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Abstrak 

Persampelan penerimaan adalah satu prosedur asas kawalan kualiti berstatistik yang 

digunakan secara meluas dalam industri untuk menentukan sama ada menerima atau 

tidak menerima suatu lot. Apabila ciri kualiti melibatkan jangka hayat item di mana 

masa kegagalan item sangat panjang untuk diperiksa, masa pengujian selalunya 

ditamatkan selepas satu tempoh tertentu, dan ini diistilahkan sebagai ujian hayat 

terpenggal. Oleh sebab keputusan untuk penerimaan lot bergantung kepada keputusan 

pemeriksaan sampel, maka wujud risiko (i) penolakan lot baik (risiko pengeluar) dan 

(ii) penerimaan lot buruk (risiko pengguna). Pelan persampelan penerimaan berantai 

(ChSP-1) telah diperkenalkan untuk mengatasi kelemahan pelan persampelan 

penerimaan tunggal (SSP) di mana kebarangkalian penerimaan lot, 𝐿(𝑝) berkurangan 

walaupun sedikit peningkatan dalam kadar kecacatan, 𝑝. Walau bagaimanapun, 

penggunaan ChSP-1 dalam industri hanya mempertimbangkan risiko pengguna sahaja 

dan pemeriksaan item secara jujukan, sedangkan beberapa item boleh dipantau secara 

serentak dalam kumpulan. Untuk merapatkan jurang ini, kajian ini mencadangkan 

keluarga baharu untuk pelan persampelan penerimaan kumpulan berantai (GChSP), di 

mana pelan ini membolehkan pemeriksaan beberapa item sekaligus dan 

mempertimbangkan risiko pengeluar dan risiko pengguna secara serentak. Dengan 

menggunakan kaedah sudut minimum (MAM), kedua-dua risiko diminimumkan 

melalui reka bentuk sudut terkecil, 𝜃 yang menyerupai lengkung cirian pengoperasian 

(OC) unggul. Sudut ini  dihitung dengan menggunakan fungsi tangen pada nilai 𝑝 yang 

berbeza. Hasil utama kajian ini adalah keupayaan keluarga baharu GChSP untuk 

melindungi pengeluar dan pengguna dan mencapai keputusan yang lebih tepat dengan 

mencadangkan bilangan kumpulan optimal, 𝑔  yang sepadan dengan sudut terkecil, 𝜃 

pada reka bentuk parameter yang berbeza. Secara praktikal, pelan ini sepatutnya 

menawarkan alternatif yang lebih baik kepada pengamal industri dalam sektor yang 

melibatkan ujian hayat item. 
 

Kata Kunci: Risiko pengguna, Kaedah sudut minimum, Keluarga baharu pelan 

persampelan penerimaan kumpulan berantai, Bilangan kumpulan optimal, Risiko 

pengeluar.  
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Abstract 

Acceptance sampling is a fundamental statistical quality control procedure widely 

used in industries to decide whether or not to accept a lot. When the quality feature 

concerns lifetime of an item which the failure time for an item is too long to be 

inspected, the testing time is often terminated after a specified duration, and this is 

termed as truncated life test. Since the decision of lot acceptance is based on the result 

of sample inspection, there exist risks of (i) rejecting good lots (producer’s risk) and 

(ii) accepting bad lots (consumer’s risk).  Chain acceptance sampling plans (ChSP-1) 

has been introduced to overcome the drawback of single acceptance sampling plans 

(SSP) which appreciably decreases the probability of lot acceptance, 𝐿(𝑝) even with 

a small increase in fraction defective, p. However, the ChSP-1 application used in 

industry often consider only the consumer’s risk and sequential item testing, although 

multiple items can be monitored simultaneously in groups. To close these gaps, this 

study proposes the novel family of group chain acceptance sampling plans (GChSP) 

which enable multiple items testing and consider producer’s and consumer’s risks 

simultaneously. By using minimum angle method (MAM), both risks are minimized 

through design of the smallest angle, 𝜃 resembling the ideal operating characteristic 

(OC) curve. This angle is calculated by using the tangent function at different values 

of p. The major findings of the study are the ability of the novel GChSP family to 

protect both producers and consumers and achieving more accurate decision by 

proposing optimal number of groups, 𝑔 and its corresponding 𝜃 at different values of 

the design parameters. Practically, the plans should offer better alternatives to 

industrial practitioners in any sectors involving items life test. 

 

Keywords: Consumer’s risk, Minimum angle method, Novel family of group chain 

acceptance sampling plans, Optimal number of groups, Producer’s risk.  
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CHAPTER ONE 

INTRODUCTION 

This chapter explores the fundamental concept of acceptance sampling, including the 

acceptance sampling in real scenario and a brief introduction to it. The chapter 

continues with the development of attribute acceptance sampling plans, particularly 

single acceptance sampling plans (SSP), chain acceptance sampling plans (ChSP-1) 

and the introduction of family of group chain acceptance sampling plans (GChSP). 

Next, minimum angle method (MAM) is explained thoroughly as it is the fundamental 

method in this study. The chapter continues with the problem statement, the objectives 

before it ends with the significance of the study. 

1.1 Acceptance Sampling in Real Scenario 

Statistica (2018) reported that the number of smartphones sold to end users has 

increased very sharply for the past 10 years. In 2008, the number of smartphones sold 

to end users worldwide was 144 million units while in 2018, it was recorded that the 

number of smartphones sold was 1.5 billion units (Statistica, 2018). The increment in 

the number of smartphones sold to end users has made huge profit for smartphone 

companies like Apple, Samsung, Huawei, Oppo and others. Despite making huge 

profit of money, the big smartphone companies encounter an issue, which is how the 

companies make sure that the smartphone sold to the end users satisfy the customer, 

or in other words, the smartphones sold are free from any faulty. 

There are three solutions to the above issue (Montgomery, 2009). The first solution is 

the smartphone companies conduct the 100% inspection, where in the 100% 

inspection, all the smartphones are inspected one by one. This solution guarantees that 

the good smartphones (meet the specifications) are accepted and sold to the users, 
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while the bad smartphones (do not meet the specifications) are returned to the 

smartphone companies. However, the 100% inspection are too time-consuming and 

costly since it involves billions of smartphones to be inspected, not only one 

smartphone. Other than that, the companies need to hire personnel for the inspection 

activity, and this can contribute to the cost increment. 

The second solution for the smartphone companies is no inspection is conducted on 

the smartphones and, this solution is known as 0% inspection. By implementing this 

solution, it costs the company nothing since there is no inspection to be conducted. 

Plus, the companies do not need to hire personnel and it requires no-time for the 

inspection. However, the big problem for the second solution is the smartphone 

companies have no idea about the quality of the smartphones, which the companies do 

not know whether the smartphones are good or bad. 

The final solution is between 100% and 0% inspections. That is, the smartphone 

companies may take a small sample of the smartphones and the inspection is done on 

the sample. If the sample meet the specifications, then the all the smartphones are 

accepted and sold to the customer. However, if the sample does not meet the 

specification, then all the smartphones are rejected and returned to the companies. This 

approach solves the problems in the 100% and 0% inspections. First, this solution does 

not require too much cost compared to the 100% inspection. Second, this solution 

provides information regarding the smartphones’ quality (good or bad) whereas no 

information is provided in the 0% inspection. Since the third solution succeeds to solve 

the two problems in the 100% and 0% inspections, it is worthwhile to study the third 

solution, or known as acceptance sampling. 
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1.2 Acceptance Sampling 

Acceptance sampling is defined as the act of selecting a sample from a lot for the 

analysis in order to decide if the lot can be accepted or can be rejected (Stephens, 

2001). Allen (2006) defines the acceptance sampling as a procedure applied to a 

sample and the ultimate decision is to sentence the lot. He later emphasizes that 

sentencing the lot means either the lot is accepted or the lot is rejected (Allen, 2006). 

