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Abstrak 

Dalam kawalan proses, carta kawalan hasil tambah kumulatif (CUSUM), carta purata 
bergerak terwajar eksponen (EWMA) dan carta sintetik dibangunkan untuk 
mengesan perubahan kecil dan sederhana. Perubahan kecil yang sukar dikesan boleh 
mengakibatkan kos yang tinggi sekiranya dibiarkan tanpa dikesan dalam jangka 
masa yang panjang. Carta kawalan ini tidak boleh dipercayai di bawah 
ketidaknormalan kerana struktur reka bentuk carta adalah berdasarkan min sampel. 
Min sampel adalah sensitif terhadap nilai terpencil, penyebab biasa terjadinya 
ketidaknormalan. Bagi mengatasi masalah tersebut, kajian ini menggunakan 
penganggar lokasi teguh di dalam struktur reka bentuk carta kawalan, bukannya min 
sampel. Bagi tujuan tersebut, empat penganggar teguh iaitu min terpangkas-20%, 
median, penganggar-M satu-langkah terubahsuai (MOM) dan MOM terwinsor 
(WMOM) telah dipilih. Carta yang dicadangkan telah diuji ke atas beberapa keadaan 
yang merangkumi saiz sampel, saiz anjakan dan jenis taburan tidak normal yang 
berbeza diwakili oleh taburan g-dan-h. Variat rawak bagi setiap taburan diperolehi 
dengan menggunakan SAS RANNOR sebelum menukarkannya ke taburan yang 
dikehendaki. Keteguhan dan keupayaan pengesanan carta diukur melalui purata 
panjang larian (ARL) menerusi kajian simulasi. Pengesahan prestasi carta telah 
dilakukan melalui kajian data sebenar, khususnya terhadap pesakit potensi diabetes 
di Universiti Utara Malaysia menunjukan carta teguh EWMA dan carta teguh 
CUSUM mengatasi carta piawai. Penemuan ini sejajar dengan keputusan kajian 
simulasi. Walaupun carta teguh sintetik bukanlah di antara pilihan yang terbaik 
kerana ia tidak dapat mengesan perubahan kecil sepantas CUSUM atau EWMA, 
prestasi carta tersebut jauh lebih baik daripada carta piawai di bawah 
ketidaknormalan. Kajian ini mendedahkan bahawa semua carta teguh yang 
dicadangkan adalah lebih baik daripada carta piawai di bawah ketidaknormalan dan 
setanding dengan carta piawai di bawah kenormalan. Carta yang paling teguh di 
kalangan carta yang dikaji adalah carta kawalan EWMA berdasarkan MOM dan 
WMOM. Carta teguh ini dapat segera mengesan perubahan kecil tanpa mengira 
bentuk taburan dan berfungsi dengan baik di bawah saiz sampel yang kecil. Cirian 
ini bersesuaian dengan keperluan industri dalam pemantauan proses.  
 
 
Kata kunci: Purata panjang larian, Ketidaknormalan, Carta kawalan teguh, 
Penganggar teguh, Kawalan proses berstatistik. 
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Abstract 

In process control, cumulative sum (CUSUM), exponentially weighted moving 
average (EWMA), and synthetic control charts are developed to detect small and 
moderate shifts. Small shifts which are hard to detect can be costly to the process 
control if left undetected for a long period. These control charts are not reliable under 
non-normality as the design structure of the charts is based on the sample mean. 
Sample mean is sensitive to outliers, a common cause of non-normality. In 
circumventing the problem, this study applied robust location estimators in the 
design structure of the control charts, instead of the sample mean. For such purpose, 
four robust estimators namely 20%-trimmed mean, median, modified one-step M-
estimator (MOM), and winsorized MOM (WMOM) were chosen. The proposed charts 
were tested on several conditions which include sample sizes, shift sizes, and 
different types of non-normal distributions represented by the g-and-h distribution. 
Random variates for each distribution were obtained using SAS RANNOR before 
transforming them to the desired type of distribution. Robustness and detection 
ability of the charts were gauged through average run length (ARL) via simulation 
study. Validation of the charts’ performance which was done through real data study, 
specifically on potential diabetic patients at Universiti Utara Malaysia shows that 
robust EWMA chart and robust CUSUM chart outperform the standard charts. The 
findings concur with the results of simulation study. Even though robust synthetic 
chart is not among the best choice as it cannot detect small shifts as quickly as 
CUSUM or EWMA, its performance is much better than the standard chart under 
non-normality. This study reveals that all the proposed robust charts fare better than 
the standard charts under non-normality, and comparable with the latter under 
normality. The most robust among the investigated charts are EWMA control charts 
based on MOM and WMOM. These robust charts can fast detect small shifts 
regardless of distributional shapes and work well under small sample sizes. These 
characteristics suit the industrial needs in process monitoring.  
 
 
Keywords: Average run length, Non-normality, Robust control charts, Robust 
estimators, Statistical process control. 
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CHAPTER ONE 

 INTRODUCTION 

1.1 Background of Statistical Process Control 

Imagine, a regional medical center wants to reduce expenses solely through 

reduction in labor cost. Driven by financial concerns, the center plans to downsize 

several departments. However, the management team worries that the operational 

efficiency may be affected by manpower shortages, especially in emergency 

departments. Strategically, they concentrate on just the A department; one of the 

acute services to identify if the new plan works in their favor. Thus, the management 

team observes patient waiting time before and after cutting back on the total number 

of nurses in the A department. Figure 1.1 shows a run chart of the average waiting 

times (in minutes) in thirty days, measured for five patients each day. The last ten 

days portray the waiting time when the department is short-staffed. What can the 

management team learn from the figure? Should they be worried that the waiting 

time seems to be longer than usual in the last ten days?  

 

 

Figure 1.1. Run chart 

 

The tools and techniques in statistical process control (SPC) may help to answer the 

abovementioned questions. The framework of SPC was laid out by Walter A. 
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Shewhart at the Bell Telephone and Western Electric Company in the early part of 

the 20th century. He suggested a chart that could be used to indicate possible 

existence of unwanted sources of variation. Today, this chart is known as the 

Shewhart control chart. An example is displayed in Figure 1.2.  

 

 

Figure 1.2. Shewhart control chart 

 

Figure 1.2 has ‘control limits’ which are missing in Figure 1.1. The added ‘control 

limits’ allow the user to distinguish common cause variability in the process from 

special cause variability. Common causes are an inherent part of the process, but 

special causes are not and therefore can lead to a change in the mean or a change in 

the variance of the process. According to Shewhart, as long as the points stay within 

the ‘control limits’ and vary randomly around the center line, the process is operating 

with only common cause variation, and no action is necessary. However, a point that 

plots outside the ‘control limits’ suggests the occurrence of special causes. Under 

such circumstance, a corrective action may be taken if needed to remove the cause. 

Figure 1.2, which is based on patients’ waiting time in the A department, shows one 

point plots outside the so-called control limit, providing a strong evidence that in day 

30 possibly something was different compared to the other days.  
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Ruling out the influence of special cause variability in a process, we have what is 

called ‘in-control’ state. The ‘in-control’ state is often modelled by a probability 

distribution representing the common cause variation in the process. Then, 

departures from the ‘in-control’ state, i.e., a change from the in-control distributional 

parameter (s) can be used to model special cause variation. Such a process is then 

called ‘out-of-control’.  

 

1.2. Control Charts 

The basis for the control chart centered on the idea of improving quality through 

variance reduction which involves an immediate detection of special cause(s) if it is 

present in the process. In general, control chart displays information on a quality 

characteristic of the process under study through plotted statistic against the so-called 

control limits. Once this plotted statistic falls beyond a control limit, a signal is 

given, indicating that the process may be out-of-control.  

 

Process monitoring via control chart is done using samples that are prospectively 

collected. Depending on cost factors, among many others, the specification of the 

sample size (n) can be individual (n = 1) or multiple (n > 1). When the quality 

characteristic can be measured using a continuous scale such as height, length, or 

wait time, the monitoring is done through some variable control charts. The simplest 

variable control chart available is Shewhart control chart. However, the chart is not 

competitive for detecting a small change when a shift occurs in the process  

(Hawkins & Zamba, 2003; Reynolds & Stoumbos, 2005). Cumulative sum 

(CUSUM) and exponentially weighted average (EWMA) charts, on the other hand, 

pick up small shifts better. Both charts, respectively, were introduced by Page (1954) 
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and Roberts (1959). Another good alternative to the Shewhart chart is synthetic 

chart, proposed by Wu and Spedding (2000).  

 

Applications of control chart in quality improvement which data come from diverse 

disciplines have been found in numerous literature. In finance, Yi, Coleman, and Ren 

(2006) discussed applications of CUSUM chart to gain successful buy-sell signals in 

stock trading. Many applications of control chart can also be found in healthcare (see 

e.g., Antony, Palsuk, Gupta, & Mishra, 2018; Correia, Neveda, & Oliveira, 2011; 

Liberatore, 2013; Suman & Prajapati, 2018; Waterhouse, Smith, Assareh, & 

Mengersen, 2010) or services (see e.g., MacCarthy & Wasusri, 2002). Recently, 

control charts have been applied to monitor social networks (Woodall, Zhao, 

Paynabar, Sparks, & Wilson, 2017). In more traditional domain, i.e., manufacturing 

sectors, examples can be found in Dong, Liu, Wu, and Hao, (2018), Gunay and Kula 

(2016), and  Lawless, Crowder, and Lee (2012).  

 

While control charts can be used to monitor process location and process dispersion, 

this thesis will concentrate on just monitoring of process location. Hereby, we do not 

imply that monitoring of process dispersion is not important, however, it is beyond 

the scope of the work presented here. So, writing '(! as the sample mean of subgroup 

i which is composed of independent normal random variables '(, '), '*, … , '+  of 

size n, we suppose that some special cause presents at some time and changes the 

mean from the in-control mean value ,, to an out-of-control value ,(. The next three 

sections discuss how this change in the mean can be detected using CUSUM, 

EWMA, and synthetic charts. These charts, which are dedicated to monitoring of the 

sample mean, are henceforth identified as standard charts.  
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1.3 The CUSUM Chart 

Page (1954) introduced the idea to measure the accumulative sum of deviation of 

data from a target value, i.e., an in-control mean value, and subsequently, transform 

the quantity into a plotted statistic on a graph. This graph is known as the CUSUM 

chart. Since the plotted CUSUM statistic combines information from several process 

readings, the chart is sensitive to small process shifts. Figure 1.3 shows an example 

of a CUSUM control chart which has received a great deal of attention in SPC 

literature. See for example Hawkins (1993), Hawkins and Zamba (2003), Jones, 

Champ, and Rigdon (2004), Koning and Does (2000), Lucas (1985), and Ryu, Wan, 

and  Kim (2010). 

 

 

Figure 1.3. CUSUM control chart 

 

A CUSUM works by accumulating deviations from a target value with two statistics: 

C+ and C-. The statistics C+ and C- measure positive and negative deviations from the 

target value, respectively. In other words, the statistic C+ is the designated CUSUM 

to detect the upward shift in the location parameter. On the contrary, the CUSUM 

detects the downward shift in the location parameter through the statistic C-. 

A two-sided CUSUM chart is constructed by plotting $!" and $!# simultaneously at 

time i defined as $!" = max 	{0, ('-5 − ,,) − 8 + $!#(
" }  and $!# = max 	{0, −('-5 −
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,,) − 8	+	$!#(
# }, for i = 1, 2, 3, … (Montgomery, 2013). A reference value K in the 

CUSUM chart tunes the chart to be particularly sensitive to a likely shift in the 

process.  

 

Commonly, $," and $,# are set equal to zero. Setting $," and $,# greater than zero are 

referred to as giving the CUSUM chart a head start. If interested, Lucas and Crosier 

(1982) discussed in detail on a CUSUM chart with a head start feature, or as they 

called it fast initial response CUSUM.  

 

The CUSUM chart signals when one of the statistics: $!" or $!#, exceeds a single 

control limit H. Sometimes, H, which is a positive coefficient, is labelled as the 

decision interval. Together with the reference value K, H is the design parameter of 

CUSUM which determines the performance of the chart.  

 

Generally, the design parameters, K and H, are defined in terms of the standard 

deviation of the sampling distribution of the estimator used in forming the CUSUM 

chart (Montgomery, 2013). For the standard CUSUM chart, its design parameters are 

given as K = k;./  and H = h;./ , where ;./ =
0!
√+ and ;2 is the standard deviation of 

the study variable X. The value of k is often set equal to one-half of the anticipated 

shift size, i.e., k = (,( - ,,) / 2. This way, the chart is the optimal test for detecting 

changes in the mean value of the process (Hawkins & Olwell, 1998; Hawkins & 

Zamba, 2003). 
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Another take on the CUSUM technique is to standardize '(!  before computing the 

statistics $!" and $!#. If we let <! =
./"#3#
0$%

  be the standardized value of '(!, then the 

two-sided standardized CUSUM chart is defined by: 

 $!" = =>?{0, <! − @ + $!#(
" },  and $!# = =>?{0,−<! − @+$!#(

# }.                     [1.1] 

 

In the standardized form, the design parameters, K and H, do not depend on the 

standard deviation of the sampling distribution of the estimator used in forming the 

CUSUM chart. Ultimately, the parameters are reduced to k and h, where k is the 

reference value and h is the decision interval.  

 

1.4 The EWMA Chart 

Besides the CUSUM, the EWMA control chart, as introduced by Roberts (1959) also 

uses historical information along with the recent one from process readings in its 

design. Turning to definitions, the EWMA statistic is a weighted average of 

measurements from all previous process readings. This provides the chart with an 

advantage to quickly detect small process shifts. An example of an EWMA control 

chart is displayed in Figure 1.4. 

 

 

Figure 1.4. EWMA control chart 
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In SPC literature, the EWMA chart has been discussed at length by many researchers 

such as Crowder (1987, 1989), Lucas and Saccucci (1990), Robinson and Ho (1978), 

and Simoes, Epprecht, and Costa (2010). 

 

Mathematically, the EWMA statistic, )!, is defined by two components; one for the 

preceding means and the other for the current sample means.  In its entirety, the 

statistic )! at time i is defined as )! = (1 − &))!#( + &'(! for i = 1, 2, 3, …, where & 

is the weighting factor (Montgomery, 2013).   

 

The weighting factor & is referred to as the smoothing constant where 0 < & ≤ 1. 

This parameter tunes the EWMA chart for the likely shift in the process. The best & 

for a specific shift size, however, is not explicitly defined in EWMA technique, 

which is antithetical to the CUSUM. A standard practice is to refer to Crowder 

(1987, 1989) or Lucas and Saccucci (1990) for the optimal values of &. Generally, 

small & is used to construct the EWMA if the users anticipate a small shift, and large 

& if they anticipate a larger shift. For & = 1, the EWMA chart places all its weights 

on the most recent process reading, as does the Shewhart chart.  

 

Often, the EWMA chart is initialized to a target value, that is ), =  ,,. Setting ), >

,,, is referred to as giving the EWMA chart a head start. Lucas and Saccucci (1990) 

motivated this approach, calling it a fast initial response EWMA. Researchers who 

focused on an EWMA chart with a head start feature include Knoth (2005) and Haq, 

Brown, and Moltchanova (2014).  
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A signal is raised by the EWMA chart if the statistic )!  falls beyond the interval 

between the control limits. The control limits for the EWMA chart vary with i as 

defined by: 

<$E!/E$E! = ,, ± E;./H
4

)#4 I1 − (1 − &)
)!J,                                           [1.2] 

where UCLi and LCLi are, respectively, the upper and lower control limits at time i. 

The width of the control limits is set by a positive coefficient L, and together with &, 

determine the performance of EWMA control chart. The two parameters, & and L, 

are known as the design parameters of the EWMA.  

 

The control limits in Equation [1.2] are referred to as time-varying limits. An 

example of an EWMA control chart with time-varying limits is displayed in Figure 

1.4. As i increases, the limits reach the asymptotic values. The asymptotic control 

limits for the EWMA chart are defined by Equation [1.3] which offers such great 

simplicity in implementing the EWMA technique. Distinctions between EWMA 

charts based on time-varying limits and asymptotic limits were examined in detail by 

Steiner (1999). 

<$E/E$E = ,, ± E;./H
4

)#4                                           [1.3] 

 

1.5 The Synthetic Chart 

The Shewhart chart is favored in practice by many users due to the simplicity of its 

design. Nonetheless, the chart only gives maximal performance when the process 

experiences a large shift and yet, falls quite short of the expectation otherwise. The 

synthetic chart can be considered as an upgraded version of the Shewhart chart, 

which is improved by an additional feature from the conforming run length chart.  
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The term conforming run length (CRL) was introduced by Bourke (1991) as a feature 

in an attribute chart; a control chart for monitoring count data. Bourke (1991) defined 

the term CRL as the number of inspected units between two consecutive 

nonconforming units where the counting includes the ending nonconforming one. An 

example is displayed in Figure 1.5 where the white and black circles denote the 

conforming and nonconforming units, respectively.  

 

 

 

 

 

 

 

Figure 1.5. Conforming run length 
 

In Figure 1.5, CRL3, for instance, is taken equal to 4. Bourke (1991) then 

recommended to monitor the fraction nonconforming, p, in the production lines 

under 100% inspection based on the CRL statistic. 

 

A CRL value tends to increase when p decreases and to decrease when p increases. 

The so-called Bourke chart signals when the CRL value is equal or less than the 

lower control limit of the chart. In this case, a single lower control limit is sufficient 

since detecting an increase in p is the priority in most quality control applications. In 

SPC research and applications, the chart is simply identified as the CRL chart, and it 

is featured in Nelson (1994) and Wu, Wang, and Jiang (2010) for a reference. Wu 
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and Spedding (2000) introduced the idea of using the CRL chart in synthetic charting 

for monitoring shifts in process location.   

 

The synthetic control chart employs two charts that work in tandem to detect out-of-

control process. First, Shewhart '(  chart is used to mark nonconforming samples 

which occur when the plotted statistic exceeds the control limits of the Shewhart 

chart. The control limits are defined in Equation [1.4].  

<$E/E$E = ,, ± @5;./                                                    [1.4] 

 

Next, in the CRL chart, the process will be continuously monitored to detect out-of-

control process. This is done by calculating the number of samples between two 

consecutive nonconforming samples detected earlier by the Shewhart '( chart. The 

number of samples calculated is known as the CRL sample.  

 

Figure 1.5 can be thought as a synthetic control chart and every circle represents a 

sample instead of a unit. The synthetic chart signals out-of-control process when the 

CRL sample is equal or less than the lower limit (LS) of the CRL chart. As with the 

CUSUM and the EWMA charts, the synthetic chart has two design parameters: ks 

and Ls, which determine the performance of the chart.  

 

1.6 The ARL 

Each of the three standard charts in Section 1.3 to 1.5 has two design parameters. 

Specifically, the CUSUM requires values of k and h, the EWMA needs & and L, and 

the synthetic demands values of ks and Ls to ensure the charts’ performance meet 

certain statistical criteria. Often, aspects of the run-length distribution of the chart is 
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used to accomplish that. The run-length of a chart represents the number of plotted 

statistics until a signal occurs. This event indicates a potential out-of-control 

condition. If the process is in-control, the signal is a false alarm.  

 

As mentioned by Jones (2002), in real practical situations, the users of control chart 

have no idea whether or not a signal is a true indication of an out-of-control 

condition or simply a false alarm. However, it is possible to design charts that 

balance the tradeoff between low occurrences of false alarms and a high probability 

of detecting true out-of-control condition.  

 

The expected value of the run-length, i.e., the average run length (ARL), is often 

used to design and compare the performance of charts. For an in-control process, it is 

desirable to have large ARL, suggesting infrequent false alarms. Conversely, for an 

out-of-control process, the ARL should be small, suggesting a quick detection of an 

out-of-control condition. Throughout this thesis, we use a uniform notation for both 

in-control and out-of-control ARL. They are respectively denoted by ARL0 and ARL1.  

 

The ARL calculation for the standard CUSUM, EWMA, and synthetic charts relies 

on the normality assumption. Unfortunately, when the data do not follow the 

assumed normal distribution, the calculated ARL for these standard charts can vary 

significantly from the normal theory values (Hawkins, 1993).  

 

1.7 Non-normality and Its Impact on the ARL  

The news that non-normal data are more frequently encountered than “normal” data, 

i.e., data from normal distributions, is not unheard of. The non-normal distributions 
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are typically characterized by one or a few outlying values that are much smaller or 

larger than the rest of the data set. In many robust studies, these values are identified 

as outliers. They typically appear on both tails of a normal like distribution or on the 

long tail of a skewed distribution.  

 

Bono, Blanca, Arnau, and Gomez-Benito (2017) provided a systematic review on the 

frequency of appearance of the most common non-normal distributions used in the 

health, education, and social sciences areas. Based on the information extracted from 

papers that had been published in the five years between 2010 and 2015, the 

underlying real data from the pertinent disciplines are typically asymmetrically 

distributed (Bono et al., 2017). Similarly, data description from clinical and 

laboratory research are usually characterized by skewed distributions (Healy, 1994). 

Likewise, measurements of semiconductor and chemical processes in the 

manufacturing industry are often skewed as well (Derya & Canan, 2012). On a 

different note, Nolan (2014) emphasized heavy-tailed behavior of financial data such 

as stock log returns measurements. When the standard control charts are applied on 

these types of process data, the calculated ARL for the charts may deviate far from 

their corresponding normal theory values. 

 

The standard charts, which use the sample mean to monitor changes in the process, 

are easily influenced by outliers, a common cause of non-normality. In the cases of 

skewed distributions, studies have shown that the standard charts usually give 

smaller ARL0 than the desired value, i.e., more false alarms (Human, Kritzinger, & 

Chakraborti, 2011; Noorossana, Fathizadan, & Nayebpour, 2015). This is a great 

cause of concern as the user inclines to ignore the signal altogether if the chart 
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signals too frequent under in-control state (Woodall & Montgomery, 2014). This 

ultimately defeats the purpose of monitoring using control charts.  

 

Besides skewed distributions, outliers may be present on the tails of a normal like 

distribution in which many people recognize as a symmetric heavy-tailed 

distribution. It is noted that methods based on means potentially result in relatively 

low power under heavy-tailed cases due to an increase in  the standard error of the 

sample mean (Wilcox & Keselman, 2002). From the SPC perspective, that makes the 

standard error of a standard chart unseemly large, which in turn, reduces the chart’s 

ability to quickly detect shifts in the process mean. To illustrate, we go back to 

Equation [1.3] which represents the asymptotic control limits for the standard 

EWMA chart. The control limits include ;./	; the standard error of the sample mean, 

and as the value increases, the gap between the UCL and LCL grows as well. Thus, 

even though the mean value has shifted out-of-control, the situation fails to be 

identified since points are still captured within the respective control limits.  

 

Robustness of statistical approaches come into play when the assumption of 

normality is hard to attain. Prior to a review paper by Jensen, Jones-Farmer, Champ, 

and Woodall (2006) relating to the effect of estimation on control chart properties, 

there were limited exposure of robust estimators in SPC, nor had their impacts on 

control chart performance were examined thoroughly. In their article, Jensen et al. 

(2006) reviewed both control charts for the location as well as for the dispersion. 

One of their main suggestions is to consider robust statistics as alternatives to the 

standard estimators: the sample mean and standard deviation. Their idea precipitates 

a considerable growth of robustness awareness in SPC. The issue is continually 
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regarded as paramount in quality control areas and its importance was highlighted in 

more recent article by Jensen, Montgomery, Tsung, and Vining (2018).  

 

Work on robustness in SPC takes place in one of the two phases: retrospective 

(Phase I) or prospective (Phase II). Phase II is where observations from the process 

are prospectively monitored using control chart to detect changes in the process 

location. This is exactly what we have been discussing thus far. In the event that 

parameters of the process are unknown, estimated values will be acquired from an in-

control Phase I data to construct control limits of the charts. However, if Phase I data 

set contains outliers, the typical approach of using the standard estimators to 

compute parameters of the process may not produce reliable estimates.  

 

Ensuing from computing the sample mean under the influence of outliers, Shahriari, 

Ahmadi, and Shokouhi (2011) emphasized that control limits of a Shewhart '( chart 

could be displaced which may reduce the sensitivity of the chart to detect actual 

shifts in the process. To avoid such predicament, Shahriari et al. (2011) suggested a 

new robust location estimator known as the two-step M-estimator to compute 

location parameter of the process. Unlike the classical mean, robust estimators in 

general, are not easily perturbed by outliers. Thus, they allow the standard charts, or 

control charts based on the sample mean, to have tighter control limits should the 

situations call for it.  

 

However, a standard chart with robust control limits (and hence, tighter limits in the 

presence of outliers) may potentially have ARL0 smaller than ARL1 for some shift 
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sizes in the process. First, this is a problem due to lack of robustness. Second, it 

means that the resulting chart is an ARL-biased chart.  

 

An ARL-biased chart has ARL0 smaller than ARL1, suggesting that it signals more 

frequently under in-control state as opposed to out-of-control state (Jensen et al., 

2006). These two problems were captured in the work by Zwetsloot, Schoonhoven, 

and Does (2016) when they considered establishing various robust limits for the 

standard EWMA chart. Nonetheless, it seems difficult to obtain satisfactory 

monitoring approach when users stubbornly insist on using the sample mean for 

Phase II. 

 

The use of robust location estimator for Phase II, instead of the sample mean, was 

seen by Ahmad, Riaz, Abbasi, and Lin (2014), Castagliola (2001), Castagliola, 

Figueiredo, and Maravelakis (2019), Cheng and Wang (2018), Hu, Castagliola, and 

Tang (2019), Khoo (2005), Park (2009, 2013), Sheu and Yang (2006), and Tran, 

Castagliola, and Balakrishnan (2017), among others. Their works concentrated on 

different types of median charts, that is the charts are dedicated to the monitoring of 

the sample median. The overall finding led to the conclusion that median charts are 

far more robust than the standard charts when the process is in-control. However, the 

work of Sheu and Yang (2006) also suggested that the median charts are less 

powerful than the standard charts when the process is out-of-control.  

 

Although rarely mentioned in literature, median is actually an extreme trimmed 

mean, in which all observations are removed except one or two. Wilcox and 

Keselman (2003b), in their work, equate median with 50% trimming. Trimmed 
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means, in general, remove or trim a proportion of the smallest and largest 

observations in the data set. The best possible amount of trimming is any given 

application is undetermined but 20% shall offer a smaller standard error than the 

median under normality, suggesting more power in this case (Wilcox, 1998; Wilcox 

& Keselman, 2003a).  

 

Rocke (1989) briefly introduced a trimmed mean estimator in CUSUM control 

structure. To prevent frequent false out-of-control signals when data are non-

normally distributed, he proposed to replace '(  with 25% trimmed mean in both 

CUSUM statistics. The idea is that, should there be any outliers in the prospectively 

collected data, the calculated difference in the mean of the process from the target 

value in the CUSUM statistics remain unperturbed. Therefore, the CUSUM chart 

only signals when a special cause variation presents in the process. Rocke’s coverage 

on the topic, albeit briefly, indicated a better overall performance by the robust chart 

than the standard chart if outliers are likely to occur.  

 

There is a better alternative to trimmed means as suggested in the work of Wilcox 

and Keselman (2003b). The authors recommended modified one-step M-estimator 

(MOM) which takes into consideration the shape of the underlying data distribution 

before trimming the data. Therefore, only when the value is deemed as an outlier 

would it be excluded from MOM’s computation. Its winsorized version, i.e., the 

winsorized MOM (WMOM), employs the same trimming technique but whereas 

MOM merely averages the remaining values after discarding outliers, WMOM 

winsorizes the data first. In doing so, the WMOM retains the original numbers of 

observations in the data set. Despite considerable attention in inferential works, both 
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MOM and WMOM have yet to be applied in the design structures of the CUSUM, 

EWMA, or synthetic control charts.  

 

There is no perfect method in statistic. The same applies to robust methods but they 

outweigh standard methods across many different practical situations. Robust 

methods are largely unaffected by slight departures in the standard assumptions and 

therefore, can produce reliable results upon violation of the normality assumption. 

For instance, given that data from the area of health are usually non-normal (e.g., 

Bono et al., 2017) and that an erroneous judgement can make a difference in 

patient’s life or death outcome, it is apt to use control charts that are robust against 

departures from normality. Ultimately, their application in healthcare shall lead to 

appropriate clinical decision-making.  

 

1.8 Problem Statement  

Special causes variability can lead to either small, moderate, or large shifts in a 

process mean. Large shift is easily detected but not in the case of small shift. This 

makes small shifts costly in the industry as they are small enough to escape detection 

but large enough to incur substantial cost (Hawkins & Wu, 2014). Under normality, 

Shewhart control chart, which is the simplest and the earliest control chart is very 

effective in monitoring large process shifts (Amin, Reynolds, & Saad, 1995), but not 

sensitive enough to detect small shifts (Calzada & Scariano, 2001). For small process 

shift detection, CUSUM and EWMA are always the better choices. However 

recently, synthetic chart is also recommended for moderate and small shifts but more 

works need to be done to substantiate the claim. Nonetheless, these charts are still 

confined to the normality assumption. Certain deviation from normality may cause 
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spurious signaling of out-of-control process, thus jeopardizing the reliability of the 

charts in process monitoring. The situation is more critical when the sample size is 

small, which is common in process control. To resolve the issues of non-normality, 

small shift detection, and small sample size, this study proposed to robustify the 

design structures of CUSUM, EWMA, and synthetic control charts which are 

originally based on the sample mean. Four robust location estimators which include a 

winsorized (WMOM ) and three trimmed estimators (20%-trimmed mean, median 

(50% trimming) and MOM) were chosen for the purpose. The proposed robust 

control charts should be able to circumvent the problem of non-normality and small 

sample sizes as well as  detection delay, in particular when small shifts are of main 

concern.   

 

1.9 Objectives of the Study 

The goal of this study is to propose alternative robust CUSUM, EWMA, and 

synthetic control charts in monitoring small changes in the location parameter 

through modification of the original charts. In achieving this goal, the following 

objectives need to be accomplished. 

(a)  To compare the robustness of the proposed robust control charts with the 

original charts using simulated data.   

(b) To compare the shift detection ability of the proposed robust control charts 

using simulated data.   

(c) To determine the best chart(s) based on the simulated and real data study.  
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1.10 Significance of the Study 

This study will contribute towards knowledge development in SPC methodology 

especially in process monitoring. Statisticians are aware that process monitoring 

depends on the distributional assumption about the data or process. The normality 

assumption often forms the basis for the model used to monitor a continuous process 

characteristic. Nonetheless, this assumption is hardly attainable in the real world. The 

benefit of this research is that with these new alternative robust (i.e., modified) 

control charts, researchers and practitioners in various fields including domains 

outside of conventional production systems will not be constrained with the 

distributional assumption, i.e., normality. They can instead work with the original 

process data without having to worry about characteristics of a data distribution. 

Advantageously, health industry which regularly use CUSUM and EWMA charts for 

quality improvement (e.g., Suman & Prajapati, 2018) will also benefit from this 

study.  

 

1.11 Organizations of the Thesis 

In this current chapter, we have reviewed the importance of control charts to quickly 

detect small and moderate sized changes in the location parameter. Briefly, three 

powerful SPC tools that are fit for such purpose were introduced, namely the 

CUSUM, EWMA, and synthetic charts. A brief prelude to alternatives for the sample 

mean was discussed in this chapter as well.  

 

In Chapter 2, the definitions of some of the important terminologies such as Phase I 

and Phase II, breakdown point, and statistical power are introduced. Including that, 

Chapter 2 would also review some of the past and contemporary research on the 
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CUSUM, EWMA, and synthetic control charts for the location. We focus on 

literature that addressed the effects of non-normality on these standard charts in the 

context of known and unknown process parameters. Some of the solutions proposed 

in SPC literature to mitigate the problems upon violation in the assumption of 

normality would also be discussed.  

 

Chapter 3 discusses how the empirical investigation was conducted. The discussion 

includes the selection of the conditions being investigated, followed by data 

generation, with focus on the transformation of symmetric and skewed distributions 

from the standard normal. There is a section on the design specification to highlight 

the strengths and weaknesses of the proposed control charts based on the conditions 

specialized in the study.  

 

The results from the analyses of ARL0 and ARL1 are presented in Chapter 4. Finally, 

Chapter 5 provides summary of this thesis. Moreover, suggestions for future studies 

are offered in this final chapter of the thesis as well. 

 

!
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CHAPTER TWO  

LITERATURE SURVEY 

2.1 Introduction   

It has been well-acknowledged across numerous literatures that the Shewhart control 

chart is never the best procedure to detect small changes in the location parameter. 

Persistent use of the Shewhart chart under such circumstance may add to a growing 

list of catastrophes such as incurring large total costs by the industrial process. 

Hawkins and Zamba (2003) highlighted the issue using a cola filling example in 

which they examined the cost associated with overfilling bottles, i.e., bottles 

containing more cola than a required nominal content. It was assumed that the 

amount of cola in a bottle follows a normal distribution with some mean ,,  and 

standard deviation values. The idea was to use control charting techniques to detect 

overfilling situation quickly so that the expected loss associated with the situation 

could be reduced. That is, if ,, shifts to some level and persists there until the chart 

signals, a corrective action will be taken, and the expected loss will be calculated. 

Hawkins and Zamba (2003) adapted all the numbers from a textbook by 

Montgomery (2013) to mimic a practical situation in the real world.  

 

Hawkins and Zamba (2003) focused on the expected loss for varying mean changes 

of a Shewhart chart and two CUSUM charts with different reference values, k. The 

values of k were chosen to match the false alarm rate of the Shewhart chart (to be 

discussed later in Subsection 2.2.2). As seen in their paper and many other control 

charting literatures, a change in the mean value is usually expressed in the form of % 

where % is the size of the shift in standard deviation units. For % < 3, Hawkins and 

Zamba (2003) observed that the Shewhart chart experiences a greater expected loss 
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than the two CUSUM charts due to the delay in detection of small and moderate 

process shifts.  

 

Surprisingly, both the CUSUM charts in the abovementioned study are nearly as 

good as the Shewhart chart for % > 3. The finding led to the overall conclusion that 

CUSUM technique is certainly more attractive than the Shewhart considering that 

the former is more useful across various magnitude of process shifts. The cola filling 

example left out the EWMA control chart, but Hawkins and Zamba (2003) claimed 

that the substantive conclusions with regard to the CUSUM chart would carry over to 

the EWMA. They stated that the performance of the two charts are quite close. The 

sentiment is shared by many researchers such as Hawkins and Wu (2014), and Lucas 

and Saccucci (1990), just to name a few.  

 

The CUSUM and the EWMA can be tuned to the likely (anticipated) shift in the 

process and thus, offer some flexibility than the Shewhart chart with its generic 3-

sigma control limits. More recently, the proposal of the synthetic control chart has 

been gaining a lot of interest among researchers since the chart can be tuned to the 

likely shift in the process as well. Therefore, like the CUSUM and the EWMA, the 

synthetic control chart may potentially offer quicker detection of the changes in the 

location parameter than the Shewhart chart in many different situations. However, 

the design structures of these three alternatives charts are still adversely affected by 

non-normality, just like the Shewhart control chart. Under non-normality, the 

CUSUM, EWMA, and synthetic control charts may lose their performance ability.  
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Violating the normality assumption associated with the CUSUM, the EWMA and the 

synthetic will cause these charts to signal too often under in-control state of the 

process. In SPC, this is bad as it means more cost of halting a stable process and 

investigating false alarms. Moreover, when the underlying process data is seen to be 

heavy-tailed, the standard error of these charts can be badly increased and therefore, 

the power of these techniques can be substantially reduced. In other words, the charts 

give delay response in out-of-control condition.  

