1, +Kpp)[ogz ®D;2J(Z ®2){D;2 @D;zJ

From Schott (1997)

1 1 1 1
(D; ® D, 2 J(z ®2)[ D,2®D,?2

1 1o
var(vec(A)) = ni—l(l ot Kpp{DzzzDzz ] ®(D222D22
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var(vec(A)):i(l ot KprQG@Q)since M, :%(I .+ Kpp)

n-1 P

then 2M, =(1 . +K,,)

Based on commutation matrix as reported by Schott (1997, p. 403)

var(vec(A)) = ZnM_; (2®0).

According to Herdiani and Djauhari (2012) M j(2® Q)=M (2®2)M , then
2
var (vec(A))=——M (2®2)M

n-1 o p

By using the value approach for R from Proposition 4.2, to find the mean and

variance for vec (R ).

In next section, we used Proposition 4.2 to determine the mean of vec(R)

Proof:
1 . :
Suppose that R ~Q+A—§(QDA +DAQ) from proposition 4.2 then using the

procedures of vec, we set
vec (R ) =~vec (£2)+vec (A) —%(vec (2D, )-+vec (D, £2))

~Vec (£2)+vec (A)—%((I , ®_Q)+(I . ®_(2)vec (DA))

~vec (£2)+vec (A)—%((I p ®_Q)+(.Q®I p ))vec (o, )
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zvec(Q)+[l . _%(((u IR EEY p)jAp)vec (A)]
~vec (Q)+[I ; —%(((I , ®2)+(2®1,))4, Jec (A)j

Now

E (vec(R)) ~E [vec(g){l . —%(((I : ®.Q)+(.Q®I p)j/lpjvec (A)]]

~E (vec(2))+E [I . —%(((I . ®Q)+(.Q®Ip))/1p)vec (A)]

Since £ is constant E (veC(Q)):vec (©2).

1

E (vec (R )) ~vec (.Q)+(I - —5(((| ,00)+(2el p))Ap)jE (vec (A))

oo (@) +[1,-3 (1, ©2) (@81, ), J
E (vee(s7 - 2)
sveo(@)+(1,,-3(((1, 22)+(221,))4,) |
(E (vee(s7))-E (vec ()

zvec(_Q)+(I pz —%((I ) ®Q)+(Q®IP))Apjx

(E (vec (D Z_%SD ;;D —vec (Q)J

zvec(.Q)Jr(l pz —%((I . ®Q)+(Q®|P))Apjx

{E [vec [D Z_%SD ;D —vec (.Q)]
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zvec(g){. {1, 89)+(2e) p))Apjx
oo
svec()+1,, - 5(1, @) s (@01,))4,
(o202 efects)-vet)
svec()+1,, - 5{1, @) s(@01,))1,
Ers—
zvec(g)+(| P (Y LY p))Apr
i
i
(vec[o*zo J J

~vec(2 ( (( Q)+(2el, )) j(vec ~vec(2))

NH—‘

+.Q®I j

Therefore, (vec (£2)-vec (_Q)) =0.

Thus we obtain E (vec (R )) =vec ().

By using the value of R, the variance of vec (R) IS obtained.
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vec(R) zvec(Q)+(l pz —%((I , ®0)+(2®] p))Ap}/ec(A)

1

var (vec (R )) ~var (vec(_Q)+(l L0, 00)+ (00 p))Apjvec (4 )J
wer ([l 31,8 )(281,))4, ec (4 )j
(1,301, @) +(@01,)4, par e (4))

1, -3, 00)+ (s p))Apjt

1 2
z[lpz —E(lp ®Q+(Q®Ip))Apijp(Q®[2)Mp x

[. 10,00 (@) p))Apjt
Since (Ipz —%((lp ®Q)+(Q®|p))/1pj|\/|p =M, (0, -0, ®2),) and m, is

symmetric matrix (Schott, 1997) then,

zni—l((l - —%((Ip ®0)+(@ol p))/lp]M p](_Q@Q)x

[Mp(lpz —%((Ip ®Q)+(Q®lp))/1pjtJ
zL(MpQ R @Q)AP)XQCMJ)X

n-1

((|p2 _%((lp ®0)+(Qo p)Mp]M p]t
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zﬁ(Mp(l a0, ® ), )2 2)x

(Mp[uz —%((lp ®Q)+(Q®|p))/1pj]t

M, -1, @2, Jee ol -(,®), v,
Note, (M, (1. —(1, @)1, )f =(1 . 4,01, ®2)m, )

zni_llvlp(lp ~-(1®2)1 XQ@Q)O I®.Q))M

However, based on Theorem 3.1, ¢ = (| 2 ~(1, @021, e ) 24, (1, ®0)
then,

var(vec(R))an_lM M |

Thus, we prove the covariance matrix of vector of correlation matrix R is

The next example to illustrate how to calculate /~=2M g™ , for p =2, 3.

Example 4.2

1 04
(1) Let 2= (0-4 ! j

To calculate 7~ we want to calculate M | and ¢
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1 000
1 0010 L _
[ M, = —(I b T Kpp) from Table 4.1,K , = . The identity matrix
0100
0 001
1 00O 1 0 0O
. 0100 0O 00O
of size (p*xp®), 1, = and 4 =
(p p) P 0 010 10 0 0 O
0 0 01 0 0 01
1 000)(1 000 1 0 0 0
M10100 0010 0 050 050 0
= — + —
Therefore, ®» =510 0 1 0| |o 1 0 0|| |0 050 050 0
0001 {0001 0 0 0 1
i g={.-(,00l,(ee) . -4,0, Q)
We start calculate ¢ by calculating the kronecker product for 2
1 040 0.40 0.16
1 04 1 04 040 1 0.16 040
a (P®0)= ® =
04 1 04 1 040 0.16 1 040
0.16 040 040 1
1 040 O 0
10 1 04
and thus (1, ® 2)= ® (040 100
01 04 1 0 0 1 040
0 0 040 1
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1000 1 040 O
010 0||040 1 0
b 1,-(l QM = -

) pZ(" )"0010 0 0 1
000 1 0 0 040

0 00 O

|-040 1 0 ©

B 0 1 -040/

00 O

1000 (100

9 I_A(I®Q)_0100_000

p2 T PAP “loo10l(000

0001 000

0 -040 0 O

|0 1 0

10 0 0

0 0 -040 0

Therefore, from a, b and c we calculate ¢

0 00 0)(1 040 040 016
040 10 0 ||040 1 016 040
7= 0 01 -040"040 026 1 0do|
0 00 0 )l016 040 040 1

1 0 040 O
0 0840 -0.134 O
0 -0.134 0840 O
0 0.40 040 O

Consequently,
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1 0 0 o0)(O0
0 050 050 0| |0
T'=2M ¢M =2x x
0" b 0 050 050 0] |g
0 0 0 0)l|g
1 0 0 0
0 050 050 O
0 050 050 0
0 0 0 0
0 0 0 0
0 0706 0.706 0
“l0 0706 0.706 0
0 0 0 0
1 03 03
2) Suppose 2=103 1 03] then (2®) is equal

03 03 1

1 030 030 0.30 0.09 0.09
030 1 030 0.09 0.30 0.09
030 030 1 009 0.09 0.30
030 009 009 1 030 0.30
(2®2)=]009 030 009 030 1 030
0.09 009 030 030 030 1
0.30 0.09 0.09 0.0 0.09 0.09
0.09 0.0 0.09 0.09 0.30 0.09
0.09 0.09 030 009 0.09 0.30

0

0.840 -
—-0.134

0

0.30
0.09
0.09
0.30
0.09
0.09
1
0.30
0.30

0.09
0.30
0.09
0.09
0.30
0.09
0.30
1
0.30

0
0.134
0.840

0

0.09
0.09
0.30
0.09
0.09
0.30
0.30
0.30
1

On the other hand, the commutation matrix for p =3 from Table 2.1, K |
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1 00000O0OO0O
000100O0O0TO
000O0O0OO0OT1IO0TGO
01 0000O0O0TO
0000100 0 Ofandthus M, is
000O0O0O0OOT11O
0010O0O0O0OO0TO
000O0O01O0O0TO
0 00O0OOOT 0?1
10 0 0 0O O O 0 O
005 0 050 0 0 0 O
0 0 05 0 0 0 05 0 O
005 0 050 0 0 0 O
M =0 0 0 01 0 0 0 O
p 0 0 0 0 005 0 050
0O 0 05 0 0 0 05 0 O
0 0 0 0 005 0 050
0O 0 0 0 00 0 0O
In addition, ¢ is equal to
0 0 0 0 0 0 0

0.910 0.210 -0.082
0.210 1910 -0.019
-0.082 -0.019 0.910

0

0 -0.019 -0.019 -0.254 -0.630
0

0

=0 0 0 0

0

0

0

0

0.554 -0.172 -0.109 -0.573
0.210 0.254 -0.019 -0.063
0 0 0
1910 -0.019 -0.172 -0.573
-0.109 2 0.600 0.600
-0.172  0.600 2 0.600
-0.573 0.600 0.600 4

-0.019 0.554 0.210
-0.019 -0.172 0.254

0.254 -0.109 -0.019
-0.063 -0.573 0.063

O O O O O o o o o
o

Consequently, I"=2M ¢M
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1 0 0 00O O 0 O