Montgomery (2009), in his book, wrote that the acceptance sampling is a process of 

taking a sample from a lot, the inspection is done on the sample and finally, the lot is 

either accepted or rejected based on the inspection outcome on the sample. Definitions 

of acceptance sampling can be summarized as applying the operating procedure on the 

sample and the final decision is always to accept or to reject the lot.  

A lot usually consists of the entire items, where the entire items is denoted by 𝑁 

(Montgomery, 2009). On the other hand, a sample is commonly drawn from the lot, 

where the sample is symbolized by 𝑛. The relationship between 𝑁 and 𝑛 is given by 

𝑁 ≥ 𝑛, where 𝑛 is usually taken to perform the inspection in the acceptance sampling. 

If 𝑁 is chosen to perform the inspection, then this is 100% inspection, not an 

acceptance sampling. Figure 1.1 portrays the lot and the sample, where the lot has 𝑁 

items and the sample has 𝑛 items. To iterate, the inspection is done on the sample, not 

the lot, therefore there are possibilities of making a right decision or a wrong decision, 

or known as risks. 
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Figure 1.1. The lot and the sample 

There are two risks associated with acceptance sampling, which are producer’s and 

consumer’s risks. The producer’s risk is interpreted as the probability of rejecting a 

good lot while the consumer’s risk is defined as the probability of accepting a bad 

(Montgomery, 2009). The two risks emerge in the acceptance sampling because the 

inspection is conducted solely on the sample, not on the entire lot, therefore there is 

possibility of making a correct decision or an incorrect decision. 

Table 1.1 illustrates how the producer’s and consumer’s risks emerge in the acceptance 

sampling. For instance, if the inspection decision is accepted and the actual situation 

is also accepted, then the decision made is correct. Also, if the inspection decision is 

rejected and the actual situation is rejected, then decision made is correct. However, if 

the inspection decision is accepted but the actual situation is rejected, then the decision 

Item 1 

Item 2 

Item 3 

. 

. 

. 

Item 𝑁 

Item 1 

Item 2 

. 

. 

. 

Item 𝑛 

Lot (𝑁 items) Sample (𝑛 items) 
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made is wrong and known as consumer’s risk. For the producer’s risk, it happens when 

the inspection decision is rejected but the actual situation is accepted. 

Table 1.1 

Producer’s and consumer’s risks in acceptance sampling 

  Actual Situation 

  Accept Reject 

Inspection 

Decision 

Accept Correct Consumer’s risk 

Reject Producer’s risk Correct 

 

An acceptance sampling plan with low risk is always essential when developing an 

acceptance sampling plan. In order to assure that the risk is kept as low as possible, 

the operating characteristic (OC) curve is used. The OC curve is plotted by using the 

probability of lot acceptance on the 𝑦-axis and the fraction defective on the 𝑥-axis, as 

shown in Figure 1.2. The OC curve is a pivotal tool in acceptance sampling as it has 

the discriminatory power to distinguish between a good lot and a bad lot 

(Montgomery, 2009). For instance, based on Figure 1.2, the probability of lot 

acceptance is 0.879 when the fraction defective is 0.01 (given by green arrow), which 

means that if 100 lots are inspected and the lots have 1% defective, then we would 

expect that approximately 88 lots are accepted and the remaining 12 lots are rejected. 
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Figure 1.2. An example of OC curve. Adapted from Group Chain Sampling Plans for 

Selected Distributions (Unpublished Master dissertation) (p. 9), by M. A. P. Teh, 2018, 

Universiti Utara Malaysia. Copyright 2018 by Universiti Utara Malaysia. 

Apart from definitions, risks and OC curve, acceptance sampling plans can be 

categorized into two types. The first type is variable acceptance sampling plans while 

the second type is attribute acceptance sampling plans. The variable acceptance 

sampling plans are measured on the numerical values while the attribute acceptance 

sampling plans are classified as “go” or “no-go” (Montgomery, 2009). In this study, 

the focus is on the attribute acceptance sampling plans particularly on the novel family 

of group chain acceptance sampling plans (GChSP) since the performance of the novel 

family of GChSP can be improved particularly the optimal number of groups, 𝑔. Since 

the focus is on the attribute acceptance sampling plans, therefore it is worthwhile to 

study in depth the development of the attribute acceptance sampling plans. 
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1.3 Development of the Attribute Acceptance Sampling Plans 

The first acceptance sampling plan introduced is single acceptance sampling plans 

(SSP) by Epstein in 1954. The SSP is designed based on the sample size and the 

acceptance number. The acceptance number is defined as the maximum number of 

defectives found in a sample that permits the acceptance of the lot (Montgomery, 

2009). The operating procedure for the SSP is one sample is taken and the inspection 

is conducted on the sample. If the number of defectives is less than or equal to the 

acceptance number, then the lot is accepted. However, if the number of defectives is 

greater than the acceptance number, then the lot is rejected. 

Initially, the SSP was introduced for exponential distribution and in the article, Epstein 

(1954) studied the SSP for two cases, which were replacement and non-replacement. 

For the replacement case, a defective item found during the inspection was replaced 

with a good item while in the non-replacement case, the defective item was not 

replaced. Motivated by Epstein (1954), many researchers have studied the SSP using 

different lifetime distributions. For instance, Goode and Kao (1961) extended the SSP 

for Weibull distribution while Gupta (1962) studied the plan for normal and lognormal 

distributions. Apart from them, Kantam, Rosaiah and Rao (2001) produced the plan 

for log-logistic distribution, Baklizi (2003) for Pareto distribution of the 2nd kind and 

Tsai and Wu (2006) applied generalized Rayleigh distribution. 

The development of the SSP does not stop there and researchers keep studying the 

SSP when they realize that a new lifetime distribution comes to literatures. For 

instance, Gui and Zhang (2014) produced the SSP for Gompertz distribution while Al-

Omari (2016) developed the SSP when an item followed transmuted inverse Rayleigh 
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distribution. There is one common issue about the studies related to the SSP, which it 

only minimized the consumer’s risk and ignored the producer’s risk. 

Soundararajan and Christina (1997) acknowledged the above issue and suggested 

minimum angle method (MAM) for the SSP. The MAM is a method where both risks, 

producer and consumer, are considered when an acceptance sampling plan is 

developed. In the study, they provided tables for given values of sample size at the 

acceptable quality level (AQL) and limiting quality level (LQL). AQL stands for the 

poorest level that a supplier should manufacture an item while the LQL is the poorest 

level that a customer is willing to accept an item (Soundararajan & Christina, 1997; 

Montgomery, 2009). One important note to take from Soundararajan and Christina 

(1997) is they developed the SSP using the MAM for the variable acceptance sampling 

plans, not for the attribute acceptance sampling plans. 

Even though the SSP has been developed by the two distinct methods (minimizing 

consumer’s risk and the MAM) using different lifetime distributions, the main issue 

in the plan remains unsolved. That is, the probability of lot acceptance for the plan 

starts to decrease rapidly when the acceptance number is zero or one (Montgomery, 

2009). Initially, the two acceptance numbers (zero or one) are set for inspecting high 

quality items but it turns out, the two acceptance numbers are very hard on the 

producer because if one defective item found during the inspection, then the whole lot 

is rejected. That is a decision that a producer wants to avoid because the rejected lot is 

returned to the producer, and it slows down the delivering processes. 
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Dodge (1955) recognized and solved the issue in the SSP by suggesting chain 

acceptance sampling plans (ChSP-1). He suggested that if one defective is found, then 

the current lot is not rejected straight away, but the plan has to look at the number of 

defective in the preceding lots. If the preceding lots contain no defective, then the 

current lot is accepted. However, if the preceding lots have at least one defective, then 

the current lot is rejected. Dodge’s idea has opened up a new perspective in the 

acceptance sampling as the ChSP-1 now looks at the cumulative number of defectives 

found in the preceding lots and provides a second chance for the current lot to be 

accepted if it meets the acceptance criteria. However, in the SSP, the current lot has 

no second chance as the lot is rejected instantaneously if more than one defective 

found in the current lot. 