 

The sensitivity of these SPC techniques to the violation of the normality assumption 

arises from the use of the sample mean in the design structure. These standard charts 

are known to be highly sensitive to outliers; a common cause of non-normality. The 

outliers may appear on a long tail of skewed distributions or on the high and low side 

of symmetric distributions as discussed in Section 1.7. To date, many attempts have 

been made to improve control chart performance in the presence of outliers. 

Nonetheless, it is difficult to obtain sufficiently good technique when attention is 

restricted to means. An example will be discussed in the beginning of Section 2.4 to 

highlight the concern.  

 

In an effort to mitigate the adverse effect of outliers on control chart performance, 

latest research in SPC starts to work with robust methods instead of standard 

methods. Most evaluations of control chart performance that involve robust methods 

give better result than the standard charts when researchers fail to adhere to the 

normality assumption. Therefore, this chapter concerns an extensive range of 

research papers that considered robust estimators for Phase I and Phase II. The effect 



 

  25 
 

of using these robust estimators on the performance of control charts will be 

reviewed critically.  

 

Before going in depth into the considerable advantage of robust methods with regard 

to control chart performance, we first carefully distinguish the two phases involve in 

SPC, namely Phase I and Phase II. Next, the effect of non-normality on the Phase II 

control chart is discussed before we focus on the research papers related to robust 

methods. Furthermore, we introduce two of the concepts in robust methods that were 

being used frequently throughout this thesis. This chapter ends with an introduction 

to two robust statistics that have yet to be incorporated into any design of univariate 

Phase II variable control charts, to the best of our knowledge.   

 

2.2 Phase I and Phase II  

From the very beginning, control-chart usage ought to be specified if the chart is 

applied retrospectively (Phase I) or prospectively (Phase II). This is because the use 

of charts differs in each phase. Unfortunately, some of the recommended control-

chart methods in literature blur this distinction. For example, robust control limit 

calculations using a mean/ interquartile range (IQR) combination for the Shewhart 

chart was suggested by Rocke (1989) but it was presented in an offhand way 

between Phase I and Phase II applications. However, control-chart usage involves in 

Phase I or Phase II has distinct objectives (Montgomery, 2013). 

 

2.2.1 Phase I applications  

In Phase I, the use of control charts includes defining the in-control state of the 

process and establishing an in-control data set which is representative of the process. 



 

  26 
 

The parameters of the process are then estimated using the in-control data set and 

control limits are calculated for use in Phase II. An example of works applies to 

Phase I can be referred in Jones-Farmer, Jordan, and Champ (2009). The authors 

suggested a distribution free Phase I chart for defining the in-control data set. 

Meanwhile, for a thorough literature survey on Phase I variables control charts see, 

for example, Chakraborti, Human, and Graham (2008).   

 

2.2.2 Phase II applications 

In Phase II, control charts are used prospectively to monitor a departure from an in-

control state. Chapter 1 gave an overview of this idea. Performance of control chart 

in Phase II is usually measured using the average run length (ARL) (Oprime, de 

Toledo, González, & Chakraborti, 2016; Sunthornwat, Areepong, & Sukparungsee, 

2017, 2018). Essentially, it is the average number of plotted chart statistics before a 

signal is observed (Jensen et al., 2006). The metric is applied in both states of the 

process: (i) in-control process and (ii) out-of-control process. Respectively, the ARL 

in these two states are identified as in-control ARL (ARL0) and out-of-control ARL 

(ARL1). Following the definition, the ARL0 should be large and the ARL1 should be 

small, which respectively suggests infrequent false alarms and a high probability of 

detecting an actual shift in the process.  

 

In designing a Phase II chart, the ARL0 can be fixed to a specific number for a given 

false alarm rates. However, it is important to note that the choice of the ARL0 also 

affects the ARL1 of the chart. A chart with larger pre-specified ARL0 will have a 

correspondingly larger ARL1. A widely adopted choice in SPC is ARL0 = 370, 

suggesting that we will have a false alarm about every 370 plotted statistics on the 
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average. According to Montgomery (2013), the choice of ARL0 = 370 is typically 

justified on the basis that it matches the false alarm rate of the usual 3-sigma 

Shewhart chart under normality which is 0.0027. Thus, valid comparisons can be 

made between more advanced charting techniques and the Shewhart chart.   

 

Different types of charts are available for the monitoring (Phase II). If a large shift 

was anticipated, the Shewhart chart is effective for such purpose. However, its poor 

performance for detecting small changes in mean is well-known. With larger sample 

size n, its sensitivity to small shifts in the process mean can be improved 

(Montgomery, 2013). Nonetheless, it is still less effective than the CUSUM chart 

(Hawkins & Zamba, 2003). Applications of the Shewhart chart involve loss of 

information (it plotted statistic is based on the most recent observations in the 

process) and therefore, it cannot compete with an appropriately designed CUSUM 

chart. Likewise, the EWMA chart which is as powerful as the CUSUM chart in 

detecting a wide range of process shifts, is incomparable to the Shewhart chart in real 

practice (Hawkins & Wu, 2014). 

 

The use of synthetic chart, admittedly, still involves loss of information about the 

process data as it employs a Shewhart '(  chart to signal shifts in the process. 

Therefore, some authors especially Davis and Woodall (2002) and Knoth (2016) 

criticize applications of synthetic chart in quality control. However, its improvement 

over the Shewhart '(  chart for detecting various magnitude of shifts, especially small 

and moderate shift sizes, has been acknowledged in literature (e.g., Shongwe & 

Graham, 2016, 2018). Malela-Majika, Motsepa, and Graham (2019), for example, 
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believe that synthetic charts should not be discarded in process monitoring and that 

the charts are still useful in SPC.  

 

2.3 The Effect of Non-normality on Standard Charts 

A chart is robust when its in-control run-length properties such as the ARL0, remain 

stable under non-normality. While the usefulness of a chart is typically perceived by 

how fast it can identify a genuine shift in the process, it is surely a cause of concern 

if the ARL0 could easily and uncontrollably vary upon violation of the normality 

assumption. Human et al. (2011) believe that stable and robust in-control 

performance lead to effective monitoring of a process change. Otherwise, the chart 

could be misleading in identifying a genuine shift in the process. 

 

Apart from being relatively insensitive to small shifts, the Shewhart '( chart is also 

easily affected by non-normality, particularly for small sample sizes (Amin et al., 

1995). Its ARL0 is usually smaller than the expected value when the data do not 

follow the assumed normal distribution (Yourstone & Zimmer, 1992). According to 

Schilling and Nelson (1976), the chart can be made robust to non-normality for 

group samples of size K ≥ 4. Nonetheless, Yourstone and Zimmer (1992) argued that 

it is difficult to approximate an adequate sample size K  that can compensate the 

effect of non-normality on the Shewhart chart.  

 

It is a valid concern that for small n, non-normality can be a significant problem to 

the Phase II Shewhart chart and worse when n = 1. Borror, Montgomery, and Runger 

(1999) examined the ARL performance of the individual EWMA chart against the 
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individual Shewhart chart under various gamma and (Student’s) t distributions 

specifically for examining the effect of skewness and kurtosis, respectively.  

 

While showing that the ARL0 for the individual Shewhart chart are adversely affected 

under non-normality, Borror et al. (1999) claimed that the individual EWMA chart 

can be designed to perform satisfactorily under such circumstances. The individual 

EWMA chart is seen robust to the normality assumption when it is designed as if the 

user anticipates a small shift in location. That is, using smaller values of smoothing 

parameter & (Borror et al., 1999).  

 

Borror et al. (1999) discussed the finding in their study based on three values of &:  

0.05, 0.1, and 0.2, where each of them was appropriately paired with a distinct value 

of L, where L is a positive constant that determine the width of control limits for the 

EWMA. The pairs (&, L) were chosen so that the ARL0 is kept fixed at 370 under 

normality. On a separate note, the quintessential reference of standard EWMA 

design parameters (&, E) for values of ARL0 ranging from 50 to 2000 can be referred 

in Crowder (1989).  

 

In their study, Borror et al. (1999) claimed that the individual EWMA control chart 

maintains its ARL0 at the corresponding normal theory values if the process data 

distribution is not severely skewed or too heavy tails. The outcomes applied to the 

smallest two & in the study which are 0.05 and 0.1. The EWMA chart, unless a shift 

is quite large, is superior than the Shewhart chart.  

 



 

  30 
 

Borror et al. (1999) also discussed how non-normality is not a significant problem 

for the individual Shewhart chart to detect a large shift in the process, i.e., % ≥ 2. 

However, recall that this same chart has trouble maintaining stable and robust in-

control performance upon violation of the normality assumption. As argued by 

Human et al. (2011), the key to effective process monitoring is stable in-control 

performance, otherwise, the chart is not reliable for detecting shifts in the process. 

From that standpoint, Phase II application of the individual Shewhart chart ought to 

be exercised carefully considering that non-normal data are frequently encountered 

in real practice. Section 1.7 discussed non-normal distributions involve in many 

fields of study.  

 

Human et al. (2011) took a closer look at the EWMA charts in the work of Borror et 

al. (1999). The current work, however, encompassed a wider collection of non-

normal distributions including the symmetric and asymmetric bimodal distributions 

as well as the contaminated normal distributions. Human et al. (2011) acknowledged 

the finding by the former authors to some extent but contended that the outcomes 

cannot be entirely satisfactory. This is because the calculated ARL0 for the individual 

EWMA chart can be significantly different from the pre-specified value, at least with 

some non-normal data, thus indicating that EWMA is not robust as it seems to be.  

 

To illustrate, we take a look at the most robust individual EWMA chart claimed in 

the work of Borror et al. (1999); the Phase II EWMA chart with & = 0.05. Human et 

al. (2011) showed that the ARL0 is much smaller than the expected 370 for data 

selected from contaminated normal distributions. However, in the case of the 

symmetric bi-modal distribution, the ARL0 for the very same EWMA chart is about 



 

  31 
 

14 times higher than the expected 370. The work of Human et al. (2011) suggested 

that the underlying distributional assumption, i.e., normality, is still a cause for 

concern in all applications of standard EWMA chart.  

 

Calzada and Scariano (2001) examined the performance of the standard synthetic 

chart to violation of the normality assumption. Their paper featured the synthetic 

design parameters, kS and LS, that were derived under normality for the different 

combinations of the sample size n = {4, 5, 6} and the shift size % = {1, 1.25, and 

1.5}. The pairs (kS and LS) were obtained for a fixed ARL0 of 370 so that valid 

comparisons can be made with the 3-sigma Shewhart '( chart.  

 

To investigate the robustness of the standard synthetic chart, Calzada and Scariano 

(2001) applied the chart designed with the same values of kS and LS which are, 

technically only appropriate if the underlying distribution of the process data is 

normal, to various gamma and t distributions. They claimed that for moderate non-

normality and K ≥ 6, the ARL0 of the standard synthetic chart is still very close to the 

expected 370.  

 

Like Borror et al. (1999), Calzada and Scariano (2001) observed that the effect of 

skewed underlying distributions is slightly more substantial on the ARL1 when 

compared to symmetric heavy-tailed distributions. It was reported that the ARL1 of 

the standard synthetic chart obtained under symmetric heavy-tailed distributions are 

comparable to a normally distributed process data (Calzada & Scariano, 2001). For 

skewed distributions, the standard chart remains effective to detect shifts in the 

process as long as % ≥ 0.5.  
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Even though the work of Calzada and Scariano (2001) suggested promising results 

for the standard synthetic chart, it cannot be ignored that their findings under non-

normality are based on gamma and t distributions, as expressed in Borror et al. 

(1999). Possibly, under a wider collection of non-normal distributions, the findings 

may not be entirely satisfactory.  

 

2.3.1 Standard control charts with estimated parameters 

Research involve of Phase II charts are usually based on the assumption of known in-

control parameters of the process. That includes all the studies that we have 

discussed in the beginning of this section. The framework of known in-control 

parameters, however, is more of a convenient approach in developing and evaluating 

control-chart methods in Phase II application. In practice, the mean (also standard 

deviation) of the process is seldom known. When an estimate is used in the place of 

known parameter, any errors in the estimation can lead to an inability to fix the in-

control run-length properties of a chart (Hawkins, Qiu, & Kang, 2003). 

 

A comprehensive review of literature that considers the effect of estimation on 

control chart performance can be found in Jensen et al. (2006) and Psarakis, Vyniou, 

and Castagliola (2014). Both papers revealed that parameter estimation severely 

affects control chart performance. Specifically, estimation may lead to more frequent 

false alarms and yet less sensitivity in detecting actual shifts. The standard CUSUM 

and EWMA chart, in fact, exhibit these behaviors when they are constructed using 

estimates in place of the real value from the known parameters (Jones, Champ, & 

Rigdon, 2001; Jones et al., 2004). Similarly, estimation leads to decrease of 

sensitivity to detect shifts by the Shewhart '( chart (Quesenberry, 1993). The work of 
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Zwetsloot and Woodall (2017) suggested similar findings as found in Jones et al. 

(2001, 2004) and Quesenberry (1993) for K > 1 . Conversely, Wu and Spedding 

(2000) claimed that the effect of parameter estimation is trivial on the standard 

synthetic chart. Using graph, they showed that the ARL curve of the estimated chart 

and the one with known parameters are nearly coincident.  

 

The poor performance of the standard CUSUM and EWMA charts under estimation 

leads to various different responses to remedy the situation. One is to estimate the 

process parameters using much larger Phase I in-control samples than typically 

employed in literature, which is m = 30 - 50 subgroups. However, this approach may 

not be the best solution. Depending on the decision of what shift to design for, the 

CUSUM and the EWMA charts may require an extremely large historical in-control 

data set (Jones et al., 2001, 2004; Hawkins & Olwell, 1998; Saleh, Zwetsloot, 

Mahmoud, & Woodall, 2016). For example, a total of 2000 observations (m = 400 

subgroups of size n = 5) is required to design a standard EWMA chart with & = 0.1 

(Jones et al., 2001). As emphasized by the authors, this is an impractical solution in 

the real practice. Moreover, Noorossana et al. (2015) proved that with larger Phase I 

data set, the standard EWMA chart does not necessarily fare better under non-

normality. Alternatively, robust estimators can be employed to get reliable estimates 

in Phase I, instead of the standard estimators based on the sample mean and standard 

deviation. The use of robust estimators in Phase I will be reviewed shortly in Section 

2.4.  

 

Another alternative to diminish the effect of parameter estimation on the Phase II 

performance is to design the charts with predictable ARL0 under estimation. Jones 
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(2002), for example, proposed a methodology for obtaining design parameters of 

EWMA: L and λ, where the choice of L depends on both the sample size, n, and the 

number of subgroups, m, in Phase I.  It was noted that this approach seems to reduce 

detection ability further for the standard EWMA chart due to the widening of the 

control limits. However, Jones (2002) argued that this is necessary to achieve 

predictable ARL0. Today, many simulation studies emulate Jones’s approach. One of 

the many examples can be found in Nazir, Abbas, Riaz, and Does (2016) who 

calculated the design parameters for CUSUM, EWMA, and mixed EWMA-CUSUM 

(MEC) charts, via simulation, to keep the ARL0 of each chart under normality to be 

equal to that of the known parameter case.  

 

Most of the evaluations of Phase II chart performance have used the same estimators 

for both Phase I and Phase II (Jensen et al., 2006). And that include all research that 

we have reviewed in this subsection. The researchers considered the standard 

estimator based on the sample mean for the monitoring (Phase II). When the location 

parameter of the process is unknown, the researchers used the same standard 

estimator to estimate the location parameter of the process from an in-control Phase I 

data. However, as we have discussed throughout this section, the application of the 

sample mean in Phase I and Phase II could be inappropriate and misleading when 

data distribution is not normal.  

 

Of course, we shall not leave behind the discussion of the scale estimator involves in 

computing the estimate of the dispersion parameter of the process. While reviewing 

research germane to unknown parameters case in this subsection, we observed that 

the standard estimators based on the standard deviation are typically used. These 



 

  35 
 

standard deviation estimators are presented in Equation [2.1] and [2.2] (Mahmoud, 

Henderson, Epprecht, & Woodall, 2010):  

 

O = H (
7#(∑ ('! − '())7

!8( /Q9,       when n = 1                   [2.1] 

O: = H
∑ ∑ (."&#./")'(

&)*
+
")*

7(+#() /Q9,7,       when K > 1.                        [2.2] 

where Q9 and Q9,7 are the constants which only depend on the sample size n so that 

the estimates are unbiased under a normal distribution. For the cases of K > 1, '
̅

@,
 is 

also commonly used to estimate the in-control dispersion parameter of the process, 

where O̅ = ∑ '"+
")*
7 , O! is the ith sample standard deviation (Mahmoud et al., 2010).   

 

As shown in Equation [2.1] and [2.2], the standard deviation measures spread around 

the mean. Because of its close link with the mean, the standard deviation is 

significantly affected if the mean is poorly estimated. This goes to show how 

important it is to employ good location estimator for Phase I, especially in cases 

where the normality assumption is violated. 

 

2.4 Standard Control Charts with Robust Limits  

Phase I data may contain observations which are not representative of the process 

such as outliers, step changes, and any other data anomalies (Janacek & Meikle, 

1997). The consequences of using the sample mean for the process parameter on 

such data set can have huge impact on the performance of the standard chart in Phase 

II (Psarakis et al., 2014). Therefore, this section focuses on studies where the mean 
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of the process was estimated using various robust estimators in setting the control 

limits. 

 

To date, numerous papers have been published on varying control-chart methods to 

accommodate monitoring under non-normal distributions. With the aim to retain 

stable and robust in-control performance under skewed distributions, proposals were 

forthcoming via heuristic approaches to construct control limits of the standard 

charts, or any control charts based on the sample mean. See, for example, Atta, 

Shoraim, and Yahaya (2014), Castagliola and Khoo (2009), Khoo, Atta, and Wu 

(2009), and Khoo, Wu, and Atta (2008). Via heuristic approaches, the so-called 

methods known as weighted variance (WV) or weighted standard deviation (WSD) 

is used to decompose a skewed process data distribution into two symmetric 

distributions. Both symmetric distributions will have the same mean as of the 

primary (skewed) distribution, but different variances or standard deviations per the 

heuristic method. The new variances in the case of WV for example, will be captured 

in the upper and lower control limits and they added up to the original variance as 

owned in the primary data distribution. 

 

By adjusting control limits based on the degree of skewness, the standard charts 

constructed using heuristic methods can offer better control of false alarm rates and 

detection of out-of-control status under a skewed distribution. These charts, however, 

are reduced to usual standard charts when the underlying distribution is symmetric. 

For that matter, outliers that appear on high and low side of symmetric distributions 

will distort the calculation of the plotted statistic as well as the construction of the 

control limits. Because of these drawbacks, attention in the quality control field has 
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been shifted to robust estimation in order to accommodate process data from a wide 

range of probability distributions. 

 

The use of robust estimators for Phase I has been rationalized in many research. 

Jensen et al. (2006), in their literature survey of the effects of parameter estimation 

on control chart properties, recommended to use robust estimators for Phase I. 

Psarakis et al. (2014), who considered the review paper of Jensen et al. (2006) and 

the cumulative works in this field thereafter, agreed in the importance of robust 

estimation, especially if outliers are likely to occur in Phase I. They also presented 

several notable robust studies related to the mean and standard deviation, which were 

illustrated through Shewhart, CUSUM, and EWMA techniques in Phase II 

applications. Later, we discuss some of the studies featured in Psarakis et al. (2014), 

specifically one that is within the scope of this thesis.  

 

Robust estimation, in fact, has long been acknowledged in various field of studies 

but it only becomes a focus in quality control after Jensen et al. (2006) addressed the 

lack of it in SPC. Some considerations of robust estimation can be found in Hampel 

(1971), Rousseeuw and Hubert (2011, 2018), and  Rousseeuw, Perrotta, Riani, and 

Hubert (2019), among others. Robust statistics, in a few words, are statistics that are 

not quite susceptible to outliers in the data. Overall, these statistics have good 

performance in terms of robustness for data drawn from varying probability 

distributions. This virtue is apparent in nonparametric inference whereby few 

assumptions are made regarding the distribution from which the data are drawn.  
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An approach in robust inference, however, centers on some working assumption 

regarding the form of the data distribution, which qualify robust methods to be part 

of the traditional parametric statistics. What differentiate robust methods from the 

parametric approach is that robust methods maintain approximate optimal 

performance, not only under the assumed model but also under some deviation from 

it (Huber, 1981). Due to these strong points, robust procedures have been gaining a 

lot of interest among SPC researchers when they want to apply common but 

convincing control charting techniques on non-normal process data.   

 

The Shewhart '(  chart, for instance, is easy to construct. Its performance, 

nonetheless, is strictly regulated by the normality assumption for small sample sizes 

n as discussed in Section 2.3. A generic Phase II robust chart, on the other hand, 

would not be thwarted by these conditions, i.e., normality and small samples. We 

have addressed the theories of robustness in terms of normality, but in a broader 

sense. The idea is that robust methods allow some diversion from the assumed 

parametric model at possibly minimal loss than conventional methods. Moreover, the 

fact that robust estimation can be done in very small samples put the icing on the 

cake. 

 

To estimate location robustly, a minimum sample size K of 3 is required but a starter 

of K = 4  is needed for scale (Rousseeuw & Verboven, 2002). Therefore, robust 

estimation is indeed a feasible approach to attain the in-control parameters of a 

process when Phase I data are scarce and/or non-normally distributed.  
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Maddahi, Shahriari, and Shokouhi (2011), for example, used the M-estimators to 

estimate the location and dispersion parameters of the process. Later, the authors 

constructed the control limits for a Shewhart '( chart using the robust estimates to 

monitor the process location. The M-estimations, which are the generalized form of 

the maximum likelihood estimation (MLE), were suggested by Huber (1981) and 

they are the solutions to  

!"A-./ = >UV	=WKB(∑ X(?! , !)+
!8( ),                         [2.3] 

where X  is some odd function, ?!  are independent and identically distributed 

samples, and !"A-./ is the estimator based on sample size n. Commonly, one of these 

two functions: Huber or bi-square, is used for X to get good estimation of ! in the 

presence of outliers.  

 

Maddahi et al. (2011) used the bi-square function to form both the mean and 

dispersion M-estimators with their respective k = 4.68 and k =1. The suggested M-

estimator of the location is defined as 

,̂ = >UV	=WK3 Z∑ X Z2"#30C#
[+

!8( [,               [2.4] 

where ,̂ is the estimated mean and ;\, is the initial value for ;\. Henceforth we will 

pull back the discussion on the dispersion M-estimator as it is beyond the scope of 

the work presented in this thesis.  

 

Maddahi et al. (2011) applied Shewhart '(  charts, which their control limits were 

calculated by robust and classical estimations, on the real and simulated data. The 

data depicted the presence and absence of outliers. The overall conclusion drawn 

from the study was that a Shewhart '( chart with robust control limits is the best over 

the situations considered. However, a fair comparison of the classical mean estimator 
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to its robust counterpart and their impact on Phase II chart performance are difficult 

to deduce from the study. This is because Maddahi et al. (2011) employed two 

different standard deviation estimates to construct the limits.  

 

Shahriari et al. (2011), on the other hand, focused exclusively on the M-estimation 

for location. The researchers applied the M-estimator twice to compute the estimate 

of the location parameter of the process, hence calling the robust measure as a two-

step M-estimator. The first step contributed to reducing the global contamination, 

while the second and final step contributed to reducing the local contamination. The 

global contamination refers to individual outliers that spread all over the samples. In 

contrast, the local contamination refers to contaminated samples (i.e., samples with 

outliers) which are spread randomly across the process data.  

 

In their research, Shahriari et al. (2011) used the M-estimate of location, defined by 

Equation [2.4], twice with the bi-square function ] and k = 4.68 where ] is the 

derivative of the bi-square function X(?), defined as  

]D(?) = ^ ? − _1 − Z
2
D[

)
`
)
,											if				|?| ≤ @

0	,																																									if				|?| > @.
                        [2.5] 

 

Moreover, Shahriari et al. (2011) compared the proposed two-step M-estimator’s 

efficiency with a group of well-known estimators including the classical mean, the 

25% trimmed mean, and the median under the global and local contaminations. What 

they derived from the analysis was that the proposed two-step M-estimator is coping 

well against the local contamination, perhaps better than the rest of the estimators 

considered in the study. The suggested estimator (i.e., the two-step M-estimator) was 
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also claimed to give a decent performance even when data is devoid of outliers. 

These encouraging outcomes led to a conclusion that it is reasonable to construct the 

limits for Shewhart '( chart using the proposed two-step M-estimator of location.  

 

As with Shahriari et al. (2011), Schoonhoven, Nazir, Riaz, and Does, (2011) also 

compared several location estimators’ efficiencies in search for the best possible 

alternative for the classical mean. The current research led to a telling discovery that 

the performance of location estimators depends on the type of data contamination. 

The estimators that trimmed the observations within samples are best suited to 

handle the global contamination. On the other hand, the estimators that trimmed 

samples containing outliers perform better in the case of local contamination. The 

global and local contaminations, as clarified earlier on, respectively refer to 

individual outliers and outlying subgroups.  

 

Schoonhoven et al. (2011) recommended two robust estimation methods for Phase I 

analysis called as Adaptive Trimmed Means (ATM) as they strived to get good 

estimate of location parameter under contaminated process data. The first method, 

defEA'#, uses the 20% trimmed mean (ef),), a robust statistic defined by:  

ef), =
(

7#)[7∗),%] × ∑ eUfI
7#[7∗),%]
I8[7∗),%] ,              [2.6] 

where eUfI  is the vth ordered value of sample trimeans. The trimeans, eUf , is 

another robust statistic defined by 

!"EJA = Z
K",*")K",'"K",1

9 [,                         [2.7] 

where h!,L is the qth quartile of sample i and W = 1,2,3 (Wang, Li, & Cui, 2007).  
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Schoonhoven et al. (2011) constructed control limits for the Phase I Shewhart chart 

based on ef), and plotted the sample mean of each subgroup to screen for outliers. 

Then, only samples that are plotted within the robust limits are used to calculate the 

mean of the sample means, 'j, in Equation [2.8], for the location parameter.  

'j = 	 (7∑ '(!7
!8(                 [2.8] 

 

The second method, defEJA//////, on the other hand, is a two-step Phase I analysis. The 

first step primarily deals with the local contamination whereby the statistic trimean 

(eUf) is calculated for each subgroup i and then plotted against the robust limits as 

defined in the prior scheme, i.e., defEA'#. This is to remove outlying subgroups. As 

such, samples trimeans that plot beyond the robust limits are considered out-of-

control and being removed from the data set.  

 

In the second step of defEJA//////,  control limits for the Phase I Shewhart chart are set 

up once again, but this time using the mean of the remaining samples trimeans given 

by  

eUf(((((( = (
7∑ eUf!7

!8( .                 [2.9] 

This second and final step in the method of defEJA//////  is dedicated to the screening of 

individual outliers that may be present in the samples. As such, observations that plot 

outside the robust limits are considered out-of-control and subsequently being 

removed from the Phase I data set. The remaining observation in the data set are used 

to calculate the estimate of location parameter using 'j. Schoonhoven et al. (2011) 

observed that the proposed method defEJA////// is the most effective for computing the 

location estimate using 'j when Phase I data set may contain outliers.  
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In their research, Schoonhoven et al. (2011) also deliberated over the effect of 

estimating the location parameter on the Phase II performance of Shewhart '( control 

chart, when robust estimation methods are used to construct the control limits. The 

overall conclusion was that the Phase II chart based on defEJA////// is the best when 

outliers are likely to occur in Phase II. The chart has an ARL0 that is close to the pre-

specified value and a quickly declining ARL1. Respectively, it means that the chart is 

robust to violation of the normality assumption and maintains its sensitivity to 

process shifts in the presence of outliers.  

 

Zwetsloot et al. (2016) also discussed the problem of estimating the location when 

Phase I data set may contain contaminated observations. They reached to the same 

conclusion as Schoonhoven et al. (2011) that the performance of location estimators 

depends on the type of data contamination. In their research, Zwetsloot et al. (2016) 

focused on six location estimators based on the classical mean, the 20% trimmed 

mean, and the median. The efficiencies of these estimators were studied under 

various contaminated scenarios including the global and local contaminations as we 

had discussed previously.  

 

More importantly, in their research, Zwetsloot et al. (2016) deliberated over the 

effect of estimating the location parameter on the Phase II performance of EWMA '( 

chart when various location estimators are used to construct the control limits. Their 

research led to a conclusion that the use of the median of the sample means, f('(), 

given by 

f('() = =klW>K('((, '(), …'(7),             [2.10] 
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for the location parameter in Phase I gives reasonably small ARL1 for the EWMA '( 

chart, suggesting quick detection of a process change even in the presence of 

outliers.  

 

Nonetheless, application of f('() in constructing the control limits of EWMA '( 

chart may lead to ARL-biased chart. That is, the ARL0 is much smaller than the ARL1 

for some observed % . The finding led to a recommendation of more advanced 

estimation methods that can provide better estimate for the location parameter and 

hence ARL-unbiased EWMA chart in Phase II. This recommendation was the 

subject of the paper by Zwetsloot, Schoonhoven, and Does (2014).  

 

Zwetsloot et al. (2014) introduced a two-step estimation procedure, pre- and post-

screening, identified as Of('(4). Pre-screening estimation uses the median of the 

sample means, f('(), the robust statistic defined by Equation [2.10], to establish 

control limits for the Phase I EWMA charts and subsequently screen off outliers in 

the Phase I data set. Post-screening estimation, on the other, uses the classical mean, 

'j , in Equation [2.8] to estimate the location parameter based on the remaining 

observations.  

 

Zwetsloot et al. (2014) recommended the Phase I EWMA chart with smoothing 

parameter & set at around 0.6, i.e., Of('(,.N). They reasoned that Of('(,.N). can offer 

better protection against unknown type of contamination scenarios including the 

severity of the situation. They went further to show the impact of estimating the 

location parameter on the Phase II performance of EWMA '( chart when Of('(,.N), 

among many other estimation methods, was used to construct the limits. The EWMA 
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'( chart based on Of('(,.N) offers reasonably fast detection of out-of-control process 

in all data scenarios discussed by Zwetsloot et al. (2014).  

 

The recommended method Of('(,.N) in the work of Zwetsloot et al. (2014) stands 

out in one specific situation; when there are multiple step changes in the process. A 

model for multiple step shifts, which we would not elaborate here, has also been 

featured in Zwetsloot, Schoonhoven, and Does (2015), if interested. In the case of 

multiple step shifts and for n = 10, the ARL0 for the Phase II EWMA chart based on 

Of('(,.N) is roughly 87% of the nominal value. It is also the quickest to signal out-

of-control process for all magnitude of shifts considered in the study.  

 

Nonetheless, the issue of ARL-biased chart prolongs in the study conducted by 

Zwetsloot et al. (2014). For example, when the individual outliers present in the 

Phase I data set, all the observed ARL0 values are significantly shorter than 370, 

which was the nominal target value in the study. Meanwhile, the corresponding ARL1 

values are radically large, ranging from 500 to 510 for the smallest magnitude of the 

shift in the study (that is, % = 0.1). Increasing the sample size n from 5 to 10 showed 

no significant changes in the ARL1 for % = 0.1 , but otherwise effective when % 

increases from 0.3 to 0.4. Surprisingly, larger sample sizes do not necessarily lead to 

better in-control performance in this case. The ARL0 values for all charts go further 

down as n increases. The decline in ARL0 values suggests that these Phase II charts 

would signal much too often that a process change has occurred, but in fact there has 

been no process change. 
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In the case when there are outlying subgroups in the Phase I data set, we also observe 

much smaller value of ARL0 for all charts, including the one designed with the 

preferred method Of('(,.N). Under this circumstance, applications of these charts in 

detecting shifts are questionable.   

 

Another example of robust control-chart method that has been cited frequently in 

SPC literature is winsorizing CUSUM by Hawkins (1993). He considered the 

situation of individual observations that made up the Phase I data set. This data set 

may contain outliers which in turn may affect the estimation of the process 

parameters. The idea is to use some preset threshold value to identify those outliers. 

A reading that exceeds the preset value will be replaced by the threshold value and 

that eventually would limit the effect of overestimating or underestimating the 

sample mean and standard deviation in Phase I. 

 

We have captured the essence of winsorization but omitting many of the 

technicalities involve in this approach which can be referred in Huber (1981), if 

interested. Hawkins (1993) examined the robustness of the Phase II individual 

CUSUM chart under various contaminated normal distributions. The overall 

conclusion was that the CUSUM chart via the method of winsorization can offer 

stable and robust performance with little loss in the sensitivity to detect shifts.  

 

2.5 Robust Control Charts  

In the presence of outliers in Phase I data set, the use of robust estimators will make 

the control limits narrower than using the standard estimator. The detection in Phase 

II becomes better even under the violation of normality. However, the situation can 
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lead to an increase in false alarms if the plotting statistic in Phase II still using the 

standard estimator. To mitigate the issue of false alarms while simultaneously 

maintaining the good detection of a process shift, robust estimators can be used to 

calculate the plotting statistic.  

 

Castagliola (2001), for example, suggested to use the sample median, 'm, with the 

design structure of the EWMA chart. This chart is known as the EWMA 'm chart.  

The sample median, 'm, based on a random sample '! , '), … , '+ of size n, is defined 

by 

!" = ^

(
) n'O('#(P

+ 'O('"(P
o ,											if	K	is	even	

'O('"
*
'P
	,																																if	K	is	odd.

           [2.11] 

 

Catagliola’s paper featured the construction of the limits for the EWMA 'm chart, the 

computation of the ARL for the chart via the integral equations, as well as the 

derivation of optimal parameters for a pre-specified ARL0 in the context of unknown 

parameter values. 

 

Castagliola (2001) focused on the efficiency, i.e., detection capability of the EWMA 

'm chart under normality. He included several alternative charts for comparison. For a 

pre-specified ARL0 in which Castagliola set at 370.4, the EWMA 'm  chart is 

considerably more efficient than the Shewhart 'm chart but marginally outperformed 

by the EWMA '( chart and the CUSUM '( chart. Both the EWMA '( chart and the 

CUSUM '( chart are among the standard control charts that become the focus in this 

thesis. 
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It is worth to note that Castagliola (2001) used the same estimators for both Phase I 

and Phase II in his work. For example, in the case of the EWMA 'm chart, he used the 

average median to compute the estimate of the location parameter of the process, 

given by  

'm = (
7∑ 'm!7

!8( ,                                 [2.12] 

where 'm! is the median of sample i. Moreover, he claimed that the sample median is 

traditionally paired with the average range, v(, hence proceeded to do so to compute 

the estimate of the dispersion parameter of the process in Phase I.   

 

In comparing the use of median and mean in the design structure of control charts, 

Sheu and Yang (2006) employed three different types of control charts namely 

Shewhart, EWMA, and the generally weighted moving average (GWMA). They 

observed that control charts based on mean, in general, react more quickly to process 

shifts than control charts based on median. On the other hand, control charts based 

on median are much better at controlling the false alarms or equivalently the ARL0, 

under the influence of non-normality. In SPC literature, control charts based on 

median or any robust estimators are identified as robust control charts. Shortly, we 

will review different types of robust control charts proposed in literature.  

 

Khoo (2005) employed median statistic in the design structure of the Shewhart chart 

for monitoring location shifts in the negative direction, positive direction, or both 

directions. The performance of the proposed robust chart was studied based on the 

ARL under a normally distributed process data. Notably, the Shewhart 'm  chart is 

more sensitive in detecting changes in the process when the sample size n is large. In 

his work, Khoo (2005) also observed that the ARL1 for the Shewhart 'm  chart is 
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getting smaller as the size of the shift, %, increases. It is gratifying to note that these 

outcomes echo many researchers’ ruling on the performance of the Shewhart '( chart 

under normality.  

