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Abstrak 

Model Lokasi Terlicin merupakan satu peraturan klasifikasi yang berurusan dengan 

campuran pembolehubah selanjar dan pembolehubah binari secara serentak. 

Peraturan ini mendiskriminasi kumpulan dalam bentuk berparameter menggunakan 

taburan bersyarat pembolehubah selanjar dengan berpandukan kepada setiap corak 

pembolehubah binari. Bagi menjalankan analisis pengklasifikasian yang praktikal, 

objek mesti terlebih dahulu disusun ke dalam sel jadual multinomial yang dijana 

daripada pembolehubah binari. Seterusnya, parameter dalam setiap sel akan 

dianggarkan dengan menggunakan objek-objek yang disusun. Walau bagaimanapun, 

dalam kebanyakan situasi, parameter yang dianggarkan adalah lemah jika bilangan 

binari adalah besar berbanding dengan saiz sampel. Pembolehubah binari yang besar 

akan mencipta terlalu banyak sel-sel multinomial yang kosong, yang membawa 

kepada masalah sparsiti tinggi dan akhirnya memberikan prestasi yang terlampau 

buruk untuk peraturan yang telah dibangunkan. Pada senario paling teruk, peraturan 

tidak dapat dibangunkan. Bagi mengatasi kekurangan tersebut, kajian ini 

mencadangkan strategi baru untuk mengekstrak pembolehubah yang mencukupi bagi 

menyumbang kepada prestasi peraturan yang optimum. Gabungan dua teknik 

pengekstrakan diperkenalkan, iaitu 2PCA dan PCA+MCA dengan titik aras baru 

nilai eigen dan jumlah varians terterang, untuk menentukan kecukupan 

pembolehubah terekstrak yang mendorong kepada kadar salah klasifikasi yang 

minimum. Hasil daripada teknik-teknik pengekstrakan ini digunakan untuk 

membangunkan model lokasi terlicin, yang kemudiannya menghasilkan dua 

pendekatan klasifikasi baharu iaitu 2PCALM dan 2DLM. Bukti berangka daripada 

kajian simulasi menunjukkan bahawa kadar salah klasifikasi yang dihitung 

menunjukkan tiada perbezaan yang signifikan di antara teknik-teknik pengekstrakan 

dalam data normal dan tidak normal. Walau bagaimanapun, kedua-dua pendekatan 

yang dicadangkan adalah sedikit terjejas bagi data tidak normal dan terjejas teruk 

bagi kumpulan yang amat bertindan. Kajian terhadap beberapa set data sebenar 

menunjukkan bahawa kedua-dua pendekatan ini adalah kompetitif, dan lebih baik 

daripada kaedah klasifikasi lain yang sedia ada. Keseluruhan penemuan 

mendedahkan bahawa kedua-dua pendekatan yang dicadangkan dapat 

dipertimbangkan sebagai penambahbaikan terhadap model lokasi, dan alternatif 

kepada kaedah klasifikasi lain terutamanya dalam mengendalikan pembolehubah 

campuran dengan saiz binari yang besar. 

 

 

Kata kunci: Peraturan Klasifikasi, Model Lokasi Terlicin, Analisis Komponen 

Utama, Analisis Kesepadanan Berganda, Pembolehubah Campuran. 
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Abstract 

Smoothed Location Model is a classification rule that deals with mixture of 

continuous variables and binary variables simultaneously. This rule discriminates 

groups in a parametric form using conditional distribution of the continuous 

variables given each pattern of the binary variables. To conduct a practical 

classification analysis, the objects must first be sorted into the cells of a multinomial 

table generated from the binary variables. Then, the parameters in each cell will be 

estimated using the sorted objects. However, in many situations, the estimated 

parameters are poor if the number of binary is large relative to the size of sample. 

Large binary variables will create too many multinomial cells which are empty, 

leading to high sparsity problem and finally give exceedingly poor performance for 

the constructed rule. In the worst case scenario, the rule cannot be constructed. To 

overcome such shortcomings, this study proposes new strategies to extract adequate 

variables that contribute to optimum performance of the rule. Combinations of two 

extraction techniques are introduced, namely 2PCA and PCA+MCA with new cut-

points of eigenvalue and total variance explained, to determine adequate extracted 

variables which lead to minimum misclassification rate. The outcomes from these 

extraction techniques are used to construct the smoothed location models, which then 

produce two new approaches of classification called 2PCALM and 2DLM. 

Numerical evidence from simulation studies demonstrates that the computed 

misclassification rate indicates no significant difference between the extraction 

techniques in normal and non-normal data. Nevertheless, both proposed approaches 

are slightly affected for non-normal data and severely affected for highly 

overlapping groups. Investigations on some real data sets show that the two 

approaches are competitive with, and better than other existing classification 

methods. The overall findings reveal that both proposed approaches can be 

considered as improvement to the location model, and alternatives to other 

classification methods particularly in handling mixed variables with large binary 

size. 

 

  

Keywords: Classification Rule, Smoothed Location Model, Principal Component 

Analysis, Multiple Correspondence Analysis, Mixed Variables. 
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CHAPTER ONE 

CLASSIFICATION 

1.1  Introduction   

Living things such as animals, plants and humans can be organized into groups based 

on some similar characteristics. The process of organizing things into groups due to 

differences between them is called a classification system (Bidelman, 1950). In 

general, classification can be divided into two types: unsupervised classification and 

supervised classification (Dudoit & Fridlyand, 2003). In unsupervised classification, 

group memberships of objects are unknown and its memberships are determined 

from the data. This classification process involves estimating the number of groups 

and determining the objects for each group. In contrast, in supervised classification, 

the group memberships are known at a priory. Thus, this process attempts to create a 

mathematical form which then can be used to explain the basis of classification and 

to predict a group of future objects.  

The knowledge of classification is helpful to support and to build theories related to 

differences of objects. For example, in epidemiology studies, classification is used to 

determine the level of health risks for different populations (Kristensen, 1992). 

Classification and discrimination are often used interchangeably. However, 

classification is related to the problem of identifying the sub-populations to which 

new objects belong to, on the basis of a set of measurements that have been made on 

it (Krzanowski, 2000, p. 330). Meanwhile, discrimination deals with the separation 

of groups of data (Esbensen et al., 2002, p. 496). In other areas such as machine 
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learning, classification is termed as pattern recognition, supervised learning or 

supervised classification. In statistical terminology, classification falls under the 

heading of discriminant analysis (Gnanadesikan et al., 1989).  

Discriminant analysis is a powerful multivariate statistical method that classifies 

individual objects into uniquely defined groups on the basis of measured variables 

(Goodstein, 1987; Yang & Trewn, 2004, p. 6). It acts as a rule that will permit 

objects to be classified into one of the predefined groups (Klecka, 1980, p. 7).   

In discriminant analysis studies, a discriminant rule is constructed to discriminate the 

groups of objects systematically. Some constructed rules are restricted to deal with 

continuous variables (see Huang et al., 2002; Dai et al., 2006; An & Chen, 2009), 

category variables (see Cochran & Hopkins, 1961; Cox, 1966; Buttrey, 1998; Cerioli 

et al., 2006) or a mixture of continuous variables and categorical variables (see 

Krzanowski, 1980, 1983a; Daudin, 1986; Krusińska, 1989; Merbouha & Mkhadri, 

2004; Mahat et al., 2007, 2009; Leon et al., 2011; Browne & McNicholas, 2012). In 

real applications, mixed variables appear in many real problems such as medicine, 

social and psychological sciences as well as economical and agricultural researches 

(Krusińska, 1989). For instance, level of sickness for animals and parasitic attack 

score for vegetables are ordinal variables that are often used together with 

continuous variables for measuring economic output of different races and species. 

In medical research, ordinal variables and nominal variables such as sex, social 

status and medical tests are important to be considered in the model along with 

continuous variables such as blood pressure and level of glucose in order to obtain a 

diagnosis. 
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It is an interest of this study to explore the issue of mixed variables in discriminant 

analysis. Careful investigation is limit to a discriminant rule that is able to consider 

various types of variables in a single mathematical model simultaneously. Before 

serious discussion on the issue and the model is carried out, it is good to view some 

terminologies used throughout this thesis.    

1.2  Some Terminology 

Some terminologies related with discriminant analysis are given in this section to 

avoid misunderstanding in future discussion.   

1.2.1  Data   

Data are a set of objects which are often categorized as either quantitative variables 

or qualitative variables (Illowsky & Dean, 2010, p. 17). In discriminant analysis, 

data refer to a set of objects with some measured variables obtained from a number 

of predefined populations.  

1.2.2  Variable and Feature 

A variable is a characteristic of interest for objects. It can be either a categorical 

characteristic (e.g. race of a person) or a numerical characteristic (e.g. weight of a 

person). According to Guyon and Elisseeff (2003), the raw input variables are called 

variables whilst the generated input variables are known as features.  
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1.2.3  Discriminant Rule 

Discriminant rule is a mathematical function that aims to separate groups in a 

systematic way. Then, the rule is used to classify future objects to some distinct 

groups. It is also known as a classifier.    

1.2.4  Sample  

In order to allow for accurate classification, often a sample is divided into two parts 

at random called training set and test set (Hair et al., 1998, p. 253). The training set is 

used to construct a discriminant rule and the test set is used to validate the 

constructed rule.   

1.3  Some Challenges in Classification Study 

The focus of this study is to investigate statistical methods that are capable to handle 

many types of variables simultaneously. However, different type of variables needs 

to be treated differently. As a matter of fact, most of the existing statistical methods 

are designed to manage single type variables and few methods are able to handle 

mixture of variables. Thus, one has to be careful in choosing the right method when 

dealing with mixed variables.  

Extensive studies have been devoted to address the impact of different type of 

variables in a single model. Technically, the inclusion of all mixed variables in 

discriminant analysis may lead to some complications. The inclusion of too many 

variables in an analysis may lead to interaction between variables and engage large 

number of parameters that need to be estimated (Krzanowski, 1980). Besides, the 

choice of method is critically depends on the structure of the underlying data and the 
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type of variables (Wernecke, 1992). Past literatures have shown three possible 

strategies to construct a discriminant rule comprising variables with mixed type. 

(i) Transform variables so that they are all in the same type, then construct    

classification rules fit to this type. 

(ii) Construct separate classification rules for each type of variable, then combine 

the results as the overall classification. 

(iii) Develop a model that can manage different type of variables, then derive 

classification rule from this model.  

However, strategy (i) entails possible loss of information (Krzanowski, 1975, 1993; 

Hand, 1997) and strategy (ii) has had limited study (Wernecke, 1992; Xu et al., 

1992). Due to these unsatisfactory consequences, many studies have opened up the 

possibility of combining different types of variables more optimally via strategy (iii). 

As in the context of mixed-variables discrimination, a potential approach can be 

based on the location model because it is appropriate to be used in such situation 

(Olkin & Tate, 1961). Recently, the location model has been successfully applied in 

discriminant analysis problems involving mixture of variables (Mahat et al., 2007, 

2009; Leon et al., 2011). Therefore, this study will further investigate the location 

model to improve some weaknesses that have been uncounted by past studies.  

1.4  Some Existing Classification Methods for Mixed Variables 

In general, there are three groups of classification methods including parametric 

approach, e.g. location model; semi-parametric approach, e.g. logistic discrimination 
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and non-parametric approaches, e.g. kernel and nearest neighbour. The following 

sub-sections discuss about the methods.   

1.4.1  Parametric Approach 

In discriminant analysis, parametric approach requires known distribution of groups 

(Bittencourt & Clarke, 2003). Early work of parametric approach known as linear 

discriminant analysis (LDA) assumes each group to have a multivariate normal 

distribution with linear parameter and homogeneous covariance matrix 

(Gnanadesikan, 1977, p. 83-86). Rao (1952, section 9c) extended this idea to more 

than two groups, but maintain the restriction on linearity. There are some initiatives to 

use LDA for data with mixture of discrete variables and continuous variables. 

However, Krzanowski (1977) and Pinkowski (1987) discovered that the LDA gives 

unsatisfactory results if there are high correlations between binary variables and 

continuous variables in a population, but correspondingly low correlations between 

these variables in the other populations.  

Let 
1
π

 
be group 1 and 

2
π

 
be group 2 and assuming that each group to have a 

multivariate normal distribution with a homogeneous covariance matrix )( 21 ΣΣ  , 

then LDA will allocate an object y to 
1
π

 
if  
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i
μ  = the mean vector of 

i
π  

   

Σ = the homogeneous covariance matrix 

ip = the probability of 
i
π  

2 ,1    i  

If the assumption of within group covariance matrix is inappropriate )( 21 ΣΣ  , then 

the respective covariance matrix will be used which leads to a quadratic discriminant 

analysis (QDA) (Smith, 1947). By little modification on Equation (1.1) and 

assuming equal costs of misclassification with normality holds, then the optimal rule 

for assigning an object to 
1
π

 
is if  12 /log)( ppQ y  where,  
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otherwise allocate object to 
2
π . Equation (1.2) addresses two groups clearly, but it 

requires more parameters estimation (McLachlan, 1992, p. 54-59). With QDA, we 

obtain a separate covariance matrix for each group, so QDA tends to perform poorly 

for small sample size. If we have many groups and few objects, this can lead to some 

problems in estimating covariance matrices. In practice, QDA can be applied to 

mixed classification problems (Pinkowski, 1987). Besides, some existing studies 

have showed both linear and quadratic discriminant analysis methods are 

compromised by the presence of discrete data (further see Dillon & Goldstein, 1978; 
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Anderson & Richardson, 1979). Although LDA and QDA are simple to be applied 

and described, they are not efficient to model irregular decision groups boundaries 

(Ping, 2005) and could be seriously affected by data that are not normal (Marks & 

Dunn, 1974; Wahl & Kronmal, 1977; Wakaki, 1990). Thus, the direct use of LDA 

and QDA on mixed variables is strongly not recommended.    

A parametric discrimination approach that focus on mixed variables was proposed 

by Chang and Afifi (1974), based on the location model introduced by Olkin & Tate 

(1961). The discrimination based on the location model assumes without loss of 

generality that b categorical variables are all binary, each taking on either zero or one 

values. The combination of zero and one from the vector of binary variables give rise 

to b2s  different multinomial cells. Such realization gives conditional distribution 

of the location model as   

   








  )()(
2

1
exp

||)π2(
)π| ,( 1

2/12/ im

T

imc

im
i

p
f μyμy

Σ
yx    (1.3) 

Location model acts as a rule that distinguishes the groups of objects based on the 

information obtained from c continuous variables subjected to the underlying 

multinomial cells created from b binary variables (Krzanowski, 1975, 1993; 

Asparoukhov & Krzanowski, 2000; Mahat et al., 2007; Leon et al., 2011).  

The schematic diagram in Figure 1.1 shows the structure of the location model which 

grows according to the number of binary variables. Figure 1.1(a) shows that the 

number of multinomial cells is four for each group as the number of binary measured 

is two  21   , XX . However, as the number of binary variable increases to four 
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 4321   ,  ,  , XXXX , then the number of generated multinomial cells growth to 16 per 

group as depicted in Figure 1.1(b). This demonstrates that the size of multinomial 

cell of the location model expanded by the number of binary variable following 

b2s . 
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(b) Four binary variables create 16 multinomial cells per group 
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Figure 1.1: The Expansion of Multinomial Cell in the Location Model 
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1.4.2  Semi-parametric Approach 

A popular method of semi-parametric approach is logistic discrimination which has 

an advantage to be used for estimating population parameters when a density 

function is unknown (McLachlan, 1992). Bittencourt et al. (2007) highlighted that 

the methods based on logistic discrimination have advantages compared to other 

parametric methods because the assumptions required are considerably weaker and 

the number of parameters to be estimated is smaller.  

Logistic discrimination directly estimates the ratio of the densities of the two 

groups )|π()|π( 21 yy ff in terms of a linear function y
T  of the variables of y. 

Logistic discrimination is a logistic transformation of the ratio of two populations  
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111 )|(πˆ1 )|π(ˆlog yy              (1.4) 

The main different between logistic discrimination and LDA is that the former 

directly estimates the posterior probabilities )|π( yif  with 2 ,1  i  whilst the latter 

derives the )|π( yif  indirectly via estimates of the multivariate normal conditional 

distribution. In practice, both tend to give similar results as demonstrated by Efron 

(1975) and Press and Wilson (1978). Even though logistic discrimination is a well 

documented method for classifying new objects, the estimation of the discriminant 

rule can be seriously affected by the outliers (Cox & Pearce, 1997). Another 
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limitation of logistic discrimination is that the iterative method required to estimate 

parameters may lead to computational problem (Bittencourt & Clarke, 2003).   

1.4.3  Non-parametric Approach 

Researchers may face some difficulties to use parametric approach as the 

assumptions are too restrictive. Sometimes, logistic discrimination is not appropriate 

to use as the function has an implicit assumption of linearity in terms of logic 

function. Therefore, non-parametric approach appears to be a good alternative. This 

approach does not rely on the conditional distribution of the underlying data, or 

distribution free. There are many non-parametric statistical methods allow the use of 

mixed variables and do not restricted to the stated assumptions. Following is a 

summary of several methods from this approach.   

(i)  A neural network consists of an input layer, a hidden layer and an output layer 

interconnected by modifiable weights represented by links between layers. 

Neural network has been known capable to handle continuous and discrete 

values without problems and being able to capture complex interactions (Ripley, 

1996, p. 168). But, the relationship between variables and group membership is 

very complex, thus its process is not always easy to be understood.  

(ii)  Support Vector Machines (SVMs) introduced by Vapnik in 1979 has been used 

to many financial applications mainly in the areas of time series forecasting (Tay 

& Cao, 2001, 2002; Kim, 2003; Huang et al., 2005), bankruptcy prediction (Shin 

et al., 2005) and credit risk assessment (Huang et al., 2004). Initially, SVMs has 

been developed to solve classification problems, but then was extended to solve 

regression problems (Vapnik et al., 1997). A common disadvantage of SVMs is 

that the weights of the parameters ratios are not constant (Auria & Moro, 2008). 

Thus, the marginal contribution of each parameter ratio to the score is variable. 
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In addition, the SVMs training are very computationally intensive (Huang & 

LeCun, 2006).    

(iii) A popular method for tree-based is classification and regression tree called 

CART (Breiman et al., 1984). The classification tree generates a tree structure 

through recursively splitting the data into partitions called branch nodes. The 

tree algorithm systematically selects a splitting rule which includes a split 

variable and a split value to break up the whole space into two parts. The 

splitting process continues until no more useful splits are found. Despite of its 

simplicity, there are some questions that still argued by many including (a) the 

choice of splitting variables and values, (b) the best criteria to declare a node as 

leaf, (c) the optimum size of tree and (d) the assigned label for an impure node. 

Also, growing a tree requires more computational time as each node has to be 

examined prior to obtaining the best split.   

(iv) K-nearest neighbour (Knn) classifier (Fix & Hodge, 1951) is a memory-based 

method in which the entire training sample is stored without fitting any models 

until a new sample (unknown) needs to be classified. This method finds k 

training points that are the closest in distance to the target object and then 

classify it using majority vote among the k neighbours. The decision boundary 

obtained by this method is flexible but unstable and sensitive to outliers because 

any particular sub-region of the decision boundary depends on a handful of input 

points and their particular positions (Ping, 2005). The Knn only has a single 

parameter that is the number of neighbours, k and the choice of k is very 

important for the performance of Knn classifier, but there is a conflict on this 

matter. Domeniconi et al. (2002) demonstrated that predetermining the value of 

k becomes difficult and large value of k creates more noise if points are not 

uniformly distributed. As a result, selecting the optimal k becomes almost 

impossible for different applications. Also, choosing a suitable value of k still a 

crucial task for most Knn extensions (Song et al., 2007), thus making the 

problem further compounded. 
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The review demonstrates that various methods are capable to handle classification 

tasks and some allow the use of mixed variables. Among the discussed methods, we 

are interested on the parametric approach based on the location model as the method 

is particularly amenable to be generalized to mixtures of all types of variables 

(Krzanowski, 1980). In addition, it has been proven to provide optimal classification 

results when dealing with mixed variables problems (Krzanowski, 1975, 1995). This 

study is going to further investigate the location model with a large number of 

measured variables particularly the large number of binary variables, which has 

never been addressed before.  

1.5  Problem Statement  

In reality, most collected data contain various types of variables which cover 

quantitative variable and qualitative variable. However, most classification methods 

are applicable to either quantitative variables or qualitative variables. Thus, often 

researchers convert or transform the variables into a single type prior to the analysis. 

This conversion process adds to computational effort, may result in loss of precious 

information and could lead to possible source of bias. Our discussion in the previous 

Section 1.4 has mentioned about some possible methods for handling mixed 

variables. The existing ones are location model, logistic discrimination and non-

parametric classification methods. Among them, the location model is the most 

powerful and convenient method for dealing with mixed variables.  

In a case when many binary variables are important discriminators to distinguish the 

groups, then the use of location model is appear as a good choice. The location 

model treats the role of each type of variables separately. The binary variables create 
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segmentation in the group via multinomial cell whilst the continuous variables 

measure the differences between groups based on the given information of the 

multinomial cell. Such beautiful features are generally well known, but the method 

may be burdened in terms of computation and sometimes infeasible if engaged with 

many binary variables. Innovation in the location model has led to the smoothed 

location model that is capable to handle the issue of empty multinomial cell due to 

greater number of s compared to size of sample n.   

 The implication of considering many binary variables into the smoothed location 

model is that it will create too many multinomial cells or lead to high multinomial 

cells (due to b2s  as described in Sub-section 1.4.1), and more worrying if most of 

them are empty. We refer the situation where the number of empty cells is too many 

as large sparsity problem. When large sparsity of multinomial cells occurs, the 

smoothed estimators of location model will be greatly bias, hence creating frustrating 

performance. At worst, the rules cannot be constructed. This issue has attracted this 

study to further investigate the smoothed location model when facing with large 

sparsity problem. 

The incorporation of too many variables may lead to unstable and bias classification 

rules (Wang & Tang, 2004) which then produce inaccuracy and unreliable decision 

(Lukibisi & Lanyasunya, 2010). The difficulty arises in dealing with big matrices 

(e.g. computing the eigenvalues and covariance matrix) (Yu & Yang, 2001) and at 

worst the study is burden with a singular matrix. Direct solution to this problem is 

infeasible showing that the classifier cannot be constructed directly with too many 

variables (Das et al., 2007) or it will lead to disappointing performance. Simple 
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strategy to overcome this problem is either to limit the number of binary 

(categorical) variables or require a big size of training set in the study (Krzanowski, 

1993).  

As discussed by Katz (2006, p. 81-154), if we have too many variables for a given 

sample size, we need either to increase the number of samples or to decrease the 

number of variables. Increasing the size of sample is more desirable, but it is usually 

impossible to be carried out in any study. Besides, in real application, sometimes we 

rather have some limited size of sample. As a result, most researchers will try to 

reduce the number of variables in their analysis. Li (2006) addressed that reducing 

the dimension of the appearance of objects helps to improve not only the recognition 

accuracy but also efficiency. It is desirable to keep the dimensionality of input 

variables as small as possible because we can obtain the most significant features to 

describe important phenomenon of data and simultaneously eliminating the 

redundant information (Ping, 2005; Young, 2009).  

Align with this, Mahat et al. (2007) tried to use variable selection strategy to 

overcome large consideration of the binary in the smoothed location model, but the 

process and computation time for selecting the best set of variables are expensive 

and sometimes infeasible even with only six binary variables. Zhu (2001) also 

concluded that the variable selection techniques handle the variables one by one, it is 

therefore not a genuine multivariate method in spirit. This study will adopt a more 

direct multivariate approach which considers all the variables simultaneously. 

Therefore, this study will offer an alternative to variable selection strategy in 
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constructing the smoothed location model purposely for handling too many empty 

cells created by the occurrence of many binary variables. 

We decided to use principal component analysis (PCA) in order to collapse the 

number of multinomial cells as an attempt to rectify the problem of large sparsity 

that occurs in the location model. It is well known that PCA is a popular technique 

for extracting variables from a high dimensional data space to a lower dimensional 

which accounted for a meaningful amount of variance (Abdi & Williams, 2010). 

However, some questions still arise as how to extract the variables and how many of 

them are worthy to be kept for later used in the smoothed location model. In PCA, 

the most commonly used criterion for solving these questions is the criterion of 

eigenvalue 1.0 (Kaiser, 1960). Even so, this study will make an exploration to search 

for the best eigenvalue to ensure that it contributes to minimum error rate and 

suitable for the smoothed location model. 

This study put an extra effort to seek for comparison to the PCA. Therefore, the 

multiple correspondence analysis (MCA) is considered as another option to PCA to 

extract large categorical variables to a smaller size. MCA is best used with 

categorical variables, as has been asserted by Abdi and Valentin (2007) that MCA is 

an extension of correspondence analysis which allows one to analyze the pattern of 

relationships of several categorical variables. MCA is good in detecting and 

representing the underlying structures of the data (usually nominal categorical data) 

in a low dimensional space (Greenacre & Blasius, 2006). As such, it can be seen as a 

generalization of PCA when the variables to be analyzed are categorical instead of 

quantitative. By this way, hopefully the problems of over-parameterization and 
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sparsity will be solved. Similar to PCA, the same questions will be investigated such 

as the best criterion to extract the variables and how many variables are adequate to 

be kept, so that it is sufficient to construct the rules. We also look for criterion that 

tolerates with the minimum error rate. 

The proposed idea of introducing extraction of the original variables using PCA and 

MCA prior to construction of the location model has never been tested before. 

Previous studies including Afifi and Elashoff (1969), Chang and Afifi (1974), 

Krzanowski (1975, 1980, 1982, 1983a, 1994), Knoke (1982), Vlachonikolis and 

Marriott (1982), Mahat et al. (2007, 2009) as well as Leon et al. (2011) have limited 

their study to adequate number of variables and do not consider the occurrence of 

large variables, especially the binary. As a consequence, this study will fill up this 

gap and proposes new approaches for tackling large sparsity problem of multinomial 

cells of the smoothed location model caused by many binary variables considered in 

the study.  

Both extraction techniques based on PCA and MCA are well accepted in many 

applications (Huang & Antonelli, 2001; Pinto et al., 2006; Karacaoren & 

Kadarmideen, 2008; Yakubu & Ayoade, 2009; Okpeku et al., 2011), but it still not 

yet contribute well to the classification problem particularly in the location model 

which often aimed to have a rule with a low misclassification result. 