Schiling and Dodge (1969) realized that Dodge (1955) did not apply the ChSP-1 to 

any lifetime distribution, therefore they took the initiative to study the plan for normal 

distribution with an assumption that the standard deviation for the distribution is 

known. Raju and Narasima Murthy (1996) proposed different ChSP-1, where they set 

the acceptance numbers to be one or two while in the original ChSP-1 developed by 

Dodge (1955), the acceptance numbers must be zero or one. The difference between 

ChSP-1 developed by Raju and Narasima Murthy (1996) and Dodge (1955) is the total 

number of defectives allowed during the inspection. For instance, if there is one 

defective found during the inspection, then the lot from both sampling plans are 

accepted. However, if there are two defectives found during the inspection, then only 

the lot from ChSP-1 developed by Raju and Narasima Murthy (1996) is accepted while 

the lot from the ChSP-1 developed by Dodge (1955) is rejected. Ramaswamy and 

Jayasri continued to extend the ChSP-1 by applying it to the generalized exponential 
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distribution (2012), log-logistic distribution (2013), inverse Rayleigh distribution 

(2014a) and generalized Rayleigh distribution (2014b). 

Another researcher realized that an improvement can be made to the ChSP-1, therefore 

they proposed new ChSP-1 with new names. For instance, Govindaraju and Lai (1998) 

named the plan as modified ChSP-1 (MChSP-1) as they modified the Dodge’s 

acceptance criteria. Acceptance criteria are the conditions imposed on any sampling 

plan in order to decide either the lot is accepted or the lot is rejected. Having said that, 

the ChSP-1 developed by Dodge (1955) has five acceptance criteria while the 

MGChSP-1 developed by Govindaraju and Lai (1998) has three acceptance criteria. 

However, Deva and Rebecca (2011) recognized that the two previous plans (Dodge 

and Govindaraju-Lai) considered preceding lots only, therefore they proposed a new 

ChSP-1, where they considered preceding and succeeding lots and named it as two-

sided complete ChSP-1 (TSCChSP-1). 

Mughal (2018) realized a small issue in the ChSP-1, MChSP-1 and TSCChSP-1, 

which all the plans inspect one item at a time. Nowadays, in industry, the inspection 

is conducted by placing multiple items simultaneously and this is known as group 

acceptance sampling plans (GSP). Aslam and Jun (2009) studied the GSP extensively 

and showed that by applying GSP, the inspection time and cost can be reduced 

compared to the single inspection. 

Motivated by Aslam and Jun (2009), Mughal (2018) added the group element 

(multiple inspection) to the ChSP-1 and MChSP-1 and called them as group ChSP-1 

(GChSP-1) and modified group ChSP-1 (MGChSP-1). However, for some reasons, he 
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did not take TSCChSP-1 in his study, but he proposed two more acceptance sampling 

plans and named them as two-sided group chain acceptance sampling plans 

(TSGChSP-1) and two-sided modified group chain acceptance sampling plans 

(TSMGChSP-1). He brought together the four acceptance sampling plans and nested 

in under a new name, the established family of GChSP. Basically, in his plan, the 

established family of GChSP consists of GChSP-1, MGChSP-1, TSGChSP-1 and 

TSMGChSP-1. 

The established family of GChSP is actually a combination of ChSP-1 and GSP and 

succeeded to solve the issue in the SSP where the probability of lot acceptance started 

to drop rapidly when the acceptance numbers are set to be zero or one (Montgomery, 

2009). Plus, the established family of GChSP is also a better plan compared to the 

ordinary ChSP-1 because it provides a platform for multiple inspection (from GSP), 

where it reduces the inspection time and cost (Aslam & Jun 2009). 

The established family of GChSP-1 has been studied extensively using different 

lifetime distributions by minimizing the consumer’s risk and ignoring the producer’s 

risk. Mughal (2018) developed the plans for Pareto distribution of the 2nd kind for 

GChSP-1, MGChSP-1, TSGChSP-1 and TSMGChSP-1. Apart from him, Teh, Aziz 

and Zain (2016a, 2016b, 2016c, 2018) elected the GChSP-1 and developed the plans 

for Rayleigh distribution, log-logistic distribution, inverse Rayleigh distribution and 

exponential distribution. Inspired by Teh et al. (2016a, 2016b, 2016c, 2018), 

Jamaludin, Zain and Aziz (2016a) chose the MGChSP-1 and extended the plan for 

Rayleigh distribution. 
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There are two problems in the established family of GChSP-1. The first problem is 

Mughal (2018), Teh et al. (2016a, 2016b, 2016c, 2018) and Jamaludin et al. (2016a) 

developed the plans by considering consumer’s risk only and overlooked the 

producer’s risk. The second problem is the TSMGChSP-1 rejects the current lot even 

though it has no defective item. Therefore, the novel family of GChSP in this study 

consists of GChSP-1, new group chain acceptance sampling plans (NGChSP-1), 

MGChSP-1, two-sided complete group chain acceptance sampling plans 

(TSCGChSP-1), new two-sided group chain acceptance sampling plans (NTSGChSP-

1) and TSGChSP-1, and all the plans are developed by considering both risks, 

producer and consumer, or known as the MAM. 

1.4 Minimum Angle Method (MAM) 

Soundararajan and Christina (1997) are the first authors to introduce the MAM, where 

they introduce the MAM for the single sampling variables plans. According to them, 

the MAM is a method where both risks, producer and consumer, are considered when 

an acceptance sampling plan is developed (Soundararajan & Christina, 1997). 

Basically, it considers the tangent angle between the lines joining the point 𝐴(𝑝1, 1 −

𝛼) and point 𝐵(𝑝2, 𝛽), as shown in Figure 1.3, where 𝑝1 is the fraction defective at the 

AQL, 𝛼 is the producer’s risk, 𝑝2 is the fraction defective at the LQL and 𝛽 is the 

consumer’s risk. Figure 1.3 also shows 𝐿(𝑝1) and 𝐿(𝑝2) where 𝐿(𝑝1) and 𝐿(𝑝2) 

represent the probability of lot acceptance at the AQL and LQL respectively. 
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Figure 1.3. The minimum angle method (MAM). Adapted from “Selection of single 

variable based on the minimum angle,” by V. Soundararajan, and A. L. Christina, 

1997, Journal of Applied Statistics, 24(2), 207-218. 1997 by Taylor & Francis. 

 

Based on Figure 1.3, the tan 𝜃 is calculated by the following formula 

 

tan 𝜃 =
𝑙𝑒𝑛𝑔𝑡ℎ 𝐵𝐶

𝑙𝑒𝑛𝑔𝑡ℎ 𝐴𝐶
 

                 =
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Therefore, the smallest angle, 𝜃 is given by 

 𝜃 = 𝑎𝑟𝑐𝑡𝑎𝑛 [
𝑝2 − 𝑝1

𝐿(𝑝1) − 𝐿(𝑝2)
]. (1.2) 

There are two main reasons for the MAM to be applied (Soundararajan & Christina, 

1997, Montgomery, 2009). The first reason is it considers producer’s and consumer’s 

risks simultaneously where in the established family of GChSP, Mughal (2018) 

considered the consumer’s risk only. Having said that, the established family of 

GChSP developed by Mughal (2018) made the consumer satisfy but not the producer. 

Therefore, the MAM may improve the novel family of GChSP by providing a win-

win situation for both parties, producer and consumer. 

The second reason is the OC curve plotted using the MAM resembles the ideal OC 

curve (Soundararajan & Christina, 1997; Montgomery, 2009). Based on Figure 1.3, 

the ideal OC curve is actually portrayed by the line AC, where the line AC creates no 

angle (𝜃 = 0). Montgomery (2009) has emphasized that the ideal OC curve can be 

obtained in theory only, but he also suggested that the ideal OC curve may be obtained 

if 100% inspection is done on the whole lot. 