 

Khoo (2005) wrapped up their study by comparing the performance of the Shewhart 

'm  chart and the Shewhart '(  chart in the presence of outliers. The results were 

tabulated using ARL0 of 370 under various contaminated normal distributions. 

Generally, the Shewhart '( chart signals more frequently than the expected 370 in the 

presence of outliers. Conversely, the Shewhart 'm chart is highly robust (in control of 

false alarms) in the presence of outliers, yielding ARL0 values that are very close to 

370.  

 

Concentrating on the design structure of the CUSUM chart, Yang, Pai, and Wang 

(2010) used the sample median to compute the plotted CUSUM statistics, instead of 

the sample mean. They derived the design parameters, k and h, of the CUSUM 'm 

chart for ARL0 = 500, n = 5, and various design shift %∗ = {0.1, 0.3, 0.5, 0.7, 1, 1.5}. 

However, due to their small-scale study, they just evaluated the performance of the 

robust chart when it was designed for %∗ = 0.3. This robust chart was applied on few 

contaminated normal distributions and its ARL0 and ARL1 were computed via 

simulation. These ARL values were then compared to several existing charts namely 

Shewhart '( chart, CUSUM '( chart, Shewhart 'm chart, and EWMA 'm chart.  

 

It was revealed that the CUSUM 'm chart and the EWMA 'm chart have comparable 

ARL1 values. It means that both robust charts can perform about equally in signaling 

genuine shifts. Of comparing the five charts in the study, Yang et al. (2010) claimed 
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that the CUSUM 'm chart gives the most stable and robust ARL0 in the presence of 

outliers. It is important to note that the robustness and detection capability of the 

CUSUM 'm  chart was examined for one design shift (%∗) only. When the chart is 

tuned for much larger or much smaller %∗, the finding could be different.   

 

Nazir, Riaz, Does, and Abbas (2013) extended the work of Yang et al. (2010) by 

incorporating three other location estimators into the CUSUM control structure. One 

of the estimators is the mid-range (MR), defined by  

!"AQ =
.(*)".(()

) ,               [2.13] 

where '(() and '(+) are respectively the smallest and the largest order statistics in a 

random sample of size n. Another estimator is the Hodges-Lehman (HL), a robust 

statistic defined by 

!"RS = =klW>K w('T + 'U) 2x 	y,                             [2.14] 

where 1 ≤ > ≤ z ≤ K. The third estimator considered by Nazir et al. (2013) is the 

trimeans (eUf), a robust statistic defined earlier in Equation [2.7]. The procedures 

yield three new CUSUM charts for the location, namely the CUSUM-MR chart, 

CUSUM-HL chart, and CUSUM-TrM chart. 

 

Evaluations of the proposed charts were done under the assumption that process 

parameters are known. To support their findings, Nazir et al. (2013) compared the 

performance of the proposed charts with CUSUM '(  chart and CUSUM 'm  chart 

under some contaminated scenarios. The comparison of ARL led to a conclusion that 

the CUSUM-TrM chart is the best in terms of robustness and shift-detecting ability 

for all distributions considered in the study.  
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In another study of Nazir et al. (2016), three different types of charts were 

investigated under normal and contaminated normal distributions. Specifically, 

CUSUM, EWMA, and mixed EWMA-CUSUM charts were suggested for Phase II 

monitoring of location based on mean, median, midrange, Hodges-Lehmann, 

trimean, and trimmed means statistics. Up to this point, all these statistics, except for 

the trimmed mean were applied for Phase II by different control charting techniques.  

 

The sample trimmed mean is  

!"EA = (
+#)[+V] w∑ '(!)

+#[+V]
!8[+V]"( y,                                     [2.15] 

where { is the trimming proportion and '(!) is the ith order statistics in a random 

sample of size n. In other words, trimmed mean is an adjusted mean whereby the 

average is calculated after removing the ( K{ ) smallest and the ( K{ ) largest 

observations. For the analysis, Nazir et al. (2016) set { to 10% and 20%.  

 

Taking into account on the estimation effects of process parameters in Phase I, Nazir 

et al. (2016) derived the design parameters for the different charts in the context of 

unknown parameters values. They found that no single chart performs best in all data 

scenarios considered in the study. Their work, nonetheless, assumed that Phase I data 

are free from outliers or any other data anomalies which justified the use of standard 

estimators to compute the process parameters in Phase I. This is a strong assumption 

and that under non-normal Phase I data, their finding could be very well different.  

 

Abu-Shawiesh and Abdullah (1999), on the other hand, considered that the Phase I 

and Phase II distributions are the same when they considered the effect of non-

normality on the Shewhart chart. In their study, the researchers presented the 
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Shewhart chart for Phase II monitoring of location based on Hodges-Lehmann 

statistic in the context of unknown parameter values. This chart is identified as the 

Shewhart-HL chart in their study.  

 

To ensure robustness of the proposed chart, Abu-Shawiesh and Abdullah (1999) 

proposed to use Phase I estimator of the location parameter based on the HL 

estimator as well. The researcher used the average Hodges-Lehmann (HL):  

|E(((( = (
7∑ |E!7

!8( ,                          [2.16] 

to compute the estimate of location parameter of the process where HLi is the 

estimated HL of sample i. They paired it up with the average Shamos-Bickel-

Lehmann (SBL), a robust measure of scale, to construct the control limits of the 

proposed chart.  

 

Analogous to the HL statistic of location, the SBL estimator is also defined based on 

the pairwise values from a random sample '! , '), … , '+ of size n. The calculation of 

the SBL, however, is obtained by replacing the pairwise averages in Equation [2.14] 

with pairwise distances |'T − 'U| . The SBL estimator was first mentioned by 

Shamos (1976) and later by Bickel and Lehmann (1979). 

 

The methodology studied to construct the Shewhart-HL chart was explained in detail 

by Abu-Shawiesh and Abdullah (1999).The researchers considered multiplying the 

average of the SBL estimator by some correction factor c in the 3-sigma control 

limits of the suggested chart. The limits’ adjustment by a factor c, where c is the ratio 

of two standard errors (that is the HL to the SBL), arose in the study since the average 

of the sample statistic (SBL) is not equal to the standard error of the HL estimator.   
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Abu-Shawiesh and Abdullah (1999) provided the values of the factor c based on the 

sample size n: 2 ≤ K ≤ 15.  The values were obtained using a simulation study 

under a normal distribution. Since the HL and the SBL are both robust estimators, the 

researchers reasoned that the approximation of the factor c in this case shall be 

adequate if observations are drawn near the neighborhood of the normal distribution.  

 

Advantageously, the adjusted 3-sigma control limits and the Shewhart-HL chart 

constructed using them are very useful when data are non-normally distributed. 

Precisely, for heavy-tailed distributions and moderate sample sizes n, the Shewhart-

HL chart outperforms the Shewhart '(  chart with non-robust limits in terms of 

robustness and shift-detecting ability. Abu-Shawiesh and Abdullah (1999) briefly 

discussed how their robust chart performs against the Shewhart '( chart with robust 

limits suggested by Langenberg and Iglewicz (1986). 

 

Langenberg and Iglewicz (1986) considered the trimmed mean of sample means, 'jV, 

and trimmed mean of sample ranges, v(V, respectively given by  

'jV =
(

7#)[7V] w∑ '(!
7#[7V]
I8[7V]"( y,                        [2.17] 

v(W =
(

7#)[7V] w∑ v!
7#[7V]
I8[7V]"( y,                        [2.18] 

to construct the control limits for Shewhart '( chart. The idea is to trim or remove { 

of the ordered sample means and sample ranges from each tail and compute the mean 

and the range of the remaining m samples in Phase I data set. Langenberg and 

Iglewicz (1986) also tabulated some constant multiplier to adjust the proposed 

control limits of the Shewhart '( chart.  
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The recommendation to use 'jV and v(V in setting up control limits for the Phase II 

Shewhart '(  chart appears to be reasonable upon violation of the normality 

assumption. This is supported by quicker detection of process shifts when the 

Shewhart '( chart is constructed with robust limits instead of non-robust limits 

(Langenberg & Iglewicz, 1986). However, Abu-Shawiesh and Abdullah (1999) 

claimed that the Shewhart-HL chart is better than the Shewhart '( chart with the 

robust control limits as n increases and tails of the distributions become heavier. 

Unfortunately, Abu-Shawiesh and Abdullah (1999) also acknowledged that both the 

Shewhart-HL chart and the Shewhart '( chart with robust limits by Langenberg and 

Iglewicz (1986) fail to compete with the Shewhart '( chart with non-robust control 

limits in detecting shifts for a normal process data.  

 

Another good example of work that uses robust estimator for Phase II can be referred 

in Figueiredo and Gomes (2004). Briefly, the researchers considered the Shewhart 

chart for Phase II monitoring of location based on the total median statistic. They 

considered the situation in which the true parameter values are unknown and 

proceeded to use the same robust statistic to compute the estimate of the location 

parameter of the process. The proposed robust control chart is a good alternative to 

the traditional Shewhart control chart when the data come from a distribution with 

moderate to heavy tails. In an attempt to encourage the use of total median statistic in 

practice, the authors provided explicit expressions for the robust statistic in their 

more recent paper, i.e., Figueiredo and Gomes (2016). The expressions are available 

for sample sizes n from 3 to 10, which are deemed as the most common sample sizes 

in SPC.  
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2.5.1 Defining the control limits   

One of the issues concerning the establishment of Phase II robust charts discussed in 

Section 2.5 is having reasonable control limits. This is because expressions for the 

standard error of robust estimators are difficult to derive, especially when sampling 

from non-normal distributions. Therefore, majority of the studies discussed in 

Section 2.5 assumed that the sampling is done under normality.   

 

The proposal of median ('m ) chart, for example, has been pursued by many 

researchers due to the proximity of the distribution of the sample median to 

~(,,, ;A) ), where ;A)  is the variance of the sample median. Castagliola (1998) who 

derived the distribution of the sample median showed that ;.X = ; × ;�,,(, where ;�,,( 

is the standard error of the median when sampling from the standard normal 

distribution. Consequently, the value of ;�,,( can be computed for an odd sample size 

n using the approximation in Equation [2.19]  (Castagliola, 1998): 

;�,,( ≈ Ä Y
)(+")) +

Y'
9(+"))' +

Y'Z(* ()9Y#()[ \
)(+"))1  .            [2.19] 

 

Castagliola (2001) constructed the asymptotic control limits for the EWMA 'm chart 

using ;.X = ; × ;�,,( in the context of unknown parameter values. Yang et al. (2010) 

also used the same expression for the standard error of the median estimator, i.e., 

;.X = ; × ;�,,(, to construct control limits for several 'm charts in their study. But in 

the latter case, the true parameter values were assumed known.  

 

Khoo (2005), on the other hand, considered the variable transformation technique to 

obtain the distribution of the sample median, but still under normality as well. Hence, 
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the density function for the sample median when: (i) the sample size n is odd and (ii) 

the sample size n is even, were derived in the study. In the case when n is even, the 

integral that appears in the expression of the function could be solved via 

Mathematica software, whereby a sample program was provided by Khoo (2005). 

Using the updated information on the underlying distribution function of the sample 

median, Khoo (2005) constructed the limits of the Shewhart 'm chart. 

 

The non-availability of the exact distribution of so many good alternatives to the 

classical mean imposes some challenge to establish robust control charts. Even 

through the asymptotic approach, the limiting variance still contains the 

corresponding probability density function (pdf). Expressions for the asymptotic 

variances, if available, are generally just under normality. For example, references on 

the subject matters can be referred to Caperaa and Rivest (1995) and Wang et al. 

(2007) who respectively, derived expressions for variances of the trimmed means 

and trimean statistics when data distribution is normal.  

 

Assuming that Phase I data are normally distributed and that the limiting variances of 

both trimean and trimmed mean in this case are available, Nazir et al. (2016) were 

able to develop Phase II control limits of the proposed trimean and trimmed mean 

charts. The ARL of the robust charts were analyzed when the underlying Phase II 

data distributions are non-normal. Human et al. (2011), however, argued that to 

accurately study the robustness of control charts, it is important to assume that the 

Phase I and the Phase II distributions are the same. Otherwise, it is only correct to 

observe the out-of-control state of the process, since we take it as the process 

encountered a change in the distributional location parameter.  
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In the case of using the mean estimator, which various pdfs as well as expressions for 

their means and variances are readily available, the above-mentioned concern can be 

dealt easily. To illustrate, we look at one of the scenarios where Human et al. (2011) 

examined the effect of t distributions on individual EWMA charts with known 

parameters. The pdf, mean (,,), and variance (;2) of the distribution are given by  

Å(?) =
]O45*' P

](I/))√IY Z1 +
2'
I [

(I"()/)
; 		? ∈ ℝ, 	,, = 0, 	;2) =

I
I#) , Ö ≥ 3.              [2.20] 

 

Using the formulas in Equation [2.20] and setting Ö = 3, where Ö is the degree of 

freedom, Human et al. (2011) calculated the in-control parameters (,,, ;2 ) and 

consequently, used the values to compute the control limits for the EWMA chart, 

given by Equation [1.3].  

 

In the context of unknown parameter values, Human et al. (2011) assumed that both 

the Phase I and the Phase II data were generated from the t distribution with 3 

degrees of freedom. Consequently, they replaced ,, and ;2 with estimates from the 

standard estimators, calculated the control limits in Equation [1.3], and later 

monitored the ARL0 of the EWMA charts in Phase II.  

 

Surely, we are aware that the control limits of the EWMA chart defined in Equation 

[1.3] are for multiple observations (n > 1), but the work in Human et al. (2011) was 

for a single observation (n = 1). The pair (&, E) ought to be considered as well in 

designing the Phase II EWMA chart but the issue has been discussed in detail in 

Section 2.3. Nonetheless, through this small but relevant example based on the study 

in Human et al. (2011), we just want to emphasize the non-complexity of 

establishing Phase II control chart based on the mean estimator. The point is that we 



 

  58 
 

have no clue on the expressions for the means and variances of robust statistics under 

non-normal cases, let alone the corresponding pdf of that.  

 

The challenge to come up with a theoretically correct expression for the standard 

error of robust estimators lead to alternative proposals to estimate the standard error 

of the estimator. Park (2009, 2013), for examples, considered variance associated 

with bootstrap sampling distribution when they established the Shewhart 	

'm control chart. Park (2009) argued that a bootstrap method enables the construction 

of control limits for the robust chart even when data distribution is non-normal. 

 

Nazir et al. (2013), on the other hand, simulated the standard errors of all estimators 

used in their study, including the median and Hodges-Lehmann statistics. In their 

study, the simulated standard deviations were determined based on 5 × 10_ samples 

of size n to construct the decision limits of the CUSUM charts.  Similarly, Abu-

Shawiesh and  Abdullah (1999) determined the standard deviation of the HL and the 

SBL estimators based on 2 × 109 samples of size n, when they adjusted the 3-sigma 

limits of the Shewhart HL chart; a newly suggested robust chart in their study.  

 

2.6 Robust Concepts  

Throughout this chapter, we have reviewed the application of robust methods in 

SPC. Specifically, we have reviewed various notable robust methods when these 

methods were applied on the Shewhart, CUSUM, and EWMA techniques.  

 

It has caught our attention during an exploration of literature in this chapter that 

robust methods have yet to be incorporated in synthetic technique by any means. 



 

  59 
 

Indeed, there were a few proposals outside the modern methods, targeted to retain 

stable in-control performance of the synthetic chart when the underlying distribution 

is non-normal. One of the recommendations is to design the charts using heuristic 

methods. The methods and its limitation were discussed in the beginning of Section 

2.4.  

 

We do agree that no single method can be expected to compete well in all possible 

circumstances. Heuristic methods, for instance, are specifically designed to avoid 

high probability of false alarms associated with the standard charts under skewed 

data distributions. Nonetheless, robust methods have much more to offer because 

they perform well in a wide range of distribution models. When standard 

assumptions such as the normality are approximately true, methods based on the 

classical mean may offer just a slight advantage in statistical power over robust 

methods. However, that small advantage ceases at any change in the kurtosis and/or 

skewness of the distribution (Wilcox & Keselman, 2003a). As we move toward 

situations in which tails of the distributions are increasingly heavier or more skewed, 

robust methods gain the upper hand. In these circumstances, not only robust methods 

have better statistical power, but they generally provide better control over the Type I 

error rates (known as false alarms in the aspect of quality control).  

 

Standard methods (using mean as the location estimator) break down at some point 

as we deviate gradually from the normality assumption (Wilcox & Keselman, 

2003a). The issue has been discussed in Section 2.3 where we reviewed practical 

problems associated with control charts based on mean. The concept that the statistic 

“breaks down” and starts yielding nonsensical values is defined by the breakdown 
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point; a simple but profound tool that becomes the essence of robustness theories. 

Subsection 2.6.1 focuses on the details.  

 

2.6.1 The breakdown value 

In general, a breakdown point is a tool to assess the quantitative robustness of an 

estimator. It explains quantitatively the effect of a small change in the underlying 

distribution F in changing the distribution of an estimate (Wilcox, 2005). For 

Rousseeuw and Verboven (2002), this tool basically enquires maximum number of 

outliers an estimator can cope with before becoming totally unreliable. Staudte and 

Sheather (1990) referred breakdown point as the smallest fraction of n observations 

which can render the statistic useless.  

 

The statistic breaks down (i.e., becomes useless) when the absolute value of the 

magnitude becomes arbitrarily large, i.e., when the statistic can be pulled to ±∞. 

Rousseeuw and Verboven (2002) defined the breakdown point of a location 

estimator, W at X, denoted by á∗ as:   

á+∗ = (à+; ') = =WK â7+ ; äãå|à+()
D)| = ∞ç,           [2.21] 

where ' = (?(, … , ?+) and )D are all data set obtained by replacing any k data points 

?!* , … , ?!6 by arbitrary values  é!* , … , é!6.  

 

The breakdown point of the sample mean, '(, is á∗ = (
+. In other words, if a fraction 

of n observations in the sample is driven to infinity, so does the value of '(. Hence, it 

easy to see why '(  has the breakdown value of 0 and therefore is never robust. 

Meanwhile, the breakdown value of the sample median is 50% with á∗ = `+ )[ a
+ , 
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which is the best possible breakdown value for a location estimate. This optimal 

breakdown point allows the median to resist up to 50% outliers in the data set. 

Because of that, the estimate remains bounded in such cases.  

 

The { trimmed mean has a breakdown value of { with á∗ = ([V+]"()
+ . The term  {  

trimming means that if a data set is sorted in ascending order, the smallest  {  and the 

largest  {  are trimmed or removed. For { = 50%, we have the median, which is the 

most trimmed statistic (Wilcox & Keselman, 2003b). From the robustness 

perspective, taking { = 50% may provide the best possible protection against “bad” 

data of considerable size. On the other hand, taking { = 50% may cause the opposite 

problem in which “good” observations can be captured as “bad” data, leading to loss 

of information when these supposedly good data were excluded from estimation 

procedure.  

 

It is, however, difficult to empirically determine the amount of trimming required in 

any given application. Othman, Keselman, Padmanabhan, Wilcox, and Fradette, 

(2004) and Keselman, Wilcox, Algina, Fradette, and Othman (2004), among many 

researchers, deliberated over the optimal amount of trimming when the study is 

conducted under small sample sizes n. It is noted that for {  = 20%, a small standard 

error can be attained for the sample trimmed mean (Wilcox, 1998).   

 

In many occasions, the limiting value èW=+→cá∗ is sufficient to measure the global 

stability of an estimator. Overall, higher breakdown value signifies that the estimator 

can hold out against a very large proportion of bad data in the sample without 

completely breaking down. To illustrate, the Hodges-Lehman and the trimean, two of 
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the robust statistics that we have reviewed over their impact on Phase II performance 

of control chart, have respectively 29% and 25% breakdown points. Because of that, 

the Hodges-Lehman and the trimean are less robust than the median. The median, as 

we discussed earlier, has 50% breakdown point.  

 

Another robust estimator with possible highest breakdown point is the M-estimator 

of location. The estimator, as defined previously in Equation [2.3], is attractive 

because its breakdown point depends on the initial robust estimate of scale ;\, 

(Maddahi et al., 2011). To illustrate, if ;,  is estimated by the median absolute 

deviation about the median (MADn), the M-estimator has the highest possible 

breakdown point (that is 50%, analogous the median). This is because the MADn, a 

very robust scale estimator defined by: 

!"Ade( = 1.4826	=kl!ë?! −=klf?fë,            [2.22] 

possesses the best possible breakdown value (50%) for a scale estimate. It is noted 

1.4826 is a correction factor which makes the MAD consistent at Gaussian 

distributions (Rousseeuw & Hubert, 2018).  

 

The MADn statistic, in fact, has been featured in many robust design charts for 

dispersion. Saghir and Faraz (2018), for example, focused on the development of 

Phase I chart using a few highest breakdown point scale estimators including MADn. 

They disclosed that the Phase I MADn chart and other proposed design of Phase I 

robust dispersion charts in the study are useful in attaining “clean” Phase I sample. In 

more recent study, Abbas (2019) shows how MADn is useful in robustifying control 

limits for the Phase II Shewhart chart. As such, even when data available for 

estimation are contaminated, the limits for this dispersion chart would not be 
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overestimated or underestimated. Based on this reasoning, control limits can be 

estimated confidently for use in Phase II. Meanwhile, Koukouvinos and Lappa 

(2019) used MADn statistic in both estimation as well as plotted statistics of a 

moving average control chart. This robust chart was shown to detect small and 

moderate shifts in process dispersion quickly while being able to maintain the same 

efficiency under skewed data distribution.  

 

Aslam, Rao, AL-Marshadi, Ahmad, and Jun (2019) focused on developing control 

chart for monitoring process capability indices (PCI) $:D  under asymmetric data 

condition. It is noted that successful monitoring of the process using these indices, 

i.e., $:D  require the normality assumption. Otherwise, the calculated ARL for the 

chart may deviate far from the corresponding normal theory values. A solution was 

offered by Aslam et al. (2019) in which they proposed to compute the indices using 

MADn. Apart from using this robust measure in the plotted chart statistic, they used 

it in estimating the control limits. The performance of this robust charts was studied 

in detail under varied skewed distributions via Monte Carlo simulation study. 

Precisely, Weibull, gamma, and log-normal distributions were respectively used to 

illustrate the effect of low, moderate, and high levels of skewness in the process data. 

Even for the very skewed process data, the MADn chart still able to quickly detect 

out-of-control condition as shown in the study.   

 

 The MADn statistic is easy to compute as defined by Equation [2.22] and it has 50% 

breakdown point (Rousseeuw & Hubert, 2018). Combining the two factors, it left no 

wonder that this statistic is popularly used in specifying outlier detection rule. For 

example, the one-step M-estimator which is defined as:   



 

  64 
 

!"(#'E&g	A =
(.)h(Ade()(!'#!")"∑ ."(7"'

")"*5*

+#!*#!'
,                   [2.23] 

uses MADn statistic to flag outliers in the data set denoted by i1 and i2. Specifically, 

an outlier is flagged if  (."#A)Ade(
< −8 or  (."#A)Ade(

> 8, with K = 1.28 and M is the usual 

median. The lower and upper constraints are for determining i1 and i2 in Equation 

[2.23], respectively. Advantageously, the breakdown point of the one-step M-

estimator is 50% due to the use of M and MADn in the constraints.  

 

Wilcox and Keselman (2003b) proposed to drop the term in Equation [2.23] 

containing MADn which subsequently led to the proposal of the modified one-step 

M-estimator (MOM) defined by  

!"AiA =
∑ .(")(7"'
")"*5*

+#!*#!'
 .                           [2.24]  

Like in one-step M-estimator, an outlier is flagged if (."#A)Ade(
< −8 or  (."#A)Ade(

> 8, 

but K is now adjusted to 2.24 to obtain a small standard error of !"AiA  under 

normality (Wilcox & Keselman, 2003b). MOM has 50% breakdown point, following 

the use of M and MADn in the trimming criteria. Naturally, MOM’s formula is more 

intuitive than the one-step M-estimator since the former merely averages the values 

remaining after outliers are discarded.  

 

The positive features of MOM continue in its winsorized version. The winsorized 

MOM (WMOM) was recommended by Haddad, Syed-Yahaya, and Alfaro (2013) and 

it uses the same criteria as in MOM to identify outliers. Therefore, WMOM possesses 

the highest possible breakdown point as well (i.e., 50%). But unlike the MOM 

estimator, the WMOM is to winsorize data before averaging the values using 
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!"jAiA =
∑ j"
(&
"
+ ,                                 [2.25]        

 where n is the sample size and à! refers to the ith ordered observations in a sample 

(after winsorizing the data) defined by 

                  [2.26] 

 

Both WMOM and MOM enjoy good qualities that are usually found in the median 

and trimmed means estimators. Like the median, MOM is capable to handle dire 

contamination in the data set because of the 50% breakdown point. In addition, 

MOM empirically trims data based on the shape of underlying distribution. As such, 

the use of MOM obviates two negative features of trimmed means: symmetric 

trimming and the optimal amount of trimming stipulated prior to checking for 

outliers. Naturally, WMOM which carries positive traits of the MOM, shall proffer 

similar advantages over the trimmed means.   

 

2.6.2 Statistical power 

In general, robust estimators (i.e., estimators with > 0% breakdown points) can offer 

substantial improvement over the efficiency of non-robust estimators such as the 

classical mean, if outliers are present in the data. Several studies in Section 2.4 (e.g., 

Schoonhoven et al., 2011; Shahriari et al., 2011; Zwetsloot et al., 2014, 2016) 

focused on the accuracy of robust estimators using the mean square error (MSE). The 

MSE defines the quality of the estimator (!") through its respective variance, that is:   

fOìî!"ï = ñ>UW>KQkî!"ï + IóW>äî!"ïJ
),            [2.27]       

where óW>äî!"ï is the difference between the expected value and the true value of !".  
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The value of MSE for any !" is always non-negative, and the closer the value to zero, 

the higher we regard the quality of !" . In other words, the MSE describes the 

estimator’s efficiency in utilizing good data. The comparison of estimators’ MSE by 

Schoonhoven et al. (2011), Shahriari et al. (2011), and Zwetsloot et al. (2014, 2016), 

as expected, proved that the classical mean estimator is the most efficient (i.e., 

lowest MSE) under normality. The researches also deliberated over different pattern 

of the MSE values for robust estimators. Zwetsloot et al. (2016), for example, noted 

that estimators which apply median function to the samples offer a low MSE level as 

number of individual outliers varies in the data set. On the contrary, the estimators 

based on the trimming function show a steep level of increasing MSE as they fail to 

trim the individual outliers within the sample. The MSE, as we defined earlier, 

indicates better efficiency of an estimator when it is lower.   

 

After examining the MSE of four robust estimators via a simulation study, Ozdemir 

(2010) concluded that the one-step M-estimator, MOM, and 20% trimmed mean are 

preferable than the median in the case of standard normal distribution. They also 

perform the best in the cases of contaminated normal distributions. That is, the one-

step M-estimator having the smallest standard error, followed by the MOM and the 

20% trimmed mean. Ozdemir (2010) also emphasized that the classical mean 

estimator should not be used in the case of contaminated data due to its sensitivity to 

outliers. They supported the argument with high MSE value of the sample mean 

when outliers are likely to occur in the data set.    

 

Wilcox (1998) dedicated a small section in his paper to validate why non-robust 

estimators’ applications should be discouraged under non-normality. He compared 
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the squared standard error of several estimators when sampling from the normal and 

three non-normal distributions: lognormal, one-wild, and slash. As a reference, the 

lognormal is a skewed distribution. Meanwhile, the one-wild and the slash are 

symmetric distributions with tails heavier than the normal.  

 

In his study, Wilcox (1998) showed that the mean and the Harrell-Davis estimators 

have relatively high standard errors over the non-normal distributions considered. 

Briefly, the Harrell-Davis estimator which was suggested by Harrel and Davis (1982) 

uses a weighted average of all the order statistics. Therefore, it belongs to the family 

of L-estimators - a linear combination of order statistics. However, unlike the median 

and the trimean, which are also part of L-estimators’ family, the Harrell-Davis has 

0% breakdown point (Wilcox, 2005, p. 273). On a different note, two of the robust 

estimators studied by Wilcox (1998), i.e., the 20% trimmed mean and the M-

estimator with Huber ] , show reasonably good efficiencies, i.e., small standard 

errors, over the distributions considered.  

 

A short but important discussion in Wilcox’s paper (i.e., Wilcox, 1998) verified that 

non-robust estimators always produce large standard errors as we deviate gradually 

from the normality assumption. This is credited to the fundamental principle that the 

variance of non-robust estimators is highly sensitive to the tails of a distribution. 

Hence, small changes in any distribution can greatly inflate the variance, which in 

turn lowers power (Wilcox, 1998; Wilcox & Keselman, 2002, 2003a). Section 1.7 

addressed the concern from SPC perspective. Likewise, reviews of research papers in 

this chapter attended to the issue.  
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A good compromise between keeping the ARL0 acceptably close to the pre-specified 

value and maintaining the chart’s sensitivity to actual shifts in the location parameter 

is difficult to achieve. But through robust methods, the deed may be accomplished as 

read in Section 2.4 and 2.5.  

 

2.7 Beyond SPC: MOM and WMOM 

The modification of the well-known one-step M-estimator, i.e., MOM, by Wilcox 

and Keselman (2003b) has been acknowledged in various researches outside SPC. A 

few researchers, however, admitted that that one-step M-estimator can offer a 

relatively smaller standard error than the MOM. As a reference, just before this 

section, we noticed that Ozdemir (2010) verified the basis through a simulation 

study.  

 

However, the MOM estimator has advantages when it comes to hypothesis testing 

under small sample sizes n (Wilcox, 2005; Wilcox & Keselman, 2003a). The 

advantages of MOM over its unmodified version are touted in terms of good control 

over Type I error rates and likewise, the power of the test. Researches also perceive 

similar duo advantages when a method for comparing groups means based on MOM 

is juxtaposed with trimmed means. Common methods such as the ANOVA F-test 

and the Alexander-Govern (AG) test based on MOM, for instance, have been shown 

to perform very well in terms of both power and control over the Type I error rates 

(e.g. Ochuko, Abdullah, Zain, & Syed Yahaya, 2015; Wilcox, 2003; Wilcox & 

Keselman, 2003b).  
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Focusing on the goodness of MOM, Othman et al. (2004) consecutively modified the 

H-statistic, calling it MOM-H. Their proposal was to use MOM as measure of 

location in the H-test to detect differences between groups when data have unequal 

variance and non-normal in shape. As expected, MOM-H offers a reasonably good 

control over the probability of Type I error under such circumstances. 

 

Still focusing on the MOM-H statistic, Syed Yahaya, Othman, and Keselman (2006) 

investigated the effect of using different robust scale estimators in the trimming 

criterion in MOM, apart from the default one; the MADn. The researchers proposed 

to substitute MADn with Sn and Tn, two highly robust scale estimators with the same 

breakdown points as the MADn and therefore, earning the same 50% breakdown 

point for the MOM just like before. The statistical properties of Sn and Tn as well as 

their formulas were discussed in detail by Rousseeuw and Croux (1993).  

 

In the cases where data distributions are extremely skewed, Syed Yahaya et al. 

(2006) observed that the modified MOM-H (that is, using Sn and Tn over MADn in 

the trimming criterion) offer better Type I error control. Consecutively, Syed Yahaya 

for her Ph.D. thesis (i.e. Syed Yahaya, 2006) worked on the recommendation of Syed 

Yahaya et al. (2006) in the context of one-way independent group design under 

skewed distributions by including Qn. An insightful review on Qn, another robust 

scale statistic with 50% breakdown point, can be found in Rousseeuw and Croux 

(1993). Overall, Syed Yahaya (2006) modified two of the latest methods in robust 

statistics i.e., S1 and MOM-H, by integrating Sn, Tn, and Qn to these methods.  
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Another robust study that illustrates MOM’s virtue is seen in the paper by Keselman 

et al. (2004). In their study, Keselman et al. (2004) contrasted the sensitivity (i.e., 

power) of seven robust test statistics which are known to be resistant to the combined 

effect of non-normality and unequal variance. These test statistics were constructed 

using adaptive estimators such as MOM. Adaptive estimator is an estimator with a 

nuisance parameter which is not a primary interest but must be accounted in the 

analysis of the primary parameter of interest.  

 

All seven robust tests studied by Keselman et al. (2004) are for detecting treatment 

effects in a one-way completely randomized design of sample sizes n, where n = 4. 

Certainly, there is no perfect robust methods that can accommodate all scenarios that 

are likely to encounter in applied work. However, under very adverse cases of non-

normality, it would be extremely useful to adopt test statistic based on MOM, as 

concluded in Keselman et al. (2004). 

 

Likewise, the application of WMOM in hypothesis testing has proven to be useful in 

the cases of severe non-normal scenarios. Ochuko et al. (2015), for instance, showed 

that AG test constructed based on WMOM has good control over the Type I error 

rates, when compared to the original AG test based on the classical mean. Moreover, 

the advantageous of using WMOM in the AG test exceeds MOM as found in the work 

of Ochuko et al. (2015). 

 

Despite close resemblance between hypothesis testing and the theoretical approach to 

control charting in Phase II, both WMOM and MOM are scarcely engaged in the 

latter case. We just discovered two works that applied WMOM in multivariate 
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Hotelling’s T2 control chart. Hotelling’s T2 chart is essentially a Shewhart chart, but 

for the monitoring of two or more interrelated process variables at the same time. 

Haddad et al. (2013) who introduced WMOM, used the robust location estimator as a 

substitute for the usual mean vector in the Hotelling’s T2 statistic. Meanwhile, the 

inverse of covariance matrix in the statistic was substituted with the inverse 

winsorized covariance matrix based on the corresponding robust scale estimator used 

in the trimming criterion.  

 

In their study, Haddad et al. (2013) investigated the effect of using different robust 

scale estimators in the trimming criterion on the performance of multivariate 

Shewhart chart. The researchers proposed to substitute MADn with Sn and Tn, and 

later compared the robust charts’ performance with the classical Hotelling’s T2 chart. 

In general, the robust charts perform better than the traditional chart, both in- and 

out-of-control situations under contaminated normal distributions. 

 

Extending the work of Haddad et al. (2013), Haddad and Alsmadi (2018) used Qn 

instead of MADn in the trimming criterion in WMOM. In their latest study, Haddad 

and Alsmadi (2018) used the inverse winsorized covariance matrix based on Qn to 

replace the usual inverse of covariance matrix. As expected, the robust Hotelling’s T2 

chart perform better than the traditional Hotelling’s T2 chart. The outcomes in both 

Haddad’s studies were observed in terms of false alarm and the mean shift detection 

rate.  

 

In any given application based on MOM or WMOM, it is obvious that a good control 

over the Type I error rate is due to the 50% breakdown point. Moreover, the 



 

  72 
 

trimming criterion employed in both robust statistics considers the distributional 

shape of the data. For example, when a distribution is sufficiently heavy-tailed, the 

trimming will be on both sides of the tails. On the other hand, if data distribution is 

skewed to the right, the trimming in MOM and WMOM will be just on the right tail 

of the distribution. Advantageously, applications of MOM and WMOM allow 

possibility of no trimming when no outliers exist in the data set. Therefore, 

accidental removal of “good data” can be avoided unlike in the cases of using the 

usual trimmed means.  

 

 

 

!  
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CHAPTER THREE  

METHODOLOGY 

3.1 Introduction  

Continual checking of process operation to detect unusual data via control charts has 

been gaining attention across many different industries. Among the many SPC 

techniques available in literature, the charts that are common and convincing for 

identifying small and moderate changes are the CUSUM (Page, 1954), the EWMA 

(Roberts, 1959), and the synthetic (Wu & Spedding, 2000). Due to the good reviews 

of the charts, they are the focus of this study. As mentioned in the previous two 

chapters, these three charts function differently in monitoring process location. The 

CUSUM chart and the EWMA chart accumulate information from sequences of 

process reading. Meanwhile, the synthetic chart incorporates salient features of the 

Shewhart chart and the CRL chart in its design. Due to the additional features in their 

control structures, unlike possessed by the usual 3-sigma Shewhart control chart, the 

CUSUM, the EWMA, and the synthetic offer improvements in detecting small and 

moderate shifts.  