In order to achieve this, the processes of extraction will be performed separately on 

each type of variables to fulfil the basic structure of the location model. Thus, the 

challenge is to integrate the outcomes from both extraction techniques so that they 
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correspond to the location model. We will design carefully the full procedure for 

constructing the smoothed location model with those extraction techniques in a 

leave-one-out setting. This setting allows us to remove bias in evaluating the 

performance of the designed rules (Lachenbruch & Mickey, 1968; Krzanowski, 

1975; Lachenbruch, 1975, p. 32; McKay & Campbell, 1982; Krzanowski, 1995; 

Härdle & Hlávka, 2007; Lê Cao & McLachlan, 2009). Leave-one-out is also the 

most appropriate procedure to be implemented for small sample size (Kearns, 1997) 

as this study considers on small samples cases.   

1.6  Research Motivation 

The main focus of this study is on the performance of the classification based on 

smoothed location model involving mixed variables with a large number of binary. 

This study is conducted due to the inspirations and the evidences from previous 

studies which often limit the number of binary variables into some acceptance value 

so that the location model can be constructed. Vlachonikolis and Marriott (1982) 

used classical location model which limit the study into five binary variables. 

Krzanowski (1983a) only dealt with at most six binary variables for executing 

maximum likelihood location model if the size of training set is not large. Even if 

large training set is available, the computational effort needed to estimate error rate 

increased proportionately with the number of discrete variables, and presents 

computing capabilities militate against the inclusion of many variables. Mahat et al. 

(2007) also demonstrated that the usefulness of the smoothed location model is 

reduced even with only six binary variables and sometimes it is infeasible.  



 

 

19 

None of the previous discussion has raised the issue of the large number of variables, 

especially the binary. Large binary variables can lead to high multinomial cells 

where practitioners will face with large sparsity problem, if the sample size is 

relatively small compared to the size of cell. Therefore, it is worth to venture into 

this problem to identify the best strategy to encounter for this loop hole. The finding 

of this study will be beneficial to practitioners in considering using this method when 

they are burdened with too many multinomial cells which are empty and not 

restricted with the assumption of normality. It will be the main interest of this study 

which is new and could tackle the issue of the current domain among statisticians in 

classification as requiring further investigation. 

1.7  Research Objectives  

The main objective of this study is to propose new approaches in constructing a 

smoothed location model for a situation of too many multinomial cells that are 

empty. To accomplish this, our specific objectives are:  

1.  to identify the best criteria for selecting the best set of reduced variables among 

the binary variables.  

2.  to perform systematic variable extraction process for continuous variables and 

binary variables that contributes significant performance on the classification 

task.  

3.  to integrate the process of two extraction techniques and construction of the 

smoothed location model.   

4.   to evaluate the performance of the proposed approaches.   
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5. to assess the effectiveness of the proposed approaches with other existing 

classification methods in some real applications. 

1.8  Research Contributions  

This study demonstrates the two-group classification problem considering of mixed 

variables with assumption of a common covariance matrix between groups. Our 

study has some strengths that are useful for future use or study as follows: 

1. The introduced criteria for choosing the best set of reduced variables can act as 

guidance for practitioners to determine acceptable number of reduced variables 

suitably for location model classification.   

2. The proposed approaches are useful for practitioners who are facing with many 

mixed variables and need to have quick findings in terms of classification. The 

model allows all the measured variables to be executed simultaneously by a 

single structure.     

3. The proposed classification approaches are the first implementing variable 

extraction techniques into the smoothed location model in handling mixed 

variables problem. The proposed approaches are also the first applying the 

smoothed location model with too many empty multinomial cells.    

4. The abovementioned contributions can be further utilized for building in-depth 

literatures of effective algorithms in practicing classification tasks. In addition, 

findings from this study will extend the existing literatures by obtaining more 

details information about the effectiveness of classification tasks for many 

mixed variables.  

5. We believe in general that this study will cover the way for substantive research 

in dimension reduction and classification particularly using the smoothed 
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location model as a basis, which will surely be the subject of much future 

applications and elaboration.  

1.9  Research Limitations    

The investigations carried out in this study are designed to cover several limitations 

include:  

1. Focus to the problem of classifying an object into one of two groups when the 

variables are a mixture of continuous variables and binary variables.  

2. Implicitly assumes the data are from a multivariate normal distribution with 

homogeneous covariance matrix between groups. 

3. Using simulated data to estimate and construct classification rules in which the 

binary variables are derived from the discretization process of continuous 

variables. 

1.10  Thesis Organization  

This thesis is organized in seven chapters. Chapter 1 provides an overview about the 

research study. It summarizes several existing classification methods for handling 

mixed variables classification problems. Next, Chapter 2 carefully examines current 

work related to the location model. It starts with the history of the location model 

from the aspects of model development and parameters estimation. The procedures 

for obtaining optimized smoothing parameter which are used to compute the 

smoothing estimators are subsequently presented. This chapter also provides a 

measurement for calculating distance between the observed groups.   



 

 

22 

Chapter 3 reviews various kinds of strategies applied to high dimensional data 

analysis. This chapter starts by defining high dimensional data from a general 

perspective and from the viewpoint of location model. Then, few technical 

challenges in handling high dimensional data are outlined and several solution 

methods to correct them are further presented according to the types of variables 

used. Next, justifications of which PCA and MCA were selected as the best 

techniques in order to reduce the dimensions of large data that are considered in this 

study are given. Finally, Chapter 3 provides some criteria that can be used as a 

guideline to reduce the size of variables in the study.  

Chapter 4 addresses the methodology designed for carrying out all the investigations. 

The combinations of the two processes via two extraction techniques using 

PCA+PCA and PCA+MCA are outlined. Then, the outcomes of these techniques are 

used to construct the smoothed location models which produce two new 

classification approaches namely 2PCALM and 2DLM. This chapter highlights all 

the procedures and strategies involved as we arrange them into algorithms 

systematically. We elaborate the process of generating multi variables data and give 

a brief reason of choosing the R programming to execute all the algorithms.  

Chapter 5 broadly presents statistical analysis to observe the performance of the two 

proposed approaches using a number of simulated data in normal and non-normal 

data settings. The leave-one-out error rate was used to measure the classification 

accuracy. Both of the proposed approaches were examined in several conditions 

from different angles in order to verify the suitability and validity of the approaches.    
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Chapter 6 demonstrates the applications of discriminant analysis using the two 

proposed approaches tested in real problems. Results on each data set are explored 

and compared with other classification methods in order to gain extra understanding 

about the performance of the recommended approaches relative to the existing 

methods. Finally, Chapter 7 summarizes and brings together the main idea discussed 

in the thesis. This chapter also draws conclusions and contributions of the study. A 

number of areas to be pursued as future work are suggested at the end of the chapter, 

to further enhance the performance of the two approaches developed by this study.  
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CHAPTER TWO 

LOCATION MODEL AS A CLASSIFICATION  

TOOL FOR MIXED VARIABLES 

2.1  Introduction 

Chapter 1 has briefly discussed about some classification methods that may handle 

multi types of variables simultaneously. Among the discussed methods, 

classification based on the location models has received continuous attention from a 

number of researchers. As detailed out in Section 1.6, this study proposes the 

integration of the smoothed location model with two variable extraction techniques 

(i.e. principal component analysis (PCA) and multiple correspondence analysis 

(MCA)) to tackle the excessive number of empty cells in the smoothed location 

model classification problem. In this chapter, we overview the developments of the 

location model in Section 2.2 and observe some proposed ideas on estimating the 

parameters of the location model in Section 2.3. Section 2.4 describes the procedures 

for evaluating the constructed classification rules and Section 2.5 further outlines the 

procedures for selecting smoothing parameters in the smoothed location model. 

Special distance measure for mixed variables called Kullback-Leibler distance is 

discussed in Section 2.6. Finally, a summary is given at the end of this chapter. 

2.2  The Development of the Location Model for Discrimination    

The location model was first introduced by Olkin and Tate (1961) for describing the 

distribution of mixed binary variables and continuous variables. Then, Chang and 

Afifi (1974) successfully applied it in classification problems for a set of a binary 
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variable and a continuous variable. The model assumes the continuous variable has a 

different normal distribution at each binary value [0 and 1] with different population 

mean but equal variance of the continuous variable. This model has been extended to 

more than two variables by Krzanowski (1975) for two groups' problem followed by 

another generalization for mixtures of continuous and categorical variables 

(Krzanowski, 1980, 1982). In multivariate case, the binary vector x  is treated as 

nominal data from a contingency table with b2s  nominal states (also termed as 

cells). He assumed that the continuous variables have a different multivariate normal 

distribution at each multinomial cell with different population mean vectors but 

equal covariance matrices for the two observed groups. 

However, Moussa (1980) and Daudin (1986) have identified that location model is 

almost impossible to be constructed when there are too many cells without objects, 

which termed as empty cells. Therefore, Asparoukhov and Krzanowski (2000) and 

Mahat et el. (2009) proposed smoothing estimators of the location model to resolve 

the affects of empty cells and over-parameterized problems. But, the smoothing 

method still suffering from over-parameterized problem and occasionally is unable 

to operate when the number of binary variables is large, even aided by variable 

selection strategy as conducted by Mahat et al. (2007).  

Latest study on classification with discrete and continuous variables used a general 

mixed data model that is based on the joint distribution of the mixed discrete and 

continuous variables (Leon et al., 2011). However, the idea of using maximum 

likelihood for estimating the unknown parameters is not suitable to deal with empty 
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cells in the model. The reliability of the model is also arguable if a corresponding 

future object is originally from the cells that do not exist in the sample.    

In order to have a clear picture about the location model, suppose that a vector 

)  ,(  TTT
yxz   is observed on each object where ) ,... , ,( 21 b

T xxxx
 
is a vector of b 

binary variables and ) ,... , ,( 21 c

T yyyy
 
is a vector of c continuous variables. The 

binary variables can be treated as a single multinomial cell } ..., , ,{  21 smmmm  

where b2s , and each distinct pattern of x  defines a multinomial cell uniquely, 

with x  falling in cell 



b

q

q

qxm
1

121 . The probability of obtaining an object in 

cell m of group 
i
π  is imp  where 2 ,1  i . Next, we assume that y

 
to have a 

multivariate normal distribution with mean imμ  in cell m of 
i
π

 
and a homogeneous 

covariance matrix across cells and populations, Σ . Hence, the conditional 

distribution of y
 
given x  is m)|( xy  ~  Σμ  ,MVN

im
 for i

π . The general 

density function of the location model is as Equation 1.3. 

Based on the density function of Equation 1.3 and if the parameters im
μ , Σ  and imp  

are known, then the optimal rule for allocating a future object )  ,( ttt
yxz   can be 

derived easily (Moussa, 1980). In a case of two groups problem, the )  ,( ttt
yxz   

will be inserted into Equation 1.3 for each 1π  
and 2π , hence gives ) π|  (

1

tt ,f yx  

and ) π|   (
2

tt ,f yx . Then, 
t

z  will be allocated to group with greater density. A 

straightforward strategy is to take a ratio of density of two groups, 

   
21
π|  π| tttt ,f,f yxyx  .    
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By defining a as the cost of misclassifying an object of 
i
π  

as an object of 
j

π
 
where 

ji  . Then, the ratio of the two densities is   
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Next, we take the logarithma on both sides of Equation 2.1 as 

)log(      
)π| ,(

)π| ,(
log

2

1 a
f

f










yx

yx
,  hence gives    

   )log(    )()(
2

1
    )()(

2

1
    log  2

1

21

1

1

2

1 a
p

p
m

T

mm

T

m

m

m 
























 
μyμyμyμy

                               (2.2) 

Further mathematical simplification gives us  
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We expand the Equation 2.3 and knowing that yμμy
1-
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Next, we simplify and arrange the statistics such that  
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otherwise to 2
π . The parameter values im

μ , Σ  and imp  are often unknown and will 

be replaced by the estimators obtained from the samples.   

2.3  Parameter Estimation 

The estimation of the parameters of a statistical model is one of the fundamental 

issues in statistical inference (Mood et al., 1973, p. 401). Choosing the appropriate 

estimator is an important task, hence several optimal estimation methods for location 

models are discussed as follows.  
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2.3.1  Maximum Likelihood Estimation 

If n is very large, then the naive estimates of the parameters will suffice (Chang & 

Afifi, 1974). Thus, the probability of each cell is defined by  

   
i

im
im

n

n
p ˆ                (2.5) 

where imn  is the number of objects that fall in cell m of 
i
π

 
(




s

m

iim nn
1

) and in  is 

the total objects of 
i
π ; for sm  ..., ,2 ,1    and 2 ,1  i . In each cell m of 

i
π , the vector 

of means of the continuous variables is defined by 
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where rimy  is the vector of continuous variables associated with the r
th

 object in cell 

m of 
i
π . Meanwhile, the covariance matrix is expressed by 
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) (
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Estimation based on the maximum likelihood is only feasible if the size of n of the 

training set is very large. However, the number of cell grows drastically as the 

number of binary variables increases following b2s  (Moussa, 1980; Daudin, 

1986). Therefore, if b is excessive than the size of n, then some multinomial cells 

will be empty. In such a case, the cell probability for empty cell will be zero 
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( 0ˆ imp ) hence prevent Equation 2.4 to be constructed. Besides, the estimated cell 

probability for cell with only a few objects will be poor hence leads to biased 

classification rules. The occurrence of empty cells also gives another drawback for 

future classification when the objects to be allocated are in fact come from such 

nonexistent cell. However, this drawback was rectified by Krzanowski (1975) by 

using a generalized linear model on the binary variables to estimate the probability 

( imp ) and a linear additive model for estimating the mean )( imμ  and the covariance 

matrix )(Σ .       

2.3.2  Linear Model Estimation   

In general, a linear model can be written as 

   U = Vß + ε                       (2.8) 

where U = '

1 ) , ... ,( nuu  is the response vector, V is an n × c matrix of predictors 

variables with typical row vh' = (vh1, ..., vhc), ß = (ß1, …, ßc)' is a vector of unknown 

parameters and ε = )' ..., ,( 1 n  is a vector of error or noise assumed to be 

independent across observations with constant variance (σ
2
), having multivariate 

normal distribution. Krzanowski (1975) utilized Equation 2.8 to estimate the cell 

probability imp  as a realization of a variate whose mean ηim satisfies a relationship of 

the form  

   
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
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kimkim
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for some unknown constants θ1, …, θs and known coefficients 
imk

 . The vector θk 

represents the main and the interaction effect of the binary variables of all orders. 

Thus, the cell probability can be estimated through iimim np ̂ˆ  .  

Meanwhile, generalized additive model is a variation of Equation 2.8 in which the 

response vector U is not restricted to be linear in the covariates V, but is the sum of 

smoothing functions applied to the vh 

     )( ... )()() ..., ,( 221101 ccc yfyfyfyyf        (2.10) 

where fh(y) are the smooth functions (h = 1, …, c), 0  is the unknown parameter and 

  is the error term. These functions are estimated from the data in a non-parametric 

fashion. In general, this requires a large number of data points and it is 

computationally intensive (Hastie & Tibshirani, 1986; Wood, 2006, p. 219). The 

additive model as in Equation 2.10 is utilized to estimate im
μ  and Σ  in which the 

mean for continuous variables in i
π

 
is   

   
bb
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kjijk

b

j

jijii xxxxxxxa ...... 321...123

1

  
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where ia  is the overall mean for i
π

 
whilst 

ij
 , 

ijk
  and 

ijkl
  are the model 

coefficients. The mean of the continuous variables in cell m (i.e. im
μ ) is estimated by 

inserting the values of the binary variables in cell m into the right side of Equation 

2.11. Fitting the full model in both Equations 2.9 and 2.11 would recover the 

weaknesses of the maximum likelihood estimation. However, considering all orders 
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are not practical as it requires too many parameters to be estimated. This is because 

Equations 2.9 and 2.11 consist of main effects of each binary variable and all orders 

of interactions effect between them. Due to that, Krzanowksi (1975) imposed some 

restrictions by considering only the second-order approximation in the model and 

higher interactions order are deemed as the residual term. 

2.3.3  Non-parametric Smoothing Estimation  

The ideas of using linear model estimations and MANOVA-log-linear formulation 

provide reasonable justification on parameters estimation, but the issue of cells 

without objects as described in Section 2.2 is still remains unsolved. In earlier work 

of Asparoukhov and Krzanowski (2000), they imposed the idea of using smoothing 

approach to estimate the probability of the cell in attempt to avoid obtaining a zero 

value. The smoothing idea is simple as assigns each cell with a weight that 

represents the relative closeness between the observed cells to its neighbour. Then, 

all estimators are obtained from the cells that take some contributions from their 

neighbour in the same group. This smoothing technique successfully overcomes the 

problem of empty cell.  

In the smoothing approach, the mean im
μ  of each cell is fitted by a weighted average 

of all continuous variables from the data in the relevant group i
π . The vector of 

mean of the j
th

 continuous variables y for cell m of i
π

 
is estimated by  
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under conditions;       1),(0  kmwij     and      0),(
1












s

k

ijik kmwn   

where  
 

m, k = 1, 2, …, s ;  i = 1, 2 and  j = 1, 2, …, c 

nik = the number of objects of 
i
π

 
in cell k 

yrijk = the j
th

 continuous variable of the r
th

 object in cell k of 
i
π  

wij(m, k) = the weights with respect to the variables j and cell m of all objects fall in 

cell k 

 

If the value of   was obtained and the vector of the cell means m1μ̂  and m2μ̂  
have 

been estimated, then the smoothed pooled covariance matrix is defined by   
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where, 
 

ni = the number of training objects of i
π  

nim = the number of objects in cell m of i
π  

yrim = the vector of continuous variables of the r
th

 object in cell m of i
π   

gi = the number of non-empty cells in the training set of i
π  

Finally, the estimate for the cell probabilities ( imp̂ ) can be obtained through any of 

the following four possible strategies namely (i) exponential smoothing, (ii) kernel 

smoothing, (iii) nearest neighbour smoothing and (iv) standardized exponential 

smoothing. 
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(i) The exponential smoothing (Asparoukhov & Krzanowski, 2000) is defined as  
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 The Equation 2.14 is exactly a maximum likelihood estimator if   approaches 

zero and it closes to 1 when   approaches 1. However, the log ratio of the cell 

probabilities of the two groups will be zero if both groups have the same weight 

hence hinder the classification rule to be constructed.  

 

(ii) The kernel smoothing (Aitchison & Aitken, 1976) estimates the cells probability 

using  
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where,  
 

b = the number of binary variables 

 
b2s  = the number of multinomial cells 

ni = the number of training objects of i
π    

Nij(m,k) = the number of training objects that fall in cell k of i
π

 
whose binary 

vector x is đ binary variables distant from the cell m, d(xm, xk) = đ  for 

m, k = 1, 2,…, s and i = 1, 2  

i = a smoothing parameter for i
π  

 

(iii) The nearest neighbour smoothing (Hall, 1981) states that 
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here b, ni and Nij(m, k) have the same interpretation with the kernel smoothing 

estimator. The weights are chosen to minimize the mean squared error and the 

expectation being with respect to repeated sampling from a multinomial 

distribution. 

   
2

1

10
ˆ ..., , ,  




s

k

ikikiLiii ppEwww                (2.17) 

 

(iv) The standardize exponential smoothing is simply a standardize function of 

exponential smoothing (Equation 2.14) as 

 
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It rectifies the problem of zero log ratio cell probabilities and provides 

convincing probability of groups under study. Standardize exponential 

smoothing is an easy method and suitable because both groups can be smoothed 

by a single parameter (Mahat et al., 2009).  

2.4  Rule Assessment   

In classification problem, the constructed rule needs to be assessed before it can be 

used to allocate a future object. In fact, classification is a fundamental to decision-

making process in which the major issue is the impact of error in classification or 

termed as misclassification (Kristensen, 1992). Misclassification can directly give an 

impact to the individuals/objects which can vary from an overestimation to an 

underestimation of the true value (Copeland et al., 1977). Statisticians have 

developed methods to adjust this type of bias, which may assist somewhat in 

compensating this problem when it is known and quantifiable (Greenland, 1988).  
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Also not surprising that many studies have been conducted purposely discussing the 

rate of misclassification in various fields and the consequences from such 

misclassification. For example, employer incorrectly classifies workers as 

independent contractors instead of employees. The consequences of misclassifying 

workers include employers may be required to pay employees unpaid income taxes. 

This will involve some costs. Victor and Zhang (1999) found that misclassification 

costs have significant impact on the classification results and the appropriate use of 

information can aid in optimal decision making. Thus, we need to choose a good 

indicator to avoid unnecessary misclassification costs. A common indicator for 

measuring misclassification is error rate that calculates the number of misclassified 

objects over the number of all objects under study. This indicator can be used to 

evaluate the prediction accuracy of the model (Dai et al., 2006).      

An approximation of the conditional misclassification probabilities can be obtained 

by (Johnson & Wichern, 1992)  
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where the conditional probability, P(2|1) of classifying an object to 2
π

 
when in fact, 

it is from 1
π  is 
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Similarly, the conditional probability, P(1|2) of classifying an object to 
1
π

 
when it is 

from 
2
π

 
is 

   
  dxxfRXPP

RR
)(|)2|1( 221

21  
         (2.21) 

Therefore, a nearly unbiased estimate of the expected actual error rate (AER) can be 

obtained using  

   
21

21)(ˆ
nn

nn
AERE MM




                         (2.22) 

The simplest mechanism for computing AER is to use the same data set to construct 

a rule and to evaluate the constructed rule. The value obtained is termed as a 

resubstitution error rate which is known to be easy, but usually quite optimistic and 

bias to the results (Devivjer & Kittler, 1982, chapter 10). Another mechanism splits 

the data into two mutually exclusive sets called training set and test set. The training 

set is used to build a classifier and the test set is used to evaluate the classifier. The 

value obtained from this mechanism is called a plug-in error rate where it resolves 

the bias problem by not using the same data for building and assessing classifier 

(Glick, 1978; Snapinn & Knoke, 1989). However, it suffers greatly for small and 

moderate sample sizes as not all the data are used to build up the rule hence valuable 

information might be lost. 

Other possible mechanisms for evaluating the classification rule including k-fold 

cross-validation and bootstrapping (Braga-Neto & Dougherty, 2004). In k-fold cross-
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validation, the original sample is randomly partitioned into k fold (subsamples). 

From the k folds, a single fold is left out as a test set to validate the model and the 

remaining k − 1 folds are used as a training set. The cross-validation process is then 

repeated k times (the folds), with each of the k folds used exactly once as the 

validation set. The estimated error is obtained from the overall proportion of error 

committed on all folds. Meanwhile, the bootstrapping which introduced by Efron 

(1979) samples B bootstraps of size N with replacement from the original data to 

establish non-parametric estimators of bias, variance and other statistics. The error 

for each B bootstrap is computed and the overall error is obtained based on all 

bootstrap samples.  

According to Braga-Neto et al. (2004), k-fold cross-validation has the advantage of 

producing an effectively unbiased error estimate, but it displays excessive variance 

which makes individual estimates unreliable for small samples size. In contrast, 

bootstrap mechanism provides improved performance relative to variance, but at a 

high computational cost and often with increased bias (but, much less than the 

resubstitution) (Gascuel & Caraux, 1992).  

Lachenbruch (1967) mechanism or famously called as leave-one-out fully utilizes 

the data under study to perform the analysis. Leave-one-out takes an object as a test 

set for the assessment purposes and uses the remaining objects (n − 1) to construct 

the rule. This mechanism takes each object as a test set in turn and the error rate is 

counted by the proportion of misclassified objects over the sample. Lachenbruch and 

Mickey (1968) showed that leave-one-out can obtain success rates of classification. 
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It is naturally attractive for small sample size and yields small bias compared to 

resubstitution, plug-in and bootstrap mechanisms (Krzanowski, 1975; Kohavi, 1995).  

The use of resubstitution and plug-in for classification processes are impractical as 

they have great tendency to produce bias rules. Moreover, the resubstitution 

mechanism is not very useful in predicting future objects even it can fits the data 

perfectly (Jiang & Simon, 2007). Other options, either k-fold cross-validation or 

bootstrapping may overcome the weaknesses of the resubstitution and plug-in, but 

the construction of the location model via k-fold cross-validation and bootstrapping 

may lead to excessive computing and model framework.  

In view of that, this study opts to use the leave-one-out mechanism for the whole 

process of construction and evaluation of the rules. Even though leave-one-out is 

very time-consuming, it ensures that the assessment is not subject to optimistic bias 

(Krzanowski, 1995). As described by Lachenbruch and Mickey (1968), empirical 

assessment of the classification rule is best conducted by computing the leave-one-

out error rates. In practice, the leave-one-out is generally admitted that removing one 

object of the data does not change much on the outcome of the rule (Elisseeff & 

Pontil, 2003), it is thus a stable mechanism. To this end, it is desirable to develop a 

more realistic mathematical and statistical model that can be used for further 

analysis.   

2.5  Selection of the Smoothing Parameter  

The estimation process of the smoothed location model (Equations 2.12, 2.13 and 

2.18) demands for the value of smoothing parameter )( . The choice of value of   

http://www.citeulike.org/user/kchang10/author/Elisseeff:A
http://www.citeulike.org/user/kchang10/author/Pontil:M
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is crucial in which Asparoukhov and Krzanowski (2000) initiated the idea of 

choosing the value of   that contributes to minimize the error rate. They proposed 

the weight [ ),( kmwij ] that follows the following function  

   
),(),( kmd

ij

 

ij kmw                          (2.23) 

where   takes a value between 0 <   < 1 that is equal for all continuous variables, 

cells and groups to avoid having too many parameters to be estimated. The 

)()(),(),( kmkmkm xxxxxx  Td  kmd
 
is the dissimilarity coefficient between 

the m
th

 cell and k
th

 cell of the binary vectors given by the number of binary variables 

whose values differ between the two cells.  

Previous studies have discussed various methods for selecting the best values of the 

smoothing parameter. Some methods use functions based on group densities such as 

minimizing the mean square error (Hand, 1997, p. 82) or minimizing the integrated 

mean square error (Scott & Factor, 1981). Other methods use various aspects of 

distribution estimates (Silverman, 1986) or based on variance or bias of rule 

performance (Glick, 1978; Snapinn & Knoke, 1985; Hirst, 1996). In 2000, 

Asparoukhov and Krzanowski choose the optimum value of the smoothing 

parameters through the maximization of the pseudo-likelihood function. However, 

this pseudo-likelihood criterion is not effective if one does not confirm on the 

distribution of the groups. The leave-one-out mechanism can overcome this problem 

accordingly, proposed by Habbema et al. (1974) in the continuous case and used by 

Aitchison and Aitken (1976) in the binary case.  
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Despite of many strategies that have been proposed for identifying the value of  , 

the choice must reflect the aim of constructing the rule. Therefore, it is best to 

choose   that contributes to the minimum error rate following Asparoukhov and 

Krzanowski (2000). Also, the strategy matches to the use of error rate as an indicator 

to measure the performance of the constructed rule. Therefore, the optimization 

function used for choosing the best smoothing parameter in this study is conducted 

via the leave-one-out as it has been proved capable to estimate error with less biased 

than resubstitution or plug-in mechanisms, primarily for small sample size 

(Lachenbruch, 1975, p. 32; McKay & Campbell, 1982).     