005 0 050 0 0 0 O

0 0 05 0 0 0 05 0 O

005 0 050 0 0 0 O
r=2x/0 0 0 0 1 0 0 0 O0fx

0 0 0 0 005 0 050

0 0 06 0 0 0 05 0 0

0 0 0 0 005 0 050

00 0 00O O 0 O
0 0 0 0 0 0 0
0 0910 0210 -0.082 0 -0.019 -0.019
0 0210 1910 -0.019 0 0554 -0.172
0 -0082 —0019 0910 0 0210 0.254
0 0 0 0O 0 0 0
0 -0019 0554 0210 0 1910 —0.109
0 -0019 -0172 0254 0 -0109 2
0 0254 -0109 -0019 0 -0172 0.600
0 -0063 -0573 0063 0 -0573 0.600

1 0 0 00 0 0 0 O

005 0 050 0 0 0 O

0 0 05 00 0 05 0 O

005 0 050 0 0 0 O

00 0 01 0 0 0 O

00 0 0 005 0 050

0 0 05 00 0 05 0 0

00 0 0 005 0 050

00 0 0O0O0 0 00

85

0
—-0.254
—-0.109
—-0.019

0
-0.172

0.600

2

0.600

0
—-0.63
—-0.573
—-0.063
0
-0.573
0.600
0.600
4




0 0 0
0.828 0.213 0.828
0.214 1.783 0.213
0.828 0.213 0.828

0 0 0 0
0.213 0.213 0.213 -0.126
0.468 1.783 0.468  0.027
0.213 0.213 0.213 -0.126

0.213 0.468 0.213
0.213 1.783 0.213
0.213 0.468 0.213
0.126 0.027 -0.126

1.783 0.468 1.783 0.027
0.468 1.783 0.468 0.027
1.783 0.468 1.783 0.027
0.027 0.027 0.027 8

In this section, we proved two mathematical formulation which are the covariance of

vec(S) = (I + Kpr2®2), and the asymptotic distribution of correlation matrix is

p2

LYY : 1 2
normally distributed with variance n——l M, oM .

4.4 Asymptotic Distribution of v(R,)

The correlation matrix is a symmetric and having some redundant elements. To

eliminate those elements, we consider only the upper-off-diagonal elements in the

correlation matrix, which is denoted v (R, ).

For that purpose, we generalized the linear transformation matrix, which is denote by
T in this study in order to remove the non-random elements in the correlation matrix

R, by consider p=2,3 and 4.

i. Let p=2,and R:(rll rlzj.

I‘2 1 r2 2
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1

Therefore, thevec (R ) = 1 ,WhereTz(O O| 1 0).

12

1

1

Sothatv (R, )=T xvec(R)=(0 0] 1 0)x f2: =r,.
12

1

1 r‘12 r13
ii. Letp=3,and R=|r, 1 ry,].
r31 r32 1

Therefore, vec (R)=(1 1, f, F, 1 1, hy Ty 1) sothat

0 0 0[1 0 0[0 0O
V(Ry)=T xvec(R),whereT ={0 0 0{0 0 0[1 0 O
00 0/0 00010

SothatV (Ry)=(r, s "23)t -

jii. Let p=4,and R=|

87



Therefore,

Vec (R):(l My Iy Ty Iy 1 I, Ty Ny I 1 My Ny Ty T

0 00O0(1 0O0O0O00OOTGO0OO0OGO0ODQO0

0 00O0(O0OO0OOO1O0O0OTO00O0OGO0ODQO

Consequently, T = 0 00O0(0OO0OOOO1IO0TGO00O0OO0OQO
’ 0 00O0(O0OO0OOOOOTG O1O0O00QO0

0 00O0O|O0OO0OOOOOOTUO0OO0T1IO00

0 00O0OO0OO0OOOOOOTGO0OO0OT1I0O0

—

Sothatv(R,)=T xvec(R)=(r, Fy Iy Fy Iy Iy).

Therefore, the transformation matrix T can be presented in the matrix form as a

block matrix T = (T,|T,| ..|T, ), of size (k x p?) partitioned into p blocks where

k= p(p—l).Ta:(tﬁj)’ each of size (kxp), Tyis zero matrix, where

1; (i,j):(c; —a+b +1,b) forb =12, .. a1l

0; otherwise

Where Cza is the number of combinations of 2 out of C objects. This transformation

matrix is done by modification of transformation that has been used by (Sharif, Ismail,

Omar, & Theng, 2016). Subsequently, we illustrate on how to generalize the

transformation matrix T.

Let p=2,
T partitioned into 2 blocks T =(T1|T2), where T, =(0 0) is zero matrix, the

size kxpzp(pT_l)xpzz(zT_l)x2zlx2,andT2=(l 0).
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The entrance of matrix T,, a=2,and b=1

[@j— 2+1+1;LJ =(1,1), then T, =(1 0).

Let p=3sothat a=2,3 and b=1,2

2

a=2,b=1then A —2+1+1=1,1J=(1,1)
3

a=23,b=1then ) —3+1+1=2,1J=(2,1)
3

a=23,b=2 then ) —3+2+1:3,2J:(3,2)

0 001 0 00 0 O
T=/0 0 00 0 01 0 0},
0 00 0 00 1 O

QS -
()

Let p=4,sothat a=2,3 and 4, b=1,2 and 3

a=2,b=1then ( 2+1+1,1J=(1,1)
3

a=3,b=1 then &2 —3+1+1=2,1J:(2,1)
3

a=3,b=2 then [[2 —3+2+1=3,2J=(3,2)
4

a=4,b=1 then ((2 —4+1+1=4,1|=(4,2)
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(5.2)

]—4+2+1:52]:

4
2

oo
o

4,b =

a=

(6.3)

o)

J—4+3+1

4
2

a=4,b

o O O O o o
o O O O O «
o O O O «+ O
o O O +H O O
o O O O © o

o O O O o o

o O «1 O O O

O 1 O O O O

o O O o o o

o O O o o o

- O O O O O

o O O O o o

o O O O o o

o O O O O o

0 00O
0 00O
0 00O
0 0 0O
0 00O
070 §0,/~0

,and

1 000
0 00O
0 00O

000Of
0000
0000

0 00O
1 000
0100

0 00O
0 00O
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o O B, O O O
o B O O O O
, O O O O O

O O O O O o

The summary of linear transformation matrix T, for p =2, 3, 4and 5 is summarized

in Table 4.1.
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Table 4.1

Linear Transformation T for p=2, 3, 4 and 5

/] T
2 0o o 1 0
3 000100O0O0CO0
0000O0O0C11CO00O0
0000O0O0OO0OTTO
4 0001000 000O0O0TO
00000O0TO 00000O00O
0000O0OOCO 000O0O0TO
00000O0TO 001000
0000O0O0CO 000100
0000O0O0C0O 000010
5 000001000000000000000000°0
00000000001 00000000O0O0O00O0CO0°O
000000000001 0000000O0O0CO0O0CO0TO
000000O0COOO0D0DO0O0O0O01O000O0O0COO0O0O
0coo0o0o0000O00000O0O0O0O0LIO0O0OOCOOOD0O
0o0o0000O0O0CO0O0O000O0O0O0O0O1IO0O0O0COOO0TO
0o000000O0CO0O000000O0O0O0O0OOLO0O0O0D
0000000OO0O0O0000000O0O0O0OOOZLO000D
0000000O0CO0O0000000O0O0O0OOODOZ100
0000000O000000000O0O0O0OOO0OO0T1O
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The following proposition is derived by Herdiani and Djauhari (2012)

Proposition 4.3

Let X;,X,,..., X, is a random sample of size n from Np(,u,az). If 2 is correlation

n

matrix then, Vn —1[v (R, )-v (£2,)|—>N (1.0%).

“8()f TM, oM, V()
Where v (£2, ) =T xvec (£2) and v (R, )=T xvec (R).

Based on Theorem 3.2 we have the following corollary 4.1. The proof on how to

find the variance of v (R, ) is delivered.

Corollary 4.1

Let U (VeC(R)) a real value function of vec (R )and u’exists and u" (vec (R))=0
for all R in the neighborhood of 0. Therefore,
m[u (vec (R)-vec (Q))]—"—)N (0, 02)

where,

o7 (a(ve(:(ﬂ))}t F(a(vec(ﬂ))J

ovec(R) ovec(R)
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Based on corollary 4.1, define that u(vec(R)):U\/ec(R)Hz, then the following

proposition is produced.

Proposition 4.4

Let X,,X,,...,X, is arandom sample of size n from N(,u,az). If 2 is population

correlation matrix then, ”\/ec(R)HZL)N (,up i 0"; ] zj.
ec ec

. 8 t
With ﬂHvec(ij —>H/ec( 1‘ and J\pec(R)H _1(vec (_(2)) M, ¢ M vec ().