 

This chapter is intended to explain the methodology of the simulation study  

associated with the CUSUM, EWMA, and synthetic charts. The flow of the study is 

displayed in Figure 3.1. In more details, in this chapter, we outline the procedures 

employed as well as variables manipulated in accomplishing the objective of 

controlling the ARL0 and reducing the ARL1 of the charts.  
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Figure 3.1. The flow of simulation study 
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3.2 Procedures Employed  

In searching for the best chart or charts that maintains sensitivity to shifts in the 

process location while maintaining its ARL0 acceptably close to its pre-specified 

value, the three suggested control charts were combined with different robust 

location estimators via winsorized and trimming approach. Specifically, one 

winsorized estimator, i.e., the WMOM, and four trimmed mean estimators namely the 

mean which is 0% trimming (Wilcox & Keselman, 2003b), 20% trimmed mean, 

median which is 50% trimming (Wilcox & Keselman, 2003b), and MOM were 

chosen. The use of 0% trimming was included in this study so that means can be 

compared. Figure 3.2 shows the combination of the three control charts with their 

corresponding location estimators. 

 

 

 

 

 

 

 

 

 

Fifteen control charts were generated. The fifteen comprised the combinations of the 

CUSUM chart with five location estimators; mean ('(), 20% trimmed mean ('(,.)), 

median ('m), MOM, and WMOM, plus the combinations of the EWMA chart and the 

synthetic chart with the aforementioned location estimators. These control charts 

were investigated and compared for their ARL0 and ARL1 under various conditions 

CUSUM EWMA synthetic 

'( '(,.) 'm MOM WMOM 

   Figure 3.2. Control chart with the corresponding location estimators 
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which can emphasize the strengths and weaknesses of the charts. Listed in Table 3.1 

are the fifteen control charts.  

 

Table 3.1 
The Investigated Control Charts 

Number Control charts Notations 

1a CUSUM !" chart !"%  

2b CUSUM !"!.# chart !"!.#,%  

3b CUSUM !# chart !#%  

4c CUSUM MOM chart MC 

5c CUSUM WMOM chart WC 

6a EWMA !" chart !"& 

7b EWMA !"!.# chart !"!.#,& 

8b EWMA !# chart !#& 

9c EWMA MOM ME 

10c EWMA WMOM WE 

11a synthetic !" chart !"' 

12c synthetic !"!.# chart !"!.#,' 

13c synthetic !# chart !#' 

14c synthetic MOM chart MS 

15c synthetic WMOM chart WS 

Notation: a represents the original charts; b represents the 
existing; modified charts; and c represents the newly 
proposed modified charts. 

 

‘Existing modified’ charts are those robust charts that are available in the literature. 

Meanwhile, the ‘newly proposed modified’ charts are the focus of this study. The 

reason why we include the ‘existing modified’ in this study is that the estimators in 

the existing modified charts that had been chosen, have not yet being employed in 

the design structure of synthetic control chart. In fact, no robust estimators have been 

considered in the study of synthetic control chart before. Thus, for comparison 

purposes, it is necessary to have the existing modified CUSUM and EWMA control 
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charts in this study. The notations in Table 3.1 henceforth are used for the fifteen 

control charts. 

 

3.2.1 Description of the location estimators  

Based on a random sample ' = {'(, … , '+} of size n, the location estimators (!"s) are 

defined as follows:  

i. Trimmed means  

 The sample trimmed mean, '(V,  is defined as (Wilcox, 2003): 

 !" = (
+#)[+V] w∑ '(!)

+#[+V]
!8[+V]"( y ,                        [3.1] 

where { is the trimming proportion and '(() ≤ '()) ≤ …'(+). In this study, 

{ was set at 0% (mean) and 20%, thereby yielding two different location 

estimators for !" namely '( and '(,.), respectively.  

 

ii. Median  

The sample median, 'm, is defined as (Nazir et al., 2016): 

!" = ^

(
) n'O('#(P

+ 'O('"(P
o ,											WÅ	K	Wä	kÖkK	

'O('"
*
'P
,																																			WÅ	K	Wä	òll.

                                [3.2]        

    

iii. Modified One-Step M-estimator (MOM) 

 The estimated MOM, is defined as follows (Wilcox, 2003):  

 !" =
∑ k(")(7"'
")"*5*

+#!*#!'
  ,                       [3.3] 

 where ô(() ≤ ô()) ≤ …ô(+). Both i1 and i2 are number of outliers determined 

 in the sample based on the following trimming criteria:   

 i1 = number of Xi that satisfies the criterion (Xi -'m) < -2.24(MADn) ,          
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i2 = number of Xi that satisfies the criterion (Xi - 'm) > 2.24(MADn) ,         [3.4]   

where MADn is defined as: 

 fdö+ = 1.4826=kl!ëé! −=klféfë .                      [3.5]     

 

iv. Winsorized Modified One-Step M-estimator (WMOM)  

After eliminating outliers using criteria in Equation [3.4], the data are 

winsorized. Following Haddad et al. (2013), the winsorized sample (denoted 

as Wi) is constructed as follows:             

                         [3.6]  

            where  

  the ith ordered observations in a sample before replacing the outliers,  

i1 = number of smallest outliers determined in the sample, 

 i2 = number of largest outliers determined in the sample. 

 

           Therefore, the estimated WMOM is given as: 

 !" = (
+∑ à!+

!8!  .                [3.7]   

  

3.2.2  CUSUM õú chart  

The use of !" in CUSUM’s name implies that the chart is dedicated to the monitoring 

of the sample statistic !" where !" can be one of abovementioned location estimators. 

The same is implied for the EWMA and the synthetic for later discussion.   
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The standardized two-sided plotted CUSUM statistics are given as (Nazir et al., 

2016):  

$!
" = =>?{0, <! − @ + $!#(

" },  $f
# = =>?{0,−<! − @+$!#(

# },             [3.8] 

where 

<! =
Bl"#B#	
089

,                     [3.9] 

and i is the sample number, !" is the location estimator, and !, is the assumed in-

control parameter. Meanwhile, the reference value, k, is given as: 

@ =
(B*#B#)

) ,                           [3.10] 

where !( is the shifted mean. Therefore, k is half the anticipated shift size, %. The 

procedures involved plotting $!"  and $!#  against the decision limit, h, to detect 

location shifts.  

 

When the in-control !,  and ;Bl  are unknown and estimated using Phase I data, 

formula for the CUSUM statistics defined by Equation [3.8] remain the same but <! 

is now given as: 

<ú! =
Bl"#Bl#
0C89

.                    [3.11] 

 

3.2.3 EWMA õú chart 

The EWMA statistic, )!, and the asymptotic lower and upper control limits, LCLE 

and UCLE, respectively, are given as (Nazir et al., 2016):   

)! = (1 − &))!#( + &!"!,                         [3.12] 

E$E& = !, − E;BlH
4

)#4 ,

<$E& = !, + E;BlH
4

)#4 ,
				

⎭
⎬

⎫
              [3.13] 



 

  80 
 

where the smoothing parameter, &  ∈ (0,1]  and L is a positive coefficient. The 

procedures involved plotting )!  against the asymptotic control limits to detect 

location shifts. By setting & = 1, this procedure is equivalent to the Shewhart control 

chart.    

 

When the in-control !,  and ;Bl  are unknown and estimated using Phase I data, 

formula for the EWMA statistic, )! , remains the same as in Equation [3.12]. 

However, the lower limit LCLE and the upper limit UCLE in Equation [3.13] should 

be replaced by: 

E$E° & = !", − E;\BlH
4

)#4 ,

<$E¢& = !", + E;\BlH
4

)#4 .
				

⎭
⎬

⎫
              [3.14]      

 

3.2.4 Synthetic õú chart   

A synthetic !" control chart uses two sub-charts, i.e., a Shewhart chart and a CRL 

chart, to signal a change in the process location. First, the sample statistic !" is plotted 

against the control limits of the Shewhart sub-chart at    

E$E5 = !, − @5;Bl	,
<$E5 = !, + @5;Bl	,

				£                [3.15] 

where ks is a positive coefficient (Wu & Spedding, 2000).   

 

If !" falls within the two limits, i.e., LCLs and UCLs, it is identified as a conforming 

sample, and if !"  traverses the control limits, it is a nonconforming sample. By 

counting the number of samples between two consecutive nonconforming samples, a 

CRL sample of the CRL sub-chart is obtained. The synthetic !" control chart signals 
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out-of-control status when the CRL sample is less than or possibly equal to the lower 

control limit (Ls) of the CRL sub-chart.  

 

When the in-control !, and ;Bl  are unknown and estimated using Phase I data, the 

LCLs and UCLs in Equation [3.15] should be replaced by  

E$E° 5 = !", − @5;\Bl	,
<$E¢5 = !", + @5;\Bl	,

				£                [3.16] 

 

3.2.5 Parameter estimation 

Equations [3.11], [3.14], and [3.16] involve estimation of !, and ;Bl  from Phase I 

data. Both !,  and ;Bl , respectively, are the location and scale parameters of the 

process. In this thesis, the focus is to estimate the location parameter (!,) and its 

impact on the Phase II performance of CUSUM, EWMA, and synthetic charts. 

Therefore, ;Bl  is treated as known because we want to isolate the effect of estimating 

the location parameter. This approach, in fact, is common when evaluating the Phase 

II performance of control charts for location under estimation as taken by Shahriari 

et al. (2011) and Schoonhoven et al. (2011), among many others.  

 

Let ô!f = §ô(f , … , ô+f• denote the Phase I data where ¶ = 1,2, … ,=. We assume ô!f 

to be independent and identically distributed from an unknown distribution F with 

mean !, and standard deviation ;Bl . The !, was estimated by the average !":  

!", = ∑ !"f7
f8( /= .                 [3.17]    
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3.3 Variables Manipulated 

Since this study deals with robust methods where sensitivity to non-normality is of 

the main concern, manipulating variables could help in identifying the robustness 

and detection capability of the investigated control charts. In the following 

subsections, we will discuss the variables that were manipulated in this study. Each 

of these variables was manipulated to create conditions which are known to influence 

the Phase II performance of control charts.  

 

3.3.1 Types of distributions  

One of the major problems in using standard control charts is their sensitivity to the 

normality assumption. As reviewed in Chapter 2, when the data do no follow the 

assumed normal distribution, the robustness (ARL0) and shift-detecting ability (ARL1) 

of the charts can be significantly different from the actual ARL obtained under a 

normally distributed set of data.   

 

 The ARL0 of standard control charts can vary uncontrollably under non-normality. 

Under gamma and t distributions, the charts may produce too small of ARL0 values, 

thus giving many more false alarms than expected when the process is actually in-

control (Borror et al., 1999; Calzada & Scariano, 2001; Noorossana et al., 2015). For 

a wider type of non-normal distributions, as observed in the work of Human et al. 

(2011), the ARL0 of a standard chart can substantially exceed the expected value, 

suggesting inferior power for detecting shifts.  

 

In investigating the effects of distributional shape on the ARL0 and ARL1, this study 

considered g-and-h distributions. Introduced by J.W. Tukey in 1977 (Hoaglin, 1985), 
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these distributions are based on transformation of the standard normal which allows 

for symmetric and heavier tails. In fact, the g-and-h distributions form a family that 

includes a variety of types of distributions including normal, lognormal, Cauchy, t, 

uniform, Chi-square ( c) ), exponential, logistic, and gamma, while providing 

adequate approximation to several other families of distributions like Pearson and 

Johnson (Chaudhuri & Ghosh, 2016). The vast coverage of probability distributions 

make the g-and-h distributions attractive for simulation studies and for distributional 

shape analysis (Martinez & Iglewicz, 1984). 

 

It is, however, hard to explicitly state the probability density function (pdf) and 

cumulative distribution function (cdf) for g-and-h distributions (He & Raghunathan, 

2006, 2012; Headrick, Kowalchuk, & Sheng, 2008; Jimenez, Arunachalam, & Serna, 

2015). As such, it is not easy to determine moments or other related measures of 

central tendency of the distributions. In view of this, a decade ago, Headrick et al. 

(2008) derived the general parametric form of the pdf and cdf for g-and-h 

distributions. Associated with the quantile function ß())  where Z is a standard 

normal random variable with pdf and cdf expressed respectively as Åm(®) and ©m(®) 

(see Appendix A for the formulae of Åm(®) and ©m(®)), the pdfs and cdfs for g-and-h 

distributions can be defined as (Headrick et al., 2008): 

 

ÅL(m)(ß(®)) = ÅL(m)(ß(?, é)) 	= ÅL(m)(ß(®), Åm(®)/ß′(®)),          [3.18] 

©L(m)(ß(®)) = ©L(m)(ß(?, é)) 	= ©L(m)(ß(®), ©m(®)),           [3.19] 

 

where	ß(®) is expressed as  

ß(®) = 	ßn,o(®) = V#((knp − 1) × (kop'/)),            [3.20] 
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such that it is strictly monotonically increasing in z, i.e., derivative ßq(®) > 0, with 

parameters g and h control the skewness and elongation of the distribution 

respectively. 

 

We note that the explicit form of the derivative associated with Equation [3.20] is  

ßq(®) = 	ßqn,o(®) = krnp"(op'/))s + V#(îkop'/)ï(knp − 1)ℎ®.                          [3.21] 

 

Headrick et al. (2008) subsequently proved that  ÅL(m)(ß(®), Åm(p)/ß′(®)) in Equation 

[3.18] satisfies the following properties 

 (i) ∫ ÅL(m)(ß(®), Åm(p)/ß′(®))l®	
"c
#c = 1, and                      [3.22a] 

(2) ÅL(m) Zß(®),
t:(;)
L<(p)[ ≥ 0,−∞ < ® < +∞.		 	 	 	 					[3.22b]	

 

In proving the first property defined in Equation [3.22a], Headrick et al. (2008) 

showed that ∫ ÅL(m)(ß(®), Åm(p)/ß′(®))l®	
"c
#c = ∫ Åm(®)

"c
#c l® and subsequently used 

this information along with Equation [3.18] to obtain the moments for g-and-h 

distributions as  

ì[ß(®)D] = ∫ ß(®)D 	Åm(®)l®	
"c
#c .                      [3.23] 

 

It should be noted that the value of the parameter h has to be set between [0,1/k) in 

ß(®) for the k-th moment to exist (Headrick et al., 2008). Subsequently, they showed 

that the formulae for the first four moments are 

ìIßn,o(®)J = îkn'/()#)o) − 1ï/	îV(1 − ℎ)(/)ï,                         [3.24] 

ìIßn,o(®))J = î1 − 2kn'/()#9o) + k)n'/((#)o)ï/(V)(1 − ℎ)(/)),               [3.25]      
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ìIßn,o(®)*J = Æ3k
='

('7>?) + k
@='

('7>?) − 3k
'='

(*71?) − 1Ø / ZV*(1 − ℎ)
*
'[,             [3.26]      

ìIßn,o(®)9J = ∞Æk
A='

(*7,?)ØÆ1 + 6k
>='

(,?7*) + k
A='

(,?7*)−4k
B='

(A?7')−4k
*C='
(A?7')Ø± /

																												ZV9(1 − ℎ)
*
'[.                                  [3.27] 

 

Tukey’s g-and-h distributions composed of two important subfamilies namely g-

distributions and h-distributions (Hoaglin, 1985). The g-distributions are the family 

of skewed distributions, yield when h = 0. By replacing h = 0 in Equations [3.24] - 

[3.27], the moments of g-distributions are reduced to  

ìIßn,,(®)J = îkn'/) − 1ï/V,                                                       [3.28] 

ìIßn,,(®))J = î1 − 2kn'/) + k)n'ï/V),                  [3.29]      

ìIßn,,(®)*J = î3kn'/) + kun'/) − 3k)n' − 1ï/V*,               [3.30]       

ìIßn,,(®)9J = î1 − 4kn'/) + 6k)n' − 4kun'/) + 8kn'/)ï/V9 .                        [3.31] 

 

The mean (,), variance (;)), skewness (≤(), and kurtosis (≤)) of the g-distributions 

can be easily obtained from Equations [3.28] - [3.31] as  

,(V) = îkn'/) − 1ï/V,              [3.32] 

;(n)
) = I(1 − 2	kn'/) + k)n')/	V)J − [,(V)]),            [3.33] 

≤((V) = î3k)n' + k*n' − 4	ï
(/)

,              [3.34] 

≤)(V) = 3k)n' + 2k*n' + k9n' − 6.             [3.35] 

 

The derivation of Equation [3.32] – [3.35] is based on Casella and Berger (2001). 

Analogously, the moments for h-distributions which are the family of symmetric 
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distributions with tails heavier than normal distribution, yield when g = 0, as shown 

below: 

ìIß,,o(®)J = 0,                                                     [3.36] 

ìIß,,o(®))J = 1/(1 − 2ℎ)*/) ,                                        [3.37]      

ìIß,,o(®)*J = 0,                                                                           [3.38]       

ìIß,,o(®)9J = 3/(1 − 4ℎ)_/) .                                                                       [3.39] 

 

Similarly, ,, ;), ≤(, and 	≤) of the h-distributions can be obtained from Equations 

[3.36] - [3.39] respectively as  

,(ℎ) = 0,                [3.40] 

;(o)
) = 1/(1 − 2ℎ)*/),                    [3.41] 

≤((ℎ) = 0,                 [3.42] 

≤)(ℎ) = 3(1 − 2ℎ)*î1/(1 − 4ℎ)_/) + 1/(2ℎ − 1)*ï.           [3.43] 

 

In this study, four combinations of g and h were chosen namely (g, h) = (0, 0),  

(0, 0.5), (0.5, 0), and (0.5, 0.5). The mean (,), variance (;)), skewness (≤(), and 

kurtosis (≤)) of g-and-h distribution that results from these specific (g, h) pairs can 

be obtained using Equation [3.24] through [3.43]. Accordingly, these values are 

listed in Table 3.2. 

 

    Table 3.2 
    Properties of the Four g-and-h Distributions  

g h , ;) ≤(  ≤) 
0 0 0 1 0.00 3.00 
0 0.5 0 - 0.00 - 

0.5 0 0.2663 1.4588 1.75 5.898 
0.5 0.5 0.8033 - - - 
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As mentioned earlier, when h > 1/k, ì[ß(®)D] is undefined and the corresponding 

entry in Table 3.2 is left blank. In addition, Figure 3.3 illustrates the distribution 

shapes of the g-and-h distributions that result from the selected (g, h) pairs. The 

selected (g, h) pairs produce particular distribution shapes that can be characterized 

as normal (Figure 3.3a), symmetric heavy tail (Figure 3.3b), skewed normal tail 

(Figure 3.3c), and skewed heavy tail (Figure 3.3d). Thus, via these (g, h) pairs, the 

major effect of non-normality, i.e., skewness and kurtosis on the performance of the 

investigated control charts can be examined thoroughly. 

 

    

(a)      (b) 

     

(c)     (d) 

Figure 3.3. Distributional shapes 
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The case of g = 0.5 and h = 0.5 was included to see how the investigated charts 

perform under serious deviation from the normality assumption. It would be safe to 

infer that the same chart will perform well for distributions of lesser skewness and/or 

heavy-tailed in practice, if it could perform reasonably well under this extreme 

condition.  

 

Henceforth, the following notations are used whenever applicable: 

(i) g = 0 and h = 0 as G0H0, 

(ii) g = 0 and h = 0.5 as G0H.5, 

(iii) g = 0.5 and h = 0 as G.5H0, 

(iv) g = 0.5 and h = 0.5 as G.5H.5. 

 

3.3.2 Sample sizes 

Another concern is the selection of sample size n for designing Phase II control 

charts. The choice of n plays a critical role in determining the performance of control 

chart. As n increases, the ARL1 of a chart becomes smaller, suggesting quicker 

detection of a process change. According to Montgomery (2013), this is due to more 

chance of a process shift occurring while the sample is being taken prospectively. To 

examine the effect of sample sizes on the ARL, two different values for the sample 

size n = {5, 9} were employed in designing the investigated control charts. It is noted 

that due to cost considerations, in practice, a large sample size is rarely used in 

process monitoring (Ellappan & Khoo, 2014). For this reason, only small and 

moderate sample sizes, i.e., n equal 5 and 9, respectively, were considered in this 

study.  
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3.3.3 Shift sizes 

To capture the sensitivity of the investigated control charts in detecting the actual 

shift, %, in the process, we considered various shift sizes. Investigations were made 

for % = {0, 0.25, 0.5, 0.75, 1, 1.5, 2, 3} whereby % = 0 corresponds to a situation 

where the process is in-control. This range of % was chosen since it allows a proper 

investigation into the effect of small, moderate, and large shifts on the ARL1 values. 

Aspired by Abbas (2012), the small, moderate, and large shifts are classified as 

follows:  

 Small shift  0.25 ≤ % ≤ 0.75; 

 Moderate shift  1 ≤ % ≤ 1.75; 

 Large shift  2 ≤ % ≤ 3. 

 

3.3.4 Design shifts 

Designing the CUSUM, EWMA, or synthetic control charts involve specification of 

%∗ where %∗ is the shift used in the design. For the rest of this thesis, %∗ is referred to 

as design shift.  

 

In practice, the actual shift that occurs may not necessarily be the same as %∗; a 

situation known as misspecification. Rarely the impact of misspecification is 

discussed in literature. Except for Hawkins and Wu (2014) who explored the issue 

for the CUSUM and EWMA under normality, there are limited references to what 

would had happened to the charts’ performance if the actual shift is much different 

than %∗, especially when the normality assumption is not complied.  
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In this study, three design shifts were employed for each investigated chart. They are 

%∗ = {0.5, 1, 2} which correspond to small design shift, moderate design shift, and 

large design shift, respectively. These three design shifts allow us to document the 

event of misspecification when the actual shift varies from the design value.  

 

3.4 Design Specification 

One of the main focus of this study is to derive the design parameters for the 

different charts. The design parameters were determined for different combinations 

of the design shift and the sample size as depicted in Table 3.3.  

 

                                Table 3.3 
                                The Settings of the Design Parameters 

Design Shifts Sample Sizes 

Small Small 

 Moderate 

Moderate Small 

 Moderate 

Large Small 

 Moderate 

 

In creating conditions known to be capable of highlighting the strengths and 

weaknesses of tools dedicated to monitoring changes in the location parameter, we 

then considered different combinations of the sample size and the shift size under 

four different distributional shapes. Table 3.4 displays the conditions used in this 

study.  
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Four types of distributions are observed in Table 3.4. First, a normal distribution 

which is an ideal setting for the standard charts. When the underlying process data 

are normally distributed, Phase II charts based on the mean estimator would be 

expected to outperform its competitors. The next two distributions namely symmetric 

heavy tails and skewed normal tails, are, respectively for the effect of kurtosis and 

skewness on the investigated control charts. The fourth and final distribution; skewed 

heavy tails, focuses on simultaneous effect of skewness and kurtosis in which rarely 

were tested on Phase II univariate control charts. However, the skewed heavy tails 

case was included to see how each investigated chart performs under potentially 

extreme conditions.   

 

   Table 3.4 
          Conditions Used in This Study 

Types of Distribution Sample Sizes Shift Sizes 

Normal Small No shift 

  Small  

  Moderate  

  Large 

 Moderate No shift 

  Small  

  Moderate  

  Large 

Symmetric heavy-tailed Small No shift 

  Small  

  Moderate  

  Large 

 Moderate No shift 
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         Table 3.4 continued. 
  Small 

  Moderate  

  Large 

Skewed normal-tailed Small No shift 

  Small  

  Moderate  

  Large 

 Moderate No shift 

  Small 

  Moderate  

  Large 

Skewed heavy-tailed Small No shift 

  Small 

  Moderate  

  Large 

 Moderate No shift 

  Small 

  Moderate  

  Large 

 

It was assumed that the Phase I and Phase II distributions are the same in this study 

so that the robustness of control charts could be accurately studied. A limited number 

of available Phase I data was considered for computing the estimate of the location 

parameter of the process, and that the sample size in Phase I matched that used in 

Phase II. Specifically, the location estimate from m = 50 subgroups of size n = {5, 9} 

was used to construct the control limits of the investigated control charts.  

 



 

  93 
 

3.5 Data Generation 

Investigations in this study were carried out based on simulated data in which 

programs and simulations were run using SAS/DATA step version 9.4. In studying 

the effect of distributional shape on the ARL, simulation of data in accordance to the 

types of distributions namely the g-and-h distributions was required. The following 

will explain the data generation procedure.  

 

The first step is to generate a standard normal variate, )! . More precisely, the 

random-number function namely RANNOR was used to generate single stream of 

pseudo-random numbers from a standard normal distribution with mean equaling 0 

and standard deviation equaling 1 in SAS/DATA step. This stream of random 

numbers is controlled by a seed which was set at ‘33333’ in the study.  

 

The RANNOR function is based on Multiplicative Congruential Random Number 

Generator which has a period of 2*( − 2  (Fishman & Moore, 1982). A period 

defines the number of occurrences before the pseudo-random number sequence starts 

to repeat and therefore, it should be longer than the amount of random numbers 

needed for the simulation. This essential property of a random number generator is 

satisfied in our simulation study where the largest generated data (50 subgroups x 9 

sample size x 10,000 iterations) equals to 4, 500, 000, which is less than 2*( − 2. 

 

The next step is to transform the standard normal variates, )!, to random variables 

via the g-and-h quantile function stated in Equation [3.20] which can be rewritten as 

'! = ^
î(knm" − 1)/Vï × Zkom"

'/)[, 						V ≠ 0

)! Zkom"
'/)[ ,																																					V = 0.

                                     [3.44]  
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Note that (knm − 1)/V = ) + V))/2!+nm
1

)! +⋯, (Martinez & Iglewicz, 1984). When 

V = 0, the series is reduced to ), thus yielding the second sub-function in Equation 

[3.44]. Departure from symmetric, i.e., skewness is controlled through the parameter 

g. Meanwhile, elongation, i.e., heavier tails is controlled through the parameter h. 

From Equation [3.44], it follows that '! = )!  when g = 0 and h = 0 (i.e., G0H0) 

which corresponds to a standard normal variate. It is noted that the tails become 

heavier as h increases and are further skewed as g increases.  

 

The random variate, '! , was obtained through numerical solutions instead of 

analytical. This is due to the fact that the cdf of the g-and-h distribution is not in 

closed-form (Refer to Subsection 3.3.1). As such, the inverse cdf technique is not 

applicable to generate the random variate. Alternatively, direct transformation using 

RANNOR function in SAS was used to generate )!  before transforming to '!  in 

Equation [3.44]. The method used to implement RANNOR is the Box-Muller 

method (Kennedy & Gentle, 1989) which is a standard method for generating normal 

random variates.  

 

3.6 Measure of Control Chart Performance 

The ARL was used to evaluate the performance of the investigated control charts. In 

this study, the ARL0 was fixed at 370 under normality so that valid comparisons can 

be made with the usual 3-sigma Shewhart chart. For robustness comparison, ARL0 

was used. For measuring detection capability, or also known as efficiency of a chart, 

ARL1 was used.  
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It is well known in SPC literature that control chart with smallest ARL1 is the best in 

terms of efficiency. Often, the robustness of a chart is overlooked in place of the 

most efficient chart. However, as emphasized by Human et al. (2011), the key to 

successful implementation of a chart is through robustness. Only then the chart is 

reliable to detect genuine shifts in the process.  

 

Therefore, in this study, we look for control chart having an ARL0 within some pre-

defined range that is deemed acceptable. This step is important as it has an 

implication on the ARL1 as emphasized by Human et al. (2011). Too large ARL0 as 

noted by the authors, might seem favorable but it also may lead to inferior power to 

detect shifts in the process. Conversely, too small ARL0 may cause the user to ignore 

the signals altogether which defeats the goal of monitoring via control charts 

(Woodall, 2017). 

 

In this study, the pre-defined range of ARL0 that is deemed acceptable was obtained 

via Bradley’s (1978) liberal criterion of robustness. This criterion is largely exercised 

in hypothesis testing (Keselman, Kowalchuk, Algina, Lix, & Wilcox, 2000; Md 

Yusof, Abdullah, & Syed Yahaya, 2012; Othman et al., 2004; Syed Yahaya et al., 

2006) in which a test is to be considered robust if its empirical rate of Type I error 

({\) falls within this interval: [0.5	{, 1.5	{]. It is noted in Section 2.6 that Type I error 

is known as false alarm in the aspect of quality control.  

 

One could view the Phase II control chart as a sequence of hypothesis testing 

(Vining, 2009; Woodall, 2000) which prompted us to judge robustness of the charts 
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via Bradley’s liberal criterion. The first step is to define Bradley’s robust interval in 

terms of ARL0. Following Jensen et al. (2006), ARL0 can be calculated from:  

dvE, =
(
V ,                [3.45] 

where { is the false alarm rate of the Shewhart chart. 

 

As mentioned in in Subsection 2.2.2, the ARL0 of 370 is equivalent to { = 0.0027 of 

the Shewhart chart with 3-sigma control limits. Thus, converting Bradley’s robust 

interval of [0.5	{, 1.5	{] using Equation [3.45], it is acceptable to have an ARL0 

within [185, 555]. To claim the position of most robust chart, its ARL0 has to be 

within this robust interval, and the value is the closest to the expected 370 among the 

investigated charts.   

 

3.7 Design of Phase II Control Charts 

The design of Phase II control chart in this study involved the determination of 

different design parameters: the CUSUM technique requires values of k and h, the 

EWMA technique needs & and L, and the synthetic technique demands values of ks 

and Ls, in order to keep the ARL0 of each chart under normality equals the expected 

370.  

 

To avoid the dramatic increase in the false alarms created by the estimation of the 

supposed known parameters, both CUSUM and EWMA charts were designed with 

predictable in-control performance when the location parameter of the process was 

estimated. This approach is recommended in past literature (Jones, 2002) since the 

effect of estimation, as reviewed in Chapter 2, could be substantial on the ARL of 

CUSUM and EWMA charts.  
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On the other hand, the ARL performance of the synthetic chart under estimation is 

comparable to the known parameter case (Wu & Spedding, 2000). This implies that 

we can safely use the design parameters: ks and Ls, which are typically obtained when 

process parameters are known, in the design structure of the synthetic chart with 

estimated location parameter.  

 

A search algorithm to design CUSUM, EWMA (Jones, 2002) and synthetic charts 

(Wu & Spedding, 2000) are given as follows: 

 

a) CUSUM control chart 

1. Specify ARL0.  

2. Determine the subgroup size, n, and number of subgroups, m, that will be 

used in Phase I. Obtain an in-control Phase I data of size (m = 50 × n) 

when process shift is zero, i.e., % = 0. 

3. Estimate the location parameter according to Equation [3.17] using the 

data in Step 2. 

4. Specify design shift, %∗. 

5. Determine the reference value, k, as k = w∗
) . 

6. Based on the value of k obtained in Step 5, determine the value of the 

decision limit, h, such that the CUSUM chart yield the specified value of 

ARL0 in Step 1.  
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b) EWMA control chart 

1. Specify ARL0.  

2. Determine the subgroup size, n, and number of subgroups, m, that will be 

used in Phase I. Obtain an in-control Phase I data of size (m = 50 × n) 

when process shift is zero, i.e., % = 0. 

3. Estimate the location parameter according to Equation [3.17] using the 

data in Step 2. 

4. Specify design shift, %∗. 

5. Determine the value of smoothing constant, &, that corresponds to the 

value of %∗  in Step 4. In this study, the value of &  was adopted from 

Crowder (1989). 

6. Based on the value of &  obtained in Step 5, determine the value of 

positive coefficient, L, such that the EWMA chart yield the specified 

value of ARL0 in Step 1.  

 

c) Synthetic control chart 

1. Specify ARL0 when the process shift is zero, i.e., % = 0. 

2. Specify subgroup size, n. 

3. Specify design shift, %∗. 

4. Initialize Ls  = 1. 

5. Based on the value of Ls in Step 4, determine ks such that the synthetic 

chart yield the specified value of ARL0 in Step 1.  

6. Obtain ARL1 from the current Ls  and ks.  

7. If ARL1 has been improved (that is, the value is getting smaller) increase 

Ls by one and go back to Step 5. Otherwise, go to Step 8. 
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8. Take the current Ls and ks as the final values of the design parameters for 

the synthetic chart.   

 

Figure 3.4 depicts the flowcharts of designing the CUSUM and the EWMA charts. 

Meanwhile, Figure 3.5 depicts the flowcharts of designing the synthetic chart. The 

design parameters of the CUSUM, EWMA, and synthetic charts were derived via 

Monte Carlo simulation. The method was also used to calculate the ARL of the 

control charts. Section 3.8 focusses on the details. 

 

3.8 ARL Simulation  

Monte Carlo method provides an alternative to theoretical approach by performing 

statistical sampling experiments via computer.  

            It is broadly defined as the use of a programmatic pseudo-random number 

generation replicating repeated sampling from an assumed underlying 

statistical distribution, for the purposes of numerical integration of a function 

of a control-charting statistic and/or studying run-length properties and 

performance of the control chart. (Dyer, 2016) 

 

Due to the relative ease of programmatic design, Monte Carlo simulation has become 

particularly useful in situation where it is difficult to obtain a closed-form expression 

(Dyer, 2016). This is best illustrated in the case of obtaining the ARL of a CUSUM 

chart where the derivation of a closed-form expression, in terms of its design 

parameters, is intractable (Rao, Disney, & Pignatiello Jr, 2001).  
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Figure 3.4. Flowchart of process to derive design parameters of CUSUM and 
EWMA charts  
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  101 
 

  

Figure 3.5. Flowchart of process to derive design parameters of synthetic 
chart 
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Advantageously, using Monte Carlo simulation in the field of SPC allows an 

extensive coverage on the run-length properties of a control chart including the ARL, 

median run length (MRL), run length quartiles, and the cumulative distribution 

function (CDF). 

 

In this study, the ARL was used to measure control chart performance as it is the 

most popularly used in SPC (Sunthornwat et al., 2017, 2018). The ARL for estimated 

control limits of the different charts in this study were determined by averaging the 

conditional run-length distribution, i.e., the run-length distributions for a given set of 

estimated control limits, over all possible values of control limits. Precisely, 

numerous data sets were generated via simulation and for each data set, the run-

length was computed. By averaging these values, we obtained the unconditional 

ARL values.  

 

With regard to the number of replications requires to get stable ARL performance, 

there are no empirically-based recommendations in literature (Mundfrom et al., 

2011). However, it was noted in Mundfrom et al. (2011) that 10,000 replications are 

typically used to calculate the ARL across different shift sizes. While it appears that 

fewer replications could be used to calculate the ARL when shift size is large, 10,000 

replications were used in this study to cover a wide range of process shifts including 

small and moderate shift sizes. 

 

The following will enumerate simulation procedures used to obtain the ARL for the 

different charts.  However, bearing in mind that the in-control standard deviation of 

the process was treated as known in this study for the reason discussed in Subsection 
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3.2.5, and considering the intractability of the sampling distribution of the chosen 

robust estimators, first, we simulated the standard errors for all estimators. The value 

was determined based on 1,000,000,000 samples of size n from the chosen 

distributions when the process is in-control (%  = 0). The simulated value was 

represented by ;Bl  and used whenever applicable during ARL simulation.  

 

The next three subsections discuss the ARL simulation for each charting technique 

employed in this study. First, we start with the CUSUM chart.  

 

3.8.1 Simulation procedure for CUSUM õú chart 

1. Decide on a pair of design parameters (k, h), one of the four underlying 

process distributions (listed in Table 3.2), and the size (m = 50 × n) of in-

control Phase I data.  