2.6  Measurement of Distance between Groups  

One of the earliest distance measure was introduced by Mahalanobis (1936) called 

Mahalanobis distance. It is a well known standard measure of distance between two 

populations when all the observed variables are quantitative. Nevertheless, this 

distance becomes unclear when qualitative measurements are involved. 

Subsequently, other distance measure called Euclidean for mixed data was 

introduced by Gower (1971) to measure the distance of groups of qualitative 

measurements. Even though this distance shows satisfactory results when applied in 

discriminant studies (Cuadras, 1992; Cuadras et al., 1997), but it does not use any 

possible knowledge about the underlying distribution of the variables.  

In the case of mixed variables, Krzanowski (1983b, 1984) considered the distance 

measure based on Matusita's distance (Matusita, 1956). Later, Bar-Hen and Daudin 

(1995) used Kullback-Leibler divergence (Kullback & Leibler, 1951) to the general 

location model specifically for a case of a binary variable and a continuous variable. 
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Subsequently, Daudin and Bar-Hen (1999) used this distance to identify some 

variables that contribute significant separation between two groups.  

At the latest, Mahat et al. (2007) implemented the Kullback-Leibler divergence 

which worked with multivariate of continuous variables and binary variables in an 

attempt to perform variables selection in the construction of the smoothed location 

model. Based on their work, the Kullback-Leibler divergence for the location model 

with a common covariance matrix is defined as  

 Δ   =   Δ1  +  Δ2 

 

where, 
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The distance Δ between the two observed groups can be obtained by replacing the 

sample-based smoothing estimators im
μ̂ , imp̂  and Σ̂  into (2.24) and (2.25) 

respectively.  

2.7  Summary    

Our understanding on the past literatures have shown that many efforts have been 

devoted to improve the location model in terms of (i) the estimation process, (ii) the 

evaluation process and (iii) the overall framework to perform classification tasks. 

Some fruitful discoveries have been reported, but we realize that many efforts are 
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limited to adequate number of binary variables in which the location model can 

easily be constructed. As far as this study is concerned, none of the existing studies 

have discussed the issue of large sparsity in the location model due to large 

considerations of the binary variables. Therefore, we are interested to investigate the 

raised up issue. The next chapter discusses the issues of large variables in relative to 

sample size and some data reduction techniques in particular principal component 

analysis and multiple correspondence analysis.  
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CHAPTER THREE  

DATA REDUCTION APPROACH    

3.1  Introduction 

Classification studies often involve large dimensional scale such as the number of 

variables is as big as the number of objects or the variables are larger than the objects 

(Huang et al., 2002). In such cases, considering all variables will be difficult as too 

many variables need to be deal with. Ideally, relevant variables should be combined 

into meaningful features whilst the least important one should be discarded as noise. 

The process of combining variables and eliminating the least important ones is 

termed as data reduction and it has some benefits which can be divided into two-fold 

(Fukunaga, 1990): the data become computationally manageable and the statistical 

properties of the data can be estimated accurately in a low dimensional variable 

space.  

In this chapter, we review several techniques of data reduction which are commonly 

used in statistics. We begin our discussion by understanding the issue of large 

variables particularly in the view of location model. The issue of large variables in 

the location model is divided into two parts according to the types of the variables 

involved i.e. continuous variables and binary variables. The first issue looks into 

various approaches used in dealing with many measured continuous variables and 

the second issue looks into similar scenarios for the binary variables. All the 

discussions are aimed to identify the best practice for reducing the size of the 
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original variables so that the outcome may contribute to significant performance of 

the location model. 

3.2  Issue of Many Variables in Classification Problem 

The general understanding about high dimensional data refers to a scenario in which 

the size of sample is closes to the number of measured variables. Specific definitions 

have been outlined by some researchers to give meaningful criteria about high 

dimensional data. Antoniadis et al. (2003) referred high dimensional data as set of 

data in which the number of objects is relatively small compared to the number of 

variables which usually appear in the thousands. Greenshtein and Ritov (2004) 

considered what truly might be called high dimensional settings in the context of 

regression as the number of variables (p) that is far larger than the number of sample 

(n) such that p = n
a
 where a > 1. Similarly, Liu and Chen (2006) deemed the term as 

the corresponding number of variables typically larger than the number of object in 

the training set. However, Negahban and Wainwright (2011) expressed that high 

dimensional inference refers to instances of statistical estimation in which the 

dimension of the data is either comparable or possibly larger than the sample size. 

Wilbur et al. (2002) also defined high dimensional as np   or np  .  

Although there is no clear statement on the definition of high dimensional data for 

the location model, other existing references can be used as guidelines to clarify the 

issue of high dimensionality in such model. The number of multinomial cells in the 

location model is influenced by the number of binary variables which may give some 

hurdles to practitioners when the number of measured binary is excessive. Thus, high 

dimensional data in the location model can be referred to the following scenarios: (i) 
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the number of continuous variables is bigger than the number of objects following 

the definition by Antoniadis et al. (2003), (ii) the number of multinomial cells is big 

thus creating excessive number of empty cells in a group following Negahban and 

Wainwright (2011) and (iii) the total number of variables is larger than the number 

of objects following Liu and Chen (2006).  

Past studies have studied up to 15 and 17 binary variables which account for 2
15

 = 

32,768 cells and 2
17

 = 131,072 cells in a group. Asparoukhov and Krzanowski 

(2001) considered this amount as a large magnitude for discrimination problems, 

whilst 10 variables were deemed as moderate and 6 as small number of binary 

variables. None of the previous studies has investigated greater number of variables 

hence this study sets up to 30 binary variables which can be considered as a 

substantial amount for investigating the smoothed location model. Thus, this amount 

can be regarded part of scenario in a high dimension from the perspective of the 

investigated model. The number of cells created from 30 binary variables (2
30

 = 

1,073,741,824 cells per group) gives us example how the issue of many measured 

binary variables should be addressed according to the existing location model.  

3.3  Technical Challenges in Handling Many Variables  

In many applied classification studies, often practitioners faced with many measured 

variables and yet it is the most challenging current frontiers in statistical 

methodology (Li & Nachtsheim, 2007). Common studies that involved with too 

many variables include image retrieval (Swets & Weng, 1996; Wu et al., 2000), bio-

informatics (Ewans & Grant, 2001), face recognition (Turk &  Pentland, 1991; 

Belhumeur et al., 1997; Li et al., 1999; Nie et al., 2007; Zhang & Jia, 2007), pattern 
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recognition (Duda et al., 2001; Kim et al., 2003; McLachlan, 2004) and feature 

extraction (Yang et al., 2004). The occurrence of too many variables in general gives 

a lot of information for the classification, but they may create difficulties in 

computation and manipulation of large matrices. As a result, practitioners face with 

curse of dimensionality which can be simply referred to the excessive size of 

dimension of the measured variables (Bellman, 1961). Another common crisis that 

relates to many variables is known as multicollinearity (Ghosh, 2011) which some 

variables are correlated to each other. 

Kriegel et al. (2009) explained that data with many variables are very difficult to 

visualize due to the exponential growth in the number of dimension which 

impossible to enumerate by researchers. Therefore, direct application of the classical 

techniques such as linear discriminant analysis, logistic discriminant and pseuso-

likelihood of the location model to deal with many variables is not permissible. The 

following subsections are discussing further on the mentioned challenges in dealing 

with many variables. 

3.3.1  Curse of Dimensionality 

Wasserman (2006, p. 58) classified the curse of dimensionality as (i) computational 

curse of dimensionality and (ii) statistical curse of dimensionality. The 

computational curse of dimensionality describes the computational burden (i.e. time 

and space) required by computer to execute the task when the dimension of the data 

is massive (Rust, 1997). Furthermore, such amount of data occupies storage and 

computationally expensive (Bellman, 1961). Also as described by Pechenizkiy 
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(2005) that the curse of dimensionality is pertinent to many learning algorithms and 

shows a drastic increase in computational complexity as well as classification error.  

Meanwhile, the statistical curse of dimensionality refers to the inability of a certain 

mathematical function to be formulated due to the singular covariance matrix 

(Huber, 1985). For instance, the second-order statistics give rise to large covariance 

matrices where the inversion and spectral decomposition may not be feasible with 

standard computer architectures. In past literatures, researchers employed 

dimensionality reduction technique to reduce the effects of curse of dimensionality 

(Charu, 2001; Ye et al., 2004; Kumar, 2009; Kim et al., 2012). Researchers have 

found that reducing the dimensionality of data results in faster computations whilst 

maintaining the reasonable retrieval accuracy (Moravec, 2005; Vinay et al., 2005). 

Moreover, it is impossible to implement classical discriminant tools directly because 

direct approaches with too many variables often lead to unsatisfactory performance 

(Das et al., 2006). 

3.3.2  Multicollinearity 

Multicollinearity counts the closeness of two or more variables in which the impact 

of any of these variables is unknown (Katz, 2006, p. 68). It also reflects redundancy 

of information explained by two or more variables (Thompson, 2006, p. 234), hence 

the inclusion of these redundant variables consume extra computation and efforts for 

modelling or analysis. Multicollinearity can lead to increase complexity in the 

research results (Kraha et al., 2012), thereby posing difficulty for researchers to 

make interpretation. Besides, multicollinearity may cause computational problems 

and reduce the precision of statistical estimate (Nedal Omar, 2010). Moreover, if the 

http://dl.acm.org/author_page.cfm?id=81350594201&coll=DL&dl=ACM&trk=0&cfid=113151747&cftoken=85927885


 

 

49 

data are highly multicollinear, it presents a challenge to model relationship between 

variables and predicting objects into correct groups (Speed, 2003). 

In reducing the effects of multicollinearity, most researchers opt to eliminate the 

unnecessary variables that do not much contribute to the model. For instance in a 

study by Jeffers (1967), 19 original variables were reduced to two new variables 

which the latter counts for 85% information of the original ones and eliminates the 

problem of multicollinearity. Moore (1973), Krzanowski (1975, 1977) and Dillon 

and Goldstein (1978) revealed that the performance of discriminant analysis 

deteriorates especially when the discrete variables are significantly correlated. The 

larger the collinearity between variables, the greater the loss in precision will be 

(Chandan et al., 1998, p. 218). Serious stability crisis also will arise if the data are 

highly multicollinear (Prats-Montalbán et al., 2006).  

The investigation on the past studies have shown clear evidences that the inclusion 

of many variables is likely to involve the crisis of curse of dimensionality and 

multicollinearity. In view of that, researchers designed two major ways to cope with 

such crises (Webb, 2002; Ping, 2005; Dai et al., 2006; Li, 2006; Guérif, 2008; 

Young, 2009). Typically, researchers either use only informative variables chosen 

from systematic steps called variable selection or extract informative variables by 

combining similarities among the variables in some meaningful ways known as 

variable extraction. The following sections carry out detailed discussions on the 

techniques and strategies conducted for large continuous variables and many binary 

variables. 
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3.4  Some Data Reduction Techniques for Continuous Variables  

Some common data reduction techniques for handling continuous variables are 

outlined below.     

3.4.1  Variable Selection 

There are numbers of statistical techniques that have been suggested and used as a 

guideline for the selection of meaningful variables if confronted with many 

variables. Variable selection is one of the techniques that can be used for such 

purposes. The simplest approach is to choose the variables according to its respective 

discriminating power (Bishop, 1995, p. 308). However, this approach is likely to be 

highly unreliable and would only be appropriate if the variables are completely 

independent of each other. This technique belongs to univariate variable selection. 

The discriminant power can be measured by Fisher ratio or t-value for comparison of 

mean. In fact, the same results can be obtained from these two measures as the t-

value is proportional to the square root of the Fisher ratio. However, this technique 

obviously ignores the interaction between the variables and it is absolutely not 

appropriate to deal with huge variables. 

Subset selection (McCulloch & Pitts, 1943) and stepwise methods (Osborne, 1976) 

consider a subset of total measured variables that is believe to contribute significant 

performance of classification. As the matter of fact, the best subset can be obtained 

by considering all possible subsets of variables (global search) and chooses the one 

with the best performance. But, it is an impossible approach if the number of 

variables under study is big (Jenkins & Anderson, 2003) unless a powerful computer 

support provided. Stepwise method uses stepwise procedure to find a parsimonious 
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subset of explanatory variables to be included in the model. The forward selection 

procedure starts with an empty subset and at each step, adds the input variables that 

give the largest improvement in the discriminant ability. On the other hand, the 

backward elimination procedure starts with a complete set and at each step, drops the 

exploratory variables that give the largest decrease in the discriminant ability. 

Stepwise selection begins like forward selection with no variables in the model and 

at each step, the model is examined. If the variables in the model contribute least to 

the model discriminatory power, meaning it fails to meet the criterion to stay then 

such variables should be removed. Otherwise, the variables not in the model that 

contribute most to the model discriminatory power is entered. When all the variables 

in the model meet the criterion to remain and no other variables meet the criterion to 

enter, the stepwise selection process is stopped. The selection process does not take 

into account the relationship between the variables that has not yet been selected. 

Thus, some important variables might be excluded in the process. Moreover, the 

process of these selection methods ignores stochastic errors inherited in the stages of 

variable selection. So, their theoretical properties are somewhat hard to understand.  

Some practitioners use heuristic estimate such as Gini's mean absolute difference 

(Baccini & Bader, 1996) to select important variables. However, this approach 

produces sub-optimal feature and ignores joint statistical properties of the data, thus 

failing to achieve satisfactory performance (Das, 2007). In general, the best subset of 

variables obtained from variable selection techniques usually suffer from several 

drawbacks such as lack of stability as discovered by Breiman (1996). 
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 3.4.2  Variable Extraction 

This technique maps high dimensional data into a low dimensional features space 

through some explainable transformation processes (Deng et al., 2005). The 

transformation process of input data into a new set of explainable features is called 

variable extraction. Several techniques of transformation have been proposed 

include partial least square (Wold, 1966, 1973), principal component analysis 

(Hotelling, 1933), slice inverse regression (Duan & Li, 1991; Li, 1991) and latent 

semantic index (Hull, 1994). Analysis with a large number of variables generally 

requires large amount of memory and computation power of classification 

algorithms which may overfit the training samples and generalize poorly to new 

samples. These variable extraction techniques play an important role for high 

dimensional data because it can reduce the dimensionality of data and noise (Yang et 

al., 2008). Thus, the affects of curse of dimensionality and muticollinearity can be 

tackled indirectly. Moreover, variable extraction may obtain higher classification 

accuracy (Tian et al., 2005) and has good discriminatory power between groups 

(Ripley, 1996, section 10.4). 

3.5  Some Data Reduction Techniques for Binary Variables  

Binary data is an important component in many disciplines such as data mining, 

machine learning, computer vision and image processing (Bouguila, 2010). 

Analyzing and modelling this kind of data in fact have many applications including 

sales transactions (Agrawal & Srikant, 1994), microbiology (Gyllenberg et al., 1997; 

Wilbur et al., 2002), human genetics (Abel et al., 1993), document classification 

(Juan & Vidal, 2002), segmentation (Dom, 1997) and DNA computing and 
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chromosome study (Fränti et al., 2003). For example, text documents stored in 

digital libraries such as the United States Patent Office and the World Wide Web are 

all potential sources of multivariate binary data. The dimensionality of such data sets 

can be large and the variables are seldom completely independent. According to 

Girolami (2001), multivariate binary data accounted for a significant amount of the 

increasing information that is stored in large data repositories. However, having 

many binary variables can be regarded as complex (Tatti et al., 2006). Generally, not 

all variables are important as some may irrelevant, may yield similar information, 

burdensome the learning process and deteriorate the performance of the model 

(Bouguila, 2010). Also as Wang and Kabán (2005) described that high 

dimensionality and uninformative features typically deteriorate the performance of 

machine learning methods. 

3.5.1  Principal Component Analysis 

Similar to the continuous variables case, practitioners need to reduce the dimension 

of the data when confronted with a large number of binary variables. One may opt to 

either variable selection or variable extraction. Some variable extraction approaches 

have been introduced for multivariate binary data and are based on different 

techniques such as principal components analysis (PCA) (Gower, 1966; Cox, 1972; 

Bloomfield, 1974) and factor analysis (Christoffersson, 1975; Muthén, 1978; 

Bartholomew, 1984, 1987). The difference between these two techniques is that 

there is no assumption for PCA whilst the factors derived from factor analysis are 

assumed to represent the underlying processes which result in variables being 

correlated (Sahn & Stifel, 2003). The existence of correlation is something that 
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difficult to be avoided when conducting statistical analysis, especially if dealing with 

many variables. As Zass and Shashua (2007) pointed out that it is a useful property 

for subsequent statistical analysis if the projected space is uncorrelated. In addition, 

we should have prior knowledge on the number of factors, m in factor analysis. In 

practice, m is often unknown and different values may be tried sequentially, starting 

with m = 1, which is not an easy task to select the correct value of m. Although a test 

is available, but it is quite complicated and depends on the model assumptions hence 

external considerations are often used to select the value of m. It is noted that the 

form of the factors may change completely as m changes (Cheng, 2005). Apparently, 

it may introduce lack of uniqueness as the analysts may keep trying on different 

values of m and different methods of rotation until acquiring what they are looking 

for.  

Factor analysis is often used for the purpose of factor exploration rather than scale 

reduction as in the PCA (Reise et al., 2000). As quoted by Giri (2004) that when 

confronted with a potentially large number of variables which may overlap or 

uninformative, then the natural approach is to use a technique such as PCA which try 

to organize the data by reducing its dimension with little loss of information. In 

many applications involving binary data as highlighted by Schein et al. (2003), 

dimensionality reduction has been performed by singular value decomposition. It is 

worth showing that PCA is closely related to singular value decomposition 

(Kerschen & Golinval, 2002).    

Some years ago, Gower (1966) has shown that PCA does provide a plausible low 

dimensional representation for the data in which all the measured variables are 
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binary. Nevertheless, in 1972, Cox suggested alternatives PCA for binary data 

namely the permutational principal components. Later, Bloomfield (1974) 

investigated Cox's suggestion in more detail but restricted the number of variables to 

allow permutations to be operated. For more than two variables, not all permutations 

can be done as Cox's suggestion. Thus, Bloomfield considered a transformation for 

binary variables from a set of original B binary variables of Bxxx  ..., , , 21  to 

Bzzz  ..., , , 21  through either   

   jk xz                  for some  j                     (3.1) 

or 

   jik xxz           for some  i,  j  (i   j)                   (3.2) 

and chose the transformation that simplifies the structure between those variables. 

However, Bloomfield found that unlike PCA there is no algorithm for finding a 

unique best transformation. Thus, it can roughly be justified that both permutation 

and transformation strategies are not possible to be executed essentially when 

dealing with many variables as this study attempts to execute. In 1978, Young et al. 

performed PCA by alternating least squares on variety of variables include nominal, 

ordinal and interval. The nominal and ordinal variables are then generalized to 

columnwise centering and normalization. It consisted of two phases which are 

iteratively alternated until a convergence is obtained. The results indicated that the 

solution is identical to the true underlying structure and meet the convergence. 

However, an expensive computational is required to meet such convergence. 
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Asparoukhov and Krzanowski (2001) conducted scale reduction on the binary 

variables using global search approach based on the Kullback's information 

divergence measure (Hills, 1967). Nevertheless, this approach is not suitable to be 

applied on large binary variables as it will result in heavy computational (Guerreiro, 

2008), may not always be feasible (Krzanowski, 1987) and impractical for most of 

the time (McCabe, 1984). Then, Collins et al. (2001) proposed an iterative algorithm 

for a generalization of the PCA, but it does not have a simple closed form in each 

iteration of the optimization required.  

Subsequently, Schein et al. (2003) compared logistic PCA (associated to the PCA in 

the same manner as logistic regression relate to the linear regression) and linear PCA 

(classical PCA) to investigate dimensionality reduction of the binary data. The 

performance is measured by the ability to compress and reconstruct large binary 

matrices with minimum error rate. The results are reported in terms of two error 

rates; minimum overall error rate and balanced error rate. The experimental results 

showed that logistic PCA is slightly better than the classical PCA on the data 

reconstruction through a balanced error rate. Meanwhile, comparable outcome is 

obtained if measured under the minimum error rate criterion. Also, they found that 

the maximum likelihood value of the logistic PCA model does not have a unique 

estimate for the relevant matrices as the matrices can always be permuted. As a 

whole, we believe that the classical PCA can be utilized even if all the measured 

variables are binary as it did not perform badly based on this analysis.   

In 2004, Hermans and Kulvik have created a theoretical basis for measuring 

intellectual capital within the Finnish biopharmaceutical industry and to relate this 
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measure to the ownership structures. Their initial analysis showed that the important 

variables that need to be included to measure intellectual capital consist of a 

combination of human capital, structural capital and relational capital in which PCA 

is used for such purpose. The outcome indicated that three important components 

have been identified which include these three categories of intellectual capital. This 

means that PCA is able to distinguish the pattern of the considered problems 

although the measured variables are mixtures of continuous and binary. Because of 

these variables are mixed, the obtained components that contain high loading are 

more from the continuous variables compared to the binary. This is because the 

applications of PCA on mixed variables are not appropriate to be performed 

simultaneously. It is due to the issues of domination and variability of the continuous 

variables are much higher than the binary variables (Krzanowski, 1979). The same 

problem faced by Vyas and Kumaranayake (2006) who derive the indices of socio-

economic status involving mixed variables problem (binary are derived from the 

categorical variables), whereby PCA was used to reduce the data dimensionality. 

Once again, the issue of variability and domination of continuous variables arise 

which indicate that the PCA is inappropriate to be used at once for mixed data types. 

Additionally as Krzanowski (1979) asserted that PCA ignores the structure of the 

data if multivariate sample contains both of the binary and continuous variables. 

3.5.2  Multiple Correspondence Analysis 

Nevertheless, there are variations of PCA for binary data such as correspondence 

analysis. It is possible to define correspondence analysis as a weighted principal 

component analysis (Jolliffe, 1986). Correspondence analysis (CA) has been applied 
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in wide range areas such as sensory evaluation, ecology, psychometric, health care, 

economics, medicine, literature and engineering (Beh, 2004). One special extension 

is multiple correspondence analysis (MCA) which may be seen as a counterpart of 

PCA for categorical data (LeRoux & Rouanet, 2004, p. 10). In other words, MCA is 

an extension of CA which allows analyzing the pattern of relationships of several 

categorical variables (Abdi & Valentin, 2007). As such, it can also be seen as a 

generalization of PCA when the variables to be analyzed are categorical instead of 

numerical.  

MCA is a popular tool in marketing research (Hoffman & Franke, 1986). MCA was 

used by Green et al. (1987) to analyze the relationship between consumers' choice 

profile predictions from a conjoint task and consumer demographic characteristics. 

In a similar vein, Kaciak and Louviere (1990) have illustrated how MCA may be 

used to analyze data from a discrete choice experiment. Carroll and Green (1988) 

applied individual differences multidimensional scaling to normalized Burt matrices 

(a principal data matrix in MCA) to determine the relationship between consumer 

demographics and automobile characteristics with respect to number of cars in the 

household. Later, Valette-Florence and Rapacchi (1991) performed MCA on the 

attributes-consequences-values matrix derived from a laddering task to construct a 

product positioning map, whilst Hoffman and Batra (1991) applied MCA to study 

the association between television program types and audience viewing behaviours. 

Meanwhile, Peter et al. (1997) have shown how the MCA can be used for 

quantification or classification of individual careers into one or more groups which 

then can be used for further analysis. Recently, Hirsch et al. (2011) have found that 
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classical factor analysis is infeasible to be implemented because the data were 

binary, thus MCA was used in order to identify patterns in clinical data.  

In the following section, we give enormous reviews on the grounds that the PCA and 

MCA have been selected as the best techniques in order to reduce the dimension of 

data to allow classification considering on the large number of mixed variables.  

3.6  Chronology in Choosing Data Reduction Techniques 

In essence, the main concern of this study is to find a good classification rule in 

order to achieve accurate classification. Due to this study considers on large 

variables scale, so apply pattern recognition or machine learning methods directly 

can result in high computational and memory requirement as well as poor 

generalization (Mažgut et al., 2010). 

From all approaches and techniques presented in Section 3.5, we decided to perform 

variable extraction using PCA because it is the most appropriate technique for 

dealing with large measured variables. 

PCA is capable to reduce the dimension of continuous variables because it is perfect 

and most applicable for this variable (Daudin & Bar-Hen, 1999; Kolenikov & 

Angeles, 2009). However, no rigorous justification straightly stating that it cannot be 

used on the binary data types. As addressed by Krzanowski (1979), there is nothing 

wrong in principle of doing PCA on the binary variables or a mixture of binary and 

continuous variables, but it may not be easy to interpret the results and domination 

issue. Domination is due to the variability among the continuous variables will 
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probably be much greater than that among the binary variables if PCA is conducted 

on these variables simultaneously.  

Also as clarified by Jolliffe (2002), there is no reason for the variables in the analysis 

to be any particular types when PCA is used as a descriptive technique. It is true that 

the variance, covariance and correlations have special relevance for multivariate 

normal, and also the linear functions of binary variables are less readily interpretable 

compared to the linear functions of continuous variables. But, Jolliffe further 

justified that the basic objective of PCA is to summarize most of the variation that is 

present in the original variables using a smaller number of derived variables which 

can be achieved regardless of the nature of the original variables. As Linting et al. 

(2007) pointed out that it does not make sense to compute variance and correlation 

between nominal variables, but they can be computed between the quantified 

variables and not between the observed variables. Just as continuous variables, such 

quantified variables possess variance and correlation in the traditional sense. So, 

PCA on quantified categorical variables achieves the same objective as classical 

PCA. Linting et al. (2007) further continued that categories of the nominal variables 

are assigned numeric values through a process called optimal quantification. Optimal 

quantification replaces the category labels with category quantifications in such a 

way that as much as possible the variance in the quantified variables is accounted 

for.  

It is thus can be concluded in general that the classical PCA provides a simple and 

powerful tool for reducing the dimensionality as originally developed for continuous 

variables, and as discussed it also applicable to the binary variables. As quoted by 
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Hotelling (1933), PCA has been widely used in social and behavioural sciences. 

Moreover, one of the basic advantages of the PCA is to give clear guidance on the 

selection of appropriate variables for further analysis (Jeffers, 1967). Gibson et al. 