Proof:

Note that u(vec(R))z}&ec(R)Hzand u'exist u'(R")=0 for all R in the

environment 2. For r;, —— p; , forall i, j=1,2,..., pand
vec (R)—>N (vec(g),ni_lm M DJ, then
2
u(veo (R) = e (R) N (1, o)

where

Hiveo(r)] = E(u(vec(R))) — E(u(vec(£2))) = ||vec(.(2)1|2

o2 2 KGU(VGC(Q))T M, gM p(ﬁlJ(VeC(Q)))'

hee®I* " n—1{ ovec(R)



Then,

) [au fec <a>)}t wn [M] — 8fvec (€2))' M ,gM yec (2).

n-1| ovec(R) ovec(R)

Therefore,

2 t
O )’ — 8(vec(£2)) M ,oM vec(£2)
The two parameters mean and variance in the above proposition derived directly

based on description of Taylor real valued vector function as set out in Herdiani

(2008). Taylor description u(vec(R))= |vec(R)|’.

ou (vec (R ))
ovec(R)

u(vec(R))=u (vec(.Q))Jr[ ] (vec (R)-vec (£2))

R=02

Therefore,

a)  Meanof u(vec(R)) is

E (u (vec (R ))) ~E [”\/ec (.Q)”2 +[%C((RR)))‘ J (vec (R)-vec (Q))J

R=02

95



zE(wec<a>2)+EHm

R=02

] (vec(R )A/EC(Q))}

So, E Ha‘g\f:c(; 3‘ J (vec(R )A/GC(.Q))} =0

R=0

Then, u(vec(R))—— E(“veC(R]|2 )= ||Vec(-Q]|2

b)  Variance u (vec(R))

var(u (veC(R))) zVar(}\/ec ” [a(!t:z: )”

} (vec (R )—vec (Q))J

R=0

”vec (.(2)”2 is constant

t

~E % | J(VGC(R)VEC(Q)) %J (VeC(R)—vec(Q)) _

(vec (R )-vec (.Q))t
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The second term in the right side is equal O because

E (u (vec (R ))) =|vec (.(2)”2 .

Therefore,

var (u (vec (R)))—2= >[a”"ec (R)I

ovec (R)

J E (vec (R)-vec (£2))x

»

 [apee®)f| ) t
var (u (vec (R))) ,[ ovec (R) } } E (vec(R )vec(£2))(vec(R )vec(£2)) x

]t r [au\/ec(R)Hz ]
B n-11 ovec (R) .

[opecR)f| | - olec (R
_[OVT(R) n—_lMp¢Mp 8VT(R) , from Theorem 3.1

} M g M p{.‘aWeC(R)HZ

ovec(R)

R=0

(vec (R)-vec (£2)) @Tf&))”

R=0

ovec (R)

[awm)nz

_{a”\/ec(R)Hz

ovec(R)

o|vec (R )Hz

avec(R)
R=0Q

2
'=2M p¢ M o therefore, n_l{
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_ ) . 2 - .
But avec(R) is vector dimensionless p“ where it is element is
azplzplﬁf
i1 il foreachi,j=1,2,.., p.
or;
Tij =P
W
i
== — a(ri2) = ana(nj) =205 -
or; on | or; “
lij =pijj ij =Pij
Tij =Pij
pl,l
pl,2
pi“’
0 0Q :
@) (o)
ov (R ) :
P
P
o
So,

2[%@%@WTMMM{@35E@]

n-1( ovec(R) ovec (R)

-2 (vec (€2)) MM , (2vec (2))
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. 2 8 t
Variance H/ec(R X‘ —>n—_1(vec(_Q)) M ¢M vec(€2).

In this study, the upper-of-diagonal elements is used since the matrix is symmetric
and have redundant elements. In the next proposition, by using corollary 4.1 and

Proposition 4.4 we have the following proposition.

Proposition 4.5

Let X, X,, ..., X, is arandom sample of size n from N (x, X). If 2 is correlation

matrix then, «/ﬂ(”\/ (Ry )HZ—”\/ (2, )HZ)L)N (1. 0%).

o2 =4(v(Q))T I'T" v(2,)=8(v(2))T M, ¢ M,T" v(£2,)

Where v (2, ) =T xvec (£2) andv (R, )=T xvec(R).

In the next section, the proof on how to find the variance of v (RU ) is derived.

4.4.1 Mean and Variance of v (R, )

We used Proposition 4.2 to found the meanv (R, )

R zQ+A—%(.QDA +D,02)
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vec (R ) ~vec (.Q+A L(ap, + DA_Q)j
Ve (42) +vec (A) ~ ~vec (2D, +D,2)
<vec (42) +vec (A) - (vec (2D, ) +vec (D, 2))
<vec (42) +vec (A) - (vec (2D, 1, ) +vec (D, 21, )
~vec (£2) +vec (A)—%((I ,®2)vec (D, )+(2®1, )vec(D,))

~vec (£2)+vec (A)—%((I , ®Q)+(2®1,))vec(D,)

Now,

E (T xvec(R))~E (T xvec(_Q))Jr{l . —%((I ©0Q) +(Q®|))/1p}(T xvec (4))

~E (T xvec (22))+E ({I . —%((I , ®02)+(2o] ))Ap}T xvec(A)j

~v (2, )+{| - —%((I ,®0)+(20 ))Ap}E(T xvec(4)),4=8"-Q

1

~v (22, )+(| ; —E((I , ©02)+(2] ))Apj(E (7 xvec(s™))

—E (T xvec (.Q)))

1

w (4, )+{| . _%((I , ®0)+(2oI ))Ap}E [T xvec [D;SDEZD

~E((@))
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-1 -1

E|T x DE@DE (vec(S) -V (.Q ))

ORI (RE M

~v(2 )+{|p2 —%((lp ®.Q)+(.Q®Ip)j/1p}

2 n2 |
T xvec|D 2 D 2 v(.Q)

Noted that

v (£2,)-v (£2,)=0 then, (lpz —%((Ip®_(2)+(.(2®l))/1p)x0=0
We prove mean of v (R, )=V (£2, ).

By using the corollary 4.1and the Proposition 4.5 arrive to the following Proposition

about the asymptotic distribution of v (R, ).
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Proposition 4.6
Let X,, X,, .., X is a random sample of size n from N (,u, 02). If Qis

correlation matrix then, ”\/ (Ry )H2 — N ('“R P ’U\;(R )2)

with 'U\P(Ru )HZ —)”\/ ('(-)U )Hz and

2

8
Ty > g V20 TM M Tiv(e2,)

Proof:

Note that u (v (Ry ))=|V (R, )||2 and u'exist U (R*);tOfor all R"in the environment

Q.

For 1y —"—py, forall i, j=12,.., pand v(R,)——>N{\(e2,).c2, . ) then

u (V (RU )) - ”V (RU )HZ %N (IUMRU )HZ ,O-‘;(Ru )Hz ) ) where

ey =E( 0 (R EQE (@) =b (@)

o, 2 {aU(V(QJ))jtTMp¢Mth{GU(V(QJ))J'Then'

MR "1l By (Ru ) ov (RU )
n21[au65v((£))))J TM M T [ (V((Fjj))))} =8(v (42,)) T™ oM T v (22,)
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Therefore, o°

v 28V (2)) TM M T ().

The two parameters mean and variance in the proposition 4.6 derived directly based

on description of Taylor real valued vector function as set out in Herdiani (2008).

Taylor description u (v (R, ))=|v (Ry )Hz

ou(v(,))
u(v(Ry))=u(v (£ ))+[ N R, )

)

R=

Therefore,

a) Mean of u(v (R, )) is

2

e >||:[_@\N<Ru |

v (Ry)

E(u(v (Ry)))=E

i

R=0Q
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Then, u (v (Ry ))——E (\p (Ry )HZ) v (2, -

b) Variance of u(v(R, ))

o (R, )

o (Ry)

The second term in the right side is equal 0 because E(u(v(R, ))) = M(¢2, )|*-

Therefore,

§

I
o (Ry) \RJ ”_'1{ o (Ry)



ol RN

2 t

—TM ¢M T
} n-1 M [ W (Ru)
R=0

)

{2

I =2TM M T therefore

2 (@] | (ok @)
] i

2

: [aw (@) } . Tt[aw (2]
n-1 v (Ry) B "

:le\/(gu)tTM M T (2,)

n_

=ilv (2,)TM ¢M T'v (€2,)

n—

Variance (R, ) —>L( V(2,))T™ ,¢M TV (2,).

n-1
Proposition 4.7

If variance H/(RU ]‘2 = il(v (22, ))tTM ;M T 'V(£2)) then

n-—
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(v (2,)) T™ ,¢M TV (£, ):%[m (2 220)+2r ((22))-4Tr (22 D,,0)

~4Tr (42D, 2)+2Tr (D, 2 D,,Q2)+Tr ((DQAQ)2)+T|’ ((Dmﬂ)z )}

Proof:

To prove Proposition 4.7, the left side (v (£2,)) TM ,¢M T v (£2,)
1
Where M, =§(l o K,,)and ¢ = -l,eon Jeeo) . -4, ®0)
Kop = Zp:ZP:Gij ®G; is the commutation matrix of size (p2 X pz)
1

i=1 j=1

G. is a matrix of size (p X p) having all elements are equal O except it is (i, j)-th

]

element equals 1.

p
A, =Y hhi ®hh' where, b is the i-th column of | .

() T8 T ()= () 5T (14K, ) =(1,©:2) 4,

(@e2)1.-4,(1, ®Q)}x%(l K IXT U (4))
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(v (2,)) TM oM TV (22, ):%[{(v () <T x1 . +(v () xT prp}x
I -(Leo)a (o)l —4,(1,02)] (1. +K, )xT'xv (4 )J

V() T™ oM T ((zu):ﬂ{(v () 5T <10 () 5T Ky [ ~(1, ©2), |

(Q@Q){(I =1 ®Q))} (1,750 (9 ) K, v ()]

t

since T x1, =T, K, xv (2,)=v(£2,),(v(2)) xK,, =(v (2, ))t then

(v(42,)) T™ oM T v (Q):ﬂ{(\/ () xT +(v(2,)) 5T prp}x{|p2 (1,824, x

(Q00){1 =, (1,8 Q) {1,.XT 50 (&, )+ K xT*xv ()}

Corollary 4.2

Let A amatrix of size (pxp) that
v (4)=T " xT xvec(£2)

Then by using the corollary 4.2 we have the following

(v(2,)) TM M T (22, )=%[{(v (2)) +(v (2 ))t}{l 2-(1,02)4,}(280)

=4, (1, @) (2)+v (2 )}J

:ZH(V (A 1+ () 1~ () (1, 02)4, (v (4] (1, ®Q)Ap; (200)
(1w (2) 41 (2)-4, (1,0 Q) (2)-4, (1, ®2) (2 )}}
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:ﬂ{(\/ (4)) +(v () - () (1, ©2)4, (v (2)) (1, 82)4, }x
(@) (2)+v (2)-4, (1,82 (2)-4,(1,82) (2 )]

we define Dy, as a matrix the diagonal elements are the diagonal elements of /.