2. Simulate the in-control Phase I data. Compute !", based on the data using 

Equation [3.17] and pair with its ;Bl .  

3. Generate n observations from subgroup m, from the selected distribution 

(which is the same as the Phase I distribution) and calculate the plotting 

statistics, $!" and $!#  according to Equation [3.8], with <!  according to 

Equation [3.11] with the starting values taken as $," = $,# = 0. 

4. If both $!" and $!# < h, increase a run-length counter. 

5. Repeat Step 3 and Step 4 until either $!" or $!# ≥ h. When this occurs, a 

signal is given. The corresponding run-length equals i. Do the 

calculations for %. 
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6. Repeat Step 2 to Step 5 for 10,000 times; these 10,000 independent run-

lengths were used to calculate the mean of the Phase II run-length 

distribution, i.e., the ARL.  

 

To determine the pair (k, h) following the search algorithm enumerated in Subsection 

3.7, Step 2 to Step 6 were followed through. However, the g-and-h distribution was 

taken to be a normal distribution, i.e., G0H0 in Step 2 and % = 0 in Step 5 so that the 

robustness of the chart to violation of the normality assumption can be studied.   

 

3.8.2 Simulation procedure for EWMA õú chart 

1. Decide on a pair of design parameters (&, L), one of the four underlying 

process distributions (listed in Table 3.2) and the size (m = 50 × n) of in-

control Phase I data. 

2. Simulate the in-control Phase I data. Compute !", based on the data using 

Equation [3.17] and pair with its ;Bl . Use the values to estimate the Phase 

II control limits according to Equation [3.14].  

3. Generate n observations from subgroup m, from the selected distribution 

(which is the same as the Phase I distribution). Calculate the plotting 

statistic, Zi, according to Equation [3.12] with Z0 = !", from Step 2.  

4. If Zi < <$E¢& or Zi  > E$E° & , increase a run-length counter. 

5. Repeat Step 3 and Step 4 until Zi ≥ <$E¢&  or Zi  ≤ E$E° & . When this 

occurs, a signal is given. The corresponding run-length equals i. Do the 

calculations for %. 



 

  105 
 

6. Repeat Step 2 to Step 5 for 10,000 times; these 10,000 independent run-

lengths were used to calculate the mean of the Phase II run-length 

distribution, i.e., the ARL.  

 

To determine the pair ( & , L) following the search algorithm enumerated in 

Subsection 3.7, Step 2 to Step 6 were followed through. However, the g-and-h 

distribution was taken to be a normal distribution, i.e., G0H0 in Step 2 and % = 0 in 

Step 5 so that the robustness of the chart to violation of the normality assumption can 

be studied.   

 

3.8.3 Simulation procedure for synthetic õú chart 

Since designing synthetic charts were more complicated than CUSUM and EWMA 

charts, we split the discussion into two separate subsections: (i) derivation of the 

design parameters and (ii) ARL simulation.  

 

3.8.3.1 Derivation of the design parameters  

Following the search algorithm enumerated in Section 3.7, the design parameters of 

the synthetic !" chart were determined empirically through two series of simulations. 

The first series was used to find any set of values of ks and Ls that meet the 

requirement for the pre-specified ARL0. The second series was exercised to choose 

the final design parameters. The two series of simulations are explained as follows. 

 

I. First series:  

The first series involved finding any set of values of ks and Ls satisfying 

Equation [3.46] when the process shift is zero, i.e., % = 0:  
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 dvE(%) =
(
: w

(
[(#((#:)F.y,               [3.46] 

where p is the probability that nonconforming sample occurs and it is linked 

to ks which we will discuss below.  

 

To obtain (ks, Ls), the following steps are adhered to:  

1. Determine the mean (!,) and the standard deviation (;Bl) from the g-and-

h distribution when g = h = 0.  

2. Set Ls = 1. 

3. Specify the corresponding value of ks.   

4. Calculate the control limits for the Shewhart sub-chart according to 

Equation [3.15] using the !, and ;Bl  values from Step 1 and the ks from 

Step 3. 

5. Generate observations based on m = 1,000,000 samples of size n from the 

same distribution in Step 1 and calculate the sample statistic !"! from the 

data.   

6. If !"! > UCLs or !"! < LCLs, increase a run-length counter. The calculations 

are made for % = 0. By averaging over the total 1,000,000 samples, we get 

p.  

7. Compute Equation [3.46] using Ls from Step 2, ks from Step 3, and p from 

Step 6. If ARL0 is approximately equal to the pre-specified value, record 

the current Ls and ks, and go to Step 8. Otherwise, go back to Step 3 and 

specify different value of ks.  

8. Increase Ls by one and go back to Step 3.  
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Initially, ten sets of the values of ks and Ls for ARL0 ≈ 370, which is the pre-

specified value in this study, were obtained. To choose the pair (ks, Ls) that 

represent the final design of the synthetic chart, we ran the second series of 

simulations. 

 

II. Second series:  

All ten sets of ks and Ls from the first series of simulation were applied 

sequentially starting with Ls = 1. The following steps are adhered to: 

 Steps 1 – 6: Same as in the first series.  

7. Compute ARL (%∗) using Equation [3.46] by setting % = %∗.  

8. If a global minimum is attained, i.e., ARL (%∗) reaches it minimum, then 

stop. Otherwise, go back to Step 7.  

9. Set the current pair (ks, Ls) as the final design of the synthetic chart.  

  

3.8.3.2 ARL simulation 

To obtain the run-length distribution of synthetic charts, the following steps are 

adhered to:  

1. Decide on a pair of design parameters (ks, Ls), one of the four underlying 

process distributions (listed in Table 3.2), and the size (m = 50 × n) of in-

control Phase I data.  

2. Simulate the in-control Phase I data. Compute !", based on the data and 

pair with its ;Bl , and use the values to estimate the control limits for 

Shewhart sub-chart according to Equation [3.16].  
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3. Generate n observations from subgroup m, from the selected distribution 

(which is the same as the Phase I distribution). Calculate sample statistic 

!"! from the data.  

4. If !"! < <$E¢5 or !"! > E$E° 5, increase a CRL counter.  

5. Repeat Step 3 and Step 4 until !"! > <$E¢5 or !"! < E$E° 5. When this occurs, 

declare this sample as nonconforming sample and proceed to Step 6. 

6. Calculate the number of !"  samples between the current and the last 

nonconforming samples which gives the CRLi sample of the CRL sub-

chart.  

7. If CRLi < Ls, a signal is given. The corresponding run-length equals i. The 

calculations are made for %. 

8. Repeat Step 2 – Step 8 for 10,000 times; these 10,000 independent run-

lengths were used to calculate the mean of the Phase II run-length 

distribution, i.e., the ARL.  

 

3.9 Real Data  Study 

The investigation of the fifteen charts continued on real data study. For such purpose, 

a total of 200 patients who underwent medical check-up at Pusat Kesihatan 

Universiti Utara Malaysia (PKU) were randomly selected, each with the five most 

recent blood sugar levels recorded between January 2014 and January 2018. The data 

were presented in Appendix B by which half of the total were used for estimation of 

the process parameters in Phase I, and the other half were for plotting purposes in 

Phase II. Here, the CUSUM, EWMA, and synthetic charts were applied on the 

clinical data and the outputs of these charts were used to identify patients with pre-

diabetes condition; a condition where the blood sugar level is higher than the target 
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glucose level. Pre-diabetes condition is often linked to cardiovascular disease (Zand, 

Ibrahim & Patham, 2018) which underscores the critical need for testing for pre-

diabetes.  

 

In screening for pre-diabetes, hospitals and clinics use a standard guideline.  Based 

on the interview with Dr. Wan Zarina, the Director of PKU UUM, Malaysia has the 

lowest target glucose level, set at 4 – 6 mmol/L, possibly due to the fact that this 

country ranks highest in Asia for diabetes (“Malaysia has highest rate,” 2018). 

Meanwhile, most western countries such as the United States of America have higher 

threshold at 5.6 – 6.9 mmol/L (Zand, Ibrahim, & Patham, 2018). While being aware 

of these standard guidelines in screening for pre-diabetes, it is not the intention of 

this study to decide on the patients’ condition with regards to the blood sugar level. 

The idea is simply to compare the detection ability of the charts based on the data 

and validate the results in simulation study.  

  



 

  110 
 

CHAPTER FOUR  

RESULTS OF THE ANALYSIS  

4.1 Introduction 

The organization of this chapter is determined by the types of control charts studied 

namely the CUSUM, the EWMA, and the synthetic. Each type of chart was 

combined with five different location estimators, i.e., '(, '(,.), 'm, MOM, and WMOM, 

thus forming the fifteen control charts as listed in Table 3.1. These control charts are 

to be compared for their robustness and detection capability under the estimated 

parameter case. For such purpose, several variables such as types of distribution, 

design shifts, sample sizes, and shift sizes were manipulated to generate conditions 

that are capable to highlight the strengths and weaknesses of the investigated control 

charts. The results, which are in the form of ARL, are presented in tables. 

 

Focusing on ARL0, in the first column of all tables are the design shifts: %∗ = 0.5 

(small design value), %∗  = 1 (moderate design value), and %∗  = 2 (large design 

value). The second column is the types of distribution: G0H0 (normal distribution), 

G0H.5 (symmetric heavy-tailed distribution), G.5H0 (skewed normal-tailed 

distribution), and G.5H.5 (skewed heavy-tailed distribution). The rest of the columns 

display ARL0 values for each chart investigated.  

 

Bradley’s (1978) liberal criterion of robustness is used to find an acceptable range of 

ARL0 under non-normality. As discussed in Section 3.6, the Bradley’ liberal 

criterion, which is based on the false alarm rate, was adjusted to reflect the use of 

ARL0 in this study. For the pre-specified ARL0 ≈ 370 used in this study, a chart 

would be considered robust in any particular condition if its calculated ARL0 falls 
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within this interval: [185, 555]. Correspondingly, if its ARL0 is not within this 

interval, a chart is considered to be non-robust. The most robust chart is the chart that 

can produce ARL0 closest to the pre-specified value.  

 

4.2 CUSUM Charts 

Five control charts were investigated using the CUSUM technique. Four of these 

control charts comprised the modified CUSUM charts, denoted by their respective 

location estimators; '(,.),% , 'm% , f% , and à% . The remaining control chart is the 

original CUSUM chart denoted by its standard location estimator, '(% . The goal of 

CUSUM control chart is to identify the following hypotheses:  

H0 : the process is in control, 

H1 : the process is not in control. 

 

The results for both problems, ARL0 and ARL1, were obtained by using Monte Carlo 

simulation. To accomplish that, first, we derived values for the reference value k and 

the decision limit h for the specific n. Based on the specification of %∗, k was set and 

h was simulated. This led to the design parameters of CUSUM in Table 4.1. 

 

         Table 4.1 
         Design parameters of CUSUM Given ARL0  ≈ 370     

  Charts 
)∗ n *+G *+H.J,G *,G -G .G 

0.5 (/ = 	0.25) 5 h = 9.03 h = 9.0208 h = 9 h = 8.985 h = 9.118 
1 (k = 	0.5) 5 h = 5.1342 h = 5.107 h = 5.1176 h = 5.1393 h = 5.199 
2 (k = 	1) 5 h = 2.6059 h = 2.6126 h* = 2.623 h = 2.7307 h = 2.705 
       
0.5 (/ = 	0.25) 9 h = 9.0069 h = 8.9905 h = 8.9844 h = 8.988 h = 9.0504 
1 (k = 	0.5) 9 h = 5.1115 h = 5.0995 h = 5.1048 h = 5.148 h = 5.1434 
2 (k = 	1) 9 h = 2.6057 h = 2.6136 h = 2.6247 h = 2.7083 h = 2.6535 
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4.2.1 ARL0 

Table 4.2 - 4.3 present ARL0 values for various CUSUM charts based on two sample 

sizes when the underlying process data actually follow the g-and-h distributions.  

 

       Table 4.2 
              ARL0 for Sample Size n = 5 

  Charts 
)∗ Distribution *+G *+H.J,G *,G -G .G 
 G0H0 369.95 370.00 370.08 369.98 370.00 
0.5 G0H.5 1546.12 352.29 348.61 345.39 354.12 
 G.5H0 360.80 365.70 359.62 359.11 366.87 
 G.5H.5 4060.65 359.45 346.48 340.12 349.96 
       
 G0H0 369.97 370.08 368.82 369.71 369.97 
1 G0H.5 671.38 229.75 233.48 243.04 244.67 
 G.5H0 305.59 307.48 294.12 315.81 328.50 
 G.5H.5 2162.14 217.44 214.98 220.72 222.30 
       
 G0H0 369.94 370.08 370.00 369.97 370.03 
2 G0H.5 307.55 110.07 112.96 127.54 121.16 
 G.5H0 176.11 185.70 164.75 215.65 228.93 
 G.5H.5 1082.72 104.275 102.598 112.778 109.84 

     

         Table 4.3 
                ARL0 for Sample Size n = 9 

  Charts 
)∗ Distribution *+G *+H.J,G *,G -G .G 
 G0H0 370.11 369.96 369.96 370.02 370.07 
0.5 G0H.5 1689.99 358.93 356.02 353.58 360.36 
 G.5H0 365.63 364.35 359.42 365.54 372.34 
 G.5H.5 3901.12 348.32 341.28 344.39 348.27 
       
 G0H0 369.95 370.02 369.93 370.02 370.02 
1 G0H.5 731.26 281.47 283.88 294.81 288.00 
 G.5H0 329.16 331.35 314.74 351.35 347.54 
 G.5H.5 2027.19 241.96 247.71 260.32 249.28 
       
 G0H0 369.95 369.99 369.95 369.93 370.02 
2 G0H.5 332.31 154.78 158.53 176.13 155.42 
 G.5H0 220.87 229.36 211.45 281.75 258.20 
 G.5H.5 1009.38 123.96 130.61 144.97 126.75 
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In an attempt to judge robustness, these CUSUM charts were designed using the 

indicated values shown for k and h (Table 4.1) which are, technically only 

appropriate for a normally distributed set of data. In this study, the pair (k, h) is 

chosen to give ARL0 ≈ 370 when G0H0. Our aim is to identify those charts that are 

able to control ARL0 within the bounds of robustness in the event that the normality 

assumption failed to be satisfied. 

 

The ARL0 values that lie within the robust interval of 185 to 555 are highlighted in 

Table 4.2 - 4.3. Under G0H0, all charts have ARL0 of approximately 370, as they 

were designed to have. First, we focus on the smallest two design shifts. For both n, 

all four modified CUSUM charts tuned (designed) for %∗  = 0.5 and 1 can be 

considered robust to non-normality. Their ARL0 values fall within the robust interval 

over the three non-normal distributions considered in this study.  

 

On the other hand, the original CUSUM chart, '(% , produces robust ARL0 under 

G.5H0 only. For G0H.5 and G.5H.5, the '(%  generates higher ARL0 than the expected 

370 under small and moderate sample sizes, i.e., n = {5, 9}, and those values exceed 

the upper boundary of the robustness interval, so they are non-robust. To illustrate, 

when n = 9 and G0H.5, the '(%  gives ARL0 = 1689.99 if tuned for %∗ = 0.5, which is 

significantly (about 4.6 times) higher than the expected 370. Applying the same chart 

on process data from G.5H.5 gives ARL0 = 3901.12 which is significantly (about 

10.5 times) higher than expected value. We could shrink those respective ARL0 by 

tuning the chart for %∗ = 1. However, as shown in Table 4.2 - 4.3, those values are 

still captured outside the robust interval.  
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The ARL0 values for each corresponding chart vary noticeably from one distribution 

to another if we tuned for %∗ = 2. All modified CUSUM charts produce much smaller 

ARL0 values than the expected 370 over the non-normal distributions considered. 

Thus, we would expect more false alarms through the application of the modified 

charts. However, their in-control performance can be enhanced through larger 

sample sizes. For both sample sizes considered in this study, we observe that the 

ARL0 values for the '(,.),% , f% , and à%  satisfy the robustness criterion when G.5H0. 

The same applies for the 'm%  if we increased the sample size n from 5 to 9. Unlike the 

modified CUSUM charts, the ARL0 for the '(%  tuned for %∗  = 2 could either be 

smaller or larger than the expected 370 depending on the characteristics of a data 

distribution. Its ARL0 is significantly larger than 370 for both sample sizes selected 

from G.5H.5, suggesting less false alarms than expected. Nonetheless, these ARL0 

values do not fall within the robust interval.  

 

In general, from the analysis, we can deduce that the in-control performance of 

modified CUSUM charts are staunchly stable and robust if designed for %∗ = 0.5 and 

1. It is not easy to distinguish which chart is better than the other just by evaluating 

their in-control performance since the difference in ARL0 among the modified charts 

is minimal. A glimpse through the ARL0 tables shows that the à%  is as good as the 

f%  when tested for G.5H0. By adapting asymmetric trimming in correcting the 

shape of a non-normal distribution, the results indicate that both f%  and à%  function 

effectively under the skewed distribution and were observed to be the best charts 

under the extreme data condition (G.5H.5). On the other hand, the use of '(%  can be 

unsatisfactory in at least some situations. That is, its ARL0 can be well below the pre-

specified value, and in other cases, its ARL0 can substantially exceed the pre-
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specified value, suggesting that detection capability might be relatively poor. We 

will validate that in the subsequent section.  

 

4.2.2 ARL1 

A complete analysis for ARL1 will cover the effect of kurtosis and skewness on the 

detection ability of the CUSUM chart. The results will be presented in four different 

tables, with each representing one of the g-and-h distributions. The first column of 

all tables displays the sample size. The second column represents the design shift. 

For each specific combination of the design shift and the sample size, ARL1 for each 

chart is reported. The last five columns capture ARL1 values when the actual shift 

occurs. The best charts are those charts that can produce smallest ARL1 for a 

particular shift size. The following points cover ARL1 findings under the four g-and-h 

distributions:  

 

a.  G0H0 

Table 4.4 presents ARL1 values for various CUSUM charts under normality. First, 

looking at the effect of design shifts on the ARL1, it is noted that the chart tuned for 

%∗ = 0.5 has the lowest ARL1 for all small % values; that tuned for %∗ = 2 is best for 

all large % values and unexpectedly for moderate % values as well. As we descend 

along the sample sizes column, we notice that the detection ability of CUSUM charts 

can be improved by increasing the sample size. The effect of change in sample size is 

identical for all charts across the three design shifts: for a shift size of % < 0.5, their 

ARL1 values are reduced by half in this case. The comparison of the charts’ ARL1 

values led to the conclusion that the performance of all five charts are remarkably 

similar across the sample sizes and shift sizes. However, when the actual shift is 
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much smaller than that used in the design, a situation known as misspecification, the 

f%  and à%  were observed with the largest ARL1. These ARL1 values are italicized in 

Table 4.4.   

 

b. G0H.5 

Table 4.5 presents ARL1 values when the underlying process data actually follow the 

symmetric heavy-tailed distribution. It can be deduced that the effect of change in 

sample size across each respective design shift is identical for all charts; larger n 

results in smaller ARL1, and the impact is most substantial when % is small. As we 

descend along the design shift column, we observe that each of the three designs is 

best in some settings. The chart tuned for %∗ = 0.5 has the smallest ARL1 for all small 

% values; that tuned for %∗ = 1 has the smallest ARL1 for all moderate % values, and 

that tuned for a large shift (%∗ = 2) has the smallest ARL1 for all large % values. A 

probe into the results in Table 4.5 shows that the ARL1 values for all CUSUM charts 

are remarkably similar across the sample sizes and the design shifts for  

0.75 ≤ % ≤ 3. For a small shift (% < 0.75), we observe that the ARL1 of the '(%  is 

very much affected by this particular deviation in the normality assumption. The 

italicized ARL1 of the '(%  across the three design shifts in this case are the largest 

among the investigated charts. For example, when n = 9 and % = 0.25, the ARL1 of 

the '(%  tuned for %∗ = 2 is 252.67, which is significantly (about 6.7) times higher than 

the next largest ARL1 value of 37.62, given by the f% . On a different note, if a given 

application requires for quick detection of a shift size of % = 0.25, an 'm%  for any 

design shift can be recommended. The ARL1 values in bold shows that the 'm%  

consistently gives smaller ARL1 than the rest of the charts under consideration.  
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            Table 4.4 
ARL1 Using Data from G0H0 

    Charts 
n )∗ )  *+G *+H.J,G *,G -G .G 
  0.25  32.95 32.92 32.77 33.38 33.85 
  0.5  11.43 11.47 11.42 11.36 11.57 
  0.75  7.04 7.07 7.06 7.04 7.13 
 0.5 1  5.19 5.19 5.19 5.19 5.24 
  1.5  3.46 3.46 3.45 3.44 3.50 
  2  2.67 2.68 2.67 2.67 2.70 
  3  2.00 2.00 2.00 2.00 2.00 
         
  0.25  40.26 40.11 39.84 39.99 40.68 
  0.5  9.34 9.30 9.29 9.40 9.49 
  0.75  5.17 5.12 5.15 5.17 5.19 
5 1 1  3.63 3.60 3.59 3.62 3.64 
  1.5  2.36 2.34 2.36 2.36 2.37 
  2  1.90 1.89 1.90 1.91 1.91 
  3  1.14 1.14 1.13 1.14 1.17 
         
  0.25  72.34 71.43 73.58 79.87 81.06 
  0.5  11.65 11.83 11.86 12.61 12.35 
  0.75  4.66 4.70 4.70 4.83 4.83 
 2 1  2.85 2.85 2.86 2.97 2.92 
  1.5  1.68 1.68 1.67 1.75 1.72 
  2  1.20 1.19 1.20 1.23 1.22 
  3  1.001 1.002 1.002 1.003 1.003 
         
         
  0.25  19.65 19.56 19.71 19.71 19.67 
  0.5  8.04 8.02 8.00 8.00 8.04 
  0.75  5.14 5.11 5.13 5.14 5.16 
 0.5 1  3.85 3.84 3.84 3.85 3.86 
  1.5  2.65 2.66 2.65 2.65 2.68 
  2  2.04 2.04 2.04 2.04 2.04 
  3  1.61 1.59 1.59 1.60 1.62 
         
  0.25  19.72 19.42 19.53 19.90 19.70 
  0.5  5.95 5.96 5.94 6.03 6.05 
  0.75  3.56 3.57 3.60 3.59 3.59 

  9 1 1  2.63 2.63 2.62 2.63 2.62 
  1.5  1.89 1.89 1.89 1.91 1.91 
  2  1.36 1.35 1.36 1.37 1.37 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  34.14 34.91 34.85 37.18 35.87 
  0.5  5.84 5.95 5.92 6.12 5.91 
  0.75  2.83 2.81 2.82 2.90 2.87 
 2 1  1.92 1.93 1.92 1.97 1.93 
  1.5  1.19 1.19 1.20 1.22 1.20 
  2  1.01 1.01 1.01 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
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             Table 4.5 
             ARL1 Using Data from G0H.5 

    Charts 
n )∗ )  *+G *+H.J,G *,G -G .G 
  0.25  39.20 34.11 33.62 34.14 34.99 
  0.5  12.25 11.42 11.34 11.33 11.51 
  0.75  7.00 7.03 7.04 7.02 7.12 
 0.5 1  5.08 5.17 5.16 5.14 5.22 
  1.5  3.31 3.44 3.44 3.44 3.49 
  2  2.90 2.71 2.69 2.69 2.73 
  3  2.00 2.00 1.99 1.99 2.00 
         
  0.25  114.94 42.45 41.79 42.82 43.47 
  0.5  9.76 9.32 9.36 9.27 9.40 
  0.75  5.26 5.08 5.12 5.11 5.16 
5 1 1  3.47 3.59 3.58 3.61 3.64 
  1.5  2.11 2.32 2.33 2.33 2.35 
  2  1.99 1.93 1.93 1.93 1.94 
  3  1.02 1.10 1.11 1.11 1.12 
         
  0.25  307.55 110.07 112.96 127.54 121.16 
  0.5  273.43 60.46 59.28 64.95 63.44 
  0.75  28.00 12.97 12.84 13.69 13.31 
 2 1  4.71 4.69 4.68 4.91 4.90 
  1.5  2.78 2.81 2.83 2.92 2.90 
  2  1.88 1.69 1.69 1.75 1.74 
  3  1.02 1.15 1.16 1.19 1.17 
         
         
  0.25  20.67 19.62 19.81 19.71 19.86 
  0.5  7.90 8.02 7.96 7.99 8.07 
  0.75  5.05 5.12 5.11 5.13 5.16 
 0.5 1  3.91 3.83 3.83 3.83 3.84 
  1.5  2.86 2.66 2.65 2.66 2.69 
  2  2.01 2.04 2.04 2.04 2.04 
  3  1.83 1.62 1.60 1.60 1.63 
         
  0.25  26.74 20.52 20.24 20.43 20.73 
  0.5  6.08 5.89 5.94 5.97 6.00 
  0.75  3.45 3.55 3.59 3.58 3.60 

  9 1 1  2.68 2.62 2.61 2.64 2.63 
  1.5  1.99 1.90 1.90 1.91 1.91 
  2  1.10 1.32 1.33 1.34 1.34 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  252.67 34.78 34.76 37.62 35.65 
  0.5  6.43 5.93 5.94 6.09 5.99 
  0.75  2.79 2.83 2.85 2.93 2.85 
 2 1  2.01 1.93 1.93 1.98 1.96 
  1.5  1.03 1.17 1.18 1.20 1.18 
  2  1.00 1.01 1.02 1.02 1.02 
  3  1.00 1.00 1.00 1.00 1.00 
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c. G.5H0 

The ARL1 for all five CUSUM charts under skewed normal-tailed distribution are 

reported in Table 4.6. We notice that the ranking of the control charts in terms of the 

ARL1 values remains the same as in the normal distribution. The only difference is 

that, the chart tuned for %∗ = 1 now produces the smallest ARL1 for all moderate % 

values when n = 9. Table 4.6 also shows that all five charts perform about equally 

and neither of them has a clear advantage over the other across the three design 

shifts. It is noted that both f%  and à%  tuned for %∗ = 2 actually lose performance 

when the actual shift is too small, that is % = 0.25, particularly when n = 5. The 

italicized ARL1 in Table 4.6 corroborates this statement.  

 

d. G.5H.5 

Finally, we report the finding under extreme condition, i.e., G.5H.5. Table 4.7 shows 

a significant difference in the performance between the original CUSUM chart and 

all four modified CUSUM charts when % < 0.75. As suggested by the italicized  

values, the original chart, '(% , has the worst performance across the sample size and 

the design shift. To illustrate how badly it performed under this extreme non-

normality, we focus on its poorest performance, which is when %∗ = 2. For n = 5, 

ARL1 value for the '(%  is about 15 times larger than the next largest ARL1 (f%) if the 

actual shift is very small, i.e., % = 0.25. Increasing the sample size only widen the 

gap between the two charts’ performance as now, the ARL1 of the '(%  is about 20 

times larger than the ARL1 of the f% . The results indicate that the detection of the 

modified charts can be improved significantly through larger sample size and yet, 

less apparent on the original chart,  '(% . Apart from the ARL1 values in bold in Table 

4.7 which signifies the best chart (which is noted consistently given by the 'm%  for % = 
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0.25), we observe that all five charts perform about equally when the actual shift is 

moderate or large in size, i.e., 0.75 ≤ % ≤ 3, and therefore, neither outweighs the 

other.  

 

Overall, the finding in this subsection supports our conjecture regarding inferior 

power of the '(%  for detecting process shifts particularly for heavy-tailed 

distributions. The ability of the '(%  to detect small shifts in the location for heavy-

tailed cases worsen as design shift value increases, implying that misspecification 

matter. Through this study, we found that any of the modified CUSUM charts is 

preferable to the '(% 	since the former offered much smaller ARL1 values across a wide 

range of shift sizes and data distribution. 
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             Table 4.6 
             ARL1 Using Data from G.5H0 

    Charts 
n )∗ )  *+G *+H.J,G *,G -G .G 
  0.25  34.33 34.61 34.47 34.03 34.30 
  0.5  11.61 11.65 11.55 11.54 11.69 
  0.75  7.14 7.11 7.14 7.09 7.16 
 0.5 1  5.19 5.18 5.19 5.18 5.26 
  1.5  3.47 3.47 3.45 3.46 3.49 
  2  2.70 2.70 2.69 2.68 2.72 
  3  1.98 1.98 1.98 1.98 1.99 
         
  0.25  40.27 39.24 39.36 39.55 39.78 
  0.5  9.54 9.62 9.60 9.61 9.69 
  0.75  5.22 5.22 5.23 5.24 5.27 
5 1 1  3.65 3.62 3.62 3.65 3.67 
  1.5  2.37 2.35 2.35 2.36 2.38 
  2  1.89 1.88 1.88 1.90 1.91 
  3  1.13 1.12 1.12 1.13 1.15 
         
  0.25  47.10 47.31 46.75 53.37 52.82 
  0.5  12.39 12.42 12.45 12.73 12.64 
  0.75  4.89 4.99 4.90 5.08 5.07 
 2 1  2.93 2.94 2.95 3.00 2.98 
  1.5  1.70 1.69 1.71 1.76 1.73 
  2  1.19 1.20 1.20 1.24 1.24 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  20.27 19.98 19.92 19.96 20.22 
  0.5  8.07 8.04 8.06 8.02 8.08 
  0.75  5.16 5.15 5.12 5.14 5.19 
 0.5 1  3.85 3.84 3.83 3.84 3.86 
  1.5  2.67 2.67 2.67 2.66 2.68 
  2  2.03 2.02 2.02 2.03 2.03 
  3  1.64 1.63 1.63 1.62 1.65 
         
  0.25  20.43 20.38 20.45 20.01 20.21 
  0.5  6.08 6.03 6.07 6.07 6.04 
  0.75  3.61 3.60 3.59 3.61 3.61 

  9 1 1  2.64 2.62 2.62 2.65 2.65 
  1.5  1.88 1.88 1.87 1.88 1.89 
  2  1.37 1.37 1.38 1.39 1.39 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  30.01 30.19 30.11 32.97 31.36 
  0.5  6.06 6.09 6.10 6.32 6.14 
  0.75  2.88 2.87 2.89 2.96 2.93 
 2 1  1.94 1.93 1.95 1.98 1.96 
  1.5  1.18 1.20 1.19 1.22 1.21 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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 Table 4.7 
 ARL1 Using Data from G.5H.5   

    Charts 
n )∗ )  *+G *+H.J,G *,G -G .G 
  0.25  44.39 38.13 36.62 37.06 36.90 
  0.5  12.39 11.75 11.65 11.59 11.83 
  0.75  7.43 7.10 7.11 7.08 7.15 
 0.5 1  5.05 5.19 5.21 5.17 5.24 
  1.5  3.12 3.46 3.45 3.45 3.49 
  2  3.13 2.73 2.73 2.72 2.75 
  3  2.00 1.98 1.98 1.98 1.99 
         
  0.25  184.42 46.56 44.20 44.54 45.09 
  0.5  10.74 10.21 9.90 9.89 10.13 
  0.75  5.44 5.22 5.22 5.26 5.28 
5 1 1  3.48 3.61 3.62 3.63 3.68 
  1.5  2.05 2.32 2.33 2.35 2.37 
  2  2.00 1.92 1.92 1.92 1.93 
  3  1.00 1.07 1.08 1.09 1.10 
         
  0.25  816.52 53.61 51.21 54.95 52.72 
  0.5  41.22 15.52 14.56 15.31 15.15 
  0.75  5.09 5.14 5.07 5.20 5.23 
 2 1  2.93 2.94 2.93 3.02 2.99 
  1.5  2.06 1.74 1.73 1.78 1.77 
  2  1.18 1.13 1.15 1.18 1.16 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  21.45 20.27 20.22 20.48 20.61 
  0.5  9.34 8.08 8.07 8.10 8.11 
  0.75  5.18 5.13 5.12 5.15 5.16 
 0.5 1  3.97 3.85 3.84 3.86 3.86 
  1.5  2.96 2.68 2.68 2.67 2.69 
  2  2.00 2.02 2.02 2.02 2.02 
  3  1.95 1.65 1.65 1.64 1.67 
         
  0.25  30.76 21.37 21.24 21.43 21.42 
  0.5  7.62 6.08 6.07 6.11 6.16 
  0.75  3.72 3.58 3.62 3.61 3.62 

  9 1 1  2.84 2.63 2.63 2.65 2.64 
  1.5  2.00 1.89 1.89 1.91 1.90 
  2  1.01 1.35 1.36 1.38 1.37 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  674.72 31.31 32.07 33.65 31.77 
  0.5  7.19 6.36 6.30 6.46 6.38 
  0.75  2.90 2.88 2.90 2.96 2.92 
 2 1  2.04 1.94 1.95 1.99 1.97 
  1.5  1.31 1.16 1.16 1.20 1.17 
  2  1.00 1.00 1.01 1.01 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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4.3 EWMA Charts 

Five control charts under the EWMA technique were investigated. The five control 

charts are '(& , '(,.),& , 'm& , f& , and à& . The goal of the EWMA control chart is 

analogous to the CUSUM control chart which is to identify the following hypothesis:  

H0 : the process is in control, 

H1 : the process is not in control. 

 

The control chart performance under in-control state and out-of-control state were 

evaluated based on ARL by using simulated data. Applying the same format and 

layout utilized in testing the CUSUM charts, we begin by determining the design 

parameters of the EWMA for specific n. Based on the specification of %∗ , the 

smoothing value & was set and the positive coefficient L was simulated. This led to 

the design parameters in Table 4.8. 

 

Table 4.8 
Design Parameters of EWMA Given ARL0  ≈ 370 

  Charts 
)∗ n *+K *+H.J,K *,K -K .K 

0.5 (" = 	0.05) 5 L = 2.7297 L = 2.723 L = 2.7279 L = 2.7377 L = 2.7492 
1 (" = 	0.13) 5 L = 2.9223 L = 2.9203 L = 2.9167 L = 2.9247 L = 2.9519 

2 (" = 	0.364) 5 L = 3.0248 L = 3.031 L = 3.0399 L = 3.0913 L = 3.0904 
       

0.5 (" = 	0.05) 9 L = 2.7279 L = 2.7232 L = 2.7242 L = 2.7302 L = 2.727 
1 (" = 	0.13) 9 L = 2.915 L = 2.9133 L = 2.9215 L = 2.927 L = 2.9263 

2 (" = 	0.364) 9 L = 3.0238 L = 3.0296 L = 3.0322 L = 3.0752 L = 3.0556 
 

4.3.1 ARL0 

Table 4.9 - 4.10 present ARL0 values based on the two sample sizes when the 

underlying process data follow the g-and-h distributions. The five EWMA charts 

have ARL0 of approximately 370 under G0H0 as they were designed to have, using 

the indicated values shown for &  and L. Next, consider the situation where the 
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underlying process data are non-normally distributed. The highlighted ARL0 in Table 

4.9 – 4.10 shows the performance that met the specification of the robust interval. 

The results resemble what we have obtained for the CUSUM of the same design 

settings (Table 4.2 – 4.3). A comparison of the CUSUM and EWMA charts are fully 

discussed at the end of this chapter.  