(1984), Williams and Titus (1988) and Grossman et al. (1991) have mentioned that 

PCA can be used to identify those variables that contain most information whilst 

improving the reliability and stability of the final results. Loosing minimum 

information is an extremely important issue for all studies, consistent as Rao (1964) 

illustrated that PCA is performed without loss much of information, for convenience 

in the analysis and data interpretation. Rao further agreed that PCA is useful in 

applied research when there are many variables to be considered. Also as highlighted 

by Linting et al. (2007), linear PCA and nonlinear PCA (based on quantified 

variables) are very similar in objective, method, results and interpretation. The 

crucial difference is that the measured variables are directly analyzed in linear PCA 

whilst the measured variables are quantified during the analysis in nonlinear PCA. 

Considering all efforts and evidences from the mentioned previous studies on the 

PCA, we decided to conduct PCA for specific case where the objects are from 

multivariate binary for the classification. It is relevant to examine whether a new 

strategy of dimensional reduction on the binary variables through PCA is able to 

produce a low and good representative of the original input variables. More 

important with the hope that it could scale well and efficiently can be fitted to large 

variables. PCA is designed to be carried out on both of continuous variables and 

binary variables in order to reduce many observed variables, before the extracted 

features of PCA are used for constructing the smoothed location model. In this 

approach, PCA is conducted separately to each continuous variables and binary 
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variables, to obtain a reliable and efficient rule as well as to avoid bias and 

domination of the continuous variables. However, a warning of obstacle and 

problematic with binary variables in finding a suitable way to represent distances 

between variables categories and objects in the factorial space by San et al. (2004) is 

aware. To resolve the problem, this study uses Kullback-Leibler divergence to 

measure distance among them whilst the existence of cells in the location model will 

be taken into consideration by this measurement. The Kullback-Leibler distance can 

handle mixed variables as the preceding discussion in Section 2.6. 

On other occasion, a well-known exploratory method to describe and visualize 

categorical variables is Multiple Correspondence Analysis (MCA) (Greenacre, 2007, 

p. 137). As Lynn and McCulloch (2000) illustrated that MCA often used to describe 

multivariate data and can be viewed as an adaptation of PCA to categorical data. 

Recently, MCA was considered as a useful tool to uncover the relationships among 

categorical variables (Sourial et al., 2010). For instance in social, behavioural and 

environmental sciences as well as in marketing research, data is gathered directly in 

categories and a large amount of information is gathered and coded in several 

attributes (Aktürk et al., 2007). In most cases, the aim is to identify pattern of 

associations among the attribute levels. Data in categorical form can be represented 

as a binary data matrix whose rows correspond to objects and whose columns 

correspond to levels of the attributes (D'Enza & Greenacre, 2012).  

MCA is an exploratory method which performs cross tabulations of all included non-

metric variables (Greenacre, 1984). More broadly, MCA amounts to a nonlinear 

PCA that assigns numerical scores to respondents and response categories of 
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dummy-coded categorical variables which results in interdependencies among the 

variables (Nishisato, 1980). Greenacre and Blasius (2006) discovered that MCA is a 

powerful technique for handling larger or more complex data sets, including the high 

dimensional of categorical data which often encountered in the social sciences, 

marketing, health economics and biomedical research. As agreed by LeRoux and 

Rouanet (2010, p. 11), MCA is eminently appropriate at revealing the structural 

complexities of tables with a large number of variables.  

Practitioners will face problems of as over-complexity and data sparsity when too 

many categorical variables are examined simultaneously (Glynn, 2012). As a result, 

the outcome would not be interpretable because the visualization of too many 

variables becomes impossible to understand. Obviously, the whole analysis process 

becomes tedious and complex in the sparse data situation (Messaoud et al., 2007). It 

also would result in too many empty cells created from many categorical variables 

for the location model (Moussa, 1980; Daudin, 1986), wherever this is something 

that should be avoided. One way to prevent such problems is by working with 

subsets or certain variables should be combined (Glynn, 2012) as long as the choice 

is reasoned and reported, it can help to simplify the structures that the analysis is 

trying to explain. As recommended by Arabie and Hubert (1994), we can obtain low 

dimensional representation of categorical variables via MCA. Similarly as suggested 

by D'Enza and Greenacre (2012), MCA aims to identify a reduced set of synthetic 

dimensions maximizing the explained variability of the categorical data set.  

MCA factors categorical variables and displays data in a factorial space constructed 

by orthogonal system of axes that provides relevant views of data (Messaoud et al., 

http://dl.acm.org/author_page.cfm?id=81436601191&coll=DL&dl=ACM&trk=0&cfid=154221983&cftoken=26752379
http://dl.acm.org/author_page.cfm?id=81436601191&coll=DL&dl=ACM&trk=0&cfid=154221983&cftoken=26752379
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2007). These elements motivate us to exploit the MCA in order to better explore 

large data dimension by identifying and arranging its interesting facts. As stressed by 

Garcia and Grande (2003), the characteristic of MCA and its validity is as a powerful 

tool for handling the issue when a large number of categorical variables are involved. 

They further agreed that MCA helps to ensure rigour, simplicity and accuracy in the 

process of identifying the required number of variables in a study. Therefore, it can 

be concluded in general that MCA is the most suitable technique for reducing large 

categorical variables handled simultaneously. 

Categories may be qualitative (categorical or nominal) or may result from the 

spitting of quantitative variables into categories (LeRoux & Rouanet, 2010, p. 34). 

Linting et al. (2007) also stressed that the term categorical is often used to refer to 

nominal variables which consist of unordered categories. According to Abdi and 

Valentin (2007), MCA is used to analyze a set of objects described by a set of 

nominal variables. Each nominal variable comprises several levels and each of these 

levels is coded as a binary variable. For example, gender (male vs. female) is one 

nominal variable with two levels. To the best of our knowledge, the use of MCA in 

classification has received limited attention, hence this study is interested to examine 

how the MCA can be adjusted accurately in classification problems through 

smoothed location model. Thus, the applications of MCA in handling many binary 

variables that considered in this study need to be explored thoroughly.  

Considering all suggested strategies in existing studies, we decided to consider MCA 

as an alternative to PCA in dealing with the binary variables. Subsequently, the PCA 

is used to reduce the large number of continuous variables whilst the MCA is utilized 
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on the binary variables, then their extracted features are combined systematically 

prior to the construction of the smoothed location model. This is another appealing 

classification approach which desire to be built by this study. As we have disclosed 

many advantages of using PCA and MCA, we decided to use these two techniques to 

reduce the dimension of data as the main tool to achieve each of the study objectives. 

Next section provides a detailed discussion of PCA followed by the MCA. 

3.7  Principal Component Analysis as Data Reduction Technique 

As one of the major aims of this study is to explore the choice of subsets from the 

original variates of some given data, which will retains the overall features or the 

multivariate structure that present in such data sets. As a lead-in to this investigation, 

we are preferred to point out in the context of feature combinations rather than 

omission of the original variables. The tendency is then to highlights all potential 

measurements on each object rather than to run the risk of omitting some of variables 

which may appear to be relevant and contributed later as guided by Weiner & Dunn 

(1966). We will give the mathematical foundation of principal component analysis 

below.   

Statistically speaking, PCA represents a transformation of a set of p correlated 

variables into linear combinations of a set of q pair-wise uncorrelated variables 

called principal component scores, PCs (Jolliffe, 1986, p. 10). The components are 

constructed so that the first component explains the largest amount of total variance 

in the data and each subsequent component is constructed to explain the largest 

amount of the remaining variance whilst remaining uncorrelated with previously 

constructed components (Jolliffe, 2002, p. 1). Furthermore, this technique reduces 
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the data dimensionality without throwing out the essential features of the data 

(Caprihan et al., 2008). As discussed, the set of q-PCs is often reduced to a set of 

size k-PCs where 1 ≤ k < q. The objective of dimensionality reduction particularly 

PCA is to make analysis and interpretation easier whilst capturing most of the 

information stored in the whole data set (Cadima et al., 2004). 

Algebraically, PCs particularly can be interpret as a linear combinations of the p 

random variables of pYYY  ..., , , 21 . Geometrically, these linear combinations represent 

a selection of a new coordinate system obtained by rotating the original system with 

pYYY  ..., , , 21  
as the coordinate axes. The new axes represent the directions with 

maximum variability and provide a simpler and more parsimonious description of 

the covariance structure. PCs depends solely on the covariance matrix, Σ (or the 

correlation matrix) of 
pYYY  ..., , , 21
. This study applies correlation matrix for 

computation of PCs. This matrix is appropriate to be used for variables with unequal 

scales of measurement. In computing a correlation coefficient between two variables, 

the difference caused by the mean and the dispersion of the variables are removed 

(Dillon & Goldstein, 1984, p. 27). This is recommended as the original variables are 

all standardized to unit variance (Borgognone et al., 2001). Therefore, the data that 

are used to calculate the PCs for correlation input do not require any transformation 

since it is applied automatically in the correlation computations (Jolliffe, 2002, p. 

24). 

Given a data set with p numeric variables, we can compute q PCs. Suppose that, the 

random vector population is labelled as  Τ
pyy ,...,1Y

 
with a vector of mean, 
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][E yμ   and a symmetric covariance matrix,  Τ))((Ε μyμyS  . The 

components S  denoted by mkS  represent the covariance between the random 

variables components my  and ky . If these two components are uncorrelated, so their 

covariance is zero  0).(  kmmk SS The component mmS  denotes the variance of the 

component my . The variance of a component indicates the spread of the component 

values around its mean value.  

Table 3.1 illustrates the original form of data for n objects each measured with p 

variables. 

Table 3.1: The Full Set of Data Containing p Variables Observed on n Objects            

_________________________________________________________________ 

  Object   Y1   Y2  . . .    Yp     

_______________________________________________________________________ 

 

  1  Y11  Y12  . . .   Y1p 

 

2  Y21  Y22  . . .   Y2p 

. 

. 

. 

 

n  Yn1  Yn2  . . .   Ynp       

__________________________________________________________________ 

 

The aim of PCA is to find a new set of variables, say qZZZ  ..., , , 21  in a form of a 

linear combination of Y's which is YZ
T . Here, ) , ... , ,(  21 pZZZZ  is a vector 

of PCs and T is a matrix coefficients of ij  for pji  ..., ,2 ,1   ,  .  
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The first PCs (Z1) is the linear combination of the original variables which 

mathematically written as ppYYYZ 12121111   ...       , assemble as the largest as 

possible of variance of p variables subject to the condition that 

1      ...     2

1

2

12

2

11  p . Meanwhile, the second PCs (Z2) is chosen to have the 

second largest variance of pVVV  ,... , , 21  and being uncorrelated with the first 

component (Z1). The remaining PCs are defined similarly where the j
th

 PCs has the 

largest possible variance given that it is uncorrelated with the i
th

 PCs for j  i  .  

From these new PCs ) , ... , ,( 21 pZZZ , we can estimate the mean and the covariance 

matrix and compute an orthogonal basis by finding its eigenvalues and eigenvectors. 

The eigenvectors 
j

u  and the corresponding eigenvalues j  
are the solutions of the 

equation 

    jjj uu S   ;        where  j = 1, 2, …, q           (3.3) 

If j  are assumed to be distinct, then these values can be found by finding the 

solutions of the characteristic equation as 

   0IS                   (3.4) 

where I is the identity matrix having the same order of S  and |.| is the determinant of 

the matrix. If the data vector has q components, the characteristic equation becomes 

of order q. This is easy to be solved only if q is small. Solving eigenvalues and 

corresponding eigenvectors is a non-trivial task. By ordering the eigenvectors in the 
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order of descending eigenvalues (largest first), we can create an ordered orthogonal 

basis with the first eigenvector having the direction of largest variance of the data. 

By this way, we could find the direction in which the data have the most significant 

amount of energy. This could help to decide how many number of components to 

stay. Essentially, any components that accounted only a small proportion of the 

variation in the data (e.g. small eigenvalues) can be discarded. Some guidance of 

stopping criteria can be used for such purpose as discussed in Section 3.9.     

Although PCA has many advantages which powerful and effectively in reducing the 

data dimensionality from a large amount of original variables as described, but the 

applicability of PCA still have few shortcomings. One of the major limitations of 

PCA is that it yields only a linear subspace and therefore does not work well for data 

with non-linear manifolds (Young, 2009). Moreover, the drawback of using a 

correlation matrix to calculate the PCs is less easy to interpret directly. Even so, to 

interpret the PCs in terms of the original variables then each coefficient must be 

divided by the standard deviation of the same variables (Jolliffe, 2002, p. 42). 

3.8  Multiple Correspondence Analysis as Data Reduction Technique 

There are many statistical techniques and their number is growing. One of the most 

confounding hurdles for anyone beginning to use suitable techniques is to know 

which techniques are possible for a given data type and which are most suitable for a 

given research question. This section outlines MCA that is comparable to the PCA 

and offers information and strategy when confronted with a large number of binary 

variables. 
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In order to improve the PCA technique, MCA was designed in the 1960s and 1970s 

when the former loses its parametric estimation optimal properties and to provide 

more powerful tools of the hidden structure in a set of categorical variables 

(LouisMarie, 2009, p. 32). In the original formulation of Guttman (1941), the MCA 

technique was described as a PCA of qualitative (nominal) variables. As pointed out 

by de Leeuw (1998), MCA can be understood as PCA with categorical data as in 

survey research, more or less all the information is categorical. Research in social 

and behavioural science areas often results in data that are non-numerical which 

typically consist of qualitative or categorical variables in a limited number of 

categories (Meulman et al., 2004). Also as highlighted by van Buuren and de Leeuw 

(1992) that MCA is a popular technique for analyzing multivariate categorical data, 

which is usually used to reveal systematic patterns among categories of variables of 

interest.  

In short, MCA can be seen as a way of analyzing an object by variable matrix with 

categorical variables or an object by item matrix of multiple-choice data or a multi-

way contingency table (Tenenhaus & Young, 1985). It is a popular technique to 

explore the relationships among multiple categorical variables (Benzécri, 1973; 

Nishisato, 1980; Greenacre, 1984; Lebart et al., 1984; Gifi, 1990). The advantages of 

using MCA are to examine the association of categorical data to obtain a simplified 

representation of the multiple associations characterizing attributes as well as to 

remove noise and redundancy in the data (D'Enza & Greenacre, 2012). Glynn (2012) 

admitted that MCA offers a simple but powerful tool for identifying patterns in 

multi-factorial data. The options for visualization of its results can be difficult to 

explain, but extremely rich in the information displayed.  
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Using the notation of Tenenhaus and Young (1985) and also Messaoud et al. (2007), 

suppose that an original data matrix of n objects is described by a set of m 

categorical variables X1, X2, ..., Xm with k1, k2, ..., km is a category number in the m
th

 

variable. We define jl as category l of variable j which then are coded into a binary 

matrix Z. The idea of replacing a categorical variable with a binary matrix can be 

found in Guttman (1941). Thus, the general entries of Z are define as 

      ijlZ




otherwise      0

  variableof   category in  is  object  if       1 jl i
                     (3.5) 

By merging the matrices Z, we will obtain a complete disjunctive table Z = [Z1, Z2, 

..., Zm ..., Zd] with n rows and d columns [  


m

j j
kd

1
]. It described the d positions 

for n objects of X through the binary coding. Then, a matrix B = Z
T
Z called Burt 

table is built where Z
T
 is the transpose matrix of Z. Burt table B is a (d, d) symmetric 

matrix which contains all the category marginal on the main diagonal and all 

possible cross-tables in the off-diagonal. Let X be a (d, d) diagonal matrix which has 

the same diagonal elements of B and zeros otherwise. We constructed a new matrix 

S from Z and X using   

   11 11   BX
d

ZXZ
d

T
S               (3.6) 

By diagonalizing S, we obtain the diagonal elements called eigenvalues denoted as 

j . Each eigenvalue j  is associated to eigenvector ju  where 

   jjj uu S                (3.7)  
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An eigenvalue represents the amount of inertia (variance) that reflects the relative 

importance of the dimension (Hoffman & Franke, 1986). The first constructed 

dimension always has the largest inertia indicating that most of the variations (Beh, 

2004) exist in such dimension. Due to that, practitioners often keep only a few 

dimensions which are able to summarize maximum information contained in the 

original data set. This is interesting because the reduced dimensions reflect the 

relationship and concentrate only on the significant dimension/information. 

Nonetheless, it is up to the users to choose the number of reduced dimensions to be 

kept by examining the eigenvalue or some other criteria (Messaoud et al., 2007; 

Hwang et al., 2009). As in PCA and other data reduction techniques, only a few 

dimensions will be selected based on certain criteria as discussed in the following 

section.    

3.9  Determining Number of Components to Retain 

The most critical problem usually encountered by practitioners on using PCA or 

other data reduction techniques for data analysis is to determine the number of 

components / reduced features to retain for modelling or future analysis (Franklin et 

al., 1995). As emphasized by Yang et al. (2008) that the effectiveness of the function 

based on variable extraction techniques is heavily dependent on the number of PCs 

used from the PCA stage. Indeed, retaining too many components may lead to an 

attempt to assume physical meaning to what may be nothing more than noise in the 

data, whilst retaining too little components potentially cause to discard valuable 

information (Franklin et al., 1995). Nevertheless, Zhao et al. (1998) had pointed out 

that we should discard those components that have small energy. Several criteria 

http://dl.acm.org/author_page.cfm?id=81436601191&coll=DL&dl=ACM&trk=0&cfid=154221983&cftoken=26752379
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have been proposed to address this question of component retention as those are 

reviewed below. These criteria may be categorized as either heuristic or statistical 

approaches (Jackson, 1993). The statistical approaches may be further partitioned 

into two: those that make assumption regarding the distribution of the data and those 

that do not make such assumption. Jolliffe (2002, p. 112) criticized the former stating 

that the distributional assumption is often unrealistic and these approaches tend to 

retain more variables than necessary in practice. The latter approaches tend to be 

computationally intensive (for example, cross validation and bootstrapping). The 

next sub-section gives a brief discussion of several possible stopping criteria that can 

be used for PCA followed by the MCA to determine the number of significant PCs 

to obtain a good projection. We hope that it can produce the best optimal 

classification rule.    

3.9.1  Scree test 

Scree test is a graphical technique attributed to Cattell (1966) who described in terms 

of retaining the correct number of factor in factor analysis. Later, it is widely used in 

PCA (Jolliffe, 2002, p. 116). Although a scree graph is simple for constructed, but its 

interpretation may be highly subjective. Let k  represents the k
th

 eigenvalue 

obtained from the covariance matrix or correlation matrix. A graph of k  against k is 

known as scree graph. The location on the graph where a sharp change in slope 

occurred in the line segments joining the points is referred as an elbow. The value of 

k at which this happens reflected the number of components that should be retained 

in the PCA. Jackson (1991, p. 45) notified that the scree test is a graphical substitute 

for a significance test. But, he argued that the interpretations might be confounded 
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when the scree graph does not have a clearly defined break or have more than one 

break. Also, if the first few roots are widely separated, it may be difficult to interpret 

where the elbow occurred due to a loss caused by scaling. This problem might be 

cured by using the Log-eigenvalue (LEV) diagram, which is an adaptation of the 

scree graph where log( k ) is plotted against k. It is based on the guess that 

eigenvalues corresponding to noise should decay geometrically as those eigenvalues 

should be linear and therefore can be discarded. Farmer (1971) investigated the 

procedure by studying the LEV diagrams from different groupings of 6000 random 

numbers. Farmer concluded that the LEV diagram is useful in determining the 

dimension of the data. But, this criterion has its own weaknesses as very often, it is 

difficult to determine exactly where the plot shows an elbow or even if an elbow 

exists at all (Stevens, 1986). The more important issue to be considered is whether 

this criterion really appropriate to be used when dealing with large variables. 

3.9.2  Average eigenvalue (Guttman-Kaiser criterion)  

The most common stopping criterion in PCA is Guttman-Kaiser criterion (Jackson, 

1991, p. 33). PCs associated with eigenvalues derived from the covariance matrix, 

which larger in magnitude than the average of eigenvalues are retained. In the case 

of eigenvalues derived from the correlation matrix, the average is 1.0 for the 

variables to retain. Therefore, any PCs associated with an eigenvalue whose 

magnitude is greater than 1.0 will be retained. Rencher (1998, p. 348) warned that 

this procedure works well in practice, but it likely retaining too many components if 

wrongly identify. It is well-known as a simple and most suitable criterion to be 

applied especially if confronted with numerous variables. 
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3.9.3  Proportion of total variance explained 

In the PCA model, each eigenvalue represents the level of variation explained by the 

associated PCs. Thus, another popular criterion is based on the proportion of the total 

variance explained by the PCs that retained in the model. If k-components are 

retained, then it may represent the cumulative variance explained by the first k-PCs 

through    

   
)trace(S




j

kt


                          (3.8) 

where S is the sample covariance matrix. The users decide on a satisfactory value for 

tk and then determine k accordingly. The obvious problem with this criterion is 

deciding an appropriate value of tk. In practice, it is common to choose in the range 

70% to 90% (Jolliffe, 2002, p. 113). Due to such obviously arbitrary, this criterion 

has sometimes been criticized for its subjectivity (Kim & Mueller, 1978). Jackson 

(1991, p. 56) also strongly argued against the use of this criterion except possibly for 

the purpose of exploratory when know little about the populations of data.  

For this study purposes, we decide to select the PCs based on the eigenvalue as the 

main stopping criterion (main tool) because it is able to highlight the importance of 

the selected PCs and has been discussed and used by many practitioners who use 

PCA to reduce the dimension of data (Kaiser, 1960; Jeffers, 1967; Jolliffe, 1972; 

Stevens, 1986; Jackson, 1991; Rencher, 1998; King & Jackson, 1999; McGarigal et 

al., 2000; Hermans & Kulvik, 2004; Chou & Wang, 2010). As Jeffers (1967) 

asserted that the eigenvalue criterion has been proved useful in practice and as a 
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simple indicator. Linting et al. (2007) also suggested using eigenvalue in order to 

select significant variables in the study. Remember that the larger the eigenvalue, the 

greater the exploratory power of such component. Components with small 

eigenvalues are more likely to describe error variance or represent influences which 

affect only one or very few of the variables in the system (McGarigal et al., 2000).  

Similarly as Kaiser (1960) pointed out that one of the most commonly used criterion 

for solving the problem of retaining adequate number of components is eigenvalue, 

also known as the Kaiser criterion. The rationale behind this criterion is 

straightforward, each observed variable contributes one unit of variance to the total 

variance in the data set. Any component that displays eigenvalue greater than 1.0 is 

accounting for a greater amount of variance than had been contributed by one 

variable. Such a component is therefore accounting for a meaningful amount of 

variance and is worthy to be retained. On the other hand, a component with an 

eigenvalue less than 1.0 is accounting for less variance than had been contributed by 

one variable. The purpose of PCA is to reduce the number of observed variables into 

a relatively smaller number of significant components, but this cannot be achieved if 

we retain components that accounted for less variance than had been contributed by 

individual variables. For such reason, components with eigenvalues less than 1.0 are 

viewed as unimportant and thus are removed from the data.   

Many previous studies implemented the eigenvalue 1.0 and it is commonly used in 

general, however it can also be based on some other peaks as a study by Hermans 

and Kulvik (2004) which is based on 1.5. Similar to Chou and Wang (2010) who 

demonstrated that a cut-point 1.5 of eigenvalue is often used when dealing with more 
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than 500 sample size and greater than 30 variables. On the other hand, according to 

King and Jackson (1999), a good rule of thumb is 3:1 as the ratio of objects to 

variables for environmental data sets. But, to account for sampling variability, 

smaller value such as 0.7 has been recommended by Jackson (1991). Jolliffe (1972) 

also suggested the eigenvalue of 0.7 as the most appropriate cut-point to be used and 

argued that the eigenvalue 1.0 may keep too few variables.  

For the same reason, we believe that this study will retain too many variables if the 

cut-point of 1.0 is used on the binary variables due to the basic structure of the 

location model as growing according to the selected binary. Besides, the eigenvalue 

of 1.0 is subjective rather than fixed as criticized by Krzanowski (1987), it is 

acceptable to arbitrarily choose some variables from the original data provided that 

the amount of variance retained by those reduced components is acceptable. A fixed 

cut-point is not applicable and unrealistic because it can be cumbersome and cannot 

exhaust all conditions (Chou & Wang, 2010). Moreover, Sebban et al. (2002) also 

emphasized that the objective of data reduction is not only to improve the 

recognition success rate, but to reduce the time and space complexities due to the 

storage requirements of some costly learning algorithms. 

Those reasons have prompted us to further investigate a new procedure based on the 

criterion of eigenvalue to determine the best cut-point for the binary variables, 

purposely to be used with the location model. The cut-point of 1.0 is not compatible 

and inappropriate to be practiced for all circumstances, primarily with the location 

model. Researchers believe that the eigenvalue of 1.0 will retain many components 

of the binary as leading to some problems, e.g. occur too many empty cells which 
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can cause extremely poor performance of the constructed rules. Clearly too many 

cells in the location model is similar analogous as described by Li et al. (2011); too 

many variables (cells) will make the analysis less efficient and will not necessarily 

increase the accuracy, whilst too little data (too few objects in respective cell) will 

decrease the stability of the model. In this regard, one of the main objectives of this 

study is to extract an optimal set of reduced variables from the original set of full 

variables which adequate to present the overall data structure and information for 

better rule performance.  

Therefore, this study intends to propose a new value of cutting point for the PCA 

based on the criterion of eigenvalue which is believe to best suit with the binary 

variables and specially designed for the smoothed location model. Hopefully, this 

new procedure of component retention on the binary variables for smoothed location 

model is able to maintain and even improve the performance of the rule. Meanwhile, 

for the continuous variables, this study will follow a standard cutoff of eigenvalue 

(i.e. > 1.0) in order to select a subset of significant variables based on the procedure 

of PCA.  

In the direction of determining how many components to be retained when using 

MCA to reduce the dimensionality of data, Saporta and Tambrea (1993) examined 

the application of the chi-square goodness of fit test between the data table and its 

reconstitution with k eigenvalues. This test was proposed by Malinvaud (1987), 

Andersen (1990) and Saporta (1990) which showed good behaviour for simple CA, 

but failed when apply to the MCA. Thus, they suggested using empirical criterion for 

selecting the correct number of dimension which usually can be done through (i) 
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detection of an inflexion in the diagram of eigenvalues or (ii) getting an arbitrary 

amount of the cumulated percentage of inertia. Hwang et al. (2009) also 

recommended using either (i) eigenvalue which explained a majority of the total sum 

of eigenvalues or (ii) scree plot of inertias against dimensions to identify an elbow 

point in the trajectory of eigenvalues, in order to select the most important and useful 

dimensions. 