Now from Theorem 7.30 (Schott, 1997).

t

(v (2)) (1,8R)4, =v (D,,,) and (v(2')) (1, ®2)4, =v (D,,)
:%[(v (1) (2002)+v (1) (202)-v (D, ) (202)-v(D,,) (Q@Q))

(v (2)+v (2)~v (D) -v (Dm)ﬂ
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V(Dy) (2®02) (4)=v (D,,) (2 (1')=v(1')(2®2) (D,),

V(D,,) (2®02) (1)=v (D,,) (2®02) (1')=v(1)(eee)(D,,)=

v (2 )t (2®0)v (D,,) andv (D,,) (2®2)\ (D,,)=v(D,,) (2®2)\ (D,,)

Now by using Theorem 7.15, 7.16 and 7.17 from (Schott, 1997) and Proposition

1.3.14. from Kollo and Von Rosen (2006) we have the following

- %[ZTr(itQAQ)+ 21r{(2.2) )- aTr(2 D, ) 4TH(2DD,, @) + 2TH(D,,, D, 2)

+Tr(D,,2) )+ Tr((D,, 2 )

(v (2,))T™M oM TV (2,)= ﬂzrr (2 2Q)+2Tr ((/1_(2)2)—4'I'r (2D ,,0)

4T (A0QD ,,Q)+2Tr (D, 2D ,,2)+Tr ((Dmg)z)ﬂr ((Dm_())zﬂ

Now, 8/ (€2,)) TM ,¢M T v(£2,)

~8x % ote{2 210)+ 2Te(22) ) - aTr(4 D, 2) - 4T (262D, 2) + 2TH(D,,, DD, 2)
+Tr{(D,, 20 )+ Tr{(D,,2) |

Thus the variance of v (R, ) is

= 2ore(2 210)+ 21r((10) )- aTe(A D, ) 4TH (2D, 2)+ 2TH(D,, D, 2)

+Tr((D,, 28 )+ Tr((D, 2 )
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Corollary 4.3

Under o, then Vi =i{}v (R.,, ) v (20 )|~ (0.0?)

Where:

R and _(20 , are the upper-off-diagonal elements of R, and £2,, respectively.

iU

0 =2 217 (2 222) + 2Tr((mo)2) TP (X' 2D 0 2) - AT (22D, )+
ZTr(DQMQODmO.QO)+Tr((DQOA.QO)2) +Tr((DmO_QO)2ﬂ
A amatrix of size (pxp)such that v(4)=T ' xT xvec(£2).

We define D,,,, D,, as a matrix the diagonal elements are the diagonal elements

of A4 and A€2,, recpectively.

However, when .QO is unknown is commonly exist in real application, it must be
estimated from m independent random samples. We presented it in Proposition 4.8.
Prpoposition 4.8

If «is unknown, under the null hypothesis H,, then we have

1 o (o ) e (220

o 0, o7)

where:

R,y and f)o,u are the upper-off-diagonal elements of R, and Q, respectively
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o’ = 2[2Tr(/1tf.zomo )+ 2Tr((/1f20 )2 )— 4Tr(}ttf20 D, 2 )— 4Tr(/1f20 D QM_(}O)
+2Tr(D 2D, ©, J+ Tr((D e f )+ Tr((Dl e f )]

Q, =R is the avarge of correlation matrices of R,, R,, ..., R,,

A amatrix of size (pxp) suchthatv (1)=T"xT xvec (.QO)

We defineD, , D, asa matrix the diagonal elements are the diagonal elements of

QA and A0, recpectively.

4.4.2 Computation the Variance of v(R,)

The computation of variance of v (RU ) is complexs. It contains the application of

Kronecker product and commutation matrix. However, it can be easily performed by

using software. We illustrate the computation of covariance matrix for case p =2

and p =3 in next example for elaboration.

Example 4.3

i. Suppose 2= 1 04
' PP 04 1

Now, we want to identify v(1)=T"'xT xvec(«2). Based on Table 4.2, linear

transformation matrix is T :(O 01 O).Thus,
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vee(2)=| ;|(0 0 1 0)f 7

0.4
1
0
0
"l o4
0

Then,

0 04
A= (O 0 ] D, is a matrix where the diagonal elements of the matrix are

the diagonal elements of 21,

1 04Y)0 04
Ox A=
(0.4 1 J(O 0 j

D,, is a matrix the diagonal elements are the diagonal elements of <2,

5 _(0.16 othus
1o o '

0! = 2T (A 2203,)+ ZTr((/l.QO)Z) ~ATr(A' 2D, 2) - 4Tr(A2,D,, )+
2rr(D, 2D, 2,) +Tr((DWQO)2)+Tr((DmOQO)2ﬂ

=0.4516
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1 03 03
ii. Suppose2=/03 1 03

03 03 1
Based on Table 4.2,
0 00100 0
T=0 00 00O 0
0 00 O0O0O O
00
00
00
10
V(4)=T"'xT xvec(£)=|0 0
00
01
00
00
0
0
0
0.3
=0
0
0.3
0.3
0
Then,
0 03 03
A=/0 0 0.3]and
0 0 O

o O

O P O O O O O o o

linear transformation matrix

, then

o O O
o O O
o O O
o O
o O O
o O O
o - O
= O O
o O O
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0.3
0.3

0.3
0.3
0.3

is,



1 03 0.3 0 03 0.3
2xA=/03 1 03|x|0 0 0.3
03 03 1 0O 0 O

0 0.3 0.39
=0 0.09 0.39
0 0.09 0.18
Thus,
0 0 0 018 0 O
D,,=/0 009 O |andDD,,=| 0 009 0
0 0 0.18 0 0 O

Consequently,

ot = (X 2,02)+ 2Tr((,mo)2) —ATr(A' 2D, 2) - 4T (22D, )+

zrr(DQMQODmOQO)+Tr((DW.QO)2) +Tr((D;VQO.QO)2)}

AN o

4.5 New Alternative Test z* Statistic

By using the repeated tests as introduced by Montgomery (2005), the hypothesis is

H, €2 =€, for all i where i=1,2,..,m versus H, :€ =2 for at least one i

where €2, is the reference matrix. In this study, the main assumption is that the data

is drawn from multivariate normal distribution.

Under the null hypothesis H, the asymptotic distribution of new statistical test is,

[ (R - (@ ) J-2n (0. %)
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Therefore, the new alternative statistical test can be represented as follows,

(4.2)

i 10-2
Vn—l

2

S bR @ ) L

0" =2 2T (220)+ 2Tr((22)°) - 4Tr (22D, Q) - 4Tr (22D, 2 ) +

2Tr(D, 2D, 02) +Tr((Dm_Q)2)+Tr((DmQ)2ﬂ

In testing the equality of several independent samples of correlation matrices, the

null hypothesis H, will be rejected at the significance level a when |Z*| > z,,, with

(1 —a/2)" quantile of standard normal distribution. However, in the case of 2

unknown, the value must be estimated from independent random sample © where

2 =R the average of correlation matrices of R;, R,, ..., R, .

4.6 Analysis Power of Test
In this section, we investigate the evaluating of the sensitivity analysis between

Jennrich test, T " statistic and Z~ statistic based on power of test.

The power of test is defined as the probability of the test which leads to the rejection
of the null hypothesis when it is false (Cohen, 1977). Power of test is used to
measure the sensitivity of the test to identify a real difference in parameter if one

actually exists as we mentioned in section 2.7 the power of test 1— 8 where g is

the Type Il error, as the Type 1l error decrease the power increase, and vice versa. In
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general, the power value is between 0tol. The minimum accepted value of the
power of the test is greater than 0.5 (Murphy et al., 2014), while the value smaller
than 0.5 indicate the power is to be unexceptional. Otherwise, the test indicate to be
unexceptional. When the power of the test is close to 1, the test is will be considered
to have high power (Syed-Yahaya, 2005). In this study, if the test is able to detect

small effect, that test is more sensitive to the others.

The results of the investigation are presented in Table 4.2 to 4.8. Each table represent

the ascending number of variables which are namely small ( p=3,4and 5), medium
(p=10and 15) and large number of variables ( p=20and 30) with significance
level « =0.05. The first column in each table shows the shift in the matrix o where

its diagonal elements equal to 1 the shift from 0 to 0.8with 0.1 increment. The

following three columns presented the power of test for the three statistical test:

Jennrich statistic, Z  statistic, and T statistic, respectively. This analysis is

conducting repeatedly for various sample size.

4.6.1 Power of theTest for a Small Number of Variables (p=3,4 and 5 )

Table 4.2, 4.3 and 4.4 display the power of the statistical tests for a small number of

variables, which are p=3,4 and 5.