         Table 4.9 
           ARL0 for Sample Size n = 5        

  Charts 
)∗ Distribution *+K *+H.J,K *,K -K .K 
 G0H0 370.34 370.03 370.00 370.00 369.94 
0.5 G0H.5 1328.50 340.01 339.78 342.80 340.27 
 G.5H0 366.97 365.29 368.35 376.74 369.85 
 G.5H.5 3823.14 369.73 352.87 355.39 362.60 
       
 G0H0 370.03 369.95 370.08 369.94 370.08 
1 G0H.5 714.63 248.73 246.90 255.77 257.88 
 G.5H0 345.23 350.50 337.34 347.68 362.59 
 G.5H.5 2372.83 263.73 250.06 256.85 261.25 
       
 G0H0 370.00 369.98 370.00 370.00 370.03 
2 G0H.5 349.94 130.71 135.39 146.07 140.88 
 G.5H0 240.40 254.40 229.28 280.85 289.84 
 G.5H.5 1240.63 129.14 128.73 137.26 135.69 

       

          Table 4.10 
            ARL0 for Sample Size n = 9 

  Charts 
)∗ Distribution *+K *+H.J,K *,K -K .K 
 G0H0 370.09 369.95 369.99 370.02 369.96 
0.5 G0H.5 1458.55 353.63 352.37 351.93 350.00 
 G.5H0 371.61 369.26 365.09 371.31 367.50 
 G.5H.5 3661.32 353.95 353.39 350.21 347.50 
       
 G0H0 370.02 370.02 370.02 370.03 369.97 
1 G0H.5 775.08 292.28 294.96 296.75 291.68 
 G.5H0 355.35 355.54 354.44 366.52 364.98 
 G.5H.5 2218.17 281.89 282.21 291.01 284.96 
       
 G0H0 369.95 369.98 369.99 370.02 369.93 
2 G0H.5 381.33 179.07 181.42 199.34 180.49 
 G.5H0 279.18 291.28 270.12 338.04 314.35 
 G.5H.5 1156.24 157.21 161.79 174.63 160.90 
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It is obvious that the modified EWMA charts are highly advantageous if tuned for %∗ 

= 0.5 or 1. These modified charts can handle non-normality well by eliminating (i.e., 

trimming) or limiting (i.e., winsorizing) the effects of outliers on the design 

structures of the EWMA control chart. Conversely, the robustness of the original 

chart, '(&, is doubtful particularly under heavy-tailed cases, i.e., G0H.5 and G.5H.5. 

The non-robust ARL0 values recorded for '(&  are significantly higher than the 

expected 370, alluding to inferior power for detecting shifts (to be discussed later in 

Subsection 4.3.2). With larger sample size (n = 9), the ARL0 for each chart converges 

more towards the specified robust interval: [185, 555], suggesting better in-control 

performance.   

 

4.3.2 ARL1 

The following points cover ARL1 findings under the four g-and-h distributions:  

 

a. G0H0 

Table 4.11 displays the ARL1 for all five EWMA charts when the underlying data 

distribution is normally distributed. Of particular significance was the finding that all 

ARL1 values are consistent and close to each other when % ≥ 0.5 and n = 9. There is 

a variation in the control chart performance when a small sample size was utilized in 

detecting 	%  < 0.5 where the à&  emerges as the worst procedure. Its ARL1, as 

italicized in Table 4.11 is slightly larger than the other EWMA charts which perform 

about equally. In general, the effect of change in sample size and design shift is 

identical to all charts. For % < 0.75, the ARL1 declined markedly when we increased 

the sample size n from 5 to 9, suggesting better power of detection. For n = 5, the 

chart tuned for %∗ = 0.5 is the quickest in identifying all small % values, but it is 
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outperformed by the chart tuned for %∗ = 1 when n increases. In other words, a chart 

that is supposed to be effective for monitoring moderate shifts can be reliably used to 

monitor small process shifts as well, when n is sufficiently large. Finally, the chart 

tuned for %∗ = 2 is best for all large % values and unexpectedly, is best in middle 

range too for both sample sizes considered in this study.   

 

b. G0H.5 

Table 4.12 contains results for the symmetric heavy-tailed distributions. Across the 

design shifts, we notice that the '(&  has the largest ARL1 for small %  values, 

suggesting very poor detection of small shifts. It has the poorest performance when 

%∗  = 2, as suggested by the italicized values in Table 4.12, implying that 

misspecification matter. Unlike '(&, the modified EWMA charts consistently produce 

small ARL1 for small %  values across the three design shifts. Therefore, 

misspecification does not matter in the case of designing a modified EWMA chart. 

To put it differently, a modified EWMA chart can still detect small shifts effectively 

even if it is designed inappropriately (i.e., %∗ ≠ %).  

 

It is observed that the ARL1 for the modified EMWA charts, except for f&, perform 

consistently well across all % values. For the smallest shift size, i.e., % = 0.25, and n = 

5, the ARL1 of f& is slightly larger than the ARL1 produced by the '(,.),&, 'm&, and 

à&. 
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 Table 4.11 
 ARL1 Using Data from G0H0 

    Charts 
n )∗ )  *+K *+H.J,K *,K -K .K 
  0.25  31.26 31.40 31.07 31.61 32.12 
  0.5  10.66 10.72 10.73 10.66 10.74 
  0.75  6.60 6.61 6.63 6.67 6.70 
 0.5 1  4.89 4.87 4.88 4.90 4.92 
  1.5  3.29 3.27 3.28 3.29 3.30 
  2  2.51 2.50 2.51 2.53 2.53 
  3  1.98 1.98 1.98 1.98 1.98 
         
  0.25  36.11 35.98 36.22 35.82 37.39 
  0.5  9.24 9.18 9.19 9.18 9.30 
  0.75  5.19 5.18 5.19 5.25 5.25 
5 1 1  3.68 3.70 3.68 3.69 3.74 
  1.5  2.43 2.43 2.42 2.41 2.46 
  2  1.96 1.96 1.96 1.97 1.98 
  3  1.22 1.22 1.21 1.21 1.23 
         
  0.25  60.33 59.34 62.07 66.25 67.40 
  0.5  10.90 11.05 11.21 11.98 11.81 
  0.75  4.73 4.74 4.74 4.91 4.90 
 2 1  2.99 2.98 3.01 3.08 3.07 
  1.5  1.82 1.81 1.83 1.87 1.86 
  2  1.29 1.30 1.30 1.32 1.33 
  3  1.00 1.00 1.00 1.00 1.01 
         
         
  0.25  18.60 18.45 18.60 18.64 18.63 
  0.5  7.55 7.53 7.56 7.58 7.54 
  0.75  4.84 4.84 4.84 4.87 4.86 
 0.5 1  3.64 3.65 3.63 3.65 3.64 
  1.5  2.50 2.48 2.49 2.50 2.49 
  2  2.01 2.01 2.01 2.02 2.01 
  3  1.40 1.39 1.39 1.40 1.40 
         
  0.25  18.54 18.45 18.78 18.85 18.63 
  0.5  6.01 5.98 6.00 6.08 6.04 
  0.75  3.66 3.66 3.67 3.67 3.66 

  9 1 1  2.70 2.70 2.70 2.70 2.70 
  1.5  1.95 1.95 1.96 1.96 1.96 
  2  1.47 1.46 1.48 1.47 1.47 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  28.93 29.45 29.33 31.45 30.55 
  0.5  5.85 5.89 5.86 6.14 6.03 
  0.75  2.96 2.96 2.97 3.02 3.01 
 2 1  2.06 2.04 2.06 2.10 2.08 
  1.5  1.28 1.28 1.29 1.31 1.29 
  2  1.02 1.02 1.02 1.03 1.02 
  3  1.00 1.00 1.00 1.00 1.00 
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             Table 4.12 
             ARL1 Using Data from G0H.5 

    Charts 
n )∗ )  *+K *+H.J,K *,K -K .K 
  0.25  38.73 32.33 32.28 32.99 33.77 
  0.5  11.33 10.65 10.70 10.74 10.81 
  0.75  7.75 6.62 6.62 6.65 6.68 
 0.5 1  4.81 4.86 4.87 4.88 4.89 
  1.5  3.11 3.27 3.26 3.28 3.30 
  2  2.54 2.50 2.52 2.53 2.53 
  3  2.00 1.98 1.98 1.98 1.98 
         
  0.25  125.77 39.36 38.69 38.84 40.15 
  0.5  9.89 9.36 9.32 9.16 9.39 
  0.75  5.04 5.18 5.17 5.20 5.26 
5 1 1  3.60 3.67 3.68 3.69 3.73 
  1.5  2.21 2.40 2.40 2.40 2.44 
  2  2.00 1.98 1.98 1.98 1.99 
  3  1.03 1.17 1.16 1.17 1.19 
         
  0.25  226.31 53.90 54.66 57.77 57.56 
  0.5  44.45 12.57 12.32 13.16 13.12 
  0.75  5.20 4.84 4.93 5.10 5.05 
 2 1  2.89 2.99 2.99 3.05 3.05 
  1.5  1.98 1.86 1.85 1.88 1.88 
  2  1.06 1.25 1.26 1.29 1.29 
  3  1.00 1.01 1.01 1.01 1.01 
         
         
  0.25  20.24 18.74 18.85 18.66 18.82 
  0.5  7.66 7.52 7.54 7.51 7.55 
  0.75  4.79 4.83 4.84 4.86 4.85 
 0.5 1  3.65 3.63 3.64 3.64 3.64 
  1.5  2.48 2.49 2.49 2.50 2.49 
  2  2.00 2.01 2.01 2.01 2.01 
  3  1.17 1.38 1.37 1.39 1.38 
         
  0.25  33.78 19.46 19.54 19.41 19.56 
  0.5  6.27 6.01 6.01 6.05 6.06 
  0.75  3.59 3.66 3.68 3.67 3.67 

  9 1 1  2.77 2.69 2.70 2.72 2.70 
  1.5  2.00 1.96 1.97 1.96 1.96 
  2  1.37 1.46 1.48 1.47 1.47 
  3  1.00 1.00 1.01 1.00 1.01 
         
  0.25  166.86 29.74 29.94 32.28 30.50 
  0.5  8.08 5.95 5.93 6.07 6.08 
  0.75  2.85 2.94 2.98 3.04 3.02 
 2 1  2.06 2.06 2.06 2.10 2.08 
  1.5  1.06 1.26 1.26 1.29 1.28 
  2  1.01 1.03 1.03 1.03 1.02 
  3  1.00 1.00 1.00 1.00 1.00 



 

  129 
 

c. G.5H0 

The results reported in Table 4.13, which is for the skewed normal-tailed 

distribution, indicates comparable detection by all five EWMA charts studied under 

%∗ = 1. As for the other two design shifts: %∗ = 0.5 and 2, we notice a variation in the 

control chart performance when the shift size is very small, i.e., % = 0.25. The f& 

consistently produces largest ARL1 as corroborated by the italicized value in Table 

4.13. Meanwhile, the effect of change in sample size and design value follow the 

finding under G0H0.   

 

d. G.5H.5 

Finally, we analyze the results for the skewed heavy-tailed distribution, as listed in 

Table 4.14. Under this extreme deviation from normality, we notice a huge 

difference in the performance of the original chart versus all modified charts if a 

small shift (% ≤ 0.75) occurs. The '(&  emerges as the worst chart with the largest 

ARL1 (refer to the italicized ARL1 in Table 4.14). All three design shifts used in 

designing the '(& exhibit this behavior, however, it is worse when %∗ = 2. Therefore, 

it can be concluded that the effect of skewed heavy-tailed distribution is amplified 

when the '(& was tuned incorrectly.  

 

Across the three design shifts, the ability of the modified EWMA charts to detect 

small shifts is unrivaled by the  '(& , especially when %∗ = 2. To illustrate, for % = 

0.25 and n = 5, the ARL1 of the '(& tuned for %∗ = 2 is 577.90, which is significantly 

(about 12 times) higher than the next largest ARL1 value produced by the f& (47.52). 

For n = 9, the f&  has an ARL1 of approximately 28, suggesting significant 

improvement in terms of detection of a small process shift but the ARL1 of the '(& 
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remains quite large at 369.15. The perusal of the ARL1 values in Table 4.14 led to the 

conclusion that the effect of change in sample size is identical for all charts.  

 

The work of Noorossana et al. (2015) suggested that the performance of the standard 

EWMA chart is worse when applied on the skewed data than the symmetric heavy-

tailed data. It should be noted that the ARL1 values obtained from their simulation 

study were based on the gamma and t distributions. However, as claimed by Human 

et al. (2011), there are wider collection of non-normal distributions that are 

particularly useful to study the effects of non-normality on the EWMA chart which 

led to the current finding in this thesis.  

 

Our analyses for the EWMA charts based on the g-and-h distributions show that the 

effect of heavy-tailed distribution on the ARL is more obvious than shown by 

skewed distribution.  This result appears to be due to the fact that kurtosis effects 

both tails of the distribution, more than skewness does. The effect, however, can be 

mitigated using modified EWMA charts which are able to control the ARL0 near the 

pre-specified value if tuned (designed) appropriately. Moreover, these modified 

charts have superior power for small shift particularly when tails of the distribution 

are heavier than normal.  
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 Table 4.13 
             ARL1 Using Data from G.5H0 

    Charts 
n )∗ )  *+K *+H.J,K *,K -K .K 
  0.25  32.19 31.67 31.91 32.34 32.00 
  0.5  10.80 10.84 10.79 10.91 10.93 
  0.75  6.65 6.66 6.66 6.70 6.72 
 0.5 1  4.90 4.87 4.89 4.92 4.94 
  1.5  3.28 3.27 3.27 3.29 3.30 
  2  2.54 2.54 2.53 2.54 2.55 
  3  1.96 1.97 1.96 1.96 1.97 
         
  0.25  34.67 34.49 34.79 34.12 34.69 
  0.5  9.46 9.47 9.43 9.45 9.58 
  0.75  5.26 5.26 5.26 5.27 5.31 
5 1 1  3.71 3.73 3.71 3.71 3.73 
  1.5  2.44 2.42 2.42 2.44 2.45 
  2  1.94 1.94 1.93 1.93 1.95 
  3  1.22 1.22 1.21 1.23 1.25 
         
  0.25  41.97 42.54 41.63 47.02 46.87 
  0.5  11.02 10.99 11.20 11.81 11.66 
  0.75  4.96 4.91 5.01 5.13 5.12 
 2 1  3.05 3.05 3.07 3.12 3.13 
  1.5  1.83 1.83 1.83 1.86 1.86 
  2  1.31 1.32 1.33 1.35 1.36 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  18.88 18.74 18.75 18.91 18.71 
  0.5  7.59 7.58 7.59 7.59 7.58 
  0.75  4.86 4.84 4.84 4.87 4.86 
 0.5 1  3.64 3.64 3.65 3.64 3.65 
  1.5  2.52 2.51 2.52 2.52 2.52 
  2  2.00 2.00 2.00 2.00 2.00 
  3  1.43 1.42 1.43 1.43 1.42 
         
  0.25  18.88 18.55 18.91 18.75 18.82 
  0.5  6.12 6.03 6.15 6.08 6.10 
  0.75  3.67 3.67 3.68 3.69 3.70 

  9 1 1  2.71 2.70 2.71 2.73 2.72 
  1.5  1.93 1.93 1.93 1.94 1.94 
  2  1.50 1.50 1.51 1.50 1.50 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  25.80 25.86 26.00 27.61 26.95 
  0.5  6.03 6.02 6.03 6.21 6.09 
  0.75  2.99 3.00 3.02 3.10 3.06 
 2 1  2.08 2.07 2.06 2.09 2.08 
  1.5  1.30 1.30 1.31 1.32 1.31 
  2  1.01 1.01 1.01 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
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             Table 4.14 
             ARL1 Using Data from G.5H.5 

    Charts 
n )∗ )  *+K *+H.J,K *,K -K .K 
  0.25  43.67 34.34 34.21 34.28 34.34 
  0.5  11.19 10.95 10.94 10.95 11.00 
  0.75  7.28 6.66 6.68 6.70 6.77 
 0.5 1  4.94 4.89 4.89 4.91 4.93 
  1.5  3.01 3.25 3.27 3.29 3.29 
  2  2.88 2.56 2.55 2.56 2.58 
  3  2.00 1.97 1.97 1.97 1.97 
         
  0.25  331.96 40.47 38.89 39.26 40.30 
  0.5  10.07 9.99 9.71 9.73 9.93 
  0.75  6.30 5.29 5.24 5.27 5.33 
5 1 1  4.22 3.69 3.70 3.72 3.75 
  1.5  2.43 2.43 2.42 2.43 2.46 
  2  2.29 1.95 1.95 1.95 1.96 
  3  1.00 1.15 1.16 1.17 1.19 
         
  0.25  577.90 46.62 45.09 47.52 46.34 
  0.5  126.52 13.85 13.14 13.84 13.73 
  0.75  5.51 5.37 5.31 5.47 5.50 
 2 1  3.23 3.07 3.08 3.16 3.14 
  1.5  2.04 1.85 1.86 1.89 1.88 
  2  1.29 1.26 1.28 1.31 1.31 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  22.82 19.17 19.09 19.32 19.38 
  0.5  8.13 7.54 7.59 7.60 7.60 
  0.75  4.97 4.84 4.84 4.84 4.87 
 0.5 1  3.84 3.62 3.64 3.65 3.63 
  1.5  2.54 2.52 2.52 2.52 2.53 
  2  2.00 1.99 1.99 2.00 1.99 
  3  1.02 1.42 1.42 1.42 1.43 
         
  0.25  55.25 19.74 20.22 20.16 19.91 
  0.5  6.86 6.12 6.15 6.14 6.12 
  0.75  3.87 3.68 3.69 3.70 3.71 

  9 1 1  2.94 2.71 2.72 2.72 2.72 
  1.5  2.00 1.94 1.95 1.95 1.94 
  2  1.26 1.50 1.51 1.51 1.52 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  369.15 26.59 27.04 28.40 27.06 
  0.5  9.40 6.35 6.24 6.43 6.47 
  0.75  4.02 3.04 3.02 3.07 3.09 
 2 1  2.00 2.06 2.08 2.09 2.08 
  1.5  1.05 1.28 1.29 1.30 1.29 
  2  1.00 1.01 1.01 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
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4.4 Synthetic Charts  

Again, five control charts under the synthetic technique were proposed namely '(5, 

'(,.),5, 'm5, f5, and à5. Like CUSUM and EWMA, the goal of the synthetic chart is to 

identify the following hypothesis:  

H0 : the process is in control, 

H1 : the process is not in control. 

 

The ARL was used to measure the robustness and detection ability of the charts 

through simulation study. The ARL0 was fixed at 370 under G0H0, and the design 

parameters, ks and Ls, were derived subject to the specific values of %∗.  This led to 

the design parameters of synthetic charts in Table 4.15. Applying the same format 

and layout utilized in testing the CUSUM and EWMA charts, the ARL0 performance 

of the synthetic charts is first observed.  

 

Table 4.15 
Synthetic Parameters Given ARL0 ≈ 370 

  Charts 
  *+L *+H.J,L *,L -L .L 
)∗ n Ls kS Ls kS Ls kS Ls kS Ls kS 
0.5 5 14 2.443 15 2.4588 15 2.4629 18 2.5558 14 2.4676 
1 5 4 2.219 4 2.221 4 2.2237 4 2.2599 4 2.233 
2 5 2 2.085 2 2.0857 2 2.0882 2 2.1134 2 2.0943 
            

0.5 9 8 2.346 9 2.3685 8 2.3492 7 2.3617 7 2.3373 
1 9 2 2.085 2 2.0857 2 2.0859 2 2.1043 2 2.0898 
2 9 1 1.943 1 1.9433 1 1.9436 1 1.9536 1 1.9454 

 

4.4.1 ARL0 

Tests on the ARL0 encompassed small and moderate sample sizes, i.e., n = {5, 9}. 

Accordingly, the results are presented in two separate tables namely Table 4.16 - 
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4.17 where the highlighted values are the ARL0 that fall within the robust interval of 

185 to 555. 

 

            Table 4.16 
         ARL0 for Sample Size n = 5 

  Charts 
)∗ Distribution *+L *+H.J,L *,L -L .L 
 G0H0 363.45 361.88 361.63 361.36 363.61 
0.5 G0H.5 1657.19 117.51 114.39 122.65 120.35 
 G.5H0 214.04 215.37 200.75 262.46 260.26 
 G.5H.5 6726.19 146.76 135.23 132.44 139.58 
       
 G0H0 364.86 360.82 366.35 363.88 363.28 
1 G0H.5 3620.80 202.76 195.01 214.59 199.79 
 G.5H0 324.86 327.83 319.37 380.55 343.17 
 G.5H.5 7133.60 298.76 247.57 263.28 246.64 
       
 G0H0 369.44 361.94 362.25 368.46 369.50 
2 G0H.5 4746.20 268.72 257.10 276.82 261.56 
 G.5H0 391.41 381.15 383.91 430.84 375.56 
 G.5H.5 7274.32 416.02 341.72 351.51 337.24 

 

 

       Table 4.17 

       ARL0 for Sample Size n = 9 

  Charts 
)∗ Distribution *+L *+H.J,L *,L -L .L 
 G0H0 362.81 368.55 360.12 360.46 360.49 
0.5 G0H.5 2834.24 164.00 171.18 203.59 179.95 
 G.5H0 296.30 299.07 288.36 372.18 323.05 
 G.5H.5 6974.22 176.53 181.43 211.64 192.77 
       
 G0H0 365.81 367.74 364.70 363.72 369.73 
1 G0H.5 5020.50 259.17 254.02 272.38 258.99 
 G.5H0 376.07 365.76 371.10 396.37 357.21 
 G.5H.5 7294.66 307.57 292.75 306.81 298.16 
       
 G0H0 363.46 369.34 361.81 366.34 363.78 
2 G0H.5 5742.72 313.58 308.40 312.29 303.45 
 G.5H0 403.61 393.42 400.89 401.28 375.57 
 G.5H.5 7344.05 381.41 357.91 371.41 372.33 
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Across the distributional shape, there is a variation in the control chart performance 

in relation to the types of distribution. First, consider the situation where G0H0. All 

five charts have a similar performance, i.e., they have a comparable ARL0 of 

approximately 370, as they were designed to have. Next, consider the three non-

normal distributions considered in study, namely G0H.5, G.5H0, and G.5H.5. 

Combining the two factors, the distributional shape and design shift, we notice that 

the ARL0 produced by the modified synthetic charts are well controlled upon 

violation of the normality assumption, if designed for %∗  = 1 and 2. It is also 

interesting to note here that several ARL0 of the modified charts actually exceed 370 

when G.5H0, with f5 consistently emerging as the most robust chart.  

 

The decision regarding sample size noticeably influences the robustness of the 

synthetic charts that was designed for %∗ = 0.5. For n = 5, the synthetic charts are 

seen with robust ARL0 for G.5H0 only. Their in-control performances indeed are 

improved for n = 9, resulting with f5 as robust control chart over the non-normal 

distributions considered in this study. The most striking performance of f5 is when 

G.5H0 in which it produces ARL0 = 262.46 (n = 5) and ARL0 = 372.18 (n = 9), 

beating other supposedly robust charts. 

 

The ARL0 of the original synthetic chart displays conflicting results across the 

distributional shapes. In other words, too large ARL0 are obtained from the heavy-

tailed distributions, i.e., G0H.5 and G.5H.5, which led to non-robust charts but not 

for the skewed normal-tailed distribution (G.5H0). We can generalize these 

outcomes to all design shifts. It should be noted that those substantially large ARL0 
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produced by the original synthetic chart suggests potential detection delay when the 

process is out-of-control. The following subsection will discuss the issue in detail.  

 

4.4.2 ARL1 

The ARL1 results are listed in four different tables: Table 4.18 - 4.21, each 

representing one of the g-and-h distributions. A cursory glance at the four tables 

shows a quickly declining ARL1 for the modified synthetic charts but not for the '(5, 

suggesting inferior power by the latter chart in detecting a process change. Bearing 

that in mind, we first begin a thorough investigation for the case G0H0.  

 

a. G0H0 

Table 4.18 presents the ARL1 when the process data follow the assumed normal 

distribution. We can deduce that the effect of change in design shift is identical to all 

charts. For % ≥ 0.75, the three design shifts offer equivalent performance, suggesting 

that the choice of design parameters is less important when the actual shift is not 

small. Of comparing the charts’ performance, all five charts perform consistently 

across all large % values. For % < 0.75, we perceive a variation in the control chart 

performance, noticeably, as soon as we introduced potential shifts in the process. The 

f5 emerges as the worst chart with largest ARL1 regardless of the design shift and 

sample size. For the very small shift in this study, i.e., % = 0.25, '(,.),5 consistently 

producing the smallest ARL1 (shown in bold in Table 4.18) especially when n is 

small  

 

  



 

  137 
 

             Table 4.18 
             ARL1 Using Data from G0H0 

    Charts 
n )∗ )  *+M *+H.J,M *,M -M .M 
  0.25  103.03 100.21 102.98 114.49 112.71 
  0.5  16.14 16.16 16.07 20.16 17.65 
  0.75  4.81 4.95 4.97 5.83 5.03 
 0.5 1  2.40 2.47 2.49 2.76 2.47 
  1.5  1.23 1.24 1.24 1.27 1.23 
  2  1.02 1.02 1.02 1.03 1.03 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  112.66 111.98 114.57 124.51 117.83 
  0.5  18.08 18.35 18.87 21.94 19.51 
  0.75  4.79 4.88 4.82 5.42 4.90 
5 1 1  2.13 2.12 2.17 2.23 2.18 
  1.5  1.15 1.16 1.16 1.16 1.16 
  2  1.01 1.01 1.01 1.02 1.02 
  3  112.66 111.98 114.57 124.51 117.83 
         
  0.25  123.73 122.39 126.68 137.07 123.90 
  0.5  21.11 21.16 22.20 24.37 21.94 
  0.75  5.47 5.40 5.42 6.05 5.52 
 2 1  2.28 2.27 2.23 2.34 2.29 
  1.5  1.13 1.13 1.13 1.13 1.13 
  2  1.01 1.01 1.01 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  54.21 53.90 55.97 62.33 58.76 
  0.5  6.55 6.46 6.49 7.17 6.78 
  0.75  2.23 2.25 2.26 2.30 2.22 
 0.5 1  1.35 1.39 1.36 1.37 1.33 
  1.5  1.02 1.02 1.02 1.02 1.02 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  67.25 68.05 67.64 72.86 68.77 
  0.5  8.15 7.93 7.98 8.68 8.21 
  0.75  2.24 2.23 2.25 2.29 2.27 

  9 1 1  1.29 1.27 1.27 1.27 1.27 
  1.5  1.01 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  76.82 77.08 76.69 81.81 78.74 
  0.5  9.80 9.82 9.97 10.39 10.08 
  0.75  2.65 2.65 2.70 2.68 2.70 
 2 1  1.40 1.38 1.37 1.38 1.39 
  1.5  1.01 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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b. G0H.5 

Table 4.19 contains ARL1 values for the symmetric heavy-tailed distribution. With 

this type of data distribution, the '(5  is expected to be less responsive to location 

shift. The italicized values in Table 4.19 vouch that. For % ≤ 0.75, the ARL1 of the '(5 

is significantly larger than the ARL1 produced by any of the modified charts under the 

same design setting: %∗ and n. The '(5 performs the worst when tuned for %∗ = 2. To 

illustrate, for % = 0.25 and n = 5, its ARL1 is 3764.94. This value is 25 times higher 

than the next largest ARL1 value produced by the '(,.),5 at 151.04 in the same design 

setting. Of comparing the four modified synthetic charts which have superior power 

for small shifts, 'm5 is picked as the best chart since it consistently signals sooner than 

'(,.),' , f' , and à'  when %  ≤ 0.75, especially when n is small. This statement is 

corroborated by the values in bold in Table 4.19.  

c. G.5H0 

Table 4.20 presents the results when all synthetic charts were applied on skewed 

normal-tailed distribution. It is noted that the effect of change in sample size and 

design shift follow similar finding under normality. Precisely, in terms of the sample 

size, as n increases, the ARL1 for all charts are noticeably smaller. Across the three 

design shifts, there is a minimal variation in the ARL1 of each chart when % values 

are moderate or large. However, for small % values, it is advantageous to use the 

chart tuned for %∗  = 0.5 as this chart produces the smallest ARL1 for %  ≤  0.75. 

Alternatively, the chart tuned for %∗ = 1 is better than that tuned for %∗ = 2 when 

small shifts are of interest. Of comparing the five charts, no variation in the 

performance is observed for % > 1, and that a minimal difference exists if a small 

shift size of % = {0.5, 0.75} occurs. However, when we introduced the smallest shift  
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Table 4.19 
             ARL1 Using Data from G0H.5 

    Charts 
n )∗ )  *+M *+H.J,M *,M -M .M 
  0.25  1272.58 72.96 69.88 78.00 74.35 
  0.5  532.29 23.21 21.58 24.78 23.94 
  0.75  102.95 6.72 6.50 7.32 6.69 
 0.5 1  6.85 2.69 2.64 3.02 2.65 
  1.5  1.39 1.17 1.18 1.21 1.18 
  2  1.00 1.03 1.03 1.03 1.03 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  2691.88 117.86 109.95 121.62 113.79 
  0.5  949.72 30.41 27.92 31.48 29.67 
  0.75  103.91 6.57 6.34 7.02 6.66 
5 1 1  3.74 2.17 2.15 2.27 2.19 
  1.5  1.02 1.11 1.11 1.12 1.12 
  2  1.00 1.02 1.02 1.02 1.02 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  3764.94 151.04 139.21 147.02 143.21 
  0.5  1227.32 35.74 33.25 35.55 35.02 
  0.75  91.52 7.33 6.91 7.57 6.95 
 2 1  2.45 2.17 2.23 2.25 2.22 
  1.5  1.92 1.09 1.10 1.11 1.09 
  2  1.02 1.01 1.01 1.02 1.02 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  1607.02 50.93 53.02 61.44 58.27 
  0.5  234.93 7.71 7.67 8.58 8.28 
  0.75  3.94 2.31 2.26 2.31 2.23 
 0.5 1  1.58 1.32 1.31 1.33 1.30 
  1.5  1.00 1.02 1.02 1.02 1.02 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.03 1.00 1.00 1.00 1.00 
         
  0.25  3224.67 77.68 75.10 81.15 80.34 
  0.5  241.55 9.44 9.38 10.00 9.96 
  0.75  2.95 2.18 2.18 2.26 2.17 

  9 1 1  1.03 1.23 1.23 1.24 1.23 
  1.5  1.00 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  3912.45 93.89 92.81 95.24 94.42 
  0.5  190.65 11.04 11.32 11.74 11.58 
  0.75  3.46 2.52 2.51 2.60 2.56 
 2 1  1.60 1.33 1.29 1.34 1.31 
  1.5  1.01 1.02 1.02 1.02 1.02 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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Table 4.20 
             ARL1 Using Data from G.5H0 

    Charts 
n )∗ )  *+M *+H.J,M *,M -M .M 
  0.25  49.38 49.31 48.14 58.01 57.26 
  0.5  13.94 13.68 14.16 15.60 14.78 
  0.75  5.35 5.26 5.57 6.16 5.58 
 0.5 1  2.71 2.80 2.78 2.99 2.75 
  1.5  1.22 1.24 1.25 1.29 1.23 
  2  1.00 1.01 1.00 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  75.71 75.04 74.36 88.30 79.63 
  0.5  18.56 18.67 18.74 20.68 18.82 
  0.75  5.64 5.63 5.91 6.18 5.73 
5 1 1  2.49 2.44 2.47 2.56 2.44 
  1.5  1.13 1.12 1.13 1.14 1.14 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  99.38 101.67 99.42 110.94 102.53 
  0.5  23.42 23.08 23.86 24.83 23.39 
  0.75  6.69 6.67 6.97 7.17 6.80 
 2 1  2.58 2.63 2.69 2.69 2.68 
  1.5  1.10 1.10 1.09 1.11 1.11 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  38.65 37.70 38.43 47.18 43.88 
  0.5  6.92 6.83 7.13 7.54 7.14 
  0.75  2.45 2.46 2.44 2.44 2.41 
 0.5 1  1.38 1.39 1.38 1.40 1.38 
  1.5  1.00 1.01 1.00 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  60.19 59.92 59.24 65.14 61.29 
  0.5  9.31 9.19 9.52 9.31 9.37 
  0.75  2.50 2.46 2.53 2.51 2.46 

  9 1 1  1.27 1.26 1.27 1.30 1.28 
  1.5  1.00 1.00 1.00 1.00 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  76.46 77.01 78.14 79.90 78.45 
  0.5  11.57 11.62 12.04 11.89 11.63 
  0.75  3.02 3.01 3.03 3.01 2.97 
 2 1  1.35 1.36 1.36 1.36 1.36 
  1.5  1.00 1.00 1.00 1.00 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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(% = 0.25) in the process, the f5 and à5 have slower detection than '(5, '(,.),5, and 'm5 

across the three design shifts. These ARL1 values of the f5 and à5 are italicized in 

Table 4.20 for a reference. 

 

d. G.5H.5 

In comparing the control chart performance under extreme non-normality, we focus 

on the results display in Table 4.21. The ability of the original synthetic chart, '(5, to 

quickly identify small process shifts under G.5H.5 is doubtful since the chart gives 

too large ARL1 for % ≤ 1 (refer to the italicized values in Table 4.21). It is noted that 

these ARL1 values are substantially higher than the ARL1 observed under the previous 

heavy-tailed distribution namely G0H.5, which we already concluded as very bad.  

Conversely, the ARL1 for all four modified synthetic charts under G.5H.5 are not 

dramatically different from the finding under G0H.5 with each modified chart 

maintaining superior power over the range of shifts. Of determining the ranking of 

the best chart(s), we obtain mixed results from the modified charts, depending on the 

design shifts. If we designed for %∗ = 0.5 or 1, the 'm5 consistently emerges as the best 

chart in detecting small % values (i.e., for % ≤ 0.75), as corroborated by the values in 

bold in Table 4.21. Meanwhile, if we designed for %∗ = 2, the à5 and f5 emerge as 

the best charts when n = 5 and 9, respectively. Their ARL1 values in this case are also 

in bold for a reference.  

 

A study by Calzada and Scariano (2001) suggested that the ARL1 of the original 

synthetic chart using process data from the heavy-tailed distributions and the normal 

distribution are comparable. Several t distributions were used to validate their 

finding. However, using G0H.5 (symmetric distribution with heavy tails) and G.5H.5 
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(skewed distribution with heavy tails), we can prove that the previous finding cannot 

be entirely satisfactory. By comparing the ARL1 in Table 4.19 and Table 4.21, which 

are, respectively for G0H.5 and G.5H.5, with the ARL1 in Table 4.18 (G0H0), we 

found that the detection capability of the original synthetic chart diminishes under 

heavy-tailed distributions especially when % < 2. It should be noted that the finding 

deduced in this study were based on the estimated parameter case, and Calzada and 

Scariano (2001) focused on the known parameters case. To justify our conclusion in 

this study, we then tested all five synthetic control charts, i.e., '(', '(,.),', 'm', f', and 

à' on the four g-and-h distributions, in the context of known parameters case. Those 

ARL1 values, which are included in Appendix C, are comparable to the ARL1 in this 

study, including for G0H.5 and G.5H.5 cases. Therefore, the effectiveness of the 

original synthetic chart to monitor shifts for heavy-tailed distributions remains 

doubtful.  