The MAM has been applied by several researchers to different sampling plans. 

Fallahnezhad (2012) applied the MAM for the Markovian linear while Ramaswamy 

and Sutharani (2013) implemented the MAM for the GSP for Weibull and gamma 

distributions. Apart from the two studies, Suresh and Vinitha (2014) also utilized the 

MAM for the generalized two-plan system. The MAM has shown success by 
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suggesting that a better sampling plan should have smallest angle on the OC curve as 

the smallest angle resemble the ideal OC curve (Ramaswamy & Sutharani, 2013). 

1.5 Problem Statement 

Acceptance sampling has progressed well over the years since its inception in early 

1954. It starts with the SSP, followed by ChSP-1 and the recent development involves 

the introduction of the family of GChSP. Epstein (1954) proposed the SSP after he 

realized that the 100% and 0% inspections have drawbacks. The 100% inspection is 

too time-consuming and expensive while the 0% inspection does not guarantee that all 

the items are in good quality. 

The SSP managed to solve problems in the 100% and 0% inspections but fortuitously, 

two main issues arise in the plan. The first issue is the probability of lot acceptance 

starts to drop very rapidly when the acceptance number is zero or one. The second 

issue is the plan caters the single inspection only which means it inspects one item at 

one time or in other words, it does not cater multiple inspection. 

Soundararajan and Chritina (1997) realized that Epstein (1954) only considered the 

consumer’s risk and ignored the producer’s risk, therefore they proposed the SSP using 

MAM, where the method considered producer’s and consumer’s risks. By using the 

MAM, they developed the plan at various values of design parameters and concluded 

that their plan improved the established SSP since their plan protected the producer’s 

and consumer’s risks while other studies (Epstein, 1954; Goode & Kao, 1961; Gupta, 

1962; Baklizi, 2003; Tsai & Wu, 2006) secured the customer only. 
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Soundararajan and Christina (1997) succeeded to balance the risks between producer 

and consumer, but the two main issues in the SSP are still unsolved. The first issue is 

the probability of lot acceptance for the SSP starts to drop very rapidly when the 

acceptance number is set at zero or one. Usually, the two acceptance numbers are 

chosen for inspecting high quality items but it turns out, it has negative implication on 

the producer. If one defective is recorded during the inspection, then the whole lot is 

rejected and this decision is unfair to the producer since it slows down the delivering 

process. The second issue is it does not cater multiple inspection, which means the 

SSP has to inspect the item one by one, and this traditional approach is time-

consuming and not cost-effective. 

Dodge (1955) realized that the quality of an item cannot be compromised, therefore 

he proposed the ChSP-1 to solve the first issue in the SSP. In his proposed plan, the 

current lot is accepted if no defective is found and the current lot is rejected when the 

number of defectives is greater than one. However, if the number of defectives in the 

current lot is one, then there are two possible decisions. The first possible decision is 

the current lot is accepted given that there is no defective found in the preceding lot 

while, the second possible decision is the current lot is rejected when there are more 

than one defectives in the preceding lots. The ChSP-1 managed to solve the first issue 

in the SSP but he did not apply the plan to any lifetime distribution. 

There is always a need to apply acceptance sampling plans to any lifetime distribution 

due to the fact that different items may exhibit different lifetime distributions. For 

instance, Nelson (1982) demonstrated that the failure time for diesel engine fans had 

Weibull distribution. Besides Nelson (1982), ReliaSoft Corporation (2015) exhibited 
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that mechanical valves failure followed logistic distribution. Finally, O’connor, 

Modarres and Mosleh (2016) showed that integrated and capacitors followed 

exponential distribution. 

Ramaswamy and Jayasri realized the above situations and took the initiative to study 

the ChSP-1 for different lifetime distributions such as generalized exponential 

distribution (2012), log-logistic distribution (2013), inverse Rayleigh distribution 

(2014a) and generalized Rayleigh distribution (2014b). They also extended the four 

lifetime distributions to the MChSP-1. However, for both plans (ChSP-1 and MChSP-

1), they took into account the consumer’s risk only and overlooked the producer’s risk. 

Sutharani (2014) improved the ChSP-1 by applying the MAM. She applied four 

lifetime distributions for the plan, which were generalized exponential distribution, 

Rayleigh distribution, Weibull distribution and gamma distribution. However, 

Sutharani (2014) did not apply the MAM for MChSP-1. The mean was used as the 

quality parameter as she omitted the skewness of the distributions in her study. The 

CDF for each lifetime distribution was listed and tables were generated to show the 

minimum sample size at different combinations of design parameter. However, no 

comparison was made among the four lifetime distributions. 

Mughal (2018) realized that the ChSP-1 and MChSP-1 managed to solve the first issue 

(probability of lot acceptance drops very rapidly) in the SSP but, it lacked the multiple 

inspection (the second issue), therefore he added the multiple inspection element to 

the plans and called it as GChSP-1 and MGChSP-1. Apart from the two plans, he 

proposed two additional plans with the group element and named them as TSGChSP-



 

 18 

1 and TSMGChSP-1. Later, he nested the four acceptance sampling plans and called 

them as the established family of GChSP. However, he considered the consumer’s risk 

only when developing the plan and ignored the producer’s risk. 

Motivated by Soundararajan and Christina (1997) and Sutharani (2014), this study 

would improve the performance (optimal number of groups, 𝑔) of the novel family of 

GChSP by considering producer’s and consumer’s risks through MAM. However, the 

novel family of GChSP in this study retrofits Mughal (2018), since in this study, the 

novel family of GChSP consists of GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-

1, NTSGChSP-1 and TSGChSP-1. Two new sampling plans are introduced in this 

study which are NGChSP-1 and TSCGChSP-1. The NGChSP-1 balances the 

acceptance criteria between the GChSP-1 and MGChSP-1 meanwhile the 

TSCGChSP-1 is added the group element (multiple inspection) from the two-sided 

chain acceptance sampling plans (TSCChSP-1). Besides that, one additional sampling 

plan is included which is NTSGChSP-1. However, TSMGChSP-1 is excluded because 

the plan deviates enormously compared to the original ChSP-1 proposed by Dodge 

(1955). Having said that, it means, in some situations, the current lot in the 

TSMGChSP-1 is rejected even though the plans have no defective. 

The generalized exponential distribution is applied to the novel family of GChSP when 

constructing the plans. The generalized exponential distribution is chosen as there are 

many electric and electronic components follow the distribution. For example, Wood 

(1996) showed that failure time (in hours) for a software followed generalized 

exponential distribution. Apart from the software, air conditioning equipment in a 

Boeing 720 also exhibited exponential distribution (Teh, 2018). 
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1.6 Objective of the Study 

The main objective of the study is to develop the novel family of GChSP using the 

MAM. In order to accomplish the main objective, the four objectives are listed: 

i. to construct the GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-1, 

NTSGChSP-1 and TSGChSP-1 using the MAM. 

ii. to obtain the optimal number of groups, 𝑔 and the corresponding smallest 

angle, 𝜃 for GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-1, NTSGChSP-

1 and TSGChSP-1 by using different values of design parameters. 

iii. to compare the optimal number of groups, 𝑔 and the corresponding smallest 

angle, 𝜃 for GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-1, NTSGChSP-

1 and TSGChSP-1. 

iv. to demonstrate GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-1, 

NTSGChSP-1 and TSGChSP-1 using real data. 

1.7 Scope of the Study 

The scope of the study highlights the following three aspects: 

i. applying the MAM for GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-1, 

NTSGChSP-1 and TSGChSP-1. 

ii. using binomial distribution to derive the probability of zero defective, 𝑃0 and 

probability of one defective, 𝑃1. 
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iii. using mean as quality parameter. 