According to the Table 4.2 for each sample size (n = 3, 5,10, 20, 30, 50 and 100), the
value of the power for the two statistical tests (the Jennrich statistic and the T~
statistic) are always smaller than the Z~ statistic. In details, when n=3 and 10 all

the statistical tests, the Jennrich statistic, the T~ statistic and the Z~ statistic, are
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power when the shift of correlation matrix is p=0.6 and above. While, when the

sample size n=5 the values of the power within the interval of power when the

shifts are 0.7 and 0.8. In addition, as the sample size increase to 20, 30, 50 and 100

all the statistical tests, the Jennrich statistic, the T~ statistic and the Z statistic are

mostly preduce high power with a small and large shift, from o =0.3 and above.

Afterwards, mostly the Jennrich statistic possesses a smaller value of power.

Subsequently, in Table 4.3, when the sample size n =3 the values of the power of
the T statistic, fall within the interval when the shift of correlation matrix are 0.4
and above. While, the Z” statistic, the values fall within the interval when the shift is
0.2 and above. In this case we can not calculate Jennrich statistic because the number
of variables is larger than the sample size. While, for sample size n=5 and 10 the
value of power for the Jennrich statistic and the T~ statistic fall within the interval

when the shift is 0.6 and above. Meanwhile, the value of the power of the Z” statistic

are mostly sensitive in detecting the effect (power) at 0.2 and above. In addition, as

we move to n=20 the value of the power for the Jennrich statistic and the T " statistic
fall within the interval when the shift in correlation matrix is 0.4 and above. While,

the power value of the z”statistic fall within the interval when the shift is 0.3 and
above. When the sample size 30 all the values of the of Jennrich statistic, the T~

statistic and the Z’ statistic are within the interval of power when the shift of

correlation matrix is 0.3 and above. In addition, as the sample size increase to 50 the

Jennrich statistic, the T statistic and the Z statistic are power at p=0.2 and

above. While, when the sample size 100 the Z statistic at p = 0.1 and above.
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In, Table 4.4, when the sample size n = 3, the values of the power for the T statistic
are power when the shift in correlation matrix p =0.4 and above. When the sample
increase to 5, 10 and 20 the two satistic the Jennrich statistic and the T~ statistic are

power at 0.5 shift in correlation matrix and above. Meanwhile, the Z statistic at 0.2
and above when the sample size are 3, 5, 10 and 20. In addition, as the sample

increase to 30, 50 and 100, majority of the values are power when o =0.3and

above.

Drawing from Tables 4.2, 4.3 and 4.4, the conclusion can be made that the larger
sample size the values of the power of statistical tests fall within the interval of the
power. When the sample sizes are n =3, 5, 10, 20, 30, 50 and 100 there are 38, 38,
43, 56, 56, 61 and 65 out of the 549, values of the power fall within the interval of
the power respectively. Thus, the conclusion can be made from the results that, when
the sample size is small, the value of the power of the statistical tests fall within the
interval power with a large shift of the correlation matrix. Meanwhile, when the
sample size is large, the values of the power for all the statistical tests fall within the

interval of power from 0.3 shift in correlation matrix and above. In brief, the Z~

statistic dominates the Jennrich statistic and T~ statistic.
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Table 4.2

Power of test for p =3

n=3 n=>5 n=10 n=20 n=30 n=>50 n =100

] Tz ] " 7 ] " 7 ] Tz )i T Z* ] Tz ] T I

67T

0.0 0050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.000 0.050 0.050 0.000 0.050 0.050 0.000
0.1 0057 0104 0.079 0.068 0.083 0.158 0.061 0.062 0.342 0.076 0.074 0.099 0.091 0.029 0.127 0.141 0.078 0.240 0.245 0.232

0356 0.110 0251 0245 09304 (409
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Table 4.3

Power of test for p =4

n=3 n=5 n=10 n=20 n=30 n=>50 n =100
p T* Z* ] T* Z* ] T* Z* ] T* Z* ] T* Z* ] T* Z* ] T* Z*
00 0.050 0050 0.050 0050 0.050 0050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.000 0.050 0.050 0.000 0.050 0.050 0.000
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0.114

0.342

0.113
0.341

0.008
0.370

0.191

0.197

0.048

0.398

0.398
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Table 4.4

Power of test for p =5

n=3 n=5 n=10 n=20 n=30 n=>50 n =100
00 0050 0050 0.50 0.050 0050 0.050 0.050 0.050 0.050 0.050 0.50 0.050 0.050 0.000 0.050 0.050 00000 0.050 0.050 0.000

0.103 0.102 0.002

o1 0168 0459 0.063 0073 0.233 0070 0.073 0410 0.083 0.085 0.160

0.155 0.039 0.323 0.334

02 0.268 0.299 0.300  0.300

0.406
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4.6.2 Power of theTest for a Medium Number of Variables ( p=10and15)

Table 4.5 and Table 4.6 show the power of test for a medium number of variables.
Drawing from the two tables, the conclusion can be made that power of statistical
test increases compared with the previous section, and, the number of values that

equal to 1 are increase.

In Table 4.5, most values of the power test of the Z~ statistic are greater than the
Jennrich statistic and the T~ statistic for all shifts in the correlation matrix. When the

sample size n =3, the power values of T~ statistic fall within the interval when the
shift in the correlation matrix is 0.1 and above. When the sample size n =5 and 10
the values of power of the T~ statistic are very small and all the values fall outside
the interval of the power. While, the values of Z statistic fall within the power
interval at o =0.2 and above. When the sample size n increases to 20, 30, 50 and
100 all the values of the Jennrich statistic, the T~ statistic and the Z~ statistic fall
within the interval of the power when the shift in correlation matrix 0.3 and above.

All the values of the power of the Z ™ statistic were larger than the other two tests.

Based on Table 4.6, when n=3, the T  statistic and the Z~ statistic are power

when the shift of correlation matrix is 0.2 and above. On the other hand, when the
sample size is n = 5, 10, and 20 the values of power of the T~ statistic are very

small, and outside the interval. The conclusion can be made that the T~ statistic is
not power. For sample size 30, 50 and 100 the values of the three tests fall within the

interval when the shift in correlation matrix 0.3 and above. Furthermore, from this
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table, all the values of the power test of the Z” statistic are larger than the other two

statistical tests, and the Z~ statistic dominates the other two statistical tests.

From the two tables we showed that there are 171 conditions for p = 10 involved to

evaluate the performance of the power of statistical test, there are 53, 35and 33

conditions for the Z~ statistic, the T statistic and the Jennrich statistic respectively
fall within the interval of power. In addition, the Jennrich statistic cannot be
calculated when p > n. For p = 15, there are 162 conditions in all the table. There are
53, 29, and 27 conditions belong to the Z ™~ statistic, the T statistic, and the Jennrich
statistic respectively. From two tables, the value of the power of Z~ statistic fall
within the interval of the power form the shift in the correlation matrix 0.2 and
above. In brief, the two tables show that the results drawn from the Z statistic are
more powerful than the other two statistical tests and dominate in the range of a

medium number of variables.
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Table 4.5

Power of test for p =10

n=3 n=>5 n=10 n=20 n =230 n=>50 n =100
p T oz T Zz* J T z* | T* z* ] T" 7* ] T* 7 | T* Z°
0.0 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.000 0.050 0.050 0.000 0.050 0.050 0.000

0.171

0.114

0.114

0.045

0.003

0.009

0.020

0.013

0.009

0.417

0.120

0.323

0.135

0.235

0.264

0.204

0.122

0.092

0.210

0.410

0.115

0.289

0.126

0.288
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0.160

0.451

0.200 0.256 0.270
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Table 4.6

Power of test for p =15

n=3 n=>5 n=10 n=20 n =30 n=>50 n =100

p T* Z* T* Z* T* z* ] T* Z* ] T* z* ] T Z* ] T* Z*
0.0 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.000 0.050 0.050 0.0000 0.050 0.050 0.000
0.1 0.137 0.131 0.167 0.177 0.177 0.187 0.200 0.292 0.322
02 0.034 0.079 0.469 0.469  0.445
03 0.014 0.011
04 0.010 0.000
05 0.038 0.000
06 0.016 0.005
0.7 0.011 0.008
08 0.021 0.006
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4.6.3 power of the Test for a Large Number of Variables ( p=20and 30)

The power of tests for a larger number of variables for the three tests is presented in

Table 4.7 and 4.8. For both tables, the value of the power of Z” statistic is greater

than the other two statistical tests for all sample sizes.

In table 4.7, when the sample size n=3 the value of the power for the Z" statistic
and the T statistic fall within the interval when the shift of correlation matrix 0.2
and above. Furthermore, for n =10, 20, 30, 50 and 100, the value of Z~ statistic
within interval from 0.1shift in correlation matrix and above for both tables. The
values of the power of the T statistic when the sample size n = 5, 10, 20, and 30
are not within the interval in all shifts. Whereas, when n = 50 and 100, most the
values are powerful when the shift is 0.2 and above. While, for the Jennrich statistic,
no comparison can be made when p >n. When n = 20, 30, 50 and , 100 all the
values of the Jennrich statistic are within the interval of power when the shift is 0.2

and above.