From the beginning of this chapter, we have been observing and comparing the ARL0 

and ARL1 for various CUSUM, EWMA, and synthetic charts. However, the 

comparison was made within the same type of chart, such that the CUSUM charts 

were not compared to the EMWA and synthetic charts. In the next section, we will 

be comparing ARL performance across the types of charts. 
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 Table 4.21 
            ARL1 Using Data from G.5H.5 

    Charts 
n )∗ )  *+M *+H.J,M *,M -M .M 
  0.25  5694.97 65.44 58.93 61.62 61.06 
  0.5  3494.97 23.33 20.70 22.44 21.49 
  0.75  797.43 8.09 7.42 8.12 7.63 
 0.5 1  38.09 3.35 3.17 3.56 3.20 
  1.5  1.47 1.13 1.16 1.20 1.15 
  2  1.86 1.01 1.01 1.02 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6680.98 118.82 105.57 112.97 104.87 
  0.5  4999.74 35.74 30.84 33.58 31.68 
  0.75  1000.73 9.23 8.31 9.02 8.33 
5 1 1  9.81 2.74 2.62 2.75 2.74 
  1.5  1.00 1.06 1.09 1.10 1.09 
  2  1.04 1.00 1.01 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  7049.27 170.96 145.50 152.00 141.48 
  0.5  5648.26 46.86 40.43 41.60 40.42 
  0.75  912.59 10.82 9.55 10.01 9.72 
 2 1  9.19 2.81 2.62 2.78 2.75 
  1.5  1.07 1.05 1.06 1.07 1.06 
  2  1.00 1.00 1.00 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  5613.14 43.81 41.46 51.24 46.74 
  0.5  1529.16 8.40 8.34 9.13 9.03 
  0.75  17.77 2.55 2.53 2.61 2.62 
 0.5 1  2.44 1.36 1.33 1.35 1.33 
  1.5  1.00 1.01 1.01 1.01 1.01 
  2  1.28 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6588.82 76.58 74.42 78.22 75.13 
  0.5  1952.43 11.58 11.43 11.66 11.90 
  0.75  6.07 2.54 2.53 2.52 2.59 

  9 1 1  2.73 1.22 1.23 1.23 1.22 
  1.5  1.57 1.00 1.01 1.01 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6808.69 101.22 97.79 97.54 98.76 
  0.5  1802.50 14.63 14.35 14.15 14.70 
  0.75  3.08 2.98 2.90 2.87 2.92 
 2 1  1.43 1.27 1.30 1.30 1.27 
  1.5  1.00 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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4.5 Comparison of CUSUM, EWMA, and Synthetic Charts  

The performance of the control charts in Section 4.2 – 4.4 were evaluated over a 

range of actual shifts. Those shifts comprise: (i) zero % value (no shift), (ii) small % 

values (% = 0.25, 0.5, 0.75), (iii) moderate % values (% = 1, 1.5), and (iv) large % 

values (% = 2, 3). For the purpose of comparison, only one % value is picked from 

each interval of the actual shifts as follows: 

(i) % = 0 (no shift); 

(ii) % = 0.5 (small actual shift); 

(iii) % = 1 (moderate actual shift); 

(iv) % = 2 (large actual shift).  

 

The ARL values associated with these % are listed in Table 4.22a (p. 153) – 4.25a (p. 

156). Each table represents one of the g-and-h distributions. The first, second, and 

third columns of each table display the sample size, design shift, and actual shift, 

respectively. The rest of the columns display the ARL obtained for each chart 

investigated. The Shewhart '( chart is not the focus of this study but for the purpose 

of comparison, the ARL of the usual 3-sigma Shewhart control chart is listed in the 

last column of every table. Since the Shewhart '(  chart cannot be tuned for any 

particular magnitude of shift, its ARL values, which were obtained for small and 

moderate sample sizes, i.e., n = {5, 9}, are listed repeatedly across the three design 

shifts. Later in the discussion, this chart is simply referred to as the '( chart.  

 

The goal is to compare the robustness and detection ability across different types of 

charts namely CUSUM, EWMA, synthetic, and Shewhart. Keeping in mind that 

ARL0 is a measure of robustness and ARL1 is a measure of efficiency (i.e., detection 
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ability), selection of the most robust chart or the most efficient chart remains as 

defined in the beginning of this chapter. 

 

a. G0H0 

Table 4.22a (p. 153) lists the ARL for G0H0. If % = 0, the ARL0 is around 370 as 

expected. As far as the ARL1 performance is concerned, the EWMA and the CUSUM 

charts are generally better than the synthetic charts for %  = 0.5. The charts’ 

performance varied by the sample size n. For n = 5, the EWMA charts are more 

effective in identifying a small shift in the process since their ARL1 are the smallest 

in comparison. For n = 9, there is a minimal variation in the ARL1 by the EWMA and 

the CUSUM across the three design shifts. Notably, both charts lose performance to 

the synthetic charts when n = 9 if % = %∗. In other words, an appropriately designed 

synthetic chart with sufficiently large sample size is always better than the CUSUM 

or EWMA.  

 

The synthetic charts, in general, perform better than both the CUSUM and EWMA 

charts if a large shift occurs in the process. This is true for all three design shifts.  

Across the sample size, the synthetic charts perform about twice as fast as the 

EWMA or CUSUM charts when % = 1 and become superior when % = 2. For % = 2, 

when both EWMA and CUSUM are eclipsed by the '( chart, synthetic charts perform 

no less than the '( chart.  

 

It is worth to mention that the sensitivity of the investigated charts and the '( chart 

improve, i.e., smaller ARL1, when n increases. In this case, the CUSUM and the 

EWMA, are almost as powerful as the '( chart for identifying large shifts if tuned for 
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%∗ = 2. Assuming that the actual shift is indeed the shift to which the chart was tuned 

for, i.e.,  % = %∗, the best chart or charts are identified in Table 4.22 b.  

 

 Table 4.22b 
 Best Control Charts in Terms of Detection under G0H0 

Sample size Design shift Actual shift Best chart(s) ARL1 
 0.5 0.5 !"&, $& 10.66 

n = 5 1 1 !"!.#,' 2.12 
 2 2 !"', !"!.#,', !#', $', &' 1.01 
     
 0.5 0.5 !"!.#,' 6.46 

n = 9 1 1 !"!.#,', !#', $', &' 1.27 
 2 2 !"', !"!.#,', !#', $', &', !" 1.00 

 

For small n, the EWMA chart is very effective to detect small process shift. In 

particular, both '(&  and f&  give smallest ARL1 for a small % value, but both charts 

are outperformed by the '(,.),'  when n increases. The '(,.),'  is also the best in 

detecting a moderate % value, but for n = 9, several alternatives including the 'm', f', 

and à' can be recommended as well. For effective monitoring of a large shift, any of 

the investigated synthetic charts can be recommended due to their comparable 

performance. Evidently, choosing a small n in designing the chart is just as sufficient 

as specifying larger n if the process shift is relatively large. This is an echo of 

Montgomery’ statement (i.e., Montgomery 2013). 

 

b. G0H.5 

The ARL for all charts under this data distribution are recorded in Table 4.23a (p. 

154). When the underlying process data follow non-normal distribution, it is crucial 

to maintain the robustness of a control chart so that its capability in detecting an 

actual shift in the process would not be misleading (Human et al., 2011). Thus, we 
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look for a chart that consistently produces high detection while still able to control its 

ARL0 near the expected 370. In searching for control charts that fit these criteria, we 

first look for the chart that produces ARL0 within the specified robust interval of 185 

to 555. These ARL0 values are highlighted in Table 4.23a. The next step is to find the 

most robust chart within this group which led to the best charts identified in Table 

4.23b.  

 

Table 4.23b 
Best Control Charts under G0H.5 
Sample size Design shift Robustness Consistent high detection 

 0.5 &%  (354.12) &%  
n = 5 1 && (257.88) $& 

 2 !"& (349.94) !"%  
    
 0.5 &%  (360.36) &%  

n = 9 1 $& (296.75) $& 
 2 !"& (381.33) !"& 

 

The value in bracket is the corresponding ARL0 of the identified most robust chart. 

For %∗  = 0.5, à%  has the most stable and robust performance when %  = 0 and 

regularly producing small ARL1 for % > 0, suggesting good detection ability. The 

merits are apparent across both sample sizes.   

 

For %∗ = 1, the ranking varies by the sample size. For n = 5, the f& is seen with most 

consistent detection ability across different process shifts, despite not being the most 

robust chart. However, with ARL0 = 255.77, the f&  is still quite as robust as à& 

where the latter is identified as the most robust chart in this setting. For n = 9, f& not 

only maintains its consistency in providing a fast detection for % > 0, it also appears 

as the most robust chart.  
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For %∗ = 2 and n = {5, 9}, unexpectedly, the original EWMA chart, '(&, produces the 

most robust ARL0. The chart performs consistently well in detecting shifts for n = 9. 

However, for smaller n, the original CUSUM chart, '(% , gives more consistent 

performance for % > 0. It is noted that its ARL0 is less robust than '(& but if we refer 

to Table 4.23a, the '(%  is more powerful than the '(&, especially when the actual shift 

is quite small. Notably, Table 4.23a shows many other alternatives with better 

detection ability, however, these alternative charts cannot control their ARL0 under 

this circumstance and thus, are omitted from the ranking.  

 

The '( chart did not make it to the ranking. The chart signals much too often when 

the process is in-control, judging by the ARL0 values listed for % = 0 in Table 4.23a 

(p. 154). Choosing larger sample size in implementing the chart still does not bring 

its ARL0 value close to the expected 370. Due to that, we are not going to discuss its 

detection ability, which by the look of it, is consistently outperformed by the 

investigated charts.  

 

c. G.5H0 

The effect of non-normality in terms of skewness, is represented by G.5H0 in Table 

4.24a (p. 155). The highlighted ARL for no shift implies that nearly all ARL0 

produced by the investigated charts fall within the specified robust interval of 185 to 

555. The degree of robustness among of the CUSUM, EWMA, and synthetic charts 

vary by the design shift. Both CUSUM and EWMA charts provide better control of 

ARL0 when tuned for %∗ = 0.5, and synthetic charts can offer the same positive trait if 

tuned for %∗ = 1 and 2. This leads to the choices identified in Table 4.24b.  
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   Table 4.24b 
   Best Control Charts under G.5H0 

Sample size Design shift Robustness Consistent high detection 
 0.5 && (369.85) && 

n = 5 1 $' (380.55) $' 
 2 &' (375.56) &' 
    
 0.5 !"!.#,& (369.26) !"!.#,& 

n = 9 1 !#' (371.10) !#' 
 2 &' (375.57) &' 

 

For %∗ = 0.5, the EWMA chart dominates the ranking, both in terms of robustness 

and consistent high detection. Both à& and '(,.),& emerge as the best chart for n = 5 

and 9, respectively.  

 

For %∗ = 1 and n = 5, the f'	is regarded as the most robust chart. It is also classified 

as the one with consistently good detection. For larger sample size, i.e., n = 9, the 'm' 

overtakes the ranking. For %∗  = 2, the à'  emerges as the best chart. Not only it 

produces most robust ARL0, but the chart consistently producing good detection 

across process shifts. These virtues are apparent even when n is small. 

 

d. G.5H.5 

Table 4.25a (p. 156) compares the ARL performance across the investigated charts 

for G.5H.5. This distribution is of particular interest because it reveals how the charts 

would perform when applied on skewed distribution also having relatively heavy 

tails. Our finding reveals that it is unwise to use the original charts when dealing with 

this extreme non-normality since they fail to control ARL0 within the acceptable 

range of 185 to 555. As such, their uses and effectiveness are questionable in 

detecting process shifts. Both '(%  and '(&  are equally impacted, but '('  suffers the 
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most in terms of robustness and shift detection. Similarly, the '( chart has trouble in 

controlling its ARL0 within the acceptable range nor does it can detect actual shifts 

quickly when the change is not large.  

 

It is gratifying to note that modified charts, which are based on robust estimators, can 

still be dependable when dealing with this extreme non-normality if tuned 

appropriately. Like under the previous non-normal cases in this study, the EWMA 

and CUSUM can be made robust using %∗ = 0.5, and for the synthetic, we can tune 

the chart for %∗  = 1 or  %∗  = 2 so that it is robust. Even under heavy-tailed 

distribution such as in this case, the pattern of robustness still follows which led to 

the best control charts identified in Table 4.25b. 

 

   Table 4.25b 
   Best Control Charts under G.5H.5 

Sample size Design shift Robustness Consistent high detection 
 0.5 !"!.#,& (369.73) !"!.#,& 

n = 5 1 !"!.#,' (298.76) !"!.#,' 
 2 $' (351.51) $' 
    
 0.5 !"!.#,& (353.95) !"!.#,& 

n = 9 1 !"!.#,' (307.57) !"!.#,' 
 2 $' (371.41) $' 

 

For %∗ = 0.5, the '(,.),& performs the best in terms of robustness and consistently high 

detection. Its ARL0 (in the bracket) between the two sample sizes does not differ 

much and in fact, is very close to the expected 370, suggesting that the chart can be 

confidently used in process monitoring.  
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For %∗  = 1 and 2, '(,.),'  and f'  are respectively identified as most robust charts. 

When n increases, their ARL0 improve considerably, approaching the expected 370. 

Even though EWMA and CUSUM perform well in terms of detection of small 

process shift, since they are not robust, they are out of the league (best control chart). 

For that reason, the '(,.),' is picked with best consistent high detection for n = 5 and 

likewise, f' for n = 9.  

 

The three types of charts studied in this thesis, i.e., CUSUM, EWMA, and synthetic, 

require specification of %∗. The choice of %∗ influences both robustness and detection 

capability of the charts as we discover in this chapter. Generally, the modified 

CUSUM and EWMA charts are very robust to violation of the normality assumption 

if tuned for small %∗. Meanwhile, the modified synthetic charts are very robust to 

non-normality if tuned for large %∗.  

 

Our simulation study based on the g-and-h distributions shows that even under non-

normality, both CUSUM and EWMA would signal faster than synthetic chart for all 

small %  values, but the latter is better for all moderate and large %  values. These 

findings are in accordance with Knoth (2016) in which the author claimed that 

synthetic chart cannot compete with both CUSUM and EWMA under small process 

shifts. Likewise, Khoo, Teh, Chew, and Teoh (2015) suggested EMWA chart over 

synthetic chart for monitoring small shifts of a normally distributed process data, but 

to use synthetic chart if moderate or large shifts are of interest.  

 

It is important to note that in our study, none of the original charts can perform 

satisfactorily under heavy-tailed distributions. Combining the two factors: robustness 
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and detection capability, it is safe to use the modified EWMA control charts tuned 

for small %∗ when small process shifts are of interest. The newly proposed modified 

EWMA charts, i.e., f& and à&, in particular, are very robust upon violation of the 

normality assumption and thus, can be confidently used to monitor small changes in 

the process. On the other hand, if moderate or large process shifts are more 

important, it is advisable to use the newly proposed modified synthetic charts namely 

'(,.),' , 'm' , f' , and à' . By specifying %∗ = 1 or %∗ = 2 in the design, these newly 

proposed modified synthetic charts perform robustly under non-normality while still 

able to detect moderate and large changes in the process effectively.  

 

The effect of non-normality on the Shewhart '( chart was analyzed as well in this 

section. Contrary to the claim by Wheeler (1995) that the chart can be made robust to 

non-normality using samples of size n > 4, there is a valid concern that its 

performance can still be adversely affected under some types of non-normal 

distributions (Yourstone & Zimmer, 1992). The finding in this section substantiates 

that. Our finding concurs with the general consensus that the Shewhart chart is 

ineffective for detecting small and moderate process shifts. It is satisfying to note 

that even when the actual shift is large, the newly proposed modified CUSUM, 

EWMA, and synthetic charts do not perform worse than the Shewhart chart.
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Table 4.22a 
ARL when G0H0 
    CUSUM  EWMA  SYNTHETIC  !" 

n #∗ #  !"" !"#.%," !$" %" &"  !"' !"#.%,' !$' %' &'  !"( !"#.%,( !$( %( &(   
  0  369.95 370.00 370.08 369.98 370.00  370.34 370.03 370.00 370.00 369.94  363.45 361.88 361.63 361.36 363.61  369.68 
 0.5 0.5  11.43 11.47 11.42 11.36 11.57  10.66 10.72 10.73 10.66 10.74  16.14 16.16 16.07 20.16 17.65  37.75 
  1  5.19 5.19 5.19 5.19 5.24  4.89 4.87 4.88 4.90 4.92  2.40 2.47 2.49 2.76 2.47  4.76 
  2  2.67 2.68 2.67 2.67 2.70  2.51 2.50 2.51 2.53 2.53  1.02 1.02 1.02 1.03 1.03  1.08 
                       
  0  369.97 370.08 368.82 369.71 369.97  370.03 369.95 370.08 369.94 370.08  364.86 360.82 366.35 363.88 363.28  369.68 
5 1 0.5  9.34 9.30 9.29 9.40 9.49  9.24 9.18 9.19 9.18 9.30  18.08 18.35 18.87 21.94 19.51  37.75 
  1  3.63 3.60 3.59 3.62 3.64  3.68 3.70 3.68 3.69 3.74  2.13 2.12 2.17 2.23 2.18  4.76 
  2  1.90 1.89 1.90 1.91 1.91  1.96 1.96 1.96 1.97 1.98  1.01 1.01 1.01 1.02 1.02  1.08 
                       
  0  369.94 370.08 370.00 369.97 370.03  370.00 369.98 370.00 370.00 370.03  369.44 361.94 362.25 368.46 369.50  369.68 
 2 0.5  11.65 11.83 11.86 12.61 12.35  10.90 11.05 11.21 11.98 11.81  21.11 21.16 22.20 24.37 21.94  37.75 
  1  2.85 2.85 2.86 2.97 2.92  2.99 2.98 3.01 3.08 3.07  2.28 2.27 2.23 2.34 2.29  4.76 
  2  1.20 1.19 1.20 1.23 1.22  1.29 1.30 1.30 1.32 1.33  1.01 1.01 1.01 1.01 1.01  1.08 
                       
                       
  0  370.11 369.96 369.96 370.02 370.07  370.09 369.95 369.99 370.02 369.96  362.81 368.55 360.12 360.46 360.49  369.96 
 0.5 0.5  8.04 8.02 8.00 8.00 8.04  7.55 7.53 7.56 7.58 7.54  6.55 6.46 6.49 7.17 6.78  16.41 
  1  3.85 3.84 3.84 3.85 3.86  3.64 3.65 3.63 3.65 3.64  1.35 1.39 1.36 1.37 1.33  2.06 
  2  2.04 2.04 2.04 2.04 2.04  2.01 2.01 2.01 2.02 2.01  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  369.95 370.02 369.93 370.02 370.02  370.02 370.02 370.02 370.03 369.97  365.81 367.74 364.70 363.72 369.73  369.96 
9 1 0.5  5.95 5.96 5.94 6.03 6.05  6.01 5.98 6.00 6.08 6.04  8.15 7.93 7.98 8.68 8.21  16.41 
  1  2.63 2.63 2.62 2.63 2.62  2.70 2.70 2.70 2.70 2.70  1.29 1.27 1.27 1.27 1.27  2.06 
  2  1.36 1.35 1.36 1.37 1.37  1.47 1.46 1.48 1.47 1.47  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  369.95 369.99 369.95 369.93 370.02  369.95 369.98 369.99 370.02 369.93  363.46 369.34 361.81 366.34 363.78  369.96 
 2 0.5  5.84 5.95 5.92 6.12 5.91  5.85 5.89 5.86 6.14 6.03  9.80 9.82 9.97 10.39 10.08  16.41 
  1  1.92 1.93 1.92 1.97 1.93  2.06 2.04 2.06 2.10 2.08  1.40 1.38 1.37 1.38 1.39  2.06 
  2  1.01 1.01 1.01 1.01 1.01  1.02 1.02 1.02 1.03 1.02  1.00 1.00 1.00 1.00 1.00  1.00 
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Table 4.23a 
ARL when G0H.5 
    CUSUM  EWMA  SYNTHETIC  !" 

n #∗ #  !"" !"#.%," !$" %" &"  !"' !"#.%,' !$' %' &'  !"( !"#.%,( !$( %( &(   
  0  1546.12 352.29 348.61 345.39 354.12  1328.50 340.01 339.78 342.80 340.27  1657.19 117.51 114.39 122.65 120.35  222.29 
 0.5 0.5  12.25 11.42 11.34 11.33 11.51  11.33 10.65 10.70 10.74 10.81  532.29 23.21 21.58 24.78 23.94  152.70 
  1  5.08 5.17 5.16 5.14 5.22  4.81 4.86 4.87 4.88 4.89  6.85 2.69 2.64 3.02 2.65  35.64 
  2  2.90 2.71 2.69 2.69 2.73  2.54 2.50 2.52 2.53 2.53  1.00 1.03 1.03 1.03 1.03  1.02 
                       
  0  671.38 229.75 233.48 243.04 244.67  714.63 248.73 246.90 255.77 257.88  3620.80 202.76 195.01 214.59 199.79  222.29 
5 1 0.5  9.76 9.32 9.36 9.27 9.40  9.89 9.36 9.32 9.16 9.39  949.72 30.41 27.92 31.48 29.67  152.70 
  1  3.47 3.59 3.58 3.61 3.64  3.60 3.67 3.68 3.69 3.73  3.74 2.17 2.15 2.27 2.19  35.64 
  2  1.99 1.93 1.93 1.93 1.94  2.00 1.98 1.98 1.98 1.99  1.00 1.02 1.02 1.02 1.02  1.02 
                       
  0  307.55 110.07 112.96 127.54 121.16  349.94 130.71 135.39 146.07 140.88  4746.20 268.72 257.10 276.82 261.56  222.29 
 2 0.5  28.00 12.97 12.84 13.69 13.31  44.45 12.57 12.32 13.16 13.12  1227.32 35.74 33.25 35.55 35.02  152.70 
  1  2.78 2.81 2.83 2.92 2.90  2.89 2.99 2.99 3.05 3.05  2.45 2.17 2.23 2.25 2.22  35.64 
  2  1.02 1.15 1.16 1.19 1.17  1.06 1.25 1.26 1.29 1.29  1.02 1.01 1.01 1.02 1.02  1.02 
                       
                       
  0  1689.99 358.93 356.02 353.58 360.36  1458.55 353.63 352.37 351.93 350.00  2834.24 164.00 171.18 203.59 179.95  241.86 
 0.5 0.5  7.90 8.02 7.96 7.99 8.07  7.66 7.52 7.54 7.51 7.55  234.93 7.71 7.67 8.58 8.28  116.77 
  1  3.91 3.83 3.83 3.83 3.84  3.65 3.63 3.64 3.64 3.64  1.58 1.32 1.31 1.33 1.30  2.48 
  2  2.01 2.04 2.04 2.04 2.04  2.00 2.01 2.01 2.01 2.01  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  731.26 281.47 283.88 294.81 288.00  775.08 292.28 294.96 296.75 291.68  5020.50 259.17 254.02 272.38 258.99  241.86 
9 1 0.5  6.08 5.89 5.94 5.97 6.00  6.27 6.01 6.01 6.05 6.06  241.55 9.44 9.38 10.00 9.96  116.77 
  1  2.68 2.62 2.61 2.64 2.63  2.77 2.69 2.70 2.72 2.70  1.03 1.23 1.23 1.24 1.23  2.48 
  2  1.10 1.32 1.33 1.34 1.34  1.37 1.46 1.48 1.47 1.47  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  332.31 154.78 158.53 176.13 155.42  381.33 179.07 181.42 199.34 180.49  5742.72 313.58 308.40 312.29 303.45  241.86 
 2 0.5  6.43 5.93 5.94 6.09 5.99  8.08 5.95 5.93 6.07 6.08  190.65 11.04 11.32 11.74 11.58  116.77 
  1  2.01 1.93 1.93 1.98 1.96  2.06 2.06 2.06 2.10 2.08  1.60 1.33 1.29 1.34 1.31  2.48 
  2  1.00 1.01 1.02 1.02 1.02  1.01 1.03 1.03 1.03 1.02  1.00 1.00 1.00 1.00 1.00  1.00 
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Table 4.24a 
ARL when G.5H0 
    CUSUM  EWMA  SYNTHETIC  !" 

n #∗ #  !"" !"#.%," !$" %" &"  !"' !"#.%,' !$' %' &'  !"( !"#.%,( !$( %( &(   
  0  360.80 365.70 359.62 359.11 366.87  366.97 365.29 368.35 376.74 369.85  214.04 215.37 200.75 262.46 260.26  126.23 
 0.5 0.5  11.61 11.65 11.55 11.54 11.69  10.80 10.84 10.79 10.91 10.93  13.94 13.68 14.16 15.60 14.78  23.34 
  1  5.19 5.18 5.19 5.18 5.26  4.90 4.87 4.89 4.92 4.94  2.71 2.80 2.78 2.99 2.75  5.20 
  2  2.70 2.70 2.69 2.68 2.72  2.54 2.54 2.53 2.54 2.55  1.00 1.01 1.00 1.01 1.01  1.05 
                       
  0  305.59 307.48 294.12 315.81 328.50  345.23 350.50 337.34 347.68 362.59  324.86 327.83 319.37 380.55 343.17  126.23 
5 1 0.5  9.54 9.62 9.60 9.61 9.69  9.46 9.47 9.43 9.45 9.58  18.56 18.67 18.74 20.68 18.82  23.34 
  1  3.65 3.62 3.62 3.65 3.67  3.71 3.73 3.71 3.71 3.73  2.49 2.44 2.47 2.56 2.44  5.20 
  2  1.89 1.88 1.88 1.90 1.91  1.94 1.94 1.93 1.93 1.95  1.00 1.00 1.00 1.00 1.00  1.05 
                       
  0  176.11 185.70 164.75 215.65 228.93  240.40 254.40 229.28 280.85 289.84  391.41 381.15 383.91 430.84 375.56  126.23 
 2 0.5  12.39 12.42 12.45 12.73 12.64  11.02 10.99 11.20 11.81 11.66  23.42 23.08 23.86 24.83 23.39  23.34 
  1  2.93 2.94 2.95 3.00 2.98  3.05 3.05 3.07 3.12 3.13  2.58 2.63 2.69 2.69 2.68  5.20 
  2  1.19 1.20 1.20 1.24 1.24  1.31 1.32 1.33 1.35 1.36  1.00 1.00 1.00 1.00 1.00  1.05 
                       
                       
  0  365.63 364.35 359.42 365.54 372.34  371.61 369.26 365.09 371.31 367.50  296.30 299.07 288.36 372.18 323.05  164.54 
 0.5 0.5  8.07 8.04 8.06 8.02 8.08  7.59 7.58 7.59 7.59 7.58  6.92 6.83 7.13 7.54 7.14  13.55 
  1  3.85 3.84 3.83 3.84 3.86  3.64 3.64 3.65 3.64 3.65  1.38 1.39 1.38 1.40 1.38  2.24 
  2  2.03 2.02 2.02 2.03 2.03  2.00 2.00 2.00 2.00 2.00  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  329.16 331.35 314.74 351.35 347.54  355.35 355.54 354.44 366.52 364.98  376.07 365.76 371.10 396.37 357.21  164.54 
9 1 0.5  6.08 6.03 6.07 6.07 6.04  6.12 6.03 6.15 6.08 6.10  9.31 9.19 9.52 9.31 9.37  13.55 
  1  2.64 2.62 2.62 2.65 2.65  2.71 2.70 2.71 2.73 2.72  1.27 1.26 1.27 1.30 1.28  2.24 
  2  1.37 1.37 1.38 1.39 1.39  1.50 1.50 1.51 1.50 1.50  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  220.87 229.36 211.45 281.75 258.20  279.18 291.28 270.12 338.04 314.35  403.61 393.42 400.89 401.28 375.57  164.54 
 2 0.5  6.06 6.09 6.10 6.32 6.14  6.03 6.02 6.03 6.21 6.09  11.57 11.62 12.04 11.89 11.63  13.55 
  1  1.94 1.93 1.95 1.98 1.96  2.08 2.07 2.06 2.09 2.08  1.35 1.36 1.36 1.36 1.36  2.24 
  2  1.00 1.00 1.00 1.00 1.00  1.01 1.01 1.01 1.01 1.01  1.00 1.00 1.00 1.00 1.00  1.00 
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Table 4.25a 
ARL when G.5H.5 
    CUSUM  EWMA  SYNTHETIC  !" 

n #∗ #  !"" !"#.%," !$" %" &"  !"' !"#.%,' !$' %' &'  !"( !"#.%,( !$( %( &(   
  0  4060.65 359.45 346.48 340.12 349.96  3823.14 369.73 352.87 355.39 362.60  6726.19 146.76 135.23 132.44 139.58  819.77 
 0.5 0.5  12.39 11.75 11.65 11.59 11.83  11.19 10.95 10.94 10.95 11.00  3494.97 23.33 20.70 22.44 21.49  403.42 
  1  5.05 5.19 5.21 5.17 5.24  4.94 4.89 4.89 4.91 4.93  38.09 3.35 3.17 3.56 3.20  108.12 
  2  3.13 2.73 2.73 2.72 2.75  2.88 2.56 2.55 2.56 2.58  1.86 1.01 1.01 1.02 1.01  1.01 
                       
  0  2162.14 217.44 214.98 220.72 222.30  2372.83 263.73 250.06 256.85 261.25  7133.60 298.76 247.57 263.28 246.64  819.77 
5 1 0.5  10.74 10.21 9.90 9.89 10.13  10.07 9.99 9.71 9.73 9.93  4999.74 35.74 30.84 33.58 31.68  403.42 
  1  3.48 3.61 3.62 3.63 3.68  4.22 3.69 3.70 3.72 3.75  9.81 2.74 2.62 2.75 2.74  108.12 
  2  2.00 1.92 1.92 1.92 1.93  2.29 1.95 1.95 1.95 1.96  1.04 1.00 1.01 1.01 1.01  1.01 
                       
  0  1082.72 104.28 102.60 112.78 109.84  1240.63 129.14 128.73 137.26 135.69  7274.32 416.02 341.72 351.51 337.24  819.77 
 2 0.5  41.22 15.52 14.56 15.31 15.15  126.52 13.85 13.14 13.84 13.73  5648.26 46.86 40.43 41.60 40.42  403.42 
  1  2.93 2.94 2.93 3.02 2.99  3.23 3.07 3.08 3.16 3.14  9.19 2.81 2.62 2.78 2.75  108.12 
  2  1.18 1.13 1.15 1.18 1.16  1.29 1.26 1.28 1.31 1.31  1.00 1.00 1.00 1.01 1.01  1.01 
                       
                       
  0  3901.12 348.32 341.28 344.39 348.27  3661.32 353.95 353.39 350.21 347.50  6974.22 176.53 181.43 211.64 192.77  770.42 
 0.5 0.5  9.34 8.08 8.07 8.10 8.11  8.13 7.54 7.59 7.60 7.60  1529.16 8.40 8.34 9.13 9.03  263.44 
  1  3.97 3.85 3.84 3.86 3.86  3.84 3.62 3.64 3.65 3.63  2.44 1.36 1.33 1.35 1.33  4.46 
  2  2.00 2.02 2.02 2.02 2.02  2.00 1.99 1.99 2.00 1.99  1.28 1.00 1.00 1.00 1.00  1.00 
                       
  0  2027.19 241.96 247.71 260.32 249.28  2218.17 281.89 282.21 291.01 284.96  7294.66 307.57 292.75 306.81 298.16  770.42 
9 1 0.5  7.62 6.08 6.07 6.11 6.16  6.86 6.12 6.15 6.14 6.12  1952.43 11.58 11.43 11.66 11.90  263.44 
  1  2.84 2.63 2.63 2.65 2.64  2.94 2.71 2.72 2.72 2.72  2.73 1.22 1.23 1.23 1.22  4.46 
  2  1.01 1.35 1.36 1.38 1.37  1.26 1.50 1.51 1.51 1.52  1.00 1.00 1.00 1.00 1.00  1.00 
                       
  0  1009.38 123.96 130.61 144.97 126.75  1156.24 157.21 161.79 174.63 160.90  7344.05 381.41 357.91 371.41 372.33  770.42 
 2 0.5  7.19 6.36 6.30 6.46 6.38  9.40 6.35 6.24 6.43 6.47  1802.50 14.63 14.35 14.15 14.70  263.44 
  1  2.04 1.94 1.95 1.99 1.97  2.00 2.06 2.08 2.09 2.08  1.43 1.27 1.30 1.30 1.27  4.46 
  2  1.00 1.00 1.01 1.01 1.00  1.00 1.01 1.01 1.01 1.01  1.00 1.00 1.00 1.00 1.00  1.00 
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4.6 Real Data Application 

In applying the charts on real data, certain design parameters have to be set. By 

adopting the following settings, k = 0.5 and ! = 0.13 as optimal constants for design 

shift size of 1", i.e., #∗	= 1, the CUSUM and the EMWA charts were constructed 

using the appropriate values of h and L respectively, as shown in Table 4.1 and Table 

4.8. Similarly, the synthetic charts were constructed using appropriate design 

parameters: ks and Ls, that pertain to #∗	 = 1 (refer to Table 4.15). The results are 

depicted in Table 4.26, where xi is the ith patients.  

 

The real data results correspond with the results on simulation study for modified 

CUSUM and EWMA charts. Specifically, %"  outperforms the rest with highest 

detection, followed closely by %#; differing by just two patients. The third highest 

detection is given by &#  and &"  with both detecting the same number of out-of-

control sample. Unfortunately, for synthetic charts, the result for real data is not as 

promising as shown in their simulation study performance.  

 

In general, the detection rates are low for the synthetic charts, thus, a cause for great 

concern. However, it was noted that the use of synthetic chart has met with some 

negative criticism in SPC. Davis and Woodall (2002), for instance, emphasized that 

the synthetic chart is not a match for appropriately designed CUSUM and EMWA 

charts. Meanwhile, Knoth (2016) strongly advised against using the synthetic chart 

in SPC unless the process shifts are relatively large. Taking into account on these 

negative reviews, while still be mindful of the positive aspects of the synthetic chart 

as reviewed in Chapter 2, further study is needed to rectify the inconsistent results 

between the simulation study and the real data study for the synthetic charts. 
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Table 4.26 
Number of Patients Detected by the Investigated Control Charts 

 CONTROL CHARTS 

xi !"! !"" !"# #! #" ## $! $" $# !%! !%" !%# !"$.&,! !"$.&," !"$.&,# 

1                

2                

3        ü        

4 ü ü ü ü ü ü ü ü ü ü ü ü ü ü ü 

5 ü   ü ü  ü ü  ü ü  ü ü  

6 ü ü  ü ü  ü ü  ü ü  ü ü  

7 ü   ü   ü   ü   ü   

8       ü         

9    ü ü  ü ü        

10                

11                

12  ü   ü  ü ü  ü ü   ü  

13 ü ü  ü ü  ü ü  ü ü  ü ü  

14 ü   ü   ü   ü   ü   

15 ü ü  ü ü  ü ü  ü ü  ü ü  

16 ü   ü   ü      ü   

17                

18                

19                

20                

21                

22  ü   ü   ü  ü ü   ü  

23                

24                

25                

26                

27                

28        ü        

29                

30                

31                

32                

33                

34                
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Table 4.26 continued. 
35 ü ü  ü ü  ü ü  ü ü  ü ü  

36       ü         

37                

38  ü   ü   ü   ü   ü  

39                

40                

41                

42                

43                

44                

45                

46                

47  ü   ü   ü   ü   ü  

48                

49                

50  ü   ü   ü   ü   ü  

51                

52                

53                

54                

55                

56                

57                

58                

59                

60  ü   ü  ü ü  ü ü   ü  

61                

62                

63        ü        

64                

65                

66                

67                

68                

69 ü ü  ü ü  ü ü   ü  ü ü  

70 ü   ü   ü      ü   

71                

72                
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Table 4.26 continued. 
73                

74                

75                

76 ü ü  ü ü  ü ü   ü  ü ü  

77                

78                

79 ü ü  ü ü  ü ü   ü  ü ü  

80 ü   ü   ü      ü   

81                

82 ü ü  ü ü  ü ü  ü ü  ü ü  

83 ü   ü   ü      ü   

84                

85 ü ü  ü ü  ü ü   ü  ü ü  

86       ü         

87 ü ü  ü ü  ü ü  ü ü  ü ü  

88 ü   ü   ü   ü   ü   

89    ü   ü         

90                

91                

92                

93                

94                

95  ü   ü   ü   ü   ü  

96                

97     ü   ü   ü   ü  

98                

99                

100                

& 19 18 1 21 21 1 26 24 1 14 20 1 19 20 1 
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CHAPTER FIVE  

CONCLUSION 

5.1 Introduction 

The goal of this study is to find alternative methods in monitoring changes in the 

data as the most popular univariate standard control chart namely the Shewhart '( 

chart is not effective for small shifts and known to be sensitive to non-normality. In 

particular, non-normality tends to disrupt the calculation of average run length 

(ARL) to detect changes in the data. To address the goal of this study, alternatives to 

the Shewhart chart were proposed. These recommendations are based on three types 

of control charts namely the CUSUM by Page (1954) the EWMA by Roberts (1959), 

and the synthetic by Wu and Spedding (2000). The CUSUM and EWMA control 

charts are constructed such that they directly incorporate all information from past 

and current process data, which make them very effective for small shifts. While 

both charts outperform the Shewhart '( chart for a shift size of # < 1.5, the general 

consensus is that the CUSUM and EWMA charts perform about equally under 

normality (Montgomery, 2013).  