The first aspect focuses on applying the MAM for the novel family of GChSP. The 

MAM would be the second method applied as the established family of GChSP 

applied minimizing the consumer’s risk only to the plans (Mughal, 2018). The MAM 

should suggest an improvement for the novel family of GChSP as it protects both 

parties, producer and consumer, as the first method applied to the established family 

of GChSP only protects consumer. Besides the two methods, there are several other 

methods available such as minimum sum of risks (Subramani, 2004), different quality 

regions (Divya, 2012) and inspection errors (Nezhad & Nasab, 2012), in which the 

methods are not the interest of us in the study. 

There are four distributions available in order to calculate the probability of zero 

defective, 𝑃0 and probability of one defective, 𝑃1, which are binomial distribution (Teh 

et al., 2016a, 2016b, 2016c, 2018), weighted binomial distribution (Ramaswamy & 

Anburajan, 2012; Anburajan & Ramaswamy, 2015; Naqvi & Bashir, 2016), Poisson 

distribution (Jamkhaneh, Sadeghpour-Gildeh & Yari, 2010; Alagirisamy & Nandhini, 

2017) and weighted Poisson distribution (Radakrishnan & Mohana-Priya, 2008a, 

2008b; Mughal, Zain & Aziz, 2015a). In this study, the binomial distribution is used 

in deriving the probability of zero defective, 𝑃0 and probability of one defective, 𝑃1 as 

Montgomery (2009) states that the binomial distribution can be applied with the 

following three conditions, which are (i) the lot is large (theoretically infinite) in size, 

(ii) the inspection is an independent process and (iii) the outcomes of the inspection 

are mutually exclusive, which means they are either defective or non-defective. For 
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the other three distributions, they are currently not the interest of us in completing the 

study. 

No study has stated the actual meaning of quality parameters but the study has been 

using different quality parameters when an acceptance sampling plan is developed. 

For instance, Aslam, Kundu and Ahmad (2010) used the median when they 

constructed the GSP and Teh et al. (2016a, 2016b, 2016c, 2018) used the mean when 

developing GChSP-1. In this study, mean is used as the quality parameter as the 

skewness of generalized exponential distribution is not considered and this is 

supported by (Bertsekas & Tsitsiklis, 2002) as they mentioned in their book that the 

mean measures the central tendency of any distribution when skewness is omitted. 

1.8 Significance of the Study 

The first significance is it contributes new literatures in the acceptance sampling field, 

particularly the novel family of GChSP. Previously, the established family of GChSP 

has been developed by minimizing consumer’s risk only, but now, it has been studied 

by using the MAM. The study is motivated by previous literatures, where the SSP and 

ChSP-1 have been developed by both methods, which are (i) minimizing consumer’s 

risk and, (ii) MAM. 

The second significance is it produces tables for the optimal number of groups, 𝑔 and 

it can be used as a guideline for the producer and consumer. The tables are produced 

for six acceptance sampling plans (GChSP-1, NGChSP-1, MGChSP-1, TSCGChSP-

1, NTSGChSP-1 and TSGChSP-1) at different combination of design parameters. The 
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tables will provide the producer and consumer six new acceptance sampling plans to 

choose, and they can choose an acceptance sampling plan that suits them well. 
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CHAPTER TWO 

LITERATURE REVIEW 

The aim of this chapter is to discuss literatures related to the acceptance sampling plans 

particularly on the methods used in developing the sampling plans. There are many 

methods available in the literature, but this thesis only fixates on two methods, namely 

(i) minimizing the consumer’s risk and, (ii) minimizing the producer’s and consumer’s 

risks. To the best of our knowledge, no study has focused on minimizing the 

producer’s risk since in business, customers are more important than producers even 

ideally both parties should be considered. 

2.1 Minimizing the Consumer’s Risk 

Epstein (1954) is a first researcher to introduce the SSP for exponential distribution. 

He introduced the SSP by proposing two different approaches when designing the 

plan, which were replacement and non-replacement approaches. For the replacement 

approach, an item was replaced by a new item if the item failed to operate during the 

test termination time, while for the non-replacement approach, an item was not 

replaced with a new item even it failed to operate until the test termination was over. 

Formulae for the sample size and the probability of lot acceptance were given in the 

paper. He emphasized that the quality parameter used in deriving the formulae was the 

mean. 

Goode and Kao (1961) realized that there were many lifetime distributions in the 

literature and had motivated them to take the initiative to extend the SSP for Weibull 

distribution while still examining the mean as the quality parameter. The 

methodologies introduced by Epstein (1954) was applied by them and various tables 
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for sample size and probability of lot acceptance were shown, considering different 

values of the test termination time. 

Gupta (1962) suggested an extensive SSP compared to Epstein (1954) and Goode and 

Kao (1961). Instead of applying one particular distribution and one specific quality 

parameter for the SSP, Gupta (1962) proposed the plan based on truncated life test for 

normal and lognormal distributions using different values of design parameters. 

Besides that, he used two quality parameters which were mean and median. Different 

values of sample size and probability of lot acceptance for both quality parameters 

were obtained considering various values of design parameters such as consumer’s 

risk, test termination time and mean or median ratios. Comparison tables between 

mean and median ratios were also provided in order to show that which quality 

parameter fit better, in terms of smaller sample size, for normal and lognormal 

distributions. However, he did not conclude which quality parameter either mean or 

median had better representative for normal and lognormal distributions. 

Kantam, Rosaiah and Rao (2001) developed the SSP based on truncated life test when 

an item followed log-logistic distribution. The objectives of the research were to find 

the minimum sample size and the probability of lot acceptance for various values of 

design parameters such as test termination time, acceptance number and mean ratio. 

Various tables for the minimum sample size and the probability of lot acceptance were 

provided as the study conducted thorough analysis for the two stated objectives. They 

concluded their research by stating that the SSP for log-logistic distribution needed 

smaller sample size compared to the SSP developed by Kantam and Rosaiah (1998). 
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As more lifetime distributions came into the literature, researchers took the 

opportunity to study the SSP for a new lifetime distribution. This includes Baklizi 

(2003) as he suggested the SSP for Pareto distribution of the 2nd kind. The two 

objectives stated by Kantam et al. (2001) were also studied by Baklizi (2003) which 

to find the minimum sample size and to calculate the probability of lot acceptance. 

However, he was very precise in his article as he stated that the two objectives were 

calculated by minimizing the consumer’s risk only, which was not stated directly by 

the previous study. Tables were constructed to show the minimum sample size and the 

probability of lot acceptance at various values of design parameters. Baklizi (2003) 

concluded that his finding required smaller sample size compared to Kantam et al. 

(2001). 

Since Baklizi (2003) published an improved article for the SSP, Tsai and Wu (2006) 

continued working on the same plan, but they decided to apply generalized Rayleigh 

distribution considering mean as the quality parameter. They followed the same 

approach set by the predecessor, which were the minimum sample size and the 

probability of lot acceptance were calculated at different values of design parameters. 

They also introduced the use of cumulative distribution function (CDF) in order to 

calculate the probability of failure of generalized Rayleigh distribution. Tables for the 

minimum sample size and the probability of lot acceptance were shown for the 

industrial practitioners but their finding differed from the previous findings, which 

their suggested plan required larger sample size compared to the Kantam et al. (2001) 

and Baklizi (2003) plans. 
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Balakrishnan, Leiva and Lopez (2007) extended the SSP based on the truncated life 

test when an item followed generalized Birnbaum-Saunders distribution. They 

developed the plan by using median as the quality parameter while the objectives were 

to calculate the minimum sample size and the probability of lot acceptance. Tables for 

the two main objectives were provided for the different values of median ratios. They 

also showed the application of the proposed plan by using the real data with the 

assistance of probability plot. The probability plot is a technique in statistics used to 

assess whether a set of data follows a certain lifetime distribution. 