Based on Table 4.8, overall the Z~ statistic is powerful when the shift is 0.2 and
above. When n = 3, the T~ statistic is powerful when the values are 0.1and above.
When the sample size is 5 the values of the T statistic are fall within the power
interval for small shift 0.1 and 0.2. In cases when the sample size n = 10, 20, 30 and
50, all the values of the power of the T~ statistic are outside the interval . On the
other hand, for n = 100 the values of the power of the T~ statistic are within the

interval when the shift is 0.1and above. For the Jennrich statistic, when the sample
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size equals the number of variable or the sample size is larger than number of

variable, all values fall within the power interval when the shift is 0.2 and above.

Furthermore, for Table 4.8 the value of the power of the Z~ statistic are within the

interval when the shift of correlation is 0.1 and above for all sample size.

There are 162 and 153 conditions for p = 20 and 30, respectively involved to

evaluate the power of the statistical tests. In the case when p = 20, there are 52
conditions of the Z~ statistic and 29 for the Jennrich statistic and 23 for the T~
statistic. However, for p = 30 for Z~ statistic, there are 53 and 22 conditions for the
Jennrich statistic while the T~ statistic had 18 conditions. Thus, the conclusion can

be made that the Z~ statistic dominated the other two tests.
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Table 4.

7

Power of test for p = 20

n=3 n=>5 n =10 n =20 n =30 n =50 n =100

p T* zZ* T* zZ* T* zZ* Ji T* zZ* ] T* zZ* Ji T* z* ] T* zZ"
00  0.050 0050 0050 0050 0050 0050 0.050 0050 0050 0050 0050 0000 0050 0050 0.00 0050 0.50  0.0000
01 0140 0328 0292 0.340 0.273 0.224 0.300 0323 0315 0378

02 0.033 0.037

03 0.040 0.010

04 0.001 0.018

05 0.051 0.046

0.6 0.017 0.049

0.7 0.007 0.057

0.8 0.002 0.091
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Table 4.8

Power of test for p =30

n=3 n=>5 n=10 n =20 n =30 n =250 n =100
p T* zZ* T* zZ* T* zZ* T* zZ* ] T* A ] T* A ] T* zZ*
0.0 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.000 0.050 0.050 0.000 0.050 0.050 0.000

0.1 0.131 0.340 0.034 0.042 0.466  0.201  0.300 0.390 0.312
0.2 0.014 0.010 0.318 0.274
0.3 0.100 0.008 0.152 0.043
0.4 0.005 0.004 0.020 0.010
0.5 0.003 0.004 0.010 0.010

0.6 0.010 0.012 0.010 0.004
07 0.009 0.002 0.001 0.002

08 0.000 0.000 0.029 0.000
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4.6.4 Conclusion of the Power of Test

The following is the summary of the results. The power of test for Z” statistic is show to

be excellent when we have small sample size and large sample size. When comparing
with the another two statistical tests the Z~ statistic is dominate the others statistical
tests in any kind of variable size (small, medium or large). The sensitivity of the
alternative statistical test to the correlation shits increase as the power of the new
alternative statistical test Z~ increase. This means the new alternative statistical test Z”

IS very sensitive to shift in the correlation structure.

4.7 Examples of Real Application

The Asia Pacific currencies is used to validate the new alternative statistical test Z* and

T statistic by using two approaches. Firstly, we performed the testing of two
independent samples of correlation matrices, followed by the testing of several
independent samples of correlation matrices using control chart. However, we cannot

perform the Jennrich statistic due to the occurance of singularity problem.

We start this section by presenting the Q-Q plot to check the normality assumption since
the Z~ statistic is developed on basis of multivariate normal distribution. When the
points lie very nearly along a straight line, the normality assumption remains tenable.

However, nonormality is suspected if the points deviate from a straight line.

Figure 4.1 (a) to Figure 4.1 (d) is performed for checking assumption of normality. We

calculate the coeeficient of determination, R-square to evaluate how good the model fits
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the data. The values of R-square is lie between 0 and 1, and it becomes larger as the

model fits better. Next, the Q-Q plot for January 2010 until December 2011 are

presented
40 ~ 2_
36 | Rt 0.9717 R? =0.9947
31 - 30 -
26 -
21 - 20 -
16 -
11 ¥ 10 1
6 .
1 T T T 1 0 ! !
0 20 40 60 80 0 20 40
January 2010 February 2010
50 - 50 ~
40 - R2=0.9514 40 - R?=0.9521
30 - 30 ~
20 - 20 -
10 - 10 ~
0 T T 1 0 T T 1
0 10 20 30 0 20 40 60
March 2010 April 2010
40 R2=0.9726 60
30
40 R2=0.94
20
10 20
O T T T 1 O T T T 1
0 20 40 60 0 10 20 30
May 2010 June 2010

Figure 4.1 (a). The Q-Q plot for 6 months from January 2010-June 2010
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50 ~ 40 -
R2 = 0.9821
40 - R? = 0.9841 30 -
30 -
20 -
20 -
10 i 10 n
O T 1 O T T 1
0 20 40 0 20 40 60
July 2010 August 2010
60 - 40 - R2 = 0.9882
40 - R?=0.928 30 1
20 -
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Figure 4.1 (b). The Q-Q plot for 6 months from July 2010-December 2010
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Figure 4.1 (c). The Q-Q plot for 6 months from January 2011-June 2011
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Figure 4.1 (d). The Q-Q plot for 6 months from July 2011-December 2011

The points in Figure 4.1 (a) to (d) are reasonably straight also it shows that the Q-Q plot
fits the trend line this indicates the data are normal distribution. The values of R square

are presented in the Table 4.9.
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Table 4.9

R-square fro 24 samples

Sample Month R?

1 January 2010 0.9717
2 February 2010 0.9947
3 March 2010 0.9541
4 April 2010 0.9521
5 May 2010 0.9726
6 June 2010 0.9400
7 July 2010 0.9841
8 August 2010 0.9821
9 September 2010 0.9286
10 October 2010 0.9882
11 November 2010 0.9228
12 December 2010 0.9342
13 January 2011 0.9426
14 February 2011 0.9825
15 March 2011 0.9711
16 April 2011 0.9717
17 May 2011 0.9345
18 June 2011 0.9162
19 July 2011 0.9579
20 August 2011 0.9405
21 September 2011 0.9631
22 October 2011 0.9690
23 November 2011 0.9529
24 December 2011 0.9528

The table shows that all the value of R-square is close to 1. Therefore, we conclude that
all the data follow normal distribution. Next, we used A-D test to test the normality.
The smaller the value of A-D test, the faster the speed of convergence in distribution.

Table 4.10 shows the result of A-D test
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Table 4.10

Anderson Darling test

Sample  A-D test p-value
1 0.1994 0.8750
2 0.5074 0.1782
3 0.2896 0.5802
4 0.8090 0.0548
5 0.3301 0.4970
6 0.6583 0.0736
7 0.6952 0.0594
8 0.5075 0.1782
9 0.3758 0.3783
10 0.5328 0.1504
11 0.3949 0.3399
12 0.3638 0.4070
13 0.2601 0.6741
14 0.1209 0.9856
15 0.4746 0.2171
16 0.3301 0.4970
17 0.4066 0.3181
18 0.6529 0.0760
19 0.2404 0.7428
20 0.3064 0.5370
21 0.2725 0.6306
22 0.5202 0.1622
23 0.5341 0.1504
24 0.2247 0.7976

Table 4.10, it is shown the best value of A-D is 0.8 and below. Since p value is large

than 0.05, we fail to reject H, such that the data follow normal disribution.

4.7.1 Testing the Equality of Two Correlation Matrices

In this section, we present the results of Asia Pacific currencies using T~ statistic and the
alternative statistical test called Z~statistic, for the propose of validation. The

currencies from Asia Pacific countries were employed to analyze the defferances in
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correlation matrices between February and April 2011, where it was one month before
and one month after the Tohoku earthquake incident. To study the effect before and
after the crisis. There are 23 currencies from the Asia Pacific countries and the sample
size of the two samples equal to 19. To test the following hypothesis we used the

significance level « =0.05.

Firstly, the results of the equality test between two correlation matrices by using T~
statistic (equation 2.10) is presented. To determine T statistic, the sample correlation

matrix of February, R,, the sample correlation matrix of April, R,, the upper-off-
diagonal elements of correlation matrix of February, R,,, the upper-off-diagonal

elements of correlation matrix of April, R,,, the pooled correlation matrix, £ are

prepared.
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0.1
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V., V,,and ¥ . Then, the T" statistic is computed. The statistical

o1

We compute the v

test is compared to the critical value for making a decision. The degree of freedom is,

k = p(pz—l) - 23(23_1) = 253. Therefore, the critical value of T"is g5 55 = 291.101.

Based on T™ =1015.82 and p-value = 0.050, the null hypothesis is rejected.

Secondly, the results of the equality test between two correlation matrices, Z " statistic is
presented. To determine Z~ statistic, the R,,R,,R,,,R,,,¢2 the upper-off-diagonal
elements of pooled correlation matrix is 4 (4 =<2, ), the matrix where the diagonal

elements are the diagonal elements of @1is D,,, the matrix where the diagonal

elements are the diagonal elements of 12is D,,,, are prepared.
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We compute |V (R, )| =48.341, | (R, )| =34.472 and the variance of Z",

_ 2[2Tr(/1t 2.0)+ ZTr((LQ)Z) —4Tr(2'QD,,Q) - 4T (22D, Q) +2Tr(D,, 2D, Q)

ATr((D . 2) ) 4T ((Dmg)z)]

Therefore, n =n, +n, =19+19=38. Then Z " statistic is computed.

oIV (Rw) I \N I _48341-34472_

,f ,/11171.964
37

The statistical test is compared to the critical value for making a decision. Therefore,

the critical value of z'is Z,,,, =+1.96. Based on Z* =1.765and p-value=0.084,

we failed to reject the null hypothesis.