Even though the scree criterion may be convenient (Fabrigar et al., 1999), it is not an 

optimal criterion. The principle of MCA is to extract the first few dimensions which 

retain most of the information contained in the original data matrix, or in other words 

its ultimate goal is to generate the new reduced dimensions which explain reasonable 

variation as in the original dimension (Njong & Ningaye, 2008). Glynn (2012) 

suggested using inertia to select significant dimensions as it talked about the degree 

of variation. Glynn further recommended that several criteria can be used if one 

wishes to work with the MCA technique especially in the numerical summaries of 

the analysis include eigenvalue which indicated the inertia, the percentage of 

explained variance or simply the percentage of inertia and communalities which are 

the percentages of explained inertia for individual rows or columns.  

The purpose of using MCA in this study is essentially looking for a low dimensional 

subspace that as close as possible to the set of profile points in the true dimensional 

space. Thus, we prefer to use the criterion of percentage of inertia explained as it 

adequately summarizes the information and can be used for further analysis 

(Kaminska et al., 1999; Blasius & Thiessen, 2000; Messaoud et al., 2007; D'Enza & 

Greenacre, 2012). As described by Doey and Kurta (2011), both MCA and PCA 
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present the data in a low dimensional space that accounted for the model's main 

variance. Tenenhaus and Young (1985) also have agreed that the global quality of 

the representation of the subjects in the optimal low dimensional space is measured 

by the explained inertia. The percentage of explained inertia is usually taken as a 

measurement of information, hence taking into account a large share of inertia is the 

most often used criterion for choosing some important dimensions (Camiz & Gomes, 

2013). As Kim (1992) suggested that the appropriate measure of influence in the 

correspondence analysis is the cumulative value of inertia. It is due to the fact that 

the proportion of inertia is calculated with respect to the entire set of variables. 

Furthermore, the ratio of inertia inside the subspace to the total inertia gives a 

measure of the accuracy of representation of a cloud in the subspace. As Greenacre 

(2010) clarified that the quality of display of the data matrix in MCA is measured in 

terms of the percentage of variance explained. Total inertia is a reasonable measure 

of variance (Greenacre, 2006).  

However, there is no exact threshold as the best limit for the total inertia in order to 

retain some important variables for a given data set. As recommended by Benzécri 

(1992), this limit should be fixed by user capacity to give a meaningful interpretation 

to the dimensions that they keep. Greenacre (2006) also pointed out that the choice 

of total inertia appeared to be arbitrary. Therefore, this study investigates the best 

limit of total inertia explained exclusively for binary variables to further use in the 

smoothed location model. Hopefully, the proposed approaches with the investigated 

limit are the best optimal and able to circumvent some problems due to too many 

variables considered in the study. To avoid confusion with the term used in the PCA, 
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the next chapter will use total variance explained instead of total inertia explained 

since they refer to the same meaning.  

3.10  Summary    

The extensive discussions carried out prior in this sub-section have given us an idea 

to work on smoothed location model with variable extraction. The variable 

extraction can be helpful in dealing with many important discriminators, whenever 

the variable elimination techniques fail to reduce the number of variables for 

classification. Hence, this study opts to execute variable extraction technique namely 

PCA because it satisfies and capable to handle the following demands: (i) capability 

for reducing the dimension of the original data (Kshirsagar et al., 1990), (ii) creating 

a new set of features which are uncorrelated and ordered, such that the first few of 

remaining features are adequate to account for most variations (Fukunaga, 1990) in 

the data set. We agreed with Ping (2005) that we can obtain some virtues from this 

dimensional reduction technique. First, the computational abundant of the 

subsequent processing stages is reduced. Second, the superimposed noise can be 

reduced as the last few components in the data may be mostly due to noise as well. 

Third, the collinearity problem which always occurred when dealing with large 

variables can be avoided. Fourth, projection onto a subspace of a low dimension is 

useful and convenient for data visualization. In addition, the crisis of singularity of 

the covariance matrix which usually occurred in high dimensional data can be solved 

with PCA. 

On other circumstances, data can be reached in various modes depending on the 

main purpose of the research (Aktürk et al., 2007), as in social sciences, categorical 
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data are used frequently. Categorical data is also a common product of marketing 

research. However, the analysis of such data is often hindered by the requirements 

and limitations of many familiar research tools. Many evidences have been 

highlighted on the MCA. It is a versatile and easily implemented analytical 

technique that can assist practitioners in detecting and explaining relationships of 

complex marketing phenomena (Hoffman & Franke, 1986). According to Greenacre 

and Blasius (2006), MCA is applicable to the large set of categorical variables. It 

thus allows practitioners to visualize relationships among categories of categorical 

variables for large data sets. It also permits the reduction of dimensionality of the 

original data to a more easily interpretable number of dimensions (Zabaleta et al., 

2012). 

As this study is dealing with mixtures of continuous and binary variables with large 

sizes, so we choose to implement MCA for reducing of many binary variables that 

considered in the study. This is another strategy to be conducted by this study. As 

discussed, MCA is the most suitable technique for used with categorical variables or 

binary variables. The advantages of the resulting model include reducing the 

required number of variables, thus making the technique operational and all the 

variables significant (Garcia & Grande, 2003).   
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CHAPTER FOUR 

RESEARCH METHODOLOGY 

4.1  Introduction 

Previous Chapters 2 and 3 have highlighted about the developments of a systematic 

procedure for constructing the smoothed location model (smoothed LM) with the 

extraction of large and various types of variables. In this chapter, we discuss the 

details of the procedure for constructing the smoothed LM that includes steps for 

extracting variables from the original variables considered in the study. The first 

strategy suggests the use of principal component analysis (PCA) to extract variables 

from c continuous variables and b binary variables. The second strategy uses PCA to 

extract variables from c continuous variables and uses multiple correspondent analysis 

(MCA) to extract variables from b binary variables. We use a Monte Carlo study to 

measure the performance of the proposed classification approaches based on the 

leave-one-out error rate as described in Section 2.4. We outline the settings of 

generating simulated data consisting mixture of variables to comply with the 

investigations. 

4.2  The Classification Procedure    

We propose the process of discrimination with mixed variables to be carried out in the 

following steps:  
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1. Extract variables from the set of measured continuous variables and binary 

variables.   

2. Construct the classification rule namely smoothed location model using the 

extracted variables.   

3. Evaluate the constructed classification rule.  

We investigate two strategies for extracting variables from all variables under study. 

The first strategy employs PCA to extract variables on each set of binary variables 

and continuous variables independently. The second strategy uses PCA to extract 

variables from the continuous variables and MCA to extract variables from the binary 

variables. Outputs from the extraction were used to construct rule based on smoothed 

location model following Mahat et al. (2007). Then, the constructed rule is evaluated 

by calculating the proportion of misclassification objects which also known as error 

rate.  

The discrimination process is straightforward, but we organize these steps in a leave-

one-out fashion to avoid producing a bias evaluation. In leave-one-our procedure, we 

take an object as a test set and treat the remaining objects of n – 1 as training set. The 

training set is used to extract variables and to construct the smoothed LM rule, while 

the test set is used to evaluate the constructed rule. The following subsections will 

carry out extensive discussion on the proposed strategies. 
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4.2.1  Variable Extraction Techniques for Discrimination 

As previously discussed in Section 3.6, the process of variable selection could be 

infeasible when there are too many mixed variables to handle especially if there are 

correlations among the variables. Mahat et al. (2007) have shown that variable 

selection does not perform well when dealing with large binary variables as the 

usefulness of the smoothed LM is reduced in such situation. Thus, the implementation 

of variable extraction technique will be helpful to minimize the effect of correlations 

and computational time as well as the effectiveness of the smoothed LM. However, 

some modifications need to be considered in order to adjust the outcomes of the 

extraction process so that they will fit to the structure of smoothed LM.    

In this study, we have employed two strategies as the first one uses standard PCA to 

extract variables from the set of c continuous variables and uses PCA based on 

quantified variables for the set of b binary variables following Linting et al. (2007). 

The results give us new c and b extracted components for each set of variables 

respectively. However, only first few components from each set of c and b were 

chosen (we label them as ce and be) for constructing the smoothed LM where ce ≤ c 

and be ≤ b. The ce components extracted from the continuous variables were used 

directly in rule's construction but the be components were discretized to binary 

components to meet the basic structure of the location model.     

The second strategy uses standard PCA to extract variables from the set of c 

continuous variables and uses MCA to extract variables from the set of b binary 

variables following Messaoud et al. (2007). Similarly, the results give us c and b new 
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extracted components from each set of variables but only few components were used. 

Also, the be components from MCA were discretized to binary components prior to 

the rule's construction. For ease of reference and discussion in the future, we label the 

first strategy as 2PCA technique and the second strategy as PCA+MCA technique 

throughout this study.  

4.2.1.1 Determination of Components for Rule Construction  

The total number of extracted components from 2PCA technique and PCA+MCA 

technique is equal to the summation of c and b. The inclusion of all components is 

impractical hence only few of them will be chosen for constructing the smoothed 

location model. Therefore, we exploit eigenvalue and total variance explain to 

determine the first few extracted components which adequate for the purpose of rule 

construction. In location model, handling the binary variables is much trickier than the 

continuous variables because the binary variables determine the number of 

multinomial cell in the model following bs 2  (s refers to the number of multinomial 

cells throughout this study) as described in Sub-section 1.4.1. The common 

eigenvalue equal to 1.0 (unity) has been used by many but we need to know its 

suitability in classification, particularly if location model is used as the basis for rule 

construction. Otherwise, the setting of eigenvalue 1.0 may give us be approximate to b 

hence the smoothed LM will be swamped by many multinomial cells. Meanwhile, the 

best benchmark of total variance explain is subjective to the problem at hand. 

Following those issues, this study performs some preliminary studies in order to 

determine the best indicator for the binary variables which adequate for the 
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discrimination and may contribute to minimize the error rate. We simulate some 

classified data with mixtures of continuous variables and binary variables. Then, we 

perform discrimination with variable extraction on each set of generated data where 

we set at eigenvalue 1.0 for the continuous variables. Meanwhile, we test in two 

conditions for the binary variables where we sought υe from the discrete grid of [1.0, 

1.5] for PCA and investigated t % of total variance explained for the MCA. 

4.2.1.2 The Discretization Process 

The extracted ce components among the continuous variables can be used directly for 

rule construction. However, the extracted be components among the binary variables 

are from continuum and do not fit to the location model. Therefore, we have to 

transform them to their original type via a discretization process. The process is 

straightforward where the values greater than 0 are deemed as 1 and the remaining 

values are deemed as 0. Once we have the be discrete components, then we combine 

them with the ce continuous components. In this way, they are ready for the process of 

rule construction.  

 We summarize variable extraction process for 2PCA technique and PCA+MCA 

technique in Algorithm 4.1 and Algorithm 4.2 respectively.  
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Algorithm 4.1 

Variable Extraction with 2PCA Technique 

===================================================== 

Step 1: Execute PCA on the training set (n – 1 objects) for 

1.1 c continuous variables. Select ce components based     

on eigenvalue greater than 1.0, where ce ≤ c.  

1.2 b binary variables. Select be components based        

on eigenvalue greater than υe , where be ≤ b. 

 

Step 2: For extracted be components, discretized the components 

to binary values 0 or 1 which then defined as de. 

 

Step 3: Combine the ce continuous components and the 

discretized de. The data are ready for rule's construction. 

===================================================== 

Algorithm 4.2 

Variable Extraction with PCA+MCA Technique    

===================================================== 
 

Step 1: Execute PCA on the training set (n – 1 objects) for c 

continuous variables. Select ce components based on 

eigenvalue greater than 1.0, where ce ≤ c.  

 

Step 2: Execute MCA on the training set (n – 1 objects) for b 

binary variables. Select be components based on total 

variance explained greater than t %, where be ≤ b. 

 

Step 3: For extracted be components, discretized the components 

to binary values 0 or 1 which then defined as de. 

 

 Step 4: Combine the ce continuous components and the   

  discretized de. The data are ready for rule's construction. 

 ====================================================== 
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4.2.2  Construction of the Smoothed Location Model 

The outcome from variable extraction processes in Section 4.2.1 gives us a new set of 

size 1n  objects with ce+be extracted components. This new set of components is 

used to construct the smoothed LM in a leave-one-out fashion, to avoid from 

constructing a biased classification rule. The construction process starts with the 

identification of smoothing parameter values which are used later to compute the 

smoothing estimators of the location model i.e. μ̂ , Σ̂  and p̂  as expressed in Sub-

section 2.3.3 and Section 2.5.  

4.2.2.1 The Classification Rule and Parameter Estimation 

We denote the vector of binary variables as ) ,... , ,( 21 b

T xxxx  and vector of 

continuous variables as ) ,... , ,( 21 c

T yyyy . Upon the completion of variable 

extraction (i.e. PCA and MCA), we write the new extracted components for both 

binary variables and continuous variables as ) ..., , ,( **

2

*

1

*

eb

T xxxx  and 

) ..., , ,( **

2

*

1

*

ec

T yyyy
 
respectively. Therefore, all objects in the two groups can be 

written as ),( *** TTT
yxz    . This study employs the smoothed location model as 

specified by Mahat et al. (2009). By assuming that the costs due to misallocation 

future objects in both groups are equal and that the covariance matrices in both groups 

are homogeneous, we allocate a future object ),( *** TTT
yxz     to 
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otherwise we allocate *T
z  to 

2
π . Here, m is a set of multinomial cell obtained from 

the be binary components such that m = 1, 2,…, s where eb
s 2 . Following Equation 

2.10, imμ̂  
is obtained using the following mean smoothing function  

 
 



 
















s

1k

n

1r

*

rijkij

1
s

1k

ijikimj

ik

ykm,wkm,wn )()(̂

            

(4.2)

 

where  m, k = 1, 2, …, s;  i = 1, 2  and  j = 1, 2, …, ce  under conditions 
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Here, ikn  is the number of objects in cell k of 
i
π , 

*

rijky  is the j
th

 continuous component 

of the r
th

 object falling in cell k of 
i
π  and ),( kmwij  

is the weight with respect to the 

component j and cell m of all objects of 
i
π  that fall in cell k. Following Equation 

2.11, the computed imμ̂  
leads to  
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Meanwhile, the smoothing probability of cells is obtained by taking the weighted of 

the maximum likelihood estimated in the form of 
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4.2.2.2 The Weight  

All the used estimators Σμ ˆ,ˆ   im  and imp̂  depend on a weight ),( kmwij that smoothes 

the estimator according to dissimilarity between cell m and cell k in 
i
π . Any function 

of weights can be used, but we use the simple function such that 

10;),( ),(               kmw   kmd

ij                (4.5) 

where m, k = 1, 2, …, s;  i = 1, 2;  j = 1, 2, …, ce  and },1 ,0{),( eb  ...,    kmd  . The 

exponential smoothing uses ),( kmd , dissimilarity coefficient between the m
th

 cell and 

k
th

 cell of the binary vectors, which can be obtained through 

)()(),( ******

km

T

kmkmd xxxxxx  . This dissimilarity coefficient is an integer in the 

interval [0, be]. It gives us the disagreement between two cells m and k, where zero 

indicates no difference and 1 indicates that cell m and cell k are different in one of the 

binary variables and so on.      

The 
ij

  is the smoothing parameter with respect to the component j of 
i
π . The weight 

),( kmwij  with respect to the smoothing parameter and dissimilarity coefficient will 

decrease as the dissimilarity coefficient increases and equal to unity for objects falling 

in cell m. This behaviour leads a vector of smoothing means, imμ̂ , equal to the 

maximum likelihood estimators when the weight is zero. 

We restrict our investigation to use a single smoothing parameter across all 

continuous components and groups where  ij takes the values between 0 and 1. 
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Having different smoothing parameters according to components and groups will give 

us excessive computation and much complicated model. The choice of smoothing 

parameter is to choose the one that contributes to the least error rate. In order to obtain 

the best choice of smoothing parameter, we need to test all possible values of 

smoothing parameter between the range [0, 1] to construct the smoothed LM and to 

calculate the error rate. Then, the optimum opt  is the one that gives the lowest error 

rate. Details of this procedure are outlined in Algorithm 4.3.  

The Algorithm 4.3 is computationally excessive, but we sought the optimum value of 

  by using the built-in optimization function in R called optimize(objective, 

lower=0.00001, upper=0.99999). This routine gives a local optimum of 

opt  based on the objective function that minimizes the leave-one-out error rate from 

the training set of size n – 1.     

Full outline of the discussed variable extraction, determination of optimum opt , 

estimation of smoothed estimators, construction and evaluation of rule are given in 

Algorithms 4.4 and 4.5 respectively for the two classification approaches proposed by 

this study. We name the first approach as 2PCALM resulting from the integration of 

2PCA and smoothed LM whilst the second approach as 2DLM from the merger of 

PCA+MCA and smoothed LM. 
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Algorithm 4.3 

Identification of Optimized Smoothing Parameter (
opt ) 

    ========================================================== 

Step 1: For each value of 
j  in the grid of [0.00001, 0.99999], do 

the following 

1.1 Omit object r from the sample; r = 1, 2, …, m (n-2). 

1.2 Compute the smoothing estimators using the value of 

j  from the sample without object r.  

1.3 Construct the smoothed location model rule.  

1.4 Use the constructed rule in Step 1.3 to predict the 

group of the omitted object r. 

1.5 If the prediction group is equal to the actual group of 

the object r, then assign errorj,-r as 0; otherwise assign 

errorj,-r as 1. 

1.6  Repeat Step 1.1 to Step 1.5 until each object has been 

       omitted in turn.  

 

 

Step 2: Compute the error rate, )2/(
1

, 


 nerrorerror
m

r

rjj .  

 

Step 3: Repeat Step 1 to Step 2 for all j  
values in range  

[0.00001, 0.99999].  

 

Step 4: Determine opt
  
as the one with the lowest errorj.  

    

========================================================== 
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Algorithm 4.4  

Construction of the Smoothed LM with 2PCA Technique (2PCALM) 

============================================================= 

 Step 1:    Omit an object k from the sample, where k = 1, 2, …, n  and  

                   n = n1 + n2. Let the remaining n – 1 objects be as a training set. 

 

Step 2:    On the training set, perform PCA on  

  2.1  continuous variables; and 

  2.2  binary variables.  

     Then, combine the chosen new components from (2.1)    

              and (2.2) producing 2PCA.                  

 

Step 3:    Determine an optimized smoothing parameter ( opt ) based on  

   new components (from Step 2) using an optimization approach. 

 

Step 4:    Compute the smoothing estimators imμ̂ , Σ̂  and imp̂
 
using the    

          opt  obtained in Step 3 by non-parametric smoothing technique. 

 

Step 5:    Construct the smoothed LM rule based on the smoothing 

   estimators computed in Step 4, producing 2PCALM approach. 

 

Step 6:    Predict the group of the omitted object k using the  

            constructed rule in Step 5, if the prediction is correct then   

            assign error (εk) = 0 otherwise εk = 1. 

 

 Step 7:    Repeat Steps 1 to 6 for all objects in turn. 

 

 Step 8:   Compute the error rate using 


n

k
k

nerror
1

/ . 

    

============================================================= 
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Algorithm 4.5 

Construction of the Smoothed LM with PCA+MCA (2DLM) 

 ========================================================== 

Step 1:   Omit an object k from the sample, k = 1, 2, …, n  where 

               n = n1 + n2 and let the remaining n – 1 as a training set. 

 

Step 2:    Based on the training set, perform  

         2.1  PCA on the continuous variables  

     2.2  MCA on the binary variables.  

     Then, combine the chosen new components from (2.1) 

     and (2.2) producing PCA+MCA.   

 

Step 3:    Find an optimized smoothing parameter ( opt ) based on new  

               components (from Step 2) using an optimization approach. 

 

Step 4:    Compute the smoothing estimators imμ̂ , Σ̂  and imp̂ using the  

               opt  obtained in Step 3 by non-parametric smoothing technique. 

 

Step 5:    Construct the smoothed LM rule based on the smoothing  

               estimators computed in Step 4, producing 2DLM approach. 

 

Step 6:    Predict the group of the omitted object k using the  

               constructed rule, if the prediction is correct then assign  

               error (εk) = 0 otherwise εk = 1. 

 

Step 7:    Repeat Steps 1 to 6 for all objects in turn. 

 

Step 8:    Compute the error rate using 


n

k
k

nerror
1

/ . 

 ========================================================== 
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Finally, the constructed rules are evaluated using test set by computing the error rates 

that represent the proportion of objects misclassified by the rules. Figure 4.1 shows 

the details of all the strategies and techniques used to achieve all the objectives in 

producing new classification approaches, i.e. 2PCALM and 2DLM, suggested by this 

study.    
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Figure 4.1: New Proposed Classification Approaches with Variable Extraction   

Techniques  
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Both 2PCALM and 2DLM classification approaches have been tested using some 

simulated data sets. Section 4.3 gives the settings that are made to test the 

performance of these two proposed approaches.  

4.3  Monte Carlo Study   

The proposed classification rules with two variable extractions were tested through 

Monte Carlo study. The simulated data sets were generated such that they represent 

normal and non-normal distributions of population. The process of generating the data 

sets is required to set the covariance matrix Σ̂ , vectors of mean imμ̂ , amount of 

objects as well as the number of continuous variables and binary variables.  

4.3.1  Generation of Multivariate Data with Mixed Variables 

Common procedures for generating either continuous variables or binary variables are 

available in most statistical packages such as Minitab, S-Plus, SAS and R. However, 

there is no specific package that is able to generate a set of data with various types of 

variables simultaneously. Consequently, researchers have to carry out some 

procedures by manipulating standard routines provided in statistical packages in order 

to have mixed types of variables.  

We generate a set of data with c continuous variables and b binary variables following 

Everitt (1988) and Everitt and Merette (1990). Let )()1(21  ,... , , ... , , bciciicii yyyyy   be a 

generated set of continuous random variables for each group with n  objects having a 

multivariate normal distribution with mean 
i
μ

 
and a homogeneous covariance matrix, 
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Σ . We treat the first c variables, icii y ... y y ,,, 21  as observed continuous variables 

whilst the remaining )()2()1( ...,,, bcicici  y  y y  as unobserved ones. Thus, the b binary 

variables are created by applying thresholds to the unobserved continuous variables 

via discretization process. In the discretization process, suppose 

)()2()1( ...,,, bcicici  y  y y
 

are related to a set of observed binary variables 

) ..., , ,(   21 ibii xxxx
 
where 

   


 




otherwise0

,,2,1,if 1 )(

     

b ...  k          y      kci

ikx  

with   is a threshold and for simplicity, we set it to 0. This will generate the observed 

binary variables ibii xxx  ..., , , 21  
from the unobserved continuous variables 

)()2()1( ...,,, bcicici  y  y y
 
for both groups. Finally, we will have    bc 

 
variables in the 

data set obtained from c continuous variables ) ..., , ,( 21 cyyy  and b binary variables 

) ..., , ,( 21 bxxx  for both 
1
π  and 

2
π .     

4.3.2  Generation of Constant Covariance Matrix, Σ 

We randomly generate variance of    bc  variables (
2

)(

2

1 ...,, bc   ) from an interval 

specified by the rangeVar function in R. We generate data with small and large 

variances for the purpose of comparison in the study. The rangeVar [1, 1] was 

used to represent non-dispersed data (small variance) whilst the rangeVar [1, 

10] was used to represent dispersed data (large variance) as it is able to generate 

reasonable variability of variance among the variables. Next, we find a correlation 
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matrix ( R ) using the build-in function called rcorrmatrix. Thus, the covariance 

matrix is generated through  

  dd        dd     RΣ                            (4.6) 

where dd  is the diagonal elements of ( )(1 ,..., bc ).  

4.3.3  Generation of Normal Mixed Data 

R provides an easy environment to generate multivariate data. The function 

rmvnorm()in this package assists us in generating multivariate data once the 

covariance matrix is obtained and the following specifications are given:  

 n = sample size  

 c = number of continuous variables 

 b = number of binary variables 

iμ = a mean vector of each continuous variable )( ijy  and a mean vector of    

each binary variable )( ikx  in 
i
π  

 Σ = a homogeneous covariance matrix for both 
1
π  and 2

π   

                i = 1, 2 (group) 

To include various conditions, several sets of data were generated under a 

combination of n, c and b. We set n to have a size of 25, 50 and 75 which can be 

considered as small compared to the size of the created cell. Then, the size of 

continuous variables was chosen to take a size of c = n – 1 (due to leave-one-out 
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procedure). Meanwhile, b was set to take a size of 5, 15, 25 and 30. For the size of the 

groups, it was set to be equal on average.  

This study sets to consider up to 30 binary variables to be tested in the smoothed LM 

which can be regarded as a substantial amount and it has never been investigated 

before as explained in Section 1.6. If no manipulation on the binary variables is taken, 

then location model needs to deal with 824 ,741 ,073 ,1230 s  number of 

multinomial cells per group. Such huge amount of cells will be difficult to deal with 

and it needs great size of sample. Even so, this study considers different sizes of 

binary variables so that the constructed rules can be investigated from several possible 

conditions.  

The vector of means for binary variables is assumed to be zero and the diagonal of Σb 

is assumed to be unity. Meanwhile, the mean values of the continuous variables are 

set so that various degrees of separation between the two groups are obtained. The 

settings for vector of means for continuous variables are 1, 1.5 and 2 following Everitt 

and Merette (1990).  

Table 4.1 summarizes the combinations of c continuous variables and b binary 

variables for all considered sample sizes in generating multivariate of mixed data sets. 

We label the combinations to facilitate quotation in future investigations. 
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Table 4.1: The Number of Data Examined with Their  

Labelling Under Normal Distribution 

 

Sample Size / 

No. of Measured Variables 

 

Labelling for 

Non-dispersed Data   

 

 

Labelling for 

Dispersed Data 

 

 

For n = 25 

     c = 24, b = 5 

     c = 24, b = 15 

     c = 24, b = 24 

     c = 20, b = 24 

 

SET 1 

SET 3 

SET 5 

SET 7 

 

SET 2 

SET 4 

SET 6 

SET 8 

 

For n = 50 

     c = 49, b = 5 

     c = 49, b = 15 

     c = 49, b = 25 

     c = 49, b = 30 

     c = 25, b = 30 

 

SET 9 

SET 11 

SET 13 

SET 15 

SET 17 

 

SET 10 

SET 12 

SET 14 

SET 16 

SET 18 

 

For n = 75 

     c = 74, b = 5 

     c = 74, b = 15 

     c = 74, b = 25 

     c = 74, b = 30 

     c = 25, b = 30 

 

SET 19 

SET 21 

SET 23 

SET 25 

SET 27 

 

SET 20 

SET 22 

SET 24 

SET 26 

SET 28 
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4.3.4  Generation of Non-normal Mixed Data 

Generation of non-normal mixed data sets was done by performing some 

transformation on the generated normal mixed data, using the inverse hyperbolic sine 

normal transformation of the Johnson System following Lachenbruch at al. (1973). 