Whiles Epstein (1954) developed the SSP for exponential distribution using the mean 

as quality parameter, Aslam et al. (2010) also proposed the same plan but this time, 

they applied generalized exponential distribution to the plan and used median as the 

quality parameter. Generalized exponential distribution differs to the exponential 

distribution in terms of the shape parameter. For generalized exponential distribution, 

the shape parameter can take any value greater than zero meanwhile, for exponential 

distribution, the shape parameter is set at one. They developed the plan using various 

design parameters such as consumer’s risk, test termination time and acceptance 

numbers. Table for the minimum sample size and probability of lot acceptance were 

shown for the industrial practitioners to apply the suggested plan in the industry. 

Even though the SSP has been studied extensively using different lifetime distribution, 

it does have an issue, which is the probability of lot acceptance starts to drop rapidly 

when the acceptance number is set to be zero or one (Montgomery, 2009). The two 

acceptance numbers are very crucial in the industry in order to make sure that only 

quality items are accepted while the rejected items are returned to the supplier. 
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Dodge (1955) realized the issue in the SSP and took the initiative to propose the ChSP-

1. In the ChSP-1, the decision on whether to accept or to reject a lot does not depend 

on the current lot anymore, but it may depend on the defective items found in the 

preceding lots. For instance, if no defective is found, then the current lot is accepted 

and it is rejected if the number of defective is greater than one. However, if the number 

of defectives equals to one, the current lot is accepted provided that there are no 

defectives found in the preceding lots, otherwise, it is rejected. This is the difference 

between ChSP-1 and SSP, where in the SSP, the current lot is rejected if the number 

of defectives found is greater than one. 

Schiling and Dodge (1969) apply the ChSP-1 for normal distribution with known 

standard deviation. They used CDF of normal distribution to derive the fraction 

defective and the difference they suggested was, instead of using one as acceptance 

number (one as acceptance number is usually used in the ChSP-1), they proposed to 

use two as the acceptance number. Probability of lot acceptance were shown at 

different values of fraction defectives, which these two values were important for the 

industrial practitioners as it would show the effect of fraction defective on the 

probability of lot acceptance. 

Soundararajan (1978a) came out with a new idea in measuring the performance of 

ChSP-1 by Dodge (1955). Instead of using alpha and beta, he proposed to use new 

ratio in measuring the performance of ChSP-1, which was AOQL. AOQL is average 

outgoing quality limit, where it characterizes the worst quality of an item that 

customers would consider to accept (Soundararajan, 1978a). Later that year, 

Soundararajan (1978b) proposed to use new ratios, which were AQL and LQL to 
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calculate the probability of lot acceptance. AQL stands for the poorest level that a 

supplier should manufacture an item and the LQL is the poorest level that a customer 

is willing to accept an item. (Soundararajan, 1978b). For AQL, a sampling plan with 

high probability of lot acceptance is better while on the other hand, for the LQL, a 

better sampling plan is indicated with low probability of lot acceptance. 

Raju and Narasima Murthy (1996) used the information from the preceding and the 

current lots to derive the probability of lot acceptance. For the proposed plan, they 

developed the plan by using two acceptance numbers, which were one and two. The 

performance of the plan was made based on the minimum sample size calculated. 

Besides that, they also compared the performance of the proposed plan with SSP and 

double acceptance sampling plans (DSP). The two plans were chosen since SSP 

allowed one acceptance number while DSP had two acceptance numbers. 

Motivated by Raju and Narasima Murthy (1996), Govindaraju and Lai (1998) also 

used the information from the preceding and the current lots to derive the probability 

of lot acceptance formula for the MChSP-1. With this formula, they managed to draw 

the OC curve at various values of design parameters. From the OC curves, the 

performance of the MChSP-1 was compared with ChSP-1 and they concluded that the 

probability of lot acceptance for MChSP-1 was lower compared to ChSP-1. 

Deva and Rebecca (2011) recognized that an improvement can be made to the 

MChSP-1 as the plans only considered the preceding lots. Therefore, they suggested 

that information could be gathered from the preceding and succeeding lots, which they 

named the plan as TSCChSP-1. The proposed plan protected customer more as it 
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produced low probability of lot acceptance. Tables were provided to show the 

minimum sample size at different values of design parameters. One remarkable fact 

about the TSCChSP-1 was the probability of lot acceptance for the plan similar to the 

probability of lot acceptance for MChSP-1 at some point. 

Ramaswamy and Jayasri (2012) extended the ChSP-1 for generalized exponential 

distribution by focusing on mean as the quality parameter. Their plan differs to the 

Dodge (1955) as they applied distribution to the plan whereas Dodge (1955) did not 

apply any distribution. The minimum sample size was obtained at different values of 

design parameters while the probability of lot acceptance was calculated at different 

values of mean ratio. No comparison was made on the performance of the plan with 

the established plans. 

Besides the generalized exponential distribution, Ramaswamy and Jayasri also 

developed the ChSP-1 using different lifetime distributions, including log-logistic 

distribution (2013), inverse Rayleigh distribution (2014a) and generalized Rayleigh 

distribution (2014b). They were motivated by the fact that each distribution has 

different CDF, which contributed to the different values of fraction defective. For all 

the articles, they calculated the minimum sample size at different values of design 

parameters. Then, the minimum sample size was used to calculate the probability of 

lot acceptance. At the end of the articles, they summarized the two findings using 

tables. 
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Apart from Ramaswamy and Jayasri, Mughal et al. (2015b) also suggested the ChSP-

1 for Pareto distribution of the 2nd kind. They followed the same procedures as stated 

in Ramaswamy and Jayasri, but they made it clearer that the minimum sample size 

was calculated satisfying different values of consumer’s risk. Once the minimum 

sample size was obtained, the probability of lot acceptance was calculated at different 

values of mean ratio. They ended their article by stating that the ChSP-1 needed less 

sample size compared to the plans developed by Ramaswamy and Jayasri (2014b). 

Ramaswamy and Jayasri (2015) extended the concept of ChSP-1 to MChSP-1, but this 

time, they wrote an article containing six different lifetime distributions: generalized 

exponential distribution, Marshall-Olkin extended Lomax distribution, Marshall-

Olkin extended exponential distribution, Weibull distribution, Rayleigh distribution 

and inverse Rayleigh distribution. For each distribution, they calculated the minimum 

sample size required and the probability of lot acceptance. The findings for all 

distributions were summarized in tables. 

Mughal et al. (2015c) realized that all related chain acceptance sampling plans (ChSP-

1, MChSP-1, TSChSP-1 and TSCChSP-1) conducted the inspection by inspecting one 

item at a time. In industry, there is possibility of inspecting more than one item at a 

time and it is known as group inspection. Motivated by this, Mughal et al. (2015c) 

introduced the group element to the ChSP-1 and named it as GChSP-1. They started 

to study the GChSP-1 by applying Pareto distribution of the 2nd kind. In their study, 

they used mean as the quality parameter and studied the distribution using three 

different values of shape parameters, which are 2,3 and 4. They concluded their study 
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that Pareto distribution of the 2nd kind needed less sample size compared to 

Ramaswamy and Jayasri (2014a). 

Mughal et al. (2015d) proposed new TSCGChSP-1 which the plan is an improvement 

plan compared to the GChSP-1 and MGChSP-1. The improvement by Mughal et al. 

(2015d) was the NTSCGChSP-1 considered the preceding and succeeding lots while 

the GChSP-1 and MGChSP-1 only considered the preceding lots. Mughal et al. 

(2015d) studied the plan by assuming that an item followed Pareto distribution of the 

2nd kind as its lifetime distribution. Mean was used as the quality parameter and the 

plan was developed at different values of design parameters. Since the Pareto 

distribution of the 2nd kind has shape parameters, they set the shape parameter to have 

range from 2 to 4. Tables were used to show the minimum number of groups and the 

probability of lot acceptance at the specified design parameters. The proposed plans 

had higher probability of lot acceptance compared to the GChSP-1 and MGChSP-1. 