 

The synthetic control chart is another good alternative when small shifts are of 

interest (Shongwe & Graham, 2016). The chart, which combines both the Shewhart 

'( chart and the CRL chart to signal a process change, can detect shifts faster than the 

Shewhart '(  chart for any size of #  under normality (Wu & Spedding, 2000). 

Compared to the EWMA chart, when the shift is not small such that  # > 0.8, the 

synthetic chart offers quicker signal (Wu & Spedding, 2000). A general guideline to 

the industrial practitioners was given by Khoo et al. (2015), that is to continue 

monitoring the process using the EWMA chart if small shifts are anticipated. For 
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diagnosing moderate to large changes in the process location, the synthetic chart is 

more effective. 

 

In order to achieve our aims, we robustified the three types of control charts using 

some robust location estimators based on winsorized and trimming approach. The 

location estimators: '($.& , ') , MOM, and WMOM, were chosen based on the most 

important characteristics of a robust measure, i.e., high breakdown point and 

reasonable statistical power. Altogether, fifteen control charts were investigated, 

comprising three original charts, four existing modified charts, and eight newly 

proposed modified charts as identified in Table 3.1 (p. 76).  

 

The performance of the investigated charts was gauged through the robustness and 

detection ability of the charts. A chart is considered robust if it can control its in-

control ARL (ARL0) regardless of the conditions tested. Meanwhile, with respect to 

detection ability, the faster the chart can signal (detect) changes in the process, the 

better the chart will be. As such, its out-of-control ARL (ARL1) should be as small as 

possible.  

 

The following sections will summarize the performance of the investigated charts as 

this is the crux of this study. For the reader’s convenience, the sections will be 

organized based on the objectives of this study. First, the robustness of the 

investigated charts are discussed.  
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5.2 Comparison of Robustness  

In comparing the robustness of the proposed modified control charts with the original 

charts using simulated data, Table 5.1 is referred to. It contains the percentage of 

robust conditions for each control chart across types of distributions, design shifts, 

and sample sizes. The percentage, which is listed simply as number, merely 

summarizes the findings on robustness based on Table 4.2 - 4.3 (CUSUM), Table 4.9 

– 4.10 (EWMA), and Table 4.16 – 4.17 (synthetic).  

 

 Table 5.1 
 Percentage of Robust Conditions Achieved 

 
Charts 

Distributions  Design shifts  Sample size 
G0 
H.5 

G.5 
H0 

G.5 
H.5 

 0.5 1 2  5 9 

C !"!  33 83 0  33 33 50  33 44 
U !"".$,!  67 100 67  100 100 33  78 78 
S !#!  67 83 67  100 100 17  67 78 
U MC 67 100 67  100 100 33  78 78 
M WC 67 100 67  100 100 33  78 78 
            

E !"& 33 100 67  33 33 67  44 44 
W !"".$,& 67 100 0  100 100 33  78 78 
M !#& 67 100 67  100 100 33  78 78 
A ME 83 100 67  100 100 50  78 89 
 WE 67 100 67  100 100 33  78 78 
            

S !"' 0 100 0  33 33 33  78 33 
Y !"".$,' 67 100 67  33 100 100  78 78 
N !#' 67 100 67  33 100 100  78 78 
 MS 83 100 83  83 100 100  78 100 
 WS 67 100 84  50 100 100  78 89 

Notation: SYN = synthetic 
 

Overall findings indicate better robustness by the modified charts than the original 

charts across most conditions tested in this study. Specifically, under the CUSUM 

category, the CUSUM MOM, CUSUM WMOM, and CUSUM 20% trimmed mean 

charts are most robust except when the design shift is large i.e., #∗	 = 2. Even then, 
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these charts, respectively denoted as MC, WC,  and '($.&," , do not perform much worse 

than the supposedly best chart i.e., the original chart namely '(" . Likewise, under the 

EWMA category, the EWMA MOM chart (ME) is best in all but #∗	= 2 in which it is 

slightly surpassed by the original chart i.e., '(# . Meanwhile, under the synthetic 

category, the synthetic MOM chart (MS) is the best in terms of robustness. Even 

though MS is outperformed by the synthetic WMOM chart (WS) under G.5H.5, the 

difference is quite minimal.  Therefore, we can conclude that MOM estimator works 

well across the three types of charts in controlling the false alarms, i.e., its ARL0.  

 

5.3 Comparison of Shift Detection Ability 

In comparing the shift detection ability of the proposed modified control charts with 

the original charts using simulated data, Table 5.2 is referred to. It contains the lower 

and upper bound values of ARL1 for the investigated charts, summarized based on 

Table 4.4 – 4.7 (CUSUM), Table 4.11 – 4.14 (EWMA), and Table 4.18 – 4.21 

(synthetic). The  lower and upper bound values of ARL1 in Table 5.2 are produced 

when process shift is large and small, respectively. For large shift, the three types of 

charts perform equally good. Nonetheless, for small shift, the EWMA charts signal 

the quickest, followed closely by the CUSUM charts. The synthetic charts do not 

fare well in detecting small shifts, given by their considerably large upper bound 

values of ARL1 than either of the EWMA or CUSUM charts. These findings hold for 

all four distributions as confirmed in Table 5.2.  

 

A notable finding from the simulation study is that none of the original chart can 

cope well under heavy-tailed cases i.e., G0H.5 and G.5H.5. The highlighted upper 

bound values of the ARL1 in Table 5.2 are extremely large when compared to the 
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modified charts in each respective category, especially for '(( . Conversely, all  

modified charts perform just as good as the original charts under normal tails (G0H0 

and G.5H0). Even though MOM and WMOM based charts are not the best in terms of 

detecting small process shift, their differences to the other charts are very minimal. 

Thus, it can be concluded that the MOM and WMOM charts are on par with other 

supposedly best chart in terms of detection.  

 

       Table 5.2 
      Shift Detection by The Investigated Charts 

Charts Distributions 
G0H0 G0H.5 G.5H0 G.5H.5 

C !"!  1.01-11.43 1.00-28.00 1.00-12.39 1.00-41.22 
U !"".$,!  1.01-11.83 1.01-12.97 1.00-12.42 1.00-15.52 
S !#!  1.01-11.86 1.02-12.84 1.00-12.45 1.01-14.56 
U MC 1.01-12.61 1.02-13.69 1.00-12.73 1.01-15.31 
M WC 1.01-12.35 1.02-13.31 1.00-12.64 1.00-15.15 
      

E !"& 1.02-10.90 1.01-44.45 1.01-11.02 1.00-126.52 
W !"".$,& 1.02-11.05 1.03-12.57 1.01-10.99 1.01-13.85 
M !#& 1.02-11.21 1.03-12.32 1.01-11.20 1.01-13.14 
A ME 1.03-11.98 1.03-13.16 1.01-11.81 1.01-13.84 
 WE 1.02-11.81 1.02-13.12 1.01-11.66 1.01-13.73 
      

S !"' 1.00-21.11 1.00-1227.32 1.00-23.42 1.00-5648.26 
Y !"".$,' 1.00-21.16 1.00-35.74 1.00-23.08 1.00-46.86 
N !#' 1.00-22.20 1.00-33.25 1.00-23.86 1.00-40.43 
 MS 1.00-24.37 1.00-35.55 1.00-24.83 1.00-41.6 
 WS 1.00-21.94 1.00-35.02 1.00-23.39 1.00-40.42 

Notation: SYN = synthetic 
 

5.4 The Best Chart (s)    

The practical application of the investigated charts was demonstrated using a real 

data set on patients’ blood sugar level (in mmol/L) obtained from Pusat Kesihatan 

Universiti (PKU), UUM. All investigated charts were applied on these data and the 

outputs of these charts were used to detect potential diabetic patients. With highest 
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number of detection, the CUSUM WMOM chart (WC) outperforms the other charts. 

Other WMOM and MOM based charts using EWMA and CUSUM structures (WE, 

ME, and MC) are also viewed positively in terms of high detection. These proposed 

charts surpass other charts in detection ability. The findings of this example follow 

the same pattern as indicated by the ARL1 values for the proposed charts under 

simulation study.  

 

Combining the robustness and detection performance, MOM charts can be 

considered as good and reliable charts, and the EWMA MOM chart (ME) is the best. 

WMOM is the next best choice in terms of robustness and detection according to 

simulation study, and it outperforms the others in real data study. If the only concern 

is to monitor large process shift, then the synthetic MOM chart (MS) is recommended 

as it is most robust. In applying these charts, which have a robust design structure, 

the users need not worry about the distributional shapes of the underlying process 

data. Moreover, these robust charts i.e., EWMA MOM (ME), EWMA WMOM (WE), 

and synthetic MOM (MS) perform satisfactorily for small sample size n as shown via 

simulation and real data study and thus, befitting popular demand in statistical 

process control.  

 

5.5 Implications 

Our goal is to search for alternative methods in monitoring changes in non-normal 

data. In this final chapter, we would like to share some of the breakthrough that 

emerge from this study. Modifications made on the CUSUM, EMWA, and synthetic 

control charts successfully improve the in-control and out-of-control performance of 

the three charts in terms of ARL. The original CUSUM, EWMA, and synthetic 
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charts perform so well under normality to quickly signal a change when a shift 

occurs but lost control when the underlying process data are non-normally 

distributed, particularly for heavy-tailed distributions. As for the alternatives, the use 

of MOM and WMOM in EWMA control structure are effective when the shifts are 

small and moderate. Alternately, the two estimators work effectively for moderate 

and large shift under synthetic design structure. Despite not being the best in 

detecting either small, moderate, or large shifts, the robust CUSUM control charts 

perform consistently across all magnitude of shifts.  

 

This study did more than just show how ineffective the standard charts are for 

detecting location shifts when the basic assumption like normality is not attainable. It 

also highlighted the suboptimal performance of the standard charts if they are 

inappropriately tuned. This event is known as misspecification where the actual shift 

is much smaller than the design shift. Regrettably, the decisions of what shift to 

design for rarely gets attention in literature but this study has proven that the effect of 

these choices are not trivial on the standard charts, particularly under the heavy-

tailed distributions. When misspecification occurs, the use of standard charts in 

monitoring small shifts in the mean (0.25 ≤ # ≤ 0.75) of a sufficiently heavy-tailed 

distribution led to detection delay which ultimately do a lot of damage in real 

practical situation. The proposed robust CUSUM, EWMA, and synthetic charts in 

this study, nonetheless, help to mitigate the detection delay while keeping stable and 

robust performances.  

 

These robust charts may serve as alternatives to other statistical control charts which 

are unable to handle the problem of non-normality. This study may generate ideas for 
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future research in statistical process monitoring simultaneously contributes to filling 

the gaps in the literature addressing the robustness issue.  

 

5.6 Suggestion for Future Research 

Throughout this thesis, we have emphasized the need for alternatives to the standard 

control charts that perform almost as well as possible if the normality assumption is 

true, but do not perform much worse when the assumption is hardly attainable. We 

have proved that the proposed robust control charts in this study performed 

remarkably well under violated assumption and were on par with the standard control 

charts when the assumption is true. In particular, the use of MOM and WMOM 

estimators for both Phase I and Phase II as we undertook in this study led to 

exceptional control of false alarm rates. However, the detection can be further 

improved especially under very small shifts. This could be due to the issue of the 

standard error of both estimators whereby their theoretically correct estimate of the 

standard errors are virtually unknown. In this study, we used the simulated standard 

errors for all estimators to construct reasonable control limits without knowledge of 

the distribution. Since our choice of subgroup location estimators for the CUSUM, 

EWMA, and synthetic charts have been proven to improve the ARL performance of 

the standard charts, this study should be continued with a different method for 

getting a theoretically correct estimate of the standard error. We might consider 

using Winsorized variance (Dixon & Tukey, 1968; Tukey & McLaughlin, 1963) to 

estimate the variance of a trimmed mean based estimator as seen in the work of 

(Rocke, 1989). Alternatively, we might consider using bootstrap methods to establish 

control limits for the robust charts, in particular, the MOM and WMOM charts.  
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The analyses on the ARL performance were entirely based on the sole effect of 

estimating the location parameter. This study should be continued to peruse effects 

of estimating the dispersion parameter on the ARL as well. Rousseeuw and Croux 

(1993) suggested plenty of robust scale estimators that is worthy of attention. We 

should, however, expect a very narrow control limits when both parameters of the 

process are estimated via robust statistics. The widening of the control limits can be 

done by deriving new design parameters instead of using the standard one. However, 

the values of the design parameters under this event could be overwhelmingly large. 

Certainly, further research is required to come up with adequate design procedures 

for the CUSUM, EWMA, and synthetic control charts based on estimated parameters 

in regard to robustness of statistical approaches.  

 

In this study, we used ARL to asses performance of the proposed charts. The reason 

of using ARL is due to its popularity in SPC. Therefore, the reader can easily 

compare the outputs of this study to prior research. Nevertheless, some authors (e.g., 

Graham, Chakraborti, & Mukherjee, 2014; Tang, Castagliola, Sun, & Hu, 2018) 

argued that the shape of the run-length distribution varies with the shift size and 

hence, the ARL does not give a full and clear understanding on control chart 

performance. Further suggestions were made to supplement the ARL with additional 

performance criterion based on percentiles of the run-length distribution which aptly 

summarize the entire run-length distribution. We believe that this direction is worth 

to be pursued.!  
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Appendix A 

Formula for the pdf and cdf of the standard normal distribution 

 
 

pdf : .)(0) = (24)*+/&5*-(/&,                                 

cdf : 6)(0) = Pr(9 ≤ 0) = ∫ (24)*+/&-
*. 5*/(/&;<,         −∞ < < < +∞.     
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Appendix B  

Real data 

 
                Table Fasting Blood Sugar (FBS) Level of 200 Patients in PKU   

xi M1 M2 M3 M4 M5 
1 5.8 6.8 6.4 7 6.6 
2 13 15.7 17.8 11.4 13.1 
3 5.8 6.2 6 6.4 5.9 
4 6 5.9 6.4 6.4 6.8 
5 9.7 6.3 6.1 6 5.8 
6 6 9.6 7.9 8.8 8.4 
7 5.7 6 5.7 6.6 7.1 
8 6.4 6.6 6.3 6.5 6.3 
9 8.8 10.7 7.5 6.5 9 
10 7.9 8.1 8.2 9 9 
11 6 6 6.2 6.3 6.7 
12 5.3 5.5 5.8 5.2 6 
13 11.7 13.4 5.4 14.9 7.7 
14 5.5 5 7.2 14.4 13.2 
15 7 6.6 6.8 6.1 7.7 
16 13.5 10.2 8 19.8 8.8 
17 5.6 5.5 6.4 5.9 6.1 
18 6.8 6 5.9 5.8 5.8 
19 6.6 6.4 7.4 6.4 6.3 
20 6.4 6.4 6.6 5.9 5.8 
21 3 2.7 2.4 7.2 5.2 
22 11.1 5.4 8.1 12.2 4.9 
23 5.8 5.7 5.7 5.5 6 
24 5.8 8.2 11.7 12.3 11.7 
25 6.1 5.6 6.1 7.7 7.9 
26 13.5 7.8 17.3 10.8 18.6 
27 5.3 5.7 5.4 5 5.9 
28 5.2 5.2 5.5 4.7 5.7 
29 5.6 6 6.2 5.8 6 
30 7.2 6.2 5.3 5.9 5.7 
31 6.4 7.6 8.8 7.4 8.5 
32 10.2 9.1 11.6 12.3 10.3 
33 6.7 8.2 7.5 7.6 7.4 
34 8.5 7.8 8.1 8 6.4 
35 6.2 9.9 6 7.9 6.9 
36 4.9 6.7 5.3 6.4 6.1 
37 6.7 7.4 8.3 7.6 6.6 
38 8 6.3 8.9 8.7 14.9 
39 6.6 6.1 7.2 6.7 6 
40 5.4 11.1 5.4 9.7 15.6 
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          Table FBS Level continued.  
41 9.4 5.2 7.8 9.7 10 
42 12.1 9.4 8.2 9.9 8.8 
43 10 6.3 8 6.1 7.2 
44 11.2 8.5 7.3 9.5 11.5 
45 5.7 5.9 4.4 5.2 6 
46 5.1 5.5 5.6 5.8 6 
47 4.8 5.1 5.3 3.9 5 
48 6.8 7.2 7.2 6.2 7.5 
49 9.3 7.1 7.7 9.8 9.5 
50 5.7 5.4 5.7 6.5 6.3 
51 10.4 15.5 16 9 10.5 
52 7.2 7 6.6 6.5 7.4 
53 5.7 7.8 7.2 6.1 6.3 
54 6.3 5.9 6.2 9.4 6 
55 5.9 6 6 6.6 6.7 
56 6.2 7.6 6 6 6.8 
57 11.5 8.1 7.1 8.7 8.9 
58 8.6 8.5 8.9 8.3 9.8 
59 8.3 7.2 9.4 7.9 13.6 
60 5.5 5.4 6.2 5.6 5.6 
61 4.9 5.2 6.2 6.1 6.5 
62 6.8 6 7.9 6.6 6.2 
63 7.9 4.9 6.3 4.6 7.7 
64 7.9 7.9 7.5 8.4 6.8 
65 10.3 8.3 8.8 10.1 8.1 
66 5.7 5.6 5.3 6 6.1 
67 6.8 8.3 8.1 6.9 7.5 
68 5.2 6 5.9 6.2 5.9 
69 7.6 12.3 9.5 8.9 9 
70 8.2 10.1 12.4 15.8 12.2 
71 11.7 11.6 10.8 11.3 7 
72 5.3 5.4 5.4 5.2 6 
73 6.8 5.8 6.5 6.6 6.6 
74 6.2 5.9 6.3 6.7 6.2 
75 7 11.7 10.3 11.5 10.4 
76 11 19.3 14.6 30.3 9.4 
77 5.4 5 5.5 5.5 5.3 
78 6.5 6.6 7 8.4 7.2 
79 5.7 5.9 6 6 6.5 
80 5.5 6.2 6 5.5 6.6 
81 5.2 5.2 5.3 5.4 6.5 
82 7.5 7.3 6.5 6.5 6.9 
83 5.7 5.9 4 6 6 
84 5.1 5.1 5.5 5 5.5 
85 12 7.7 15.1 15.1 18.6 
86 6.7 6.9 7.6 7.6 7.4 
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                   Table FBS Level continued.   
87 6 6 6.7 6 6.1 
88 8 8.6 9 10.6 10.3 
89 19.4 15.5 12.4 13.5 21.4 
90 12.2 12.9 9.8 24.9 5.6 
91 9.3 6.7 7.6 13 9.6 
92 5.4 5.6 6.3 6.3 6.2 
93 12.2 7.4 13.2 9.8 8.7 
94 5.5 5.3 5.4 5.7 6 
95 12.4 9.5 8.1 11.1 8.1 
96 6.8 14 7.6 10.7 10.3 
97 9.4 7.8 7.5 5.9 8.2 
98 10.8 5.1 4.2 6 7.2 
99 4.5 5.1 5.4 5.4 4.9 
100 11 8 9.8 7.4 12.3 
101 6.5 6.1 5.9 6.2 6.6 
102 6.2 7.6 8.5 9.1 8.3 
103 7.5 10.2 6.8 8.4 9.4 
104 5.2 9.2 9.1 12.9 14.6 
105 7.6 7.7 7.6 8.5 9.6 
106 11.4 19.4 8 8.6 11.2 
107 5.8 5.2 5.5 5.7 5.9 
108 5.1 5 5.8 6.2 5.1 
109 9.6 9.7 8.9 8.5 9.5 
110 6.7 6.4 6.7 6.2 6.9 
111 8 5.2 13.6 15.6 5.2 
112 18.1 7.5 8.6 9.4 11.5 
113 7.4 12.4 16.2 19.1 15 
114 5.7 6.3 5.9 7.1 6.5 
115 8.2 9.2 7.4 11.7 9.9 
116 5.8 5.3 5.6 6.6 6 
117 5.9 6 6.5 5.9 6.7 
118 9.8 9.3 8.8 8 8.4 
119 9.9 9.2 7.5 7.8 7.2 
120 5.6 5.7 5.5 5.7 5 
121 11.6 7.6 10.7 7.3 5.9 
122 9.7 8.4 9.7 11.5 11.2 
123 6 5.3 6.1 5.8 5.9 
124 6.8 6.2 6.6 6.9 6.5 
125 5.6 7 6.8 6.5 6.2 
126 5.3 5.2 5.4 6.3 5.2 
127 5.3 5.9 6.2 6.2 6 
128 10.7 7.9 14.8 14.8 9.2 
129 5.2 5.8 6 6.5 6.7 
130 5.6 6.4 6.6 5.8 7 
131 4.6 4.6 5.2 5.2 4.3 
132 5.1 5.6 5.6 6.3 6 

 



 

 187 

      Table FBS Level continued. 
133 8.8 8.8 6.6 5.5 7.9 
134 5.9 5.4 5.9 6.4 6.9 
135 7 8.5 10.3 8.4 12 
136 12.6 12.2 11.7 16.6 8.4 
137 6 5.5 5.7 6 6.6 
138 8.9 8.3 13.2 8.1 10.7 
139 6.1 5.6 6.4 6.4 7 
140 7 6.3 7.8 7.4 8.1 
141 5.2 5.2 5.6 6 4.6 
142 6.9 6.7 6.2 6.2 7.2 
143 6 6.3 6.9 7 7.1 
144 5.5 5.4 5.9 6 6.2 
145 5 5.4 5.5 5.3 5.7 
146 5 5.6 5.3 5.8 5.9 
147 8 10.3 11.3 13.1 11.1 
148 5.3 5.8 5.9 6.4 6.1 
149 5.7 5.5 5.9 6.9 5.7 
150 26 15.1 4.8 6.5 10.4 
151 5.1 6.1 6.4 6.8 6.3 
152 5.9 5.4 6 5.5 5.3 
153 7.8 8.8 8.1 7.8 7.9 
154 8.8 6 7.5 6.3 6.6 
155 8.1 9.8 9.7 11.2 7.7 
156 6.1 5.8 6.2 6.9 6.7 
157 5.5 5.6 6 6 4.9 
158 6.8 6.7 6.6 6.7 7.1 
159 5.3 5.9 5.8 6.3 6.4 
160 6.2 9.4 16.7 7.8 11.4 
161 5.1 5.6 5.6 4.6 5.6 
162 5.6 5.9 5.5 5.4 5.7 
163 19.4 12.5 17.9 12.3 9.3 
164 5.2 5.2 6.1 5.7 6 
165 5.8 6 6 6.5 6.6 
166 5.2 6 5.5 5.6 5.9 
167 4.9 5.7 6.1 6.4 5.5 
168 5 5 5.4 5.2 5.8 
169 10.2 11.4 12.1 14.5 15.7 
170 7.8 7.8 6.1 6.4 6.7 
171 5 5.4 5.2 5.3 5.3 
172 5.8 7.3 7.8 7 7 
173 6.1 6.1 5.8 6.6 6.7 
174 5.2 5 5.3 5.3 5.8 
175 5.9 6.4 6.1 7.2 7.6 
176 17.1 9.3 7.4 10.5 12.8 
177 6.4 5.8 6.4 6.2 6 
178 6.1 6.2 5.4 5 6.2 

 



 

 188 

                  Table FBS Level continued. 
179 6.1 5.3 9.4 8.5 15.2 
180 6.1 5.2 5.9 6 6.5 
181 5.6 5 5.4 5.6 5.5 
182 11.4 13.7 9.6 10.6 12.5 
183 7.4 7.7 8.9 7.8 8.4 
184 5.5 7 6.9 7.9 7.4 
185 13.1 10.7 12 13.8 10.9 
186 7 7.3 7.5 7.8 7.2 
187 10.7 8 11.2 10.1 13.4 
188 6.2 7.4 7.9 9.1 8.5 
189 6.1 5.5 6 6.6 6 
190 6 5.3 5.4 5.6 5.4 
191 6.2 5.8 6.1 6.2 6 
192 14.2 9.9 10.9 4.6 3.5 
193 4.4 5.1 5.3 5.1 5.4 
194 5.7 7.4 5.2 4.9 8.7 
195 6.3 6.4 6 9.8 10.4 
196 8.2 9.8 6.7 7.3 7.2 
197 6.9 7.6 5.8 7.2 9.6 
198 5.4 5.6 5.4 5.8 6 
199 5.9 6.6 8.7 4.8 7.7 
200 6.2 6.4 7.4 7.4 7.8 

              

Notations:   
xi = ith patients 
Mt , t A (1, 2, 3, 4, 5) =  Five consecutive FBS level recorded 

by ith patient 
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Appendix C 

ARL of synthetic charts based on known in-control process 

parameters  

 

(i) ARL0                   

       ARL0 for Sample Size n = 5 
  Charts 
$∗ Distribution %&) %&*.+,) %') () )) 
 G0H0 371.78 378.03 370.33 372.99 372.80 
0.5 G0H.5 1660.85 119.43 118.30 127.84 123.86 
 G.5H0 202.89 204.75 188.76 246.41 248.70 
 G.5H.5 6706.56 148.28 133.94 137.34 139.61 
            
 G0H0 366.94 375.36 369.97 372.78 372.21 
1 G0H.5 3657.79 210.92 203.72 221.67 205.64 
 G.5H0 326.80 325.38 310.63 389.22 349.99 
 G.5H.5 7114.94 299.62 253.71 267.53 251.83 
            
 G0H0 369.88 373.06 369.55 371.31 369.71 
2 G0H.5 4113.67 241.01 227.54 247.09 233.35 
 G.5H0 357.66 353.16 346.58 416.15 367.68 
 G.5H.5 7195.64 346.87 289.46 303.01 286.01 

 
 

     ARL0 for Sample Size n = 9 
  Charts 
$∗ Distribution %&) %&*.+,) %') () )) 
 G0H0 372.03 374.39 366.32 374.92 375.63 
0.5 G0H.5 2836.71 171.18 176.98 214.89 188.51 
 G.5H0 300.36 299.78 286.36 382.05 332.24 
 G.5H.5 6986.98 181.55 184.40 219.32 198.19 
       
 G0H0 372.56 372.26 365.77 368.52 374.51 
1 G0H.5 5010.58 272.62 270.34 289.21 267.65 
 G.5H0 400.20 389.15 397.51 426.20 385.98 
 G.5H.5 7355.55 322.58 310.12 321.58 310.92 
       
 G0H0 372.56 372.26 365.77 368.52 374.51 
2 G0H.5 5010.58 272.62 270.34 289.21 267.65 
 G.5H0 400.20 389.15 397.51 426.20 385.98 
 G.5H.5 7195.64 346.87 289.46 303.01 286.01 
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(ii) ARL1                   

ARL1 Using Data from G0H0 
    Charts 

n '∗ '  !"# !"$.&,# !%# ## $# 
  0.25  91.16 90.87 90.07 107.57 102.99 
  0.5  14.80 14.42 14.99 17.93 15.79 
  0.75  4.59 4.71 4.81 5.66 4.84 
 0.5 1  2.38 2.41 2.42 2.72 2.47 
  1.5  1.23 1.23 1.23 1.26 1.22 
  2  1.02 1.02 1.03 1.03 1.03 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  102.94 102.54 104.78 116.24 107.61 
  0.5  16.62 16.68 16.82 20.22 17.54 
  0.75  4.48 4.57 4.54 5.06 4.64 
5 1 1  2.06 2.10 2.13 2.15 2.14 
  1.5  1.14 1.15 1.14 1.15 1.15 
  2  1.01 1.01 1.01 1.02 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  109.06 107.36 109.31 120.20 111.57 
  0.5  17.62 17.74 17.87 21.15 18.47 
  0.75  4.79 4.81 4.86 5.12 4.90 
 2 1  2.15 2.13 2.14 2.14 2.14 
  1.5  1.13 1.14 1.14 1.13 1.13 
  2  1.01 1.01 1.01 1.02 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  48.59 48.09 48.86 55.85 51.99 
  0.5  5.94 6.13 6.02 6.77 6.22 
  0.75  2.21 2.21 2.22 2.27 2.17 
 0.5 1  1.35 1.35 1.34 1.35 1.33 
  1.5  1.02 1.02 1.01 1.02 1.02 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  61.20 62.00 61.71 67.40 62.29 
  0.5  7.42 7.48 7.41 7.94 7.69 
  0.75  2.19 2.22 2.15 2.24 2.19 
9 1 1  1.26 1.25 1.26 1.27 1.26 
  1.5  1.01 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  61.20 62.00 61.71 67.40 62.29 
  0.5  7.42 7.48 7.41 7.94 7.69 
  0.75  2.19 2.22 2.15 2.24 2.19 
 2 1  1.26 1.25 1.26 1.27 1.26 
  1.5  1.01 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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ARL1 Using Data from G0H.5 

    Charts 
n '∗ '  !"# !"$.&,# !%# ## $# 
  0.25  1260.36 71.52 70.46 76.14 74.68 
  0.5  535.06 21.74 20.61 23.26 22.12 
  0.75  95.14 6.33 6.24 7.17 6.42 
 0.5 1  5.20 2.57 2.58 2.96 2.65 
  1.5  1.02 1.16 1.17 1.19 1.17 
  2  1.00 1.02 1.02 1.03 1.03 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  2730.07 116.10 108.25 120.20 113.05 
  0.5  932.20 27.87 26.12 29.34 27.57 
  0.75  91.47 6.08 6.00 6.50 6.10 
5 1 1  2.01 2.07 2.08 2.23 2.08 
  1.5  1.01 1.10 1.11 1.11 1.11 
  2  1.00 1.02 1.02 1.02 1.02 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  3177.19 128.19 120.61 131.53 125.53 
  0.5  1036.86 30.44 28.23 30.84 30.00 
  0.75  85.51 6.22 6.27 6.58 6.14 
 2 1  1.69 2.05 2.06 2.17 2.08 
  1.5  1.01 1.09 1.10 1.11 1.10 
  2  1.00 1.02 1.02 1.02 1.02 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  1615.09 50.57 51.20 57.88 55.38 
  0.5  222.83 7.19 7.33 8.05 7.52 
  0.75  2.94 2.23 2.23 2.26 2.20 
 0.5 1  1.04 1.33 1.31 1.31 1.29 
  1.5  1.00 1.02 1.02 1.02 1.02 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  3217.60 71.52 69.75 74.01 72.51 
  0.5  216.24 8.60 8.68 9.17 8.87 
  0.75  1.44 2.11 2.12 2.17 2.12 
9 1 1  1.02 1.22 1.23 1.23 1.23 
  1.5  1.00 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  3217.60 71.52 69.75 74.01 72.51 
  0.5  216.24 8.60 8.68 9.17 8.87 
  0.75  1.44 2.11 2.12 2.17 2.12 
 2 1  1.02 1.22 1.23 1.23 1.23 
  1.5  1.00 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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           ARL1 Using Data from G.5H0 

    Charts 
n '∗ '  !"# !"$.&,# !%# ## $# 
  0.25  46.69 46.58 44.09 54.59 52.96 
  0.5  13.38 13.05 13.38 15.12 13.94 
  0.75  5.23 5.34 5.42 5.82 5.28 
 0.5 1  2.72 2.78 2.76 3.04 2.73 
  1.5  1.21 1.23 1.22 1.28 1.23 
  2  1.00 1.01 1.00 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  71.11 72.30 71.19 80.54 74.70 
  0.5  17.32 17.48 17.84 18.97 17.44 
  0.75  5.47 5.50 5.66 5.78 5.34 
5 1 1  2.36 2.36 2.41 2.47 2.39 
  1.5  1.12 1.12 1.12 1.14 1.13 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  79.30 79.44 79.71 88.32 81.84 
  0.5  18.97 18.69 19.48 20.59 19.29 
  0.75  5.85 5.75 5.96 6.16 5.86 
 2 1  2.42 2.41 2.47 2.53 2.38 
  1.5  1.11 1.10 1.11 1.12 1.11 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  35.37 34.51 34.96 43.02 39.85 
  0.5  6.58 6.39 6.80 6.98 6.71 
  0.75  2.39 2.41 2.42 2.44 2.36 
 0.5 1  1.38 1.40 1.39 1.37 1.37 
  1.5  1.00 1.01 1.00 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  56.59 55.83 55.51 59.49 56.58 
  0.5  8.68 8.62 8.88 8.97 8.68 
  0.75  2.40 2.40 2.45 2.47 2.39 
9 1 1  1.26 1.25 1.25 1.27 1.26 
  1.5  1.00 1.00 1.00 1.00 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  56.59 55.83 55.51 59.49 56.58 
  0.5  8.68 8.62 8.88 8.97 8.68 
  0.75  2.40 2.40 2.45 2.47 2.39 
 2 1  1.26 1.25 1.25 1.27 1.26 
  1.5  1.00 1.00 1.00 1.00 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 



 

 193 

    
           ARL1 Using Data from G5H.5 

    Charts 
n '∗ '  !"# !"$.&,# !%# ## $# 
  0.25  5712.90 63.02 57.62 60.50 58.99 
  0.5  3515.15 22.78 20.08 21.87 21.09 
  0.75  780.45 7.91 7.20 8.04 7.45 
 0.5 1  33.54 3.30 3.07 3.46 3.17 
  1.5  1.00 1.12 1.14 1.19 1.14 
  2  1.00 1.01 1.01 1.01 1.01 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6739.15 118.70 102.67 112.05 104.44 
  0.5  5047.60 33.24 30.04 31.87 30.15 
  0.75  984.45 8.69 7.80 8.29 8.10 
5 1 1  3.23 2.64 2.51 2.61 2.57 
  1.5  1.00 1.06 1.08 1.08 1.08 
  2  1.00 1.00 1.00 1.01 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6923.58 134.00 116.93 123.50 118.69 
  0.5  5264.01 38.34 32.33 33.60 32.19 
  0.75  981.44 9.33 8.12 8.76 8.35 
 2 1  1.50 2.61 2.51 2.60 2.54 
  1.5  1.00 1.05 1.07 1.07 1.06 
  2  1.00 1.00 1.01 1.01 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
         
  0.25  5623.46 40.89 42.45 47.99 44.57 
  0.5  1516.86 8.07 8.10 8.82 8.35 
  0.75  11.67 2.55 2.50 2.53 2.51 
 0.5 1  1.00 1.34 1.33 1.34 1.32 
  1.5  1.00 1.01 1.01 1.01 1.01 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6568.34 71.94 69.86 73.36 70.74 
  0.5  1949.92 11.04 10.74 11.30 11.32 
  0.75  1.05 2.50 2.44 2.48 2.47 
9 1 1  1.00 1.20 1.21 1.22 1.20 
  1.5  1.00 1.00 1.01 1.01 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
         
  0.25  6568.34 71.94 69.86 73.36 70.74 
  0.5  1949.92 11.04 10.74 11.30 11.32 
  0.75  1.05 2.50 2.44 2.48 2.47 
 2 1  1.00 1.20 1.21 1.22 1.20 
  1.5  1.00 1.00 1.01 1.01 1.00 
  2  1.00 1.00 1.00 1.00 1.00 
  3  1.00 1.00 1.00 1.00 1.00 
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