We obtain the j
th

 non-normal continuous variable, nnj  ,y , by transforming the 

respective j continuous variable using 

)y( sinhy  , jnnj 
                                                       

(4.7)
             

 

without modifying the binary variables.  

4.4  Statistical Programming Language   

We develop some programming in R version 2.13.1 to accelerate the computation on 

the proposed classification approaches. Besides, we manipulate some available 

functions in the software to save some development process. The R software is a 

powerful and flexible statistical programming language and computing environment 

that has become effective standard among statisticians.  
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CHAPTER FIVE 

RESULTS FROM SIMULATION  

5.1  Introduction  

This chapter gives the findings on the evaluations conducted on the proposed 

smoothed location model (smoothed LM) with variable extraction techniques for a 

mixture of binary and continuous variables. Sub-section 4.2.1 has outlined two 

approaches to extract information from the original variables using either two 

processes of principal component analysis (termed as 2PCA) or combination of PCA 

and multiple correspondence analysis (termed as PCA+MCA). Then, the extracted 

components are used to compute the smoothed estimators im
μ̂ , Σ̂  and imp̂

 
(refer 

Sub-section 4.2.2.1) where the value of smoothing parameter 
 
(refer Sub-section 

4.2.2.2) is the one that optimizes the leave-one-out error rate.  

We begin the discussion by looking at the issue of sparseness which relates to the 

multinomial cells without objects, eigenvalue and total variance explained in both 

PCA and MCA. Next, we demonstrate the process for estimating the smoothing 

parameter through the leave-one-out procedure. Finally, we conclude the 

performance of the proposed smoothed LM with two extraction techniques known as 

2PCALM and 2DLM approaches. Details of the proposed approaches were 

previously specified in Sub-section 4.2.2.2.  
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5.2  Sparseness in the Location Model     

Sparseness of objects in the multinomial cells of the location model may influence 

the estimation of parameters and the construction of rules. The number of 

multinomial cells (s) in the location model grows by bs 2  as the number of binary 

variables increases. Therefore, the location model will demand for a big sample size 

if one is dealing with many binary variables. One possible way in dealing with many 

binary variables is by reducing the number of binary considered in the study. In such 

strategy, a common technique such as PCA could be possible to extract information 

from the binary variables. However, the common setting of eigenvalue 1.0 may 

unable to solve the problem as it may retain many binary variables. Meanwhile, the 

MCA has subjective choice of total variance explained as the inclusion of more 

variance may lead to many binary variables in hand. 

For illustration, the generated data SET 5 and SET 15 are considered and details of 

the two sets are summarized in Table 5.1. Handling these data directly into the 

location model may be impossible due to excessive number of multinomial cells 

where we have 16,777,216 cells per group for SET 5 and 1,073,741,824 cells per 

group for SET 15, compared with a sample size which only 25 for the SET 5 and 50 

for SET 15. Thus, the extraction of the binary variables using PCA is important and 

needs to be implemented. We set the extraction based on eigenvalue greater than 1.0. 

Following such settings, we obtain only 8 components of the binary for data SET 5 

and 12 components for data SET 15. Although PCA managed to reduce the size of 
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multinomial cells and led to the construction of the smoothed LM, but many of the 

multinomial cells are empty.  

For data SET 5, PCA extracted 8 components from the original 24 binary variables 

which led to 256 multinomial cells per group. However, only 13 cells (5.08%) of 
1
π

 

and 11 cells (4.30%) of 
2
π

 
were filled with objects. The percentages displayed are 

very small indicating that very little of multinomial cells are filled, or it can be 

asserted that most of the formed cells are empty as 243 cells (94.92%) in 
1
π  and 245 

cells (95.70%) in 
2
π . The occurrence of too many cells without objects is referred as 

sparseness of objects in the location model. 

In other example of data SET 15 revealed that the extracted binary components are 

much higher (i.e. 12), thus it has 4,096 multinomial cells per group. Nevertheless, 

only 24 cells are not empty for each group. This implies that SET 15 has only 0.59% 

of non-empty cells in both groups which is impractical to be used for constructing 

the smoothed LM because each multinomial cell has nearly zero chances (probability 

= 0.0059) to have the objects. This situation can be regarded as a huge sparseness. 

This is the reason why the rules from both data sets performed very poor as almost 

half of the objects were wrongly classified for n=25 and about 69% for n=50, as 

shown in the corresponding table. 
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Table 5.1: Empirical Results of Smoothed LM with PCA at Eigenvalue 1.0 

State of Affairs Data SET 5  Data SET 15 

 

Original information: 

n, size of sample 

b, number of binary variables 

c, number of continuous variables 

s, number of multinomial cells per group 

 

25 

24 

24 

16,777,216 

 

50 

30 

49 

1,073,741,824 

 

Extraction using PCA: 

Number of extracted binary components 

Number of multinomial cells per group  

Number of non-empty cells in (
1
π , 

2
π ) 

Percentage of non-empty cells in (
1
π , 

2
π ) 

 

8 

256 

(13, 11) 
 

(5.0781%, 

4.2969%) 

 

12 

4,096 

(24, 24) 
 

(0.5859%, 

0.5859%) 

 

Performance: 

Misclassification rate 

 

0.4800 

 

0.6921 

 

Although non-parametric smoothing technique may overcome the weaknesses of the 

maximum likelihood estimation approach when dealing with empty cells, there is no 

promise of high accuracy if too many of the multinomial cells are empty as shown by 

these two data sets which recorded high error in classification. Following this, it can 

be claimed that the cut-point of eigenvalue 1.0 still retains many components which 

lead to the existence of too many empty cells if large binary variables are considered 
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in the study. The choice of eigenvalue will determine the number of extracted 

components from the PCA procedure hence lead to the size of multinomial cells. 

These findings exhibit that the extracted components can be controlled by choosing 

the best eigenvalue which may provide optimum performance of the constructed 

rules. 

Due to these discouraged results based on eigenvalue 1.0, thus the following 

preliminary analysis is conducted to determine the best reference point of eigenvalue 

exclusive for the binary variables in order to extract only the most useful components 

to be used in further analyses. Our goal is to minimize the size of multinomial cells 

so that the performance of the smoothed LM is improved. 

5.3  The Choice of the Extraction Variables 

We have discussed in Section 2.2 that the smoothed LM is a good option for 

classification when the measured variables are mixed and when dealing with some 

empty cells. However, this approach is infeasible if the dimension of the binary 

variables becomes large because the multinomial cells in the location model grow 

exponentially with its dimension. If one chooses b binary variables then the number 

of multinomial cells to be solved is 2
b
, this would create too many multinomial cells 

and too many parameters that need to be estimated which finally led to the rules with 

very disappointing performance.  
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Therefore, we search for an alternative procedure to identify significant components 

retention typical for the binary variables so that they are fitted to the location model 

and are able to improve the performance of the constructed rules. Searching based on 

eigenvalue for PCA and total variance explained for MCA are studied to determine 

the best reference point to be used with the location model. In dealing with binary 

variables, the eigenvalue of 1.0 is irrelevant and inappropriate to practice in all 

situations mainly in the location model due to the growth of multinomial cells can be 

very large which will produce too many multinomial cells with no objects reside. 

This has been proved in the previous section on the drawbacks of it as the 

constructed rules become meaningless for future classification due to approaching 

zero in terms of percentage and probability of the multinomial cells to have an 

object. As a result, the constructed rules show extremely bad performance. Those 

findings exhibit that the eigenvalue 1.0 could be inappropriate for the PCA in 

conjunction to be used with the location model, so it needs to be adjusted 

accordingly. Thus, the main objective of this section is to extract the optimal subset 

of variables to increase analytical performance of the constructed rules when the 

sample size concerned is small. 

The empirical studies as discussed in Section 5.2 showed that the rules still retain 

many binary components if eigenvalue 1.0 is used. It is due to the basic structure of 

the location model which grows according to the number of extracted binary. For 

such reason, we are looking for other cutting point based on the criterion of 
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eigenvalue which believed to be more appropriate and relevant to be applied in the 

location model.  

In order to determine the best cut-point of eigenvalue, we investigate possible 

eigenvalues in range 1.0 to 1.5 for some cases in order to check the suitability of 

eigenvalue 1.0 in the PCA. We set the generated data to have 12, 20 and 24 binary 

variables with sample size of 25. The investigation attempts to understand the 

behaviour of the number of binary retained, total variance explained and error rate 

when the eigenvalue is increased. The investigation was set up in two situations, 

when the distribution of the data is either dispersed or non-dispersed. It is to be noted 

that the amount of variables used for this investigation is different from this study in 

general (Table 4.1) to avoid biasness and dependency of the final result. 

The results for non-dispersed data cases are displayed in Table 5.2. The results show 

that the number of components extracted from the original variables decrease as the 

eigenvalue increases. Although it gives a good signal in reducing the size of 

components for the location model, but we lost a lot of information from the original 

variables. To carry out detail discussion on Table 5.2, we begin to study the results of 

each case. For b=12, the error rate drops from 0.08 to 0.04 as the eigenvalue 

increases from 1.0 to 1.2. Then, the error rate starts to get back to 0.08 as the 

eigenvalue increases. This exhibits that the error rates remain unchanged over the 

eigenvalues tested. Thus, for this variables size, it can be concluded that the 

eigenvalue 1.0 is the most suitable cut-point for the PCA to be used with the location 
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model as the rule shows good performance. It is due to the number of extracted 

binary is 5, thus the location model has 2
5
 = 32 multinomial cells per group, where 

each group contains 11 cells which are non-empty cells (refer Table 5.3). This means 

that the eigenvalue 1.0 did not form too many empty cells as about 34.38% of the 

cells are not empty in each group, which is good enough to build a smoothed LM.  

  Table 5.2: Investigation on Eigenvalue for Non-dispersed Data 

Eigenvalue 

Binary retained TVE (%) Error rate 

b=12 b=20 b=24 b=12 b=20 b=24 b=12 b=20 

 

b=24 

 

1.0 5 8 8 84.02 89.82 89.27 0.08 0.32 0.48 

 

1.1 4 6 7 74.47 78.08 84.78 0.04 0.12 0.40 

1.2 4 6 7 74.47 78.08 84.78 0.04 0.12 0.40 

1.3 3 5 6 65.05 70.38 78.17 0.08 0.04 0.08 

1.4 1 4 5 32.37 61.55 69.98 0.08 0.00 0.00 

1.5 1 3 3 32.37 50.74 52.25 0.08 0.00 0.00 

 

Meanwhile, the error rate shows incredible improvement for b=20 and b=24 (see 

Table 5.2). In both cases, the error rates are greater than 0.10 when the eigenvalue is 

around 1.0 to 1.2. Such results appear to indicate that 10% of the objects were 

misclassified by the rules. However, the error rate is less than 10% when the 

eigenvalue takes a value greater than 1.2. Such scenarios claim that fewer number of 
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extracted binary components contribute to better performance for classification. 

However, the perfect classification (error rate equal to nil) is obtained when the 

eigenvalues are at 1.4 and 1.5 is questionable. This is because it may overfit the 

constructed rules. Such overfitting performance may give us a signal that there only a 

small number of variables used for classification as compared to the original number 

of variables.  

Accordingly, eigenvalue 1.3 seems appropriate for both b=20 and b=24 as the 

number of extracted binary is reasonable, which makes the number of multinomial 

cells created tolerable (32 cells per group for b=20 and 64 cells per group for b=24)  

with the sample size as compared if eigenvalue 1.0 is used (256 cells per group, both 

for b=20 and b=24), as well as the number of non-empty cells in each group are 

acceptable (refer Table 5.3). As a result, as shown in Table 5.2 that the performance 

of rules based on eigenvalue 1.3 for both b=20 and b=24 is satisfactory.  

Table 5.3: The Number of Non-empty Cells in Each Group for Both Data Situations 

Eigenvalue 

Non-dispersed Data Dispersed Data  

b=12 b=20 b=24 b=12 b=20 b=24 

1.0 11, 11 13, 10 13, 11 13, 9 13, 11 13, 11 

1.1 10, 11 12, 10 13, 11 13, 9 13, 10 13, 11 

1.2 10, 11 12, 10 13, 11 

8, 6 

(almost 

full cells) 

13, 10 13, 11 
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1.3 

8, 7 

(almost 

full cells) 

12, 10 11, 10 
4, 4 

(full cells) 
11, 6 12, 11 

1.4 
2, 2  

(full cells) 
12, 9 10, 10 

4, 4 

(full cells) 
11, 6 11, 11 

1.5 
2, 2 

(full cells) 

8, 7 

(almost 

full cells) 

6, 8 

(almost 

full cells) 

NA 7, 5 6, 9 

 

Investigations on the dispersed data cases presented in Table 5.4 show similar 

patterns to Table 5.2. The number of components extracted from the binary variables 

decreases as the eigenvalue increases. Such results lead to loss of some information 

from the original variables, but the error rate shows some improvement with higher 

eigenvalues.  

Table 5.4: Investigation on Eigenvalue for Dispersed Data 

Eigenvalue 

Binary retained TVE (%) Error rate 

b=12 b=20 b=24 b=12 b=20 b=24 b=12 b=20 

 

b=24 

 

1.0 5 8 8 80.99 88.17 89.58 0.28 0.52 0.44 

1.1 5 7 8 80.99 84.11 89.58 0.28 0.36 0.44 

1.2 3 6 8 62.62 77.53 89.58 0.20 0.28 0.44 

1.3 2 4 6 53.71 62.63 77.12 0.24 0.12 0.24 

1.4 2 4 5 53.71 62.63 69.48 0.24 0.00 0.20 

1.5 NA 3 4 NA 43.59 50.58 NA 0.00 0.24 
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For the binary size 12, PCA with eigenvalues 1.0 to 1.4 did not show any significant 

difference in the performance of the rules (Table 5.4). Moreover, location model 

produces only few multinomial cells and most of them are filled when eigenvalues 

1.2 to 1.4 are used (refer Table 5.3). For such a situation where all multinomial cells 

are filled, then the maximum likelihood is tends to be the best implementation for 

estimating the model parameters, not the smoothing technique anymore. This binary 

size did not have a case for the eigenvalue greater than 1.5. Meanwhile, the rules at 

eigenvalues 1.0 and 1.1 achieved similar performance. Therefore, eigenvalue 1.0 can 

be claimed as the best execution for this variables size.   

Different outcomes are obtained for b=20 (Table 5.4), the model has a tendency to 

overfit the rules (error rate equal to nil) if eigenvalues 1.4 and 1.5 are used in the 

selection of the appropriate extracted binary components to retain. In contrast, the 

eigenvalues 1.0 to 1.2 had caused most objects wrongly classified. Thus, the 

eigenvalue 1.3 appears superior as the extracted binary amount (4) is tolerable as the 

number of multinomial cells created (16 cells per group) is reasonable with the 

observed sample size (25). Furthermore, the percentages of multinomial cells which 

are not empty at eigenvalue 1.3 can be regarded as adequate with 68.75% of 
1
π

 
and 

37.5% of 
2
π  (from Table 5.3), which sufficient to be used for constructing the 

smoothed LM rules. This finding demonstrates that eigenvalue 1.3 is a good 

reference point for this variables size as it creates a reasonable number of 



114 

 

multinomial cell and also non-empty cells. As a result, the performance of rule at 

eigenvalue 1.3 did not show too poor even though not completely perfect.  

Meanwhile, the results for b=24 show that the eigenvalues 1.0 to 1.2 have extracted 

eight binary components so it produces too many multinomial cells (256 cells per 

group).
 
This causes too many of them as 243 cells of 

1
π

 
and 245 cells of 

2
π

 
are 

empty (from Table 5.3). Consequently, the resulting error is too high which means 

that those rules did not work well for the data with high sparseness. On the other 

hand, eigenvalue 1.3 produces reasonable number of multinomial cells (64) as not 

too many of them are empty as well as not too scarify in the total variance explained 

(information loss). As overall, the percentage of multinomial cells occupied by the 

objects is quite practical if eigenvalue 1.3 is used as 18.75% of 
1
π

 
and 17.19% of 

2
π

 

compared to eigenvalue 1.0 which showed very low percentage as 5.08% of 
1
π  and 

4.30% of 
2
π  (from Table 5.3), and finally the latter leads to extremely frustrating 

performance (Table 5.4). Furthermore, the performance of the rules is not 

significantly difference from eigenvalues 1.3 to 1.5. Thus, we can conclude that the 

eigenvalue of 1.3 is the best implementation in order to reduce the number of binary 

variables for this variables size.   

In general, the error rates are much higher for the dispersed data case compared to 

non-dispersed data. The results have suggested using eigenvalue 1.3 in an attempt to 

have eigenvalue that tolerate on both total variance explained (TVE) and error rate. 
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We discovered that the eigenvalue 1.3 is a good choice for the PCA to determine the 

size of extracted binary to be used later in the construction of the location model. 

This eigenvalue 1.3 leads us to use at least 70% of the TVE as it has sufficient 

information. Therefore, for the MCA technique, we will choose the first few 

components of the binary variables with at least 70% total variance of the original 

variables.    

We further demonstrate the behaviour of the eigenvalues for dispersed and non-

dispersed data sets using the line plot as depicted in Figure 5.1. In both figures, the 

X-axis represents the eigenvalue tested from 1.0 to 1.5 whilst the Y-axis represents 

the error rate. Figure 5.1(a) clearly shows an elbow at eigenvalue 1.3 for both b=20 

and b=24. Such results indicate that the eigenvalue 1.3 is empirically good to be 

considered as a benchmark for extracting the binary variables. The smoothed LM 

shows poor performance at eigenvalue 1.0 mainly for the dispersed data sets. Such 

performance is due to the existence of many multinomial cells based on the number 

of extracted binary as compared to the sample size. It gives us evidence that the 

inclusion of many multinomial cells compared to the size of sample could increase 

the amount of errors. Nevertheless, the eigenvalue 1.3 leads to an acceptable number 

of multinomial cells and at the same time it improves the amount of errors. 

Meanwhile for b=12, the movement of line shown is not significantly different over 

all the eigenvalues examined. Thus, we can state that the eigenvalue 1.0 is the most 

excellent utilization for this binary size.   
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Similar discoveries are obtained from the dispersed data cases as depicted in Figure 

5.1(b). The set of eigenvalue 1.0 is suitable for b=12 as the error rate does not change 

much for varying values of eigenvalue. For b=24, the plot shows a big decrement at 

eigenvalue 1.3, hence this point can be considered as a good reference for extracting 

the binary components. Different outcome is obtained for b=20 where an elbow 

could be around eigenvalue either 1.3 or 1.4. But, the rule has a perfect performance 

with error rate 0.0 when the eigenvalue is at 1.4. Although it is the best, we suspect 

that such performance might be due to an overestimating problem. Therefore, we 

choose the eigenvalue 1.3 as the best reference value for the PCA to extract 

significant binary components, which will be used for the construction of the rule.  

To have a better picture about the behaviour of TVE, we plot the values of TVE 

against the size of binary tested when the eigenvalue is set at 1.3. Figure 5.2 exhibits 

that TVE scatters close to 70% on average for all binary size (for both non-dispersed 

and dispersed cases). It shows that 70% of TVE is adequate to cover the information 

enclosed in the data. Following this, we decided to use the criterion of TVE by at 

least 70% in order to extract the most important binary variables in the MCA 

technique.  
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(a)  Non-dispersed Data sets 

 

 

 

   (b) Dispersed Data sets 

 

Figure 5.1: Plot of Error Rate against Eigenvalues for Three Sizes of Binary 

Variables; b=12, b=20 and b=24 
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Figure 5.2: Plot of TVE against Binary Size at Eigenvalue 1.3 for Both Dispersed 

and Non-dispersed Data Sets 

 

Careful investigations on three different sizes of binary variables (b=12, b=20 and 

b=24) from two different data situations (dispersed and non-dispersed) have 

suggested that the eigenvalue greater than 1.3 is the most appropriate cut-point if 

faced with the problems of large binary variables (b ≥ 20). Meanwhile, the common 

eigenvalue of 1.0 is preferable for small binary size (b < 20). We believe that similar 

results will be obtained for a larger sample size, e.g. 50 and 75, since the size of the 

extracted components is influenced by the number of measured variables rather than 
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the size of sample. We maintain using the eigenvalue of 1.0 to extract components 

from the continuous variables. Our discussion has examined the issue of determining 

the best reference point of eigenvalue and TVE exclusively for extracting the binary 

variables.    

5.4  Estimation of the Smoothing Parameter  

We have detailed out the strategy of leave-one-out which was designed to estimate 

the smoothing parameter of the location model (see Sub-section 4.2.2.2). The 

strategy seeks for a value of smoothing parameter that contributes to minimum error 

rate. We label the set of D smoothing parameters obtained from this strategy as 

optimized smoothing parameters, ropt - ,  where r = 1, 2, ..., n-2. The following 

discussion presents the behaviour of opt
 
and the appropriateness of the strategy used 

for both proposed 2PCALM and 2DLM approaches. This section also displays the 

computation time for completing all the procedures.  

5.4.1  The Behaviour of opt   

We highlight the behaviour of 
opt

 
especially in dealing with an omitted object 

through the leave-one-out procedure. Having discussion for all generated data sets is 

impractical, so we carry out the discussion based on some selected sets of data. To 

show the behaviour of 
opt , we reuse data SET 5 and SET 15 for discussion. In short, 

the former data has n1=13, n2=12 with a small variance of continuous variables and 
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many empty cells have occurred (53 and 54 respectively in 
1
π  and 

2
π ). Meanwhile, 

data SET 15 has n1= n2=25 with a small variance of continuous variables and some 

empty cells have occurred (43 in 
1
π  and 45 in 

2
π ).  

Figure 5.3 shows the variability of 
opt

 
for data SET 5 based on minimization of the 

leave-one-out function for both 2PCALM and 2DLM approaches. The X-axis 

represents the omitted objects and the Y-axis represents the values of 
opt . The 

behaviour of 
opt

 
which determined from 2PCALM is scattered around 0.85 to 0.99 

except for the omitted objects 4, 18 and 21. The two objects 4 and 21 can be 

considered as outliers in this sample since both have 
opt

 
< 0.4. Meanwhile, the 

behaviour of 
opt

 
from 2DLM shows a more stable movement with no isolated 

points as all 
opt values are greater than 0.60, as shown in Figure 5.3(b).  

The behaviour of 
opt

 
for data SET 15 is given in Figure 5.4. Figure 5.4(a) shows the 

values of 
opt

 
based on 2PCALM approach where the values are between 0.84 and 

0.99 except for objects 15, 22, 24 and 34. We also encounter one outlier (object 2) 

from this approach as it lies further from the remaining object. Meanwhile the 

selection of 
opt

 
through a minimization of the leave-one-out error rate function 

based on 2DLM approach reveals more outliers, i.e. object 2, 37 and object 48, in 

which the 
opt

 
value is equal to 0.40 on average. 
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Although data SET 5 and SET 15 show potential of having outliers, but we have to 

define clearly the meaning of outliers and have to use a suitable tool to identify it 

correctly. Nonetheless, at this stage, we are not interested to further investigate on 

this matter since it is beyond the scope of this present study.  

Technically, small value of 
opt

 
may indicate that the objects that reside in the 

multinomial cells are far from each other. But, if we have large value of 
opt

 
which 

approaching to 1, then the smoothing estimators is acting as the Maximum likelihood 

estimators. The opt
 
value reflects the distribution of objects in the multinomial cell, 

but there is no trend to explain that small/large value of opt
 

represents the 

performance of the location model. The way how location model chooses the value 

of opt
 
is the one that leads to the minimum classification error. So, if we have 

outliers, the opt
 
values can be seen distinct from the others. 

What might be important to be highlighted here is the pattern of 
opt

 
which shows 

movement in both figures and approaches. It is reasonable because the use of 

optimization function is for accelerating the process of searching 
opt

 
which 

produces a minimum error rate. In view of that, the result of 
opt

 
can be accepted as 

the obtainable values are different for each of iteration process. This demonstrates 

that the optimization function used (optimize) in preceding discussion is 

functioning and can be implemented.  
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This optimization function gives the average deviation between the predicted group 

allocations from its actual group membership. Some other possible optimization 

functions (e.g. nlminb, nlm, optim(Nelder-Mead), opsurv, trust, 

etc.) can also be considered, depend on the objective functions respectively. Our 

interest is on the performance of the classification rules rather than finding the best 

smoothing parameter, thus no specific conclusion can be drawn until the 

performance of the constructed rules has been evaluated. Section 5.5 will discuss on 

how this optimization strategy can influence the performance of the classification 

rules using the smoothing technique of the location model. Before that, we are 

interested to observe the average time implemented to complete the whole process in 

order to produce two new approaches as covered in the next section.  
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(a) 2PCALM approach 

 

 

(b) 2DLM approach 

Figure 5.3: Selection of opt  through A Minimization of the Leave-one-out Error 

Rate Function for Data SET 5 
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(a) 2PCALM approach 

 

    

(b) 2DLM approach 

Figure 5.4: Selection of 
opt

 
through A Minimization of the Leave-one-out Error 

Rate Function for Data SET 15 
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5.4.2  The Average Execution Time  

The average computational times for executing the whole process of simulation for 

all generated data sets under normal distribution for 2PCALM and 2DLM 

approaches are displayed in Table 5.5 and Table 5.6 respectively. All the 

computation process was executed using a Intel(R) Core(TM)2 with Quad CPU and 

7.93GB of RAM. Overall, both approaches record reasonable computation times. We 

discover that the time is influenced by the sample size and the number of continuous 

variables as well as the binary variables. Even so, the computational time is highly 

dependent on the number of binary variables and the size of sample used. This is due 

to the construction of the smoothed LM which is strongly reliant on the increasing 

number of multinomial cells created from the extracted binary components. The 

sample size also has a relatively large effect on the time recorded to accomplish the 

entire processes due to the construction of the proposed approaches is based on a 

double nested of the leave-one-out procedure. If we compare Table 5.5 and Table 

5.6, it reveals that the computational time is shorter for 2DLM approach in most 

cases due to the fewer number of binary is selected as compared to 2PCALM 

approach. We believe that the average execution times of both approaches are similar 

for the case of non-normal data, so there is no need to detail out its computational 

time here. 
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Table 5.5: Average Computational Time (in seconds) for the Whole Estimation 

Process of 2PCALM Approach under Normal Data Sets  

   

  Sample Size / 

No. of Measured Variables 

 

Data Label & Its Dispersion 

Data  

Label 

Non-

dispersed 

Data  

Label 
Dispersed 

 

For n = 25 

c = 24, b = 5 

c = 24, b = 15 

c = 24, b = 24 

c = 20, b = 24 

 

 

SET 1 

SET 3 

SET 5 

SET 7 

 

 

551.25 

1444.70 

2635.95 

1374.62 

 

 

SET 2 

SET 4 

SET 6 

SET 8 

 

 

412.99 

4585.77 

3053.02 

1499.94 

 

For n = 50 

c = 49, b = 5 

c = 49, b = 15 

c = 49, b = 25 

c = 49, b = 30 

c = 25, b = 30 

 

 

SET 9 

SET 11 

SET 13 

SET 15 

SET 17 

 

 

2927.19 

29804.76 

9458.53 

19932.49 

23807.66 

 

 

SET 10 

SET 12 

SET 14 

SET 16 

SET 18 

 

 

3028.24 

18585.25 

18413.49 

30422.81 

12003.39 

 

For n = 75 

c = 74, b = 5 

c = 74, b = 15 

c = 74, b = 25 

c = 74, b = 30 

c = 25, b = 30 

 

 

SET 19 

SET 21 

SET 23 

SET 25 

SET 27 

 

 

11092.97 

54119.18 

53512.13 

54872.37 

27799.63 

 

 

SET 20 

SET 22 

SET 24 

SET 26 

SET 28 

 

 

12292.59 

130270.96 

35682.16 

58871.78 

29972.43 
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Table 5.6: Average Computational Time (in seconds) for the Whole Estimation 

Process of 2DLM Approach under Normal Data Sets  

   

 Sample Size / 

 No. of Measured Variables 

 

Data Label & Its Dispersion 

Data 

Label 

Non-

dispersed 

Data  

Label 

 

Dispersed 

 

For n = 25 

     c = 24, b = 5 

     c = 24, b = 15 

     c = 24, b = 24 

     c = 20, b = 24 

 

 

SET 1 

SET 3 

SET 5 

SET 7 

 

 

540.62 

571.67 

884.27 

825.58 

 

 

SET 2 

SET 4 

SET 6 

SET 8 

 

 

538.56 

614.09 

989.83 

533.37 

 

For n = 50 

     c = 49, b = 5 

     c = 49, b = 15 

     c = 49, b = 25 

     c = 49, b = 30 

     c = 25, b = 30 

 

 

SET 9 

SET 11 

SET 13 

SET 15 

SET 17 

 

 

4180.80 

10340.79 

14725.32 

26687.39 

12427.03 

 

 

SET 10 

SET 12 

SET 14 

SET 16 

SET 18 

 

 

4519.86 

7027.00 

18010.43 

17749.90 

12505.11 

 

For n = 75 

     c = 74, b = 5 

     c = 74, b = 15 

     c = 74, b = 25 

     c = 74, b = 30 

     c = 25, b = 30 

 

 

SET 19 

SET 21 

SET 23 

SET 25 

SET 27 

 

 

14914.81 

19546.58 

53272.35 

129503.23 

27888.37 

 

 

SET 20 

SET 22 

SET 24 

SET 26 

SET 28 

 

 

16198.76 

35872.37 

58064.53 

134831.92 

29591.44 
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5.5  The Performance of the Classification Rules of the Smoothed Location 

Model 

All the constructed rules were evaluated using the leave-one out error rate as 

explained in Section 4.2. In this section, we discuss the results obtained for both 

2PCALM and 2DLM approaches based on the sets of normal and non-normal data. 