Motivated by Ramaswamy and Jayasri who studied the ChSP-1 using different 

distributions, Teh, Aziz and Zain extended the GChSP-1 for three different lifetime 

distributions, which were Rayleigh distribution (2016a), log-logistic distribution 

(2016b) and inverse Rayleigh distribution (2016c). For the three lifetime distributions, 

they proposed to study the plans by taking the mean as quality parameter. The 

minimum number of groups was obtained by minimizing the consumer’s risk only. 

Once the minimum number of groups was calculated, they computed the probability 

of lot acceptance at different values of mean ratio, range from 1 to 12. However, for 

their proposed plans, no comparison was made with any established acceptance 

sampling plans. 
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After a while studying the GChSP-1, Teh et al. (2018) developed the plan for 

exponential distribution. They continued to use the mean as quality parameter. Like 

their previous articles, they computed the minimum number of groups and the 

probability of lot acceptance at different values of design parameters. In this article, 

they compared their proposed plan with the GSP, which they did not do it in the 

previous articles. They concluded that the GChSP-1 has better performance compared 

to the GSP in terms of low minimum number of groups and low probability of lot 

acceptance. 

Jamaludin et al. (2016a) published an article on the MGChSP-1 for inverse Rayleigh 

distribution. The plan was the extension of GChSP-1 but it had tighter acceptance 

criteria, which provided better protection to the consumer compared to the GChSP-1. 

Tables were used to show the minimum number of groups and the probability of lot 

acceptance at different values of design parameters and mean ratios. The finding 

showed that the minimum number of groups decreases as the test termination time 

multiplier increases. Besides that, the OC values increase when the mean ratio 

increases. 

Jamaludin et al. (2016b) continued to study the MGChSP-1 for Rayleigh distribution. 

They used the mean as quality parameter and studied the plans at various values of 

design parameters. With these values, the minimum number of groups and the 

probability of lot acceptance were calculated to provide a clear picture for the 

industrial practitioners to apply the proposed plans when an item has Rayleigh 

distribution as its lifetime. At the end of the article, they stated that the probability of 

lot acceptance decreases as the test termination time multiplier increases. 
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All literatures discussed so far only concern the LQL, which it only minimizes the 

consumer’s risk and ignore the producer’s risk. Since this study concerns both risks, 

therefore it is worthwhile to explore literatures related to the minimizing producer’s 

and consumer’s risks. 

2.2 Minimizing the Producer’s and Consumer’s Risks 

This section focuses on the literatures related to minimizing the producer’s and 

consumer’s risks as the main objective in this study is to develop the novel family of 

GChSP using the MAM. The MAM is a method where both risks, producer and 

consumer, are minimized. The established family of GChSP only considers the 

consumer’s risk and ignores the producer’s risk which the plans succeeds to satisfy 

the consumer not the producer. On the other hand, the novel family of GChSP using 

the MAM may improve the established family of GChSP by providing a win-win 

situation for the producer and consumer. 

Soundararajan and Chritina (1997) realized that Epstein (1954) only considered the 

consumer’s risk and ignored the producer’s risk, therefore they proposed the SSP using 

MAM, where the method catered both producer’s and consumer’s risks. They 

developed the plan at various combination of design parameters and concluded that 

their plan improved the established SSP since their plan protected the producer’s and 

consumer’s risks while other studies (Epstein, 1954; Goode & Kao, 1961; Gupta, 

1962; Baklizi, 2003; Tsai & Wu, 2006) secured the customer only. 

Fallahnezhad (2012) proposed acceptance sampling plans based on Markovian linear 

model using the MAM. The plans were developed based on the number of defective 
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items using the MAM with the main objective was to optimize the Markovian linear 

model for determining the threshold for an acceptance sampling plan. All the 

important terms in acceptance were used such as sample size, producer’s and 

consumer’s risks, average number inspected (ANI), AQL and LQL. Numerical 

examples were provided to illustrate the proposed acceptance sampling plans. 

Ramaswamy and Sutharani (2013) developed the GSP for Weibull and gamma 

distributions by using the MAM. They developed the plans using different values of 

design parameters and made it very clear that the fraction defective at the LQL was 

calculated when the mean ratio was 1 while the fraction defective at the AQL was set 

at higher value of mean ratio (higher than 1). They listed out the procedures for the 

MAM and used tables to show the minimum number of groups at different values of 

mean ratios and design parameters. They concluded that, with the MAM, a better 

sampling plan had lowest angle. 

Besides that, Ramaswamy and Sutharani (2014) also extended the MAM for the DSP, 

where they applied the method for various distributions such as generalized 

exponential distribution, Weibull distribution and gamma distribution. For the plan, 

they set the acceptance numbers to be 0 for the first inspection and 2 for the second 

inspection. Various table were used to show the findings including the minimum 

sample size required, the probability of lot acceptance at the producer and consumer 

levels, and the minimum angle created. They concluded their article by stating that by 

applying the MAM, it provided better discriminating when accepting a good lot. 
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Sutharani (2014) studied the ChSP-1 based on truncated life test using the MAM for 

different lifetime distributions such as Rayleigh distribution, generalized exponential 

distribution, Weibull distribution and gamma distribution. For all the distributions, 

mean was chosen as the quality parameter as she omitted the skewness of the 

distributions in her study. The CDF for each lifetime distribution was listed and tables 

were generated to show the minimum sample size at different values of design 

parameter. However, no comparison was made among the four lifetime distributions. 

Suresh and Vinitha (2014) proposed generalized two-plan system using the MAM. 

The generalized two-plans system consisted normal to tightened inspection and 

tightened to normal inspection. The normal to tightened inspection was conducted 

when ′𝑠′ out of ′𝑚′ consecutive lots had been rejected on the original inspection while 

the tightened to normal inspection was done when ′𝑑′ lots has been accepted. Two 

conditions were stated for applying the generalized two-plan system, which (i) the 

production was a steady process and, (ii) the items came from a source that a consumer 

had confidence in the items. 

Edna and Joyce (2018) proposed the MAM for the MChSP-1. They did not apply it to 

any distribution but they used different values of the fraction defective at the producer 

(0.01 to 0.06) and consumer (0.4 to 0.9) levels. Based on the values, they calculated 

the probability of lot acceptance and obtained the risks associated with the producer 

and consumer. Their work is slightly different with other studies as they added the two 

risks but they did not mention the purpose and the importance of adding the risks. 
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Vijila and Catherine Grace (2019) introduced the rational chain acceptance sampling 

plans (RChSP-1) for non-destructive items through average outgoing quality limit 

(AOQL) and MAM. The RChSP-1 was introduced to improve the OC curve for a zero-

acceptance number plan, where the zero-acceptance number plan failed to distinguish 

between a good and a bad lot. The study focused on the effect of the number of 

preceding lots, 𝑖 for the probability of lot acceptance. The result had revealed that 

when the number of preceding lots, 𝑖 increased, then probability of lot acceptance 

decreased, which eventually better in protecting the customer. 

Tharani and Ramaswamy (2019) realized that Sutharani (2014) had studied four 

different lifetime distributions and left out the log-logistic distribution, therefore they 

developed the ChSP-1 for the log-logistic distribution based on truncated life test using 

the MAM.  They also used mean of the log-logistic distribution as the quality 

parameter. Like Sutharani (2014), tables were generated to show the minimum sample 

size at different values of design parameters. 