Therefore, by using T, we conclude that the two correlation samples are not equal.

While, by using Z " the two samples are equal.

4.7.2 Testing Several Correlation Matrices Using Control Chart

In this example, we want to use the two test for several independent samples. By
utilizing this approach the stability is same to testing the hypothesis of the similarity

of the two correlation matrices is done repeatedly
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where i=1, 2,..., m, and £2, is the reference sample. In this example, we have 24

samples (months), we retrieved the daily data of 23 currencies from Asia Pacific
currencies. Hence there are 24 corresponding correlation matrices, with different
size. In general, there are 5 trading days per week, and about 19 to 22 days for a

month excluding holiday and weekend. In Table 4.11, illustrate the sample size.

Table 4.11

The Sample Size of the Foreign Exchange Rate Data

No. n size No. n size
Janl1l0 nil 19 Janl1ll ni13 19
Fubl0  n2 19 Fubll ni14 19
Marl0  n3 22 Marll nil5 22
Aprl0  n4 20 Aprll nlé6 19
Mayl0 n5 19 Mayll nl7 20
Jun10 né6 21 Junll ni18 21
Jul10 n7 20 Julll n19 19
Augl0 n8 20 Augll n20 21
Sepl0 n9 20 Sepll n21 20
Octl0 nlo0 19 Octll n22 19
Nol0 nl1 20 Nol0 n23 20
Decl0 ni12 20 Decl0 n24 19

4.7.2.1 T" Control Chart

To construct the corresponding control chart, we define R, and £2,,. Then, we

compute the v, V,,V,,and ¥, . Next, the T statistic is computed to every 24

01>

months of samples and the results are shown in Table 4.12.
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Table 4.12 represent the values of T  statistic where m =1, 2, ..., 24, the first

column represent 24 samples from January 2010 until December 2011, the second

column represent the values of T statistic for 24 samples while, the third column

present the tabulated value for y?2 , the fourth column represent the p-value and the

last column is the results.

In Figure 4.2, we present the Chi-square control chart. The significance level

a =0.05, the upper limits of control chart (UCL), UCL = ;(kz =291.101 with degree

p(p-1) _ 23(23-1)
2

of freedom, k = =253. All months in Table 4.12 are plotted in

blue colour and UCL in orange colour. The vertical axis is the T statistic, where

m =1, 2, ..., 24and the horizontal axis is 24 months.
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Table 4.12

The values of T™ statistic

m T %102 xgos5:°10°  p-Value Result

1 70.64994 2.91101 0.0000 Reject H,,
2  58.90507 2.91101 0.0000 Reject H,,
3 47.87139 2.91101 0.0000 Reject H,,
4  58.37806 2.91101 0.0000 Reject H,,
5 39.70816 2.91101 0.0000 Reject H,,
6 42.67845 2.91101 0.0000 Reject H,,
7 58.74452 2.91101 0.0000 Reject H,,
8 37.54839 2.91101 0.0000 Reject H,,
9 51.51666 2.91101 0.0000 Reject H,
10 91.46684 2.91101 0.0000 Reject H,
11  56.06998 2.91101 0.0000 Reject H,
12 109.19585 2.91101 0.0000 Reject H,
13 8556412  2.91101 0.0000  Reject H,
14 111.70083 2.91101 0.0000 Reject H,
15 7265498  2.91101 0.0000 Reject H,
16 14251274  2.91101 0.0000 Reject H,
17  44.03481 2.91101 0.0000 Reject H,
18  51.8249 2.91101 0.0000 Reject H,
19 51.14576 2.91101 0.0000 Reject H,,
20 67.99281 2.91101 0.0000 Reject H,,
21 57.40211 2.91101 0.0000 Reject H,,
22 52.04419 2.91101 0.0000 Reject H,,
23  73.09234 2.91101 0.0000 Reject H,,
24 103.58171 2.91101 0.0000 Reject H,,
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Therefore, according to Table 4.12 and the Figure 4.2. For the T statistic we reject
all the hypotheses we conclude by using T~ all the sample are out-of-control. We
learn that at all months give a signal. This signal shows that there is a change in
correlation structure at that particular month, and the p-value to all samples are equal
0 is less than « for that reason we reject the null hypothesis for all samples. p-value
is defined as the smallest significance level that the results in rejection of the null
hypothesis this definition is the more useful definition since it can be applied to any
collection test (Wright, 1992). A p-value is used to provides information about
whether a statistical test is significant or not and also, it is indicates something about
how significant the result is i.e. the smaller the p-value, it is the stronger the evidence

against the null hypothesis.
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4.7.2.2 7" Control Chart

To construct the corresponding control chart, for Z” statistic we define R, and
£2,,. Then, we compute 2 pooled correlation matrix, A=£,, D,, D,,,
MRy ), [V(€2, )" and &*. To every 24 months of samples. Next, the Z, statistic

is computed to every 24 months of samples and the results are shown in Table 4.12.

Table 4.13 represent the values of Z; statistic the first column represent 24 samples

from January 2010 until December 2011, the second column represent the values of
z”statistic for 24 samples while, the third column represent the upper control limit

(UCL)= Zoos; = Zg0z5 = 1.96, the fourth column represent the p-value and the last
; .

column is the results.

In Figure 4.3, we present the Z~ control chart. The significance level o = 0.05. All

months in Table 4.13 are plotted in blue colour, UCL in orange colour and the LCL is
gray colour. The vertical axis is the Z_ statistic, where m =1, 2, ..., 24 and the

horizontal axis is 24 months.
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Table 4.13

The values of z; statistic

m Z, Zy 025 p-value Result

1 7.109 196  4.22x107%? Reject H,

2 8.772 196  7.78x1018 Reject H,

3 12251 196  1.02x10% Reject H,

4 0.689 1.96 0.315 Fail to Reject H,
5 18489 196  2.34x10"™ Reject H,

6 7.895 196  1.16x10% Reject H,

7 16.037 196  5.65x10°% Reject H,

8 18489 196  2.35x107 Reject H,

9 20444 196  6.92x10°% Reject H,

10 7766 1.96  3.21x10% Reject H,

11 5158 196  6.67x107 Reject H,

12 9506 196  9.54x102 Reject H,

13 15551 1.96  1.23x10° Reject H,

14 6194 196 1.86x107° Reject H,

15 7.448 196  3.59x10%% Reject H,

16 —0.038 1.96 0.399 Fail to Reject H,
17 8291 196  4.74x107® Reject H,

18 23176 196  9.30x10'8 Reject H,

19 17309 196  3.49x10°° Reject H,

20 10.495 1.96  4.85x10% Reject H,

21 16.779 196  2.93x10° Reject H,

22 11728 196  5.40x10% Reject H,

23 —0.050 1.96 0.398 Fail to Reject H,,
24 —-1.998 1.96 0.0452 Reject H,
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Figure 4.3. Foreign Exchange Chart for z*

Therefore, according to Table 4.13 and the Figure 4.3, we learn that all months give
a signal except the 4™ (April 2010), 16" (April 2011), 23 (November 2011) sample.
This three months failed to reject the null hypothesis. This signal shows there is

change in correlation structure at that particular month. We conclude from the result

these three samples are stable and the others are not stable.

Based on this example, testing the hypothesis repeatedly that is more advantageous
since we can investigate all the corresponding correlation matrices independently.
Thus, we can know which correlation matrix is challenging. In this situation, in order
to determine which result is more trustworthy is by looking to the power of test of

the two statistical test. These two examples is given to show the new alternative

statistic can accommodate condition of high dimension data.
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According to Schermelleh-Engel, Moosbrugger, and Muller (2003) Chi square is
sensitive to the sample size, this may make a weak relationship statistically

significant if the sample size is large enough.
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CHAPTER FIVE
CONCLUSION AND FUTURE RESEARCH

5.1 Conclusion

The main goal of this research was to derive an alternative statistical test for solving

the problem faced by Jennrich statistic, which is the singularity problem. In

achieving this goal, an alternative statistical test, namely, the Z statistic, is derived

based on vec operator, commutation matrix, and Frobenius norm of upper-off-

diagonal elements. Later, the performance of the alternative statistical test, the Z”

statistic, is evaluated in terms of the power of test. By using a simulation study, the
alternative statistical test, Z~ statistic is compared with the Jennrich statistic, and the
T statistic. The result of simulation study shows that the Z~ statistic possesses good

properties and was more powerful than the Jennrich statistic and the T statistic.
Additionally, this new statistic can be used in both condition which are when the
number of variables is larger than the sample size, and when the number of variables

is smaller than the sample size. In general, the results showed that the alternative

statistical test, the Z~ . Moreover, the following asymptotic distributions have been

proven in this thesis,

I.  The asymptotic distribution of sample correlation matrix for p =2 has been

proven as the following ~/n(r — p)—> N(O, (1- pz) 2).
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. The asymptotic distribution of sample correlation matrix are derived by using

Theorem 3.1 /n—1[vec(R)—vec(«2)|——N . (0,7°), where

: 1
I"=2M ¢M , while, M ZE(I ot Kpp) and

¢ =i pzf(l , ® 2, (Q® Q) oA, (1, ® Q)| K,, is the commutation

p
matrix of size (p?xp?) and 4, = D hhi ®@hhi where, h; is the i-th column

i=1

of Ip.