We study 2PCALM and 2DLM from the various settings of quantity of continuous 

and binary variables, vectors of mean and variance-covariance matrices that are 

considered.    

5.5.1  Performance of Classification Rules for Normal Data Sets 

The procedure of leave-one-out error rate omits an object from the sample (test set) 

for validation purpose and uses the remaining objects (training set) to construct the 

smoothed LM. The difference of the actual group and the predicted group of the test 

set contributes to error. This procedure is repeated such that each object in the 

sample has been omitted in turns. Then, the number of misclassified objects is 

determined and its proportion is obtained. We use this standard procedure to all 

classification rules investigated in this study.    

5.5.1.1   Results of 2PCALM Approach for Normal Data Sets 

Performance of the 2PCALM is displayed in Table 5.7 for all the investigated cases. 

The performance is explained by the error rate and the separation between groups 

computed by the Kullback-Leibler (KL) distance. The extracted number of both 
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continuous components, ce and binary components, be is also printed in the table. The 

analytical outcomes revealed that most of the smoothed rules demonstrate fairly 

similar performance, except for data SET 6 (c=b=24) which shows slightly different 

from the others whilst SET 4 (c=24 and b=15) records the highest error in 

performing classification. Both SET 4 and SET 6 are under the sample size of n = 25 

and from the dispersed data sets. We also discover that the error rate is smaller for 

non-dispersed groups compared to the dispersed groups. Careful investigation on the 

results shows that the error rate recorded is correlated with the KL distance. The 

error is small if the distance between groups is large and vice versa. This relationship 

is depicted in Figure 5.5(a) where the X-axis represents the KL distance and the Y-

axis represents the leave-one-out error rates. We present a plot from all cases of the 

dispersed data to show the pattern of error rate on KL distance. The declining lines 

indicate that the error rate is decreasing as the distance between the two groups 

moves farther apart.     

Meanwhile, it is interesting to highlight that the KL distance is highly dependent on 

the number of extracted binary components (see Table 5.7). For example, data SET 2 

scores about 65.44 units different of distance between groups as there are only four 

multinomial cells in each group. In contrary, SET 6 scores small separation between 

groups (0.77) because it contains 64 multinomial cells per group. Such result 

indicates that a small number of extracted binary components will cause a large 

distance between groups, thus giving a small error rate. Study on the relationship of 



130 

 

error rate and the number of extracted binary is demonstrated in Figure 5.5(b), where 

we use all cases of the non-dispersed data for this plot. This illustration also can be 

seen from data SET 11 and SET 13 which show similar outcome where the KL 

distances are 2.91 and 63.76 respectively for SET 11 and SET 13. This is due to the 

number of extracted binary components is totally different as seven for SET 11 

(producing 128 cells per group) and five for SET 13 (creating 32 cells per group). As 

a result, small error is obtained from a small number of extracted binary components. 

Similar result is obtained if we compare the SET 22 and SET 24, as well as between 

the SET 14 and SET 16. In general, the proposed 2PCALM approach gives small 

error when the two groups have large distance and small number of binary variables 

as shown in Figure 5.5. This demonstrates that the classification performance based 

on this approach is deteriorated if dealing with many multinomial cells or a lot of 

binary variables.   

This study also discovers that the KL distance is slightly affected by the continuous 

variables in two different scenarios, provided the number of multinomial cells is 

equal. In the first scenario, the number of extracted continuous components is 

different, but they are from a similar state (either dispersed or non-dispersed). This 

can be verified by the results obtained from data SET 14 and data SET 18 which 

show vary in the KL distance with 10.72 for SET 14 and 6.59 for SET 18. Both data 

sets have different number of extracted continuous as 17 for SET 14 and only nine 

for SET 18. Thus, it affects the classification performance with error rates of 0.02 
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(SET 14) and 0.14 (SET 18) respectively. A greater distance is the result from a 

larger continuous component which leads to a smaller error rate. This relationship of 

error rate and the number of extracted continuous components (from a similar data 

situation) also can be viewed from the data SET 3 (eight continuous components 

were extracted) and SET 7 (five were extracted), as well as between the SET 24 (25 

have been extracted) and SET 28 (nine were extracted) which can be observed from 

the same table.   

In contrast for the second scenario where the number of extracted continuous 

components varies across the data situation, also with condition that the number of 

multinomial cells is the same. The analysis shows that a greater distance is obtained 

from a smaller number of extracted continuous which will result lower error rate. 

The data that illustrate such behaviour including SET 5 and SET 6, between the SET 

7 and SET 8, SET 9 and SET 10, SET 25 and SET 26 and also between the SET 27 

and SET 28. The number of continuous components extracted in each case is as 

shown in Table 5.7 accordingly.    

All the findings presented imply that the proposed 2PCALM classification approach 

works well with the smoothed LM. The rules show satisfactory performance with 

acceptable error rate except for data SET 4 (error = 0.56). SET 4 scores the worst 

possibly because the sample size is very small (n=25 with n1=13 and n2=12) 

compared to the number of multinomial cells, so it may not fit to be used with the 

smoothed LM due to the existent of too many empty cells for this set. Overall, SET 4 
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has 128 multinomial cells per group to be filled by only 13 and 12 objects in 
1
π

 
and 

2
π

 
respectively. The result shows that 91.41% of the multinomial cells for SET 4 are 

empty. In addition, the distance between the groups (0.67) of this set gives the 

smallest value, so it means that those two groups are greatly overlapping. On the 

other hand, all the findings (excluding SET 4) show satisfactory performance even 

when the two groups are not truly separated (e.g. SET 5, SET 16 and SET 22). The 

results from the data sets that have more binary variables than the continuous 

variables (e.g. SET 7, SET 8, SET 17, SET 18, SET 27 and SET 28) also show 

acceptable performance which achieves good rules as the computed error is small 

and tolerable. This implies that the proposed 2PCALM approach can be accepted and 

can be used as a future research for the purpose of classification when the measured 

variables are mixed and large.  
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Table 5.7: Performance of the Smoothed Location Model based on  

2PCALM Approach for All Cases of Normal Data Sets 

 

  Sample Size / 

  No. of Measured   

  Variables 

 

Non-dispersed 

 

Dispersed 

Data 

SET 

Error 

Rate 

KL  

Distance 

Number of 

(ce, be) / (g1, g2) 

 Data 

 SET 

Error 

Rate 

KL  

Distance 

Number of 

(ce, be) / (g1, g2) 

 

 For n = 25 

  c = 24, b = 5 

  c = 24, b = 15 

  c = 24, b = 24 

  c = 20, b = 24 

 

 

  1 

  3 

  5 

  7 

 

 

0.0 

0.0 

0.08 

0.04 

 

 

234.03 

4.54  

1.54  

4.01 

 

 

(8, 3) / (8, 6) 

(8, 5) / (12, 9) 

(7, 6) / (11, 10) 

(5, 5) / (12, 10) 

 

 

 2 

 4 

 6 

 8 

 

 

   0.12 

   0.56 

   0.24 

   0.16 

 

 

65.44  

0.67  

0.77  

2.82 

 

 

(8, 2) / (4, 4) 

(9, 7) / (11, 11) 

(10, 6) / (12, 11) 

(8, 5) / (12, 10) 

 

 For n = 50 

  c = 49, b = 5 

  c = 49, b = 15 

  c = 49, b = 25 

  c = 49, b = 30 

  c = 25, b = 30 

 

 

9 

11 

13 

15 

17 

 

 

0.0 

0.16 

0.0 

0.08 

0.14 

 

 

286.72  

2.91  

63.76  

10.95  

2.84  

 

 

(14, 2) / (4, 4) 

(15, 7) / (23, 20) 

(14, 5) / (20, 21) 

(15, 6) / (21, 19) 

(8, 7) / (21, 22) 

 

 

10 

12 

14 

16 

18 

 

 

0.02 

0.12 

0.02 

0.16 

0.14 

 

 

92.93  

6.78  

10.72  

1.80  

6.59  

 

 

(16, 2) / (4, 4) 

(17, 6) / (22, 22) 

(17, 6) / (20, 18) 

(16, 7) / (23, 23) 

(9, 6) / (21, 17) 

 

 For n = 75 

  c = 74, b = 5 

  c = 74, b = 15 

  c = 74, b = 25 

  c = 74, b = 30 

  c = 25, b = 30 

 

 

19 

21 

23 

25 

27 

 

 

0.0 

0.0 

0.0 

  0.0133 

  0.0133 

 

 

468.76      

9.22  

7.87  

4.67  

32.32  

 

 

(21, 2) / (4, 4) 

(21, 7) / (33, 28) 

(20, 7) / (34, 31) 

(21, 7) / (36, 34) 

(7, 6) / (27, 28) 

 

 

20 

22 

24 

26 

28 

 

 

0.0133 

0.16 

0.04 

0.0667 

0.0533 

 

 

195.80  

1.92  

31.33  

3.43  

21.47 

 

 

(24, 2) / (4, 4) 

(24, 8) / (35, 34) 

(25, 6) / (33, 29) 

(24, 7) / (37, 34) 

(9, 6) / (31, 27) 
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(a) Dispersed Data sets 

 

 

    

(b) Non-dispersed Data sets 

 

Figure 5.5: Performance of the Proposed 2PCALM Approach versus (a) KL distance 

and (b) Number of Binary   
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5.5.1.2  Results of 2DLM Approach for Normal Data Sets 

Existing researchers argue that multiple correspondence analysis (MCA) is better 

suited to extract information from the binary variables (as discussed in Chapter 3), so 

2DLM approach has been adopted in the smoothed LM to prove this. We implement 

the MCA to reduce the dimension of the binary variables whilst PCA is employed on 

the continuous variables. The new variables resulting from these two reduction 

techniques were then adopted to build the smoothed LM. In tandem with this 

procedure, we name it as PCA+MCA+LM approach or simply known as 2DLM 

approach as clarified in Chapter 4.   

Table 5.8 displays the performance of the smoothed LM constructed based on 2DLM 

approach for all of the examined cases. Overall, the outcomes exhibit that the 

performance of the smoothed LM are satisfactory and acceptable. The performance 

of the smoothed LM showed a slight decline if the number of binary extracted by the 

MCA becomes bigger. This is because the involvement of more components binary 

will cause the distance between the groups becomes smaller and eventually leads to 

poorer performance for the constructed rules. The number of extracted continuous 

components also can give an impact on the KL distance which indirectly influences 

the performance of smoothed LM. Yet, the performance of the smoothed LM is 

greatly affected by the number of binary components as compared to the continuous 

counterparts, which only gives a slight influence. This relationship of error rate with 
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KL distance and number of binary are similar to the 2PCALM approach, as has been 

described in previous Sub-section 5.5.1.1.   

Next, we are interested to compare the results of 2DLM with previous 2PCALM 

approach based on the remaining number of components resides in the rule by two 

dimensionality reduction techniques which are introduced. The results show that the 

retention number of continuous components for both proposed approaches is the 

same. The same retention number on the continuous variables is expected due to two 

reasons; (i) the same extraction technique (i.e. PCA) is used to extract the 

information from continuous variables and (ii) both 2PCALM and 2DLM spit the 

extraction on continuous variables and binary variables, before combining the 

outcomes of the two processes. 

In view of that, this study records two different performance on the proposed 

smoothed LM based on the number of binary retained via MCA technique, which 

can be observed from the same table. First, the 2DLM approach retains fewer binary 

components compared to the 2PCALM, so it causes a greater distance and indirectly 

gives a smaller error rate or in other words the performance of the smoothed LM is 

better. Second, the performance of the smoothed LM gradually deteriorates if the 

retention of the binary components is greater than the 2PCALM approach as shown 

by data SET 15, SET 24, SET 25 and SET 26. However, both proposed approaches 

offer comparable performance when they maintain the same amount of continuous 

and binary components. Sometimes 2PCALM approach is better than 2DLM (SET 
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14, SET 23 and SET 28) and there are times where 2DLM approach performs better 

(SET 18 and SET 27). It is dependent on the computed distance which shows 

redundancy between the observed groups. 

We have discovered that MCA extracts fewer binary components than the PCA in 

most cases, and the performance of the smoothed LM constructed upon the 2DLM 

approach is better in overall. Thus, we can declare that MCA is more compatible to 

be used with the binary variables. This is consistent as 2DLM approach provides a 

better and a more stable of rules performance in most cases compared to 2PCALM 

approach. As a whole, it can be asserted that the proposed methodology is effective 

in dealing with huge sparsity problem in which the number of multinomial cells is 

very large compared to the number of objects. This demonstrates that the 

implementations of the double processes of PCA as well as PCA and MCA in this 

study are useful and help prevent this problem. Nevertheless, the proposed 

methodology is limited if the observed groups showed great overlapped. 
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Table 5.8: Performance of the Smoothed Location Model based on 

2DLM Approach for All Cases of Normal Data Sets 

 

  Sample Size / 

  No. of Measured 

  Variables 

 

Non-dispersed 
 

Dispersed 

Data 

SET 

Error 

Rate 

KL  

Distance 

Number of 

(ce, be) / (g1, g2) 

 Data 

 SET 

Error 

Rate 

KL  

Distance 

Number of 

(ce, be) / (g1, g2) 

 

 For n = 25 

  c = 24, b = 5 

  c = 24, b = 15 

  c = 24, b = 24 

  c = 20, b = 24 

 

 

  1 

  3 

  5 

  7 

 

 

0.0 

0.0 

0.0 

0.0 

 

 

234.03 

209.15 

28.71 

24.22 

 

 

(8, 3) / (8, 6) 

(8, 3) / (7, 7) 

(7, 4) / (10, 9) 

(5, 4) / (9, 9) 

 

 

 2 

 4 

 6 

 8 

 

 

  0.12 

  0.08 

  0.16 

  0.04 

 

 

51.80 

42.26 

14.85 

30.97 

 

 

(8, 3) / (7, 6) 

(9, 3) / (7, 6) 

(10, 4) / (6, 9) 

 (8, 3) / (6, 6) 

 

 For n = 50 

  c = 49, b = 5 

  c = 49, b = 15 

  c = 49, b = 25 

  c = 49, b = 30 

  c = 25, b = 30 

 

 

9 

11 

13 

15 

17 

 

 

0.0 

0.0 

0.0 

0.14 

0.0 

 

 

460.67 

55.10  

12.30 

3.00  

9.76 

 

 

(14, 3) / (8, 8) 

(15, 5) / (20, 17) 

(14, 6) / (22, 22) 

(15, 7) / (22, 21) 

(8, 6) / (19, 21) 

 

 

10 

12 

14 

16 

18 

 

 

0.02 

0.06 

0.04 

0.02 

0.12 

 

 

147.22 

135.41  

10.64 

8.28  

6.76 

 

 

(16, 3) / (8, 8) 

(17, 4) / (15, 15) 

(17, 6) / (20, 18) 

(16, 6) / (21, 22) 

(9, 6) / (21, 17) 

 

 For n = 75 

  c = 74, b = 5 

  c = 74, b = 15 

  c = 74, b = 25 

  c = 74, b = 30 

  c = 25, b = 30 

 

 

19 

21 

23 

25 

27 

 

 

0.0 

0.0 

0.0267 

0.1333 

0.0 

 

 

563.04 

179.88 

7.84 

1.09 

32.72 

 

 

(21, 3) / (8, 8) 

(21, 5) / (22, 20) 

(20, 7) / (34, 31) 

(21, 8) / (38, 34) 

(7, 6) / (27, 28) 

 

 

20 

22 

24 

26 

28 

 

 

0.0133 

0.0 

0.0533 

0.2267 

0.12 

 

 

296.54 

34.79 

5.52 

0.99 

21.40 

 

 

(24, 3) / (7, 8) 

(24, 6) / (31, 29) 

(25, 7) / (37, 31) 

(24, 8) / (37, 35) 

(9, 6) / (31, 27) 
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5.5.2  Performance of Classification Rules for Non-normal Data Sets  

Sometimes we have to face the data that are not normally distributed. It is very 

important to understand on how the non-normal data behave when it is analyzed by 

the tools that are based on the normal distribution. As identified in Sub-section 4.3.4, 

to achieve a state of non-normal data set, we do transformation using sinh on all 

continuous variables for both groups without altering on the binary attributes. We 

test both 2PCALM and 2DLM approaches on this type of non-normal data set. The 

discussion is useful to be examined because all the relevant data not longer follow 

the assumption of normality after performing such transformation.    

To investigate the performance of rules for non-normal data, we choose several sets 

of normal data from the previous Sub-section 5.5.1.1, which represents the best and 

the worst performance on each sample size, n. Accordingly, four sets of data will be 

selected for each n. Thus, SET 1, SET 2, SET 5, SET 6 from n = 25 with SET 11, 

SET 12, SET 13 and SET 14 from n = 50 have been chosen. Meanwhile for n = 75, 

we opt to use data SET 23 and SET 24 instead of SET 19 and SET 20 to avoid 

examining the data sets with a small number of binary variables. As a matter of fact, 

the investigation on small binary variables was tested by n = 25.  

Moreover, the proposed approach is purposely designed to test on large variables 

size, mainly the binary. Data SET 27 and SET 28 are chosen rather than SET 25 and 

SET 26 (which indicate the worst performance) to show various forms of data to be 
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tested as the former two sets have more binary variables than the continuous. By this 

way, the rules can be investigated from several different angles. So, the proposed 

approach can be compared and evaluated in many dimensions of variables (mainly 

the binary) based on different sample sizes for both data situations (dispersed and 

non-dispersed) as well as with the results of the normal data sets from previous 

section.   

The first step is to look at how the data are distributed after performing sinh 

transformation. This is done by normal Q-Q plot as shown in Figure 5.6 to Figure 

5.8 for the selected data sets (two for each n) as explained earlier in this section. The 

left side of all figures show the plots of the original data generated (normally 

distributed) whilst the right is the plot of the same data after implementing the 

transformation. All the figures show that the points follow a strongly nonlinear 

pattern, suggesting that those data are no longer normal after transformation on the 

continuous variables. Thus, it can be verified that sinh managed to transform the data 

into a non-normal state, so we can proceed with further analyses to evaluate the two 

approaches proposed in non-normal settings.      

5.5.2.1  Results of 2PCALM Approach for Non-normal Data Sets 

Table 5.9 presents the performance of the rules for non-normal data sets. In general, 

most of the rules are good but some performance is bad when the distance between 

the observed groups is very small (example data SET 6). The error rate is big for a 
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small distance between the groups, but it is decreasing as distance between the 

groups increases.  

Next, we make an effort to investigate the performance of 2PCALM in dealing with 

normal and non-normal data sets. We review the error rates scored and displayed in 

Table 5.7 and Table 5.9 respectively for normal and non-normal data sets. The 

results reveal that most of the score of error rates are similar, particularly from a non-

dispersed group. In contrast if the data are dispersed, the violation of data from 

normality gives two different impressions on the performance of the developed rules 

with little and big impact. As data SET 2, SET 6 and SET 12 still showed 

satisfactory results in which the computed errors are fairly similar compared to the 

normal data sets. Meanwhile, SET 14, SET 24 and SET 28 recorded a big 

deterioration in performance. From all the results obtained, we believe that the rules 

will considerably be affected if dealing with the data that are not normal where it is 

dispersed and the amount of binary used is greater than or equal to 25. The number 

of components extracted from the binary variables is exactly the same as the normal 

data for all cases. This is tandem as we do not modify the binary variables during the 

transformation process of variables to achieve a state of non-normal data. Overall, 

the study findings indicate that the smoothed LM based on 2PCALM approach tested 

on non-normal data generates a low and acceptable of error in performing 

classification tasks.  
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Figure 5.6: Q-Q Plot for Data SET 1 and Data SET 2   
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Figure 5.7: Q-Q Plot for Data SET 13 and Data SET 14   
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Figure 5.8: Q-Q Plot for Data SET 27 and Data SET 28   
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Table 5.9: Performance of the Smoothed Location Model based on 2PCALM  

Approach for Selected Cases of Non-normal Data Sets 

 

    Sample Size / 

    No. of Measured    

    Variables 

 

Non-dispersed 

 

Dispersed 

from 

Data 

SET 

Error 

Rate 

KL 

Distance 

Number of 

(ce, be) / (g1, g2) 

 from     

Data 

SET 

Error 

Rate 

KL 

Distance 

Number of 

(ce, be) / (g1, g2) 

 

 For n = 25 

     c = 24, b = 5 

     c = 24, b = 24 

 

 

1 

5 

 

 

0.0 

0.2 

 

 

139.60  

1.50  

 

 

(8, 3) / (8, 6) 

(7, 6) / (11, 10) 

 

 

2 

6 

 

 

0.20 

0.28 

 

 

47.13  

0.44  

 

 

(8, 2) / (4, 4) 

(9, 6) / (12, 11) 

 

 For n = 50   

 c = 49, b = 15  

 c = 49, b = 25 

 

 

11 

13 

 

 

0.18 

0.0 

 

 

2.80  

56.20  

 

 

(16, 7) / (23, 20) 

(16, 5) / (20, 21) 

 

 

12 

14 

 

 

0.18 

0.20 

 

 

4.72  

7.70  

 

 

(17, 6) / (22, 22) 

(19, 6) / (20, 18 ) 

 

 For n = 75 

  c = 74, b = 25 

  c = 25, b = 30 

 

 

23 

27 

 

 

0.0267 

0.04 

 

 

7.83  

26.75  

 

 

(22, 7) / (34, 31) 

(8, 6) / (27, 28) 

 

 

24 

28 

 

 

0.1733 

0.1867 

 

 

21.31  

10.91  

 

 

(28, 6) / (33, 29 ) 

(11, 6) / (31, 27 ) 



146 

 

5.5.2.2   Results of 2DLM Approach for Non-normal Data Sets 

The performance of the smoothed LM based on 2DLM approach for non-normal 

data sets are displayed in Table 5.10. In general, the performance of all data sets can 

be accepted except for data SET 6 which showed very poor result (error = 0.40), 

even though the groups of this data set not too close as the computed distance is 

6.63. We claim a distance of 6.63 showed no evidence that the two groups are highly 

overlapping based on the overall computed distance from all the cases studied.  

Comparison between this section and Sub-section 5.5.1.2 is made to study the 

performance of the smoothed LM from different data distributions (normal and non-

normal) based on 2DLM approach. Two findings on the performance of the 

smoothed LM have been obtained. First, the performance of the rules is roughly the 

same for both distributions if data are non-dispersed. Second, the smoothed LM 

records different performance for dispersed data sets, where its performance is 

dropped for non-normal data as opposed to normal data. The results show that the 

number of extracted binary components is exactly the same between normal and 

non-normal data for all cases (see Table 5.8 and Table 5.10). This is reasonable as 

the binary variables are not manipulated in any way during the process of 

transformation of variables from normal to non-normal data.     

 Next, the performance of the rules is compared through different approaches i.e. 

2PCALM (Table 5.9) and 2DLM (Table 5.10) based on the same non-normal data 
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distribution. Both approaches show similar performance in most cases with the 

exception of data SET 6 and data SET 11. For SET 6, the performance of the 

smoothed LM through 2PCALM approach is better in carrying out classification 

with the error rate of 0.28 (7 misclassified objects) compared to 0.40 (10 

misclassified objects) if 2DLM approach is used. On the contrary for SET 11, the 

2DLM approach is much better as only one object that is wrongly classified whilst 

there are nine misclassified objects if 2PCALM is employed. Nevertheless, as a 

whole, the analysis outcome on the performance of the smoothed LM based on the 

non-normal data is competitive between the two approaches proposed.  
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Table 5.10: Performance of the Smoothed Location Model based on 

2DLM Approach for Selected Cases of Non-normal Data Sets 

 

    Sample Size / 

    No. of Measured  

    Variables 

 

Non-dispersed 

 

Dispersed 

from 

Data 

SET 

Error 

Rate 

KL  

Distance 

Number of 

(ce, be) / (g1, g2) 

 from    

Data 

SET 

Error 

Rate 

KL  

Distance 

Number of   

 (ce, be) / (g1, g2) 

 

 For n = 25 

c = 24, b = 5 

c = 24, b = 24 

 

 

1 

5 

 

 

0.0 

0.08 

 

 

139.60 

24.39 

 

 

(8, 3) / (8, 6) 

(7, 4) / (10, 9) 

 

 

2 

6 

 

 

0.24 

0.4 

 

 

28.77 

6.63 

 

 

(8, 3) / (7, 6) 

(9, 4) / (6, 9) 

 

 For n = 50   

c = 49, b = 15  

c = 49, b = 25 

 

 

11 

13 

 

 

0.02 

0.0 

 

 

48.82 

7.95 

 

 

(16, 5) / (20, 17) 

(16, 6) / (22, 22) 

 

 

12 

14 

 

 

0.16 

0.18 

 

 

57.03 

7.65 

 

 

(17,4) / (15,15) 

(19,6) / (20,18) 

 

 For n = 75 

    c = 74, b = 25 

    c = 25, b = 30 

 

 

23 

27 

 

 

0.0667 

0.0133 

 

 

7.76 

26.54 

 

 

(22, 7) / (34, 31) 

(8, 6) / (27, 28) 

 

 

24 

28 

 

 

0.1867 

0.2533 

 

 

4.24 

10.91 

 

 

(28,7) / (37,31) 

(11,6) / (31,27) 
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5.6  Summary  

Our findings as presented in this chapter show that the smoothed location model 

based on two proposed approaches work well in most cases if the data are normally 

distributed. Both approaches also show good performance even dealing with non-

normal data particularly if it is non-dispersed, otherwise their performance is 

deteriorating but still satisfactory. In general, it seems that 2PCALM and 2DLM 

approaches are useful and acceptable technique to be applied in practice, if faced 

with a mixed and large variable particularly the binary. These new approaches also 

can be used as an alternative technique for classification purposes even if the data do 

not satisfy normality assumption. Nevertheless, the performance of rules from both 

proposed approaches behaves very frustrated no matters the data are normal or not, if 

the observed groups are nested onto each other or greatly overlap. As a whole, 

2DLM approach shows better performance compared to 2PCALM approach. Also, 

we can conclude that the proposed classification methodology is effective even when 

used in the high sparseness of multinomial cells of the location model with the help 

from the PCA and MCA techniques.  
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CHAPTER SIX 

APPLICATION OF THE SMOOTHED LOCATION MODEL 

WITH VARIABLES EXTRACTIONS ON REAL DATA  

6.1  Introduction 

The previous Chapter 5 has investigated the performance of the proposed smoothed 

location model (smoothed LM) with two variable extractions, which known as 

2PCALM and 2DLM approaches. This chapter examines the proposed classification 

approaches on some real data sets. Four real data sets are studied including full 

breast cancer, reduced breast cancer, heart disease and forest cover type. 

Comparisons with several existing classification methods are discussed where we 

consider the smoothed LM with variable selections, linear discriminant analysis 

(LDA), quadratic discriminant analysis (QDA), logistic discrimination (logistic), 

linear regression model (regression) and classification tree (tree) to examine the 

effectiveness of the proposed classification approaches. A brief explanation of these 

methods can be found in Section 1.4. The comparison is made based on the empirical 

error rate recorded by each classification rule.  

6.2  Full Breast Cancer Data  

The full breast cancer data comprises two groups of 137 women with breast tumours 

where 78 of them being benign )(π
1  and 59 are malignant )(π

2
. The original data 
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contains 15 variables that investigate the influences of psychosocial behaviour 

among the patients conducted at King's College Hospital, London. Those measured 

variables are  

(i) Two continuous variables 

These include age of patient in years (Age) and age of menarche (AgeM). 

(ii) Six ordinal variables with 11 states each  

These are psychosocial observations having a score in range 0-10 of each. These 

variables are: acting out hostility (AH), criticism of others (CO), paranoid 

hostility (PH), self-criticism (SC), guilty (G) and direction of hostility (DIR). 

(iii) Four nominal variables with three states each 

These variables include level of temper (Temper), level of feeling (Feel), size of 

breast (Size) and delay (Delay). The first three variables takes a value of 0, 1 or 

2 whilst the variables Delay takes value as 1, 2 or 3. 

(iv) Three binary variables 

These variables illustrate the absence (0) or the presence (1) of post-menopausal 

status (Postm), thyroid (Thyroid) and allergy (Allergy) of the patients. 

We treat ordinal variables as continuous and convert nominal variables to binary 

values as practiced by Krzanowski (1975, 1980, 1982) and Mahat et al. (2007). 

Following this, the original 3-state nominal variables are presented by the variables 
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labelled as follows: Temper1, Temper2, Feel1, Feel2, Size1, Size2, Delay1 and 

Delay2. The modification gives us a new set of variables of full breast cancer data 

with eight continuous variables and eleven binary variables.   

We opt to conduct some preliminary analysis to understand about the behaviour of 

the variables in the data set, especially the assumption of normality. The location 

model assumes that continuous variables are multivariate normal in respect to their 

multinomial cell and group, ),(~ Σμy
imim

MVN . In order to check for normality, 

the continuous variables )( imy  were subtracted to their respective vector of means 

)( imμ  which gave us the corrected continuous variables, c

imy . These corrected 

variables represent the information of groups and multinomial cells. 

The investigation on normality of c

imy  for the full breast cancer data was done by 

Mahat et al. (2007). They discovered that the univariate density for each corrected 

continuous variable has a symmetric curve which may suggest that each continuous 

variable has a normal distribution. However, full examinations using the Shapiro-

Wilk normality test rejected normality for all c

imy  and the results were confirmed by 

multivariate kurtosis test. Meanwhile, the investigation on the correlation between 

variables revealed that the variables are correlated.  
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6.2.1  Verifications of Assumptions 

It is proven that some continuous variables are correlated as there are significant 

relationship among c

imy . Implementation of PCA is helpful in minimizing the effects 

of correlation, but we wonder about the distribution of the corrected extracted 

components (denoted as *c

imy ). The *c

imy
 
is obtained by subtracting the extracted 

continuous components (produced from PCA) with their respective vector of means. 

These corrected extracted components represent the information of groups and 

multinomial cells. 

Then, we perform a Kolmogorov-Smirnov test on each individual *c

jimy  where 

2 1,i ; ec   j ...,,2,1 ;  s  m ...,,2,1  with ce is the number of extracted components 

of the continuous variables. Only three extraction components *

1

c

imy , *

2

c

imy  and *

3

c

imy  

have been selected from this data set by the PCA and these corrected components are 

tested for normality assumption. The results displayed in Table 6.1 show that *

2

c

imy  

follows a univariate normal distribution at %5  within the location model. In 

contrary, both *

1

c

imy  and *

3

c

imy
 
deviate from normality.   
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Table 6.1: Kolmogorov-Smirnov Test for Full Breast Cancer Data 

 

The Corrected Extracted 

Component (
*c

jimy ) 

 

 

Statistic value 

 

p-value 

1 0.1604 0.0017 

2 0.1093 0.0758 

3 0.1497 0.0043 

 

Careful normality investigation on each corrected extracted component was 

performed through a density plot and a Q-Q plot (see Figure 6.1). The obtained 

density plots suggest that all the corrected extracted components having a bell shape 

but with at least two bumps. The Q-Q plots show that majority points of *

2

c

imy  close 

to the reference straight line, suggesting that the second corrected extracted 

component is normally distributed. Meanwhile, many points of *

1

c

imy
 
scatter away 

from the reference straight line whilst some outliers can be seen from *

3

c

imy . So, both 

*

1

c

imy  and *

3

c

imy  do not fulfil the normality condition.  

We also include the multivariate normality test based on a Chi-squared quantile plot 

to inspect the three corrected extracted components simultaneously. The Chi-squared 

quantile plot displays the computed Mahalanobis distance on the extracted corrected 

components and plotted against ordered quantiles of the Chi-square distribution. The 

plot as given in Figure 6.2 shows thick points at the bottom left of the plot (which lie 
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on the straight line) and only few points deviated from such straight line at the top 

right of the plot. This result indicates that the full set of breast cancer data is 

approaching multivariate normal distribution.      

 

 

           
 

           

            
  

Figure 6.1: Density Plot (Left) and Q-Q Plot (Right) on Each Individual *c

jimy
 
of Full 

Breast Cancer Data  
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Figure 6.2: Chi-squared Quantile Plot of Full Breast Cancer Data 

We assume that the data to have a homogeneous covariance matrix between group 1 

and group 2. We conduct a hypothesis testing on *c

imy
 
to check the equality of the 

covariance matrices between the two groups through 210 : ΣΣ  H , details of the test 

are given in the Appendix. The conducted test gives a statistical test value 3.7498 

with p-value of 0.7105. This means that we have insufficient evidence to prove the 

two groups have different covariance matrices.  
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The mathematical solution for PCA should give us non-correlated extracted 

components. To confirm this, we conduct a -test to check the relationship among 

the *c

imy  in each 
i
π  through ΙR     H i :0 . A full description about the test is 

provided in the Appendix. The statistical value for group 1 is 1.5653 (p-value = 

0.6673) indicates that there is no correlation among the extracted components in this 

group. Similarly, no correlation is obtained among the extracted components in 

group 2 as the statistical value is 1.6668 (p-value = 0.6443). Both of these 

hypotheses use the corrected extracted values ( *c

imy ) so that the estimated covariance 

and correlation matrices of the continuous variables take into account the existence 

of the binary variables.    

6.2.2  Comparison among Classification Rules   

This section compares the performance of the proposed classification approaches, 

i.e. 2PCALM and 2DLM with some existing classification methods for the full 

breast cancer data. The aim of this comparison is the check whether the proposed 

model performs as good as other existing methods. To avoid of having bias 

comparison, the construction and evaluation of the classification rules were 

conducted in a leave-one-out fashion. 

Table 6.2 displays the performance of the studied classification rules. The first three 

rules are full models where they use all the original variables. There are also three 

rules with variables selection, performed using the famous forward selection, 
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backward elimination and stepwise selection. We include our proposed classification 

rules using variable extraction techniques. We rank the performance of the rules in 

ascending order based on the error rate to give a better view about the performance. 

The results are shown in Table 6.2. 

The proposed 2DLM is the best with the lowest error rate and followed by the 

proposed 2PCALM approach. Then, the third best classification rule goes to logistic 

discrimination which includes all variables in the model development. Table 6.2 tells 

us that classification rules with variable extractions are the winner and followed by 

the classification rules that include all variables except QDA. The difference 

between smoothed LM with variable extractions and smoothed LM with variable 

selections is obvious where the former shows great improvement from the latter. 

Also, the classification rules that include some of variables, i.e. smoothed LM with 

variable selections and tree, show bad performance. This implies that all variables 

contribute to discriminate the benign and malignant patients.  

Details investigation on the smoothed LM with variable extractions discovered that 

PCA extracts three components from the total eight continuous variables and five 

components from the total eleven binary variables on average. The same number of 

extracted components is obtained from the MCA technique. Such results give the 

impression that both PCA and MCA may handle the process of extraction on the 

binary variables. 
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Table 6.2: The Leave-one-out Error Rate for Full Breast Cancer   

Data based on Eight Classification Rules  

 

Classification Rule  

 

Selection Strategy 

 

Error Rate Performance 

Ranking 

 

LDA 

 

Include all variables 

 

0.2920 

 

4 

 

QDA 

 

Include all variables 

 

0.4453 

 

11 

 

Logistic 

 

Include all variables 

 

0.2847 

 

3 

 

 

Regression 

 

Forward selection 

Backward elimination 

Stepwise selection 

 

0.3139 

0.2920 

0.2920 

 

7 

4 

4 

 

Tree 

 

Auto-termination 

 

0.3139 

 

7 

 

Exponential Smoothing of  

Location Model:  

 

(i) Smoothed LM with 

variable selections 

 

 

(ii) Smoothed LM with 

double PCA 

 

(iii) Smoothed LM with 

PCA and MCA 

 

 

 

 

 

Forward selection 

Stepwise selection 

 
 

2PCA 

 

 

PCA+MCA  

 

 

 

 

 

0.3139 

0.3139 

 
 

0.2774 

 

 

0.2336 

 

 

 

 

7 

7 

 
 

2 

 

 

1 
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6.3  Reduced Breast Cancer Data    

The reduced breast cancer is a subset of the full breast cancer data but it contains 

only one continuous variable (AgeM), all six ordinal variables (same range for 

score), two nominal variables with three states each (Temper and Feel) and two 

binary variables (Thyroid and Allergy). We perform the same transformation process 

as the full set of breast cancer data which yields seven continuous variables and six 

binary variables.  

6.3.1  Verifications of Assumptions 

The PCA on seven continuous variables ended with three extracted components. All 

these components were corrected towards multinomial cell and group and tested for 

normality using the Kolmogorov-Smirnov test. The results which are displayed in 

Table 6.3 show that none of the corrected extracted components are normally 

distributed as each of them is significantly different from normal distribution at 

%1 . These findings are supported by the density plots and Q-Q plots in Figure 

6.3. None of the plots depict a smooth bell shape curve, but corrected extracted 

components 3 )( *

3

c

imy
 
shows an approximation to symmetric distribution with an 

isolated point. Similarly, the Chi-squared quantile plot (Figure 6.4) shows some 

deviations of data points from the fitted straight line. These findings indicate that the 

measured variables are not normally distributed. Such behaviours explain that the 

reduced breast cancer data does not follow a multivariate normal distribution within 

the location model.  
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Next, we conduct hypothesis testing on *c

imy
 
to inspect the equality of the covariance 

matrices between the two observed groups. The test result gives a Q-statistic as 

6.0843 (p-value =0.4138). It means we have strong evidence to declare that the 

covariance matrix is homogeneous throughout the observed groups. The 

investigation on correlation matrix of *c

imy
 
confirms that there is no multicollinearity 

among the *c

imy  as the obtained statistical values are 1.1366 (p-value = 0.7682) for 

group 1 and 1.5730 (p-value = 0.6655) for group 2.  

   Table 6.3: Kolmogorov-Smirnov Test for Reduced Breast Cancer Data 

 

The Corrected Extracted 

Component (
*c

jimy ) 

 

Statistic value p-value 

1 0.1653 

 

0.0011 

 

2 0.179 0.00031 

3 0.1581 

 

0.0021 
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Figure 6.3: Density Plot (Left) and Q-Q Plot (Right) on Each Individual *c

jimy
 
of 

Reduced Breast Cancer Data  
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Figure 6.4: Chi-squared Quantile Plot of Reduced Breast Cancer Data 

6.3.2  Comparison among Classification Rules     

The comparison of performance among the investigated and existing classification 

methods for reduced breast cancer data is tabulated in Table 6.4. In this case, the 

exponential smoothing of the location model with forward or stepwise selection 

processes are the best. Next, logistic discrimination and regression with variable 

selection processes share the similar performance. Despite of showing great 

performance in the full breast cancer, the proposed 2PCALM and 2DLM come as the 
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worst performance. We also discover from Table 6.4 that both LDA and QDA do not 

exhibit good performance. The obtained results indicate that using fewer variables is 

better than using them all. Therefore, all classification rules with variable selections 

are among the best which indicate that some of the variables may be harmful to the 

classification. Meanwhile, the strategy of extracting the variables turns bad as we use 

the extracted components that contain harmful variables, thus affect the result of 

classification.   

We made further investigation on the reason why both proposed approaches appear 

as the worst performance. To confirm this, we compute distance between the 

observed groups using the Kullback-Leibler divergence. The separation between two 

groups is 0.2613 (from 2PCALM approach) and 0.5528 (from 2DLM approach) 

which can be claimed that the two observed groups are greatly overlapping in both 

approaches. Thus, keeping all variables may harm the rules as it could not separate 

the groups effectively. On average, PCA extracts three components from the seven 

continuous variables and two components from the six binary variables as well as 

also two binary components are extracted via the MCA.  
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Table 6.4: The Leave-one-out Error Rate for Reduced Breast Cancer   

Data based on Eight Classification Rules  

 

Classification Rule  

 

Selection Strategy 

 

Error Rate Performance 

Ranking 

 

LDA 

 

Include all variables 

 

0.3066 
 

7 

 

QDA 

 

Include all variables 

 

0.3212 
 

8 

 

Logistic 

 

 

Include all variables 

 

0.2847 
 

3 

 

 
 

Regression 

 

Forward selection 

 

Backward elimination 

 

Stepwise selection 

 

0.2847 

 

0.2847 

 

0.2847 

 

3 

 

3 
 

3 

 

Tree 

 

 

Auto-termination 

 

0.3650 
 

9 

 

Exponential Smoothing of  

Location Model: 

 

(i)  Smoothed LM with   

variable selections 

 
 

 

(ii)  Proposed Smoothed LM  

       with double PCA 

 

 

(iii)  Proposed Smoothed LM 

        with PCA and MCA 

 

 

 

 

 

Forward selection 

Stepwise selection 

 

 

2PCA 

 

 

 

PCA+MCA 

 

 

 

 

0.2628 

0.2628 

 
 

0.3869 

 

 

 

0.4015 

 

 

 

 

1 

1 

 
 

10 

 

 
 

 

11 
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6.4  Heart Data  

The original heart data contains 270 patients of heart disease that carried out at the 

Cleveland Clinic Foundation. A total of 120 patients with heart illness )(π
1

 and the 

rest are free from the disease )(π
2

. The measured variables are  

(i) Seven continuous variables 

Consist of age in years (Age), resting blood pressure (Restbps), serum 

cholesterol in mg/dl (Chol), maximum heart rate achieved (Thalach), ST 

depression induced by exercise relative to rest (Oldpeak), the slope of the peak 

exercise ST segment (Slope) and number of major vessels (0-3) coloured by 

flourosopy (Vessel).  

(ii) Three nominal variables  

Four states of chest pain type (Cp) valued between 1-4, three states (either 0, 1 

or 2) of resting electrocardiographic results (Restecg) and three states of heart 

rate (Thal) with a value 3, 6 or 7.  

(iii) Three binary variables 

Gender of patient (Sex) either 0 corresponds to female and 1 represents male, 

test for fasting blood sugar (Fbs) if greater than 120 mg/dl then presented with 

0-No and 1-Yes and exercise induced angina (Exang), it is also assigned 0 if No 

and 1 otherwise.  
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We replace the four states of Cp with three binary variables and labelled as Cp1, Cp2 

and Cp3 and three states of Thal are changed to two binary variables (Thal1 and 

Thal2). Restecg has three categories but only two patients recorded as 1, thus we 

pool them together with Restecg 2. Accordingly, the new Restecg became a binary 

variable where 0 refers to patients with normal results on resting 

electrocardiographic test and 1 indicates that they had some problems with the test. 

This modification has led to seven continuous variables and nine binary variables. 

6.4.1  Verifications for Assumptions 

This data set selects only three extracted components of the continuous variables 

through the procedure of PCA. Then, these extracted components were corrected 

towards multinomial cell and group. Univariate normality test on each corrected 

extracted components for the heart data is displayed in Table 6.5. The Kolmogorov-

Smirnov test confirms that the second corrected extracted component )( *

2

c

imy  has a 

symmetric distribution with a statistical value of 0.0534 (p-value = 0.425), whilst 

both *

1

c

imy  and *

3

c

imy  are unable to follow normality at %5 . However, all these 

corrected extracted components are normally distributed at %1 .  
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Table 6.5: Kolmogorov-Smirnov Test for Heart Data 

 

The Corrected Extracted 

Component (
*c

jimy ) 

 

Statistic value p-value 

1 0.0834 0.0467 

2 0.0534 0.425 

3 0.0977 0.0116 

 

The density plots (given in Figure 6.5) show slightly a bell shape curve but *

1

c

imy
 
and 

*

3

c

imy
 
have little long tail at the both ends. Meanwhile, the Q-Q plots display some 

points move further from the reference line, also for *

1

c

imy
 
and

 
*

3

c

imy . Such behaviours 

explain that *

2

c

imy
 
is normally distributed within the location model, whereas *

1

c

imy
 
and

 

*

3

c

imy
 
do not follow a normal distribution.    

Multivariate normality test based on the Chi-squared quantile plot as displayed in 

Figure 6.6 shows that the heart data is approaching to the multivariate normal 

distribution within the location model. Although several points are at the far right 

which located further from the reference straight line, but most of the other points 

are close to such reference line.   

The equality test on the covariance matrices was performed to evaluate the 

homogeneous between group 1 and group 2. The Q-statistic is 14.2913 (p-value = 
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0.0265), indicating that the two observed groups have a heterogeneous covariance 

matrix. Meanwhile, the correlation matrices show no significant relations among the 

corrected extracted components in both groups with statistical values of 2.4205 (p-

value = 0.4898) and 1.8975 (p-value = 0.5939) respectively for 
1
π  and 

2
π .  

  

 

   

 

 Figure 6.6: Chi-squared Quantile Plot of Heart Data 
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Figure 6.5: Density Plot (Left) and Q-Q Plot (Right) on Each Individual *c

jimy
 
of 

Heart Data  
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6.4.2  Comparison among Classification Rules 

The performance of the investigated classification rules for heart data is displayed in 

Table 6.6. The results show that logistic discrimination is the best classification rule 

followed by LDA. Regression with variable selections comes as the third and fourth 

best classification rules, followed by the smoothed LM with variable selections. 

Next, the proposed 2PCALM and 2DLM and the worst is QDA. The scenarios 

obtained show that all variables help to discriminate groups efficiently, followed by 

the rules that use only some variables. The extraction variables do not perform as 

good as variable selection but they are better than the tree classifier and QDA.  

On average, PCA extracts three components among the continuous variables. 

Meanwhile, four components were extracted from the binary variables by PCA and 

five components by the MCA.   
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Table 6.6: The Leave-one-out Error Rate for Heart Data  

based on Eight Classification Rules  

 

Classification Rule  

 

Selection Strategy 

 

Error Rate Performance 

Ranking 

 

LDA 

 

Include all variables 

 

0.1667 

 

2 

 

 

QDA 

 

Include all variables 

 

0.2778 

 

11 

 

Logistic 

 

 

Include all variables 

 

0.1519 

 

1 

 

 

 

 

Regression 

 

Forward selection 

 

Backward elimination 

 

Stepwise selection 

 

0.1815 

 

0.1889 

 

0.1889 

 

3 

 

4 

 

4 

 

 

Tree 

 

 

Auto-termination 

 

0.2519 

 

10 

 

Exponential Smoothing of  

Location Model: 

 

(i)  Smoothed LM with 

variable selections  

 

 

 

(ii)  Proposed smoothed LM 

       with double PCA 

 

 

(iii)  Proposed smoothed LM 

        with PCA and MCA 

 

 

 

 

 

Forward selection 

 

Stepwise selection 

 

 

2PCA 

 

 

 

PCA+MCA  

 

 

 

 

0.2037 

 

0.2037 

 

 

0.2148 

 

 

 

0.2444 

 

 

 

 

 

6 

 

6 

 

 

8 

 

 

 

9 
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6.5  Forest Cover Type Data  

This data contains about 30x30 meter patches of forest includes its elevation, the 

distance to roads and water, the hillshade at different hours of a day. The aim is to 

define to which type of cover this patch of forest belongs. There are two groups of 

forest cover type used in this study are Cottonwood/Willow )(π
1  

with 2,747 objects 

and Aspen )(π
2  

with 9,493 objects. These two groups were chosen following 

Blackard (1998) as well as they represent the primary dominant tree species 

currently found in four wilderness areas located in the Roosevelt National Forest of 

Northern Colorado. A few other forest cover types exist in small patches within the 

study area, so these relatively minor cover types have been ignored in the analysis. 

Cover type maps for these areas were created by the US Forest Service. This data 

contains 10 continuous variables and 44 binary variables. Details of this data set can 

be found in Blackard (1998) where the measured variables are  

(i) 10 continuous variables 

Elevation (meters), Aspect (degrees azimuth), Slope (degrees), Horizontal 

distance to Hydrology (meters), Vertical distance to Hydrology (meters), 

Horizontal distance to Roadways (meters), Hillshade at 9am (0 to 255 index), 

Hillshade at noon (0 to 255 index), Hillshade at 3pm (0 to 255 index) and 

Horizontal distance to Fire points (meters).  
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(ii) 44 binary variables 

Wilderness areas (4 binary columns) with 0 represents absence and 1 denotes 

presence and Soil types (40 binary columns) with also 0 and 1 for absence and 

presence respectively.  

This data set is mimicked to the simulation data which considered too many binary 

variables, leading to the creation of high multinomial cells. This eventually will lead 

to the problem of large sparsity if we use all the variables directly in the approaches 

developed.    

6.5.1  Verifications for Assumptions 

We obtain four extracted components from the original 10 continuous variables 

through the PCA procedure. Then, they were corrected towards multinomial cells 

and groups. The Komogorov-Sminor test was used to test univariate normality on 

each of the corrected extracted components as displayed in Table 6.7. The results 

show that all the corrected extracted components deviate from normality at %1 . 

This non-normality of individual corrected extracted components has been verified 

further using Q-Q plot in Figure 6.7. The points at the top and bottom of the plot for 

all corrected extracted components clearly show the deviation from a straight line, 

indicating that the components do not follow a univariate normal distribution. The 

multivariate normality test based on Chi-squared quantile plot (Figure 6.8) confirms 
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that the forest cover data are not normally distributed within the location model, 

because most of the points turn away from the fitted straight line. 

Table 6.7: Kolmogorov-Smirnov Test for Forest Cover Type Data 

 

The Corrected Extracted 

Component (
*c

jimy ) 
Statistic value p-value 

1 0.036 0.0002297 

2 0.0398 3.118e-05 

3 0.0296 0.004299 

4 0.0354 0.0003034 

 

The covariance matrices of two independent groups are tested for equality. The test 

gives the Q-statistic as 1573.059 with p-value 1.110223e-16, indicating that there are 

significant differences between the covariance matrices at %1 . This means that 

the groups of forest cover data have heterogeneous covariance matrices. Meanwhile, 

the assessment on correlation matrix shows no significant relationship among the 

extracted components in both groups with statistical values of 9.4697 (p-value = 

0.1488) and 9.1330 (p-value =  0.1662) respectively for 
1
π  and 

2
π .    
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Figure 6.7: Q-Q Plot on Each Individual *c

jimy
 
of Forest Cover Type Data  

 

 

    

Figure 6.8: Chi-squared Quantile Plot of Forest Cover Type Data 

0 5 10 15 20 25

0
5

10
15

20

Chi-squared Quantiles

Ma
ha

lan
ob

is 
Di

sta
nc

e

 

 