The asymptotic distribution of ”V(Ru ]|2 is normally distributed with the mean

V(2,7 and the variance

ot =4 (Q))T [T v(Q) =8(v(2))T M, M, T" v(2,)

The asymptotic distribution of the new alternative statistical test, the z~

statistic, in the following proposition «/n —1(”\/ (Ry )Hz - (2, )HZ) is normal

distribution with mean |v (€2, )H2 and variance

of =2 2Tr(322.0) + 2Tr((22)°) - 47T (22D ,,2) - AT T (22D . 2) +

200D 620,10 2) +Tr((0.0:2)) + (D10 2))|

The new alternative statistic is proposed in the following propositions and corollary.
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The new alternative statistic Z" is proposed in the following proposition: If

p >2,under H,, then \/ﬁ[ ”\/ (Riy) Hz—”\/ (2, )HZ}L)N (0.6%).

ii. If _QO is unknown, under H, then we have the following corollary

VAT (R ) (20

Z}Lm (0.0%)

where

R, and .(AQOVU are the upper-off-diagonal elements of R;and [}O,

respectively.

E :Z[Hr(ltéo/l_éo)+Zl'r((ﬂfgo)z)_ﬂr(ﬁ,tf)oD ’ QO)_

20,

A A A A A \2 A \2
ATr(AD,, , %)+ 21 (D, 2D, QDQO)+Tr((D ey )+Tr((Dﬂ 2<% ﬂ
f)o = R is the average of correlation matrices of R,R,,...,R, .

A amatrix of size (pxp) suchthatv (1)=T"'xT xvec (.(20)

We define Dy, 1D, 852 matrix the diagonal elements are the diagonal

elements of 2,4 and A¢2, respectively.

iii. For testing the hypothesis repeatedly H, : €2, = €2, versus H, : @, # (2,

i=1, 2, ..., m. The proposed test is
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”‘/ iU H —Hy

1 -

n-1
where
#o =|M(€2, )”2

o2 = 22Tr(1210)+ 2Tr((22) )- aTr(2 @D, 0)-

4Tr(AD,,,2)+ 2Tr(D,,,2,D,,2)+ Tr((D . 2 )+ Tr{(D,, 2) )

H

After the derivation, by using simulation study via Matlab (2016a), the results

showed that

i. The power of the test for the small number of variables ( p =3,4and 5) showed
that the Z~ statistic dominated the T statistic and the Jennrich statistic. In detail,
the total number of conditions to evaluate the power of test for p=3,4 and 5
were 189, 180 and 180 conditions, respectively. For p =3, there were 47, 35 and
33 conditions for the Z~ statistic, the T statistic, and the Jennrich statistic
respectively that fell within the interval of power. While, for p =4, there were
51, 37, and 31 conditions for the Z~ statistic, the T statistic, and the Jennrich

statistic respectively that fell within the interval of power. For p =5, there were

51, 38 and 33 conditions for the Z~ statistic, the T statistic, and the Jennrich

statistic respectively that fell within the interval of power.
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ii. The power of test for the medium number of variables, (p = 10 and p =15)

showed that the Z~ dominated T statistic, and Jennrich statistic. In detail, the
total number of conditions to evaluate the power of test were 171 and 162

conditions respectively. For p =10 there were 53, 35 and 33 conditions for the

Z" statistic, the T statistic and the Jennrich statistic respectively that fell within

the interval of power. While, for p =15, there were 53, 29 and 27 conditions for

the Z~ statistic, the T~ statistic and the Jennrich statistic respectively that fell

within interval of the power.

.The power for a large number of variables ( p=20and 30) shows that the z~

statistic still dominated the T statistic and the Jennrich statistic. In detail, the total
number of conditions to evaluate the power of test for p=20 and 30 were 162
and 153 conditions respectively. For p =20 there were 52, 29 and 23 conditions
for the z" statistic, the Jennrich statistic and the T~ statistic respectively that fell
within the interval of power. While, for p =230, there were 53, 22 and 18
conditions that fell within the interval of power of test for the Zzstatistic, the
Jennrich statistic and the T statistic respectively. For a large number of variables,

the z" statistic still dominated the other two tests.

In general, the power of test of the alternative statistical test, the Z” statistic, was

better than the Jennrich statistic and the T statistic in all conditions p <n and

p>n.
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Furthermore, to validate the new alternative statistical test, the currencies from Asia
Pacific countries were employed to analyze the difference in the correlation matrices
before and after Tohoku earthquake incident. This statistical test can be applied for
testing hypotheses in a high dimension data using different approaches. The first
approach with two independent samples of correlation matrices presented the data by
using the T " statistic and the new alternative the statistic Z". The result showed that
by using T’ statistic the null hypothesis was rejected, and the two correlation

samples were not equal. By using Z”~ statistic, the null hypothesis was not rejected,
meaning that the two correlation samples were equal. The second approach had
several independent samples of correlation matrices by using a control chart. This
approach tested the hypothesis repeatedly, which offers more advantages by testing
all the corresponding correlation matrices independently. The results by using the T~
statistic showed that all the samples were out-of-control. Using the new alternative
statistic Z~ we fail to reject the null hypothesis for three months. The result of
validation showed that a difference exists between the results by using two statistical
tests. To decide which result is more trustworthy the power of the test must be
examined. The empirical study demonstrated show that the new alternative statistic

can accommodate the condition of a high dimension data.

In conclusion, the new alternative statistical test Z statistic holds an advantage in
that the test can handle cases in which the number of variables is larger than the
sample size. For that reason, the alternative statistical test Z~ statistic is deemed to
be more suitable in various real applications.
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5.2 Future Research
This work has not yet answered all problems related to good statistical test. The

direction for future research are summarized as follows:

i.  To investigate the asymptotic distribution of the proposed test when the data are

nonnormal; and

ii. To investigate the improvement of covariance estimators such as banding,

tapering and thresholding.
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Appendix A

Matlab Programing Code of Performance Z* Statistic

clear all

clc

tic

format long

disp ('rho - value T power ')

for j=0:8

nl=50; n2=nl; n=nl+n2; %$sample size

p=10; %variables
rho=3/10; %$Covariance shift
k=1.0; sConstant value
I=eye (p,p);

RZ=eye (p) ;

T=Tp (p) ;

mu=repmat ([0],1,p);
SNumber of contaminated

SigmaO=eye (p) ;

R1 = ones (p) *k*rho;

Rl (logical (eye(size(R1)))) = 1;

Sigma=R1;

Re=10000; $replication
alpha=0.05; $Significance level
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my statl=[ ];
for rl=1:Re

Zz2=mvnrnd (mu, SigmaO,nl) ;

o°

OM=corr (Z2) ;

RA2=corr (Z2);
RA1=(nl*R1+n2*RA2) /n;
rrl1=T"'*T*vec (RAl) ;
OU=reshape (rrl,p,p)
rr2=T"'*T*vec (R1l) ;
R2U=reshape (rr2,p,p);
1=T'*T*vec (RAL) ;
L=reshape (1,p,p):
d=diag (RA1*L) ;
D=diag(d) ;

dd=diag (L*RA1l) ;
DD=diag (dd) ;

sigma3=2* [2*trace (L' *RA1*L*RAl) +2*trace (L' *RA1*L"' *RA1)

-4*trace (L'*RA1*DD*RAl)-4*trace (L*RAI*D*RAL)

+2*trace (D'*RA1*DD*RAl) +trace (D' *RA1*D*RA1l) +trace (DD*RA1
*DD*RA1) ];
b=sgrt ((1/(n-1))*sigma3) ;
Zil=(sumsqgr (R2U) -sumsqgr (OU) ) /b;

my statl=[my statl;Zil];

end
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yl=sort (my statl);%To arrange the values in ascending

order

o°

CV1=y1 (9500)

%To find Type I error rate and power

Cl=0;

for i=1:Re
if (y1(i)> CV1l)
Cl=Cl+1;

end
end
T POWE1=Cl/Re;
fprintf( '%2.7f % 7.6f\n',rho,T POWEl )

end

toc
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o

Appendix B
Matlab Programing Code of Z* Statistic

tic
close all
clear all

clc

load matlab

m=ml; $change m=ml refer to what we need
k=2;
[r,s]=size(ml);

[t,u]l=size (m0) ;

nl=r;
n2=t;
p=s;
n=nl+n2; S%$sample size

T5:WE~Co 0V 7

T=Tp (p) ;

Rl=corr (ml) ;

R2=corr (m0) ;
RAl=(nl*R1+n2*R2) /n;
rrl1=T'*T*vec (RAl);
OU=reshape (rrl,p,p):;
rr2=T"'*T*vec (R1) ;
R2U=reshape (rr2,p,p);
1=T'*T*vec (RAl) ;
L=reshape (l,p,p):
d=diag (RA1*L) ;
D=diag (d) ;

dd=diag (L*RA1l) ;
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DD=diag (dd) ;

sigma3=2*[2*trace (L'*RAL*L*RAl) +2*trace (L'*RA1*L"'*RAl)
-4*trace (L'*RA1*DD*RAl) -4*trace (L*RA1*D*RA1)
+2*trace (D'*RA1*DD*RAl) +trace (D'*RA1*D*RA1l) +trace (DD*RA1
*DD*RAL) 1;
b=sgrt ((1/(n-1))*sigma3) ;
Zil=(sumsqgr (R2U) -sumsqgr (OU) ) /b;
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