Overall, this chapter discusses the literatures related to the methods used when a 

sampling plan is developed. There are two methods discusses in this chapter, namely 

(i) minimizing the consumer’s risk and (ii) minimizing the producer’s and consumer’s 

risks or known as the MAM. Gupta (1962) and Baklizi (2003) are few examples of 

studies that have applied minimizing the consumer’s risk when they develop the 

sampling plans. On the other hand, Fallahnezhad (2012) and Sutharani (2014) 

developed the sampling plans using the MAM for different lifetime distributions. The 

next chapter explores the core methodology from Fallahnezhad (2012) and Sutharani 

(2014), particularly the phases when the novel family of GChSP is developed. 
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CHAPTER THREE 

RESEARCH METHODOLOGY 

The aim of this chapter is to identify six phases in designing the novel family of 

GChSP, which are (i) identification of design parameters, (ii) implementing the 

operating procedure, (iii) deriving the probability of lot acceptance, 𝐿(𝑝), (iv) deriving 

the probability of zero defective, 𝑃0 and the probability of  one defective, 𝑃1, (v) 

deriving the fraction defective, 𝑝 for the generalized exponential distribution, and (vi) 

measuring the performance. The phases are also illustrated in Figure 3.1. 

 

Figure 3.1. Phases in designing the novel family of GChSP 

 

Phase I: Identification of Design Parameters 

Phase II: Implementing the Operating Procedure 

Phase III: Deriving the Probability of Lot Acceptance 

Phase IV: Deriving the Probability of Zero Defective and 

Probability of One Defective 

Phase V: Deriving the Fraction Defective for the Generalized 

Exponential Distribution 

Phase VI: Measuring Performance 
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The phases are important as it eases the process to calculate the optimal number of 

groups for the six sampling plans. The optimal number of groups is calculated by using 

the MAM, where the producer’s and consumer’s risks are set to be below 0.10. Besides 

that, the phases also ease the study to see the effect of specified constant, 𝑎, number 

of preceding lots, 𝑖, number of succeeding lots, 𝑗, number of items, 𝑟, and mean ratio, 

𝜇

𝜇0
 on the optimal number of groups. 

3.1 Phase I: Identification of Design Parameters 

Design parameter is defined as the fixed constant (Seltman, 2018), and in this study, 

it is identified before a sampling plan is developed. It plays a crucial part in designing 

the sampling plan as every sampling has its own design parameters. For instance, the 

design parameters for the SSP are the sample size, 𝑛, and the acceptance number, 𝑐 

while for the ChSP-1, the sample size, 𝑛, and the number of preceding lots, 𝑖, are the 

design parameters. There are seven design parameters for the novel family of GChSP, 

which are (i) specified constant, 𝑎, (ii) consumer’s risk, 𝛽, (iii) producer’s risk, 𝛼, (iv) 

number of preceding lots, 𝑖,  (v) number of succeeding lots, 𝑗, (vi) number of items, 𝑟, 

and (vii) mean ratio, 
𝜇

𝜇0
. 

The design parameters are used to test the hypothesis of the study, which the true mean 

life, 𝜇 of an item is greater than the specified mean life, 𝜇0. The true mean life, 𝜇 can 

be determined when an item fails or stops to operate while the specified mean life, 𝜇0 

is usually stated by the manufacturer on the item. In real-world scenario, an item is 

deemed to be good if the true mean life, 𝜇 is higher than the specified mean life, 𝜇0, 

i.e. 𝜇 ≥ 𝜇0. In contrast, an item is considered to be bad if the true mean life, 𝜇 is less 
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than the specified mean life, 𝜇0, i.e. 𝜇 < 𝜇0. In this study, an item is accepted if 𝜇 ≥

𝜇0 and it is rejected if 𝜇 < 𝜇0 at the pre-specified values of the design parameters. 

In order to test the hypothesis, the pre-specified values of the design parameters are 

identified, and it is presented in Table 3.1. 

Table 3.1 

Pre-specified values of the design parameters 

Design Parameters 

Producer’s risk, 𝛼 0.10        

Consumer’s risk, 𝛽 0.10        

Specified constant, 𝑎 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

Number of preceding lots, 𝑖 1 2 3 4     

Number of succeeding lots, 𝑗 1 2 3 4     

Number of items, 𝑟 2 3 4 5     

Mean ratio at the AQL 2 4 6 8 10 12   

Mean ratio at the LQL 1        

 

The values in Table 3.1 are taken from the previous studies with modification. The 

usual values used for the producer’s and consumer’s risks are 0.01, 0.05, 0.10 and 0.25 

(Aslam & Jun, 2009; Deva & Rebecca, 2011; Al-Omari, 2019). However, this study 

sets the producer’s and consumer’s risks at 0.10 as this study aims to provide producer 

and consumer with less than 10% protection: less than10% of rejecting a good lot for 

the producer and less than 10% of accepting a bad lot for the consumer. 

The values for the specified constant, 𝑎 are also obtained from the previous studies 

with modification. Initially, the values used for the specified constant, 𝑎 are 0.628, 

0.942, 1.257 and 1571 (Ramaswamy & Sutharani, 2013, 2014; Ramaswamy & Jayasri, 

2015). Mughal (2018) modifies the values for the specified constant, 𝑎 and uses 0.7, 

0.8, 1.0, 1.2, 1.5 and 2.0. The problem with the values for the specified constant, 𝑎 
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suggested by Mughal (2018) is the gap between the values is inconsistent. Therefore, 

this study employs new values for the specified constant, 𝑎 from 0.25 to 2.0 with 0.25 

increment as shown in Table 3.1. 

There is no modification of values for the number of preceding lots, 𝑖, the number of 

succeeding lots, 𝑗, the number of items, 𝑟 and the mean ratio. The values used for the 

number of preceding lots, 𝑖 and number of succeeding lots, 𝑗 are consistent with 

Mughal (2018) where the values are 1, 2, 3 and 4. Meanwhile, 2, 3, 4 and 5 are chosen 

by Mughal (2018) for the number of items, 𝑟 which this study also employs the same 

values. The values for the mean ratio at the AQL and LQL in this study are consistent 

with Ramaswamy and Sutharani (2013, 2014) which the studies use 2, 4, 6, 8, 10 and 

12 for the mean ratio at the AQL and 1 for the mean ratio at the LQL. 

Producer’s risk, 𝛼 is the probability that a good lot is rejected while consumer’s risk, 

𝛽 is defined as the probability that a bad lot is accepted (Montgomery, 2009). The two 

risks emerge in the acceptance sampling because only sample is inspected, not the 

whole lot. Since the inspection is done on the random sample, therefore there is 

possibility of making a right decision or a wrong decision. In this study, the values of 

the two risks are set to be below 0.10 where it eventually indicates that both, producer 

and consumer, will have less than 10% of rejecting a good lot or accepting a bad lot. 

Specified constant, 𝑎 is written as 𝑡 = 𝑎𝜇0, where 𝑡 is the test termination time and 𝑢0 

is the specified mean life. The specified constant, 𝑎 provides two scenarios regarding 

the inspection time. The first scenario is for 𝑎 < 1, which means the inspection time 

is terminated before the item reaches its minimum lifetime. For instance, if 𝑎 = 0.5 
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and 𝜇0 = 1000 hours, it indicates that the inspection time is stopped at the 500 hours 

even though the item has not reached its minimum lifetime. 

The second scenario is for 𝑎 ≥ 1, which indicates the inspection time is set to be 

terminated after the item achieves its minimum lifetime. For example, if 𝑎 = 1.5 and 

𝜇0 = 1000 hours, it means that the inspection is ended at the 1500 hours, where the 

item has passed its actual lifetime. In this study, we decide to study both scenarios 

(𝑎 < 1 and 𝑎 ≥ 1) in order to provide a better picture for the industrial practitioners 

the effect of 𝑎 on the optimal number of groups for the novel family of GChSP. 

Number of preceding lots, 𝑖 is the total number of previous lot considered when 

sentencing (accept or reject) the lot and, all the six sampling plans have 𝑖 as the design 

parameters. It plays an important role since the 𝑖 can determine whether the current lot 

is accepted or rejected. For instance, in the GChSP-1, if the current lot has one 

defective and no defectives are found in the previous 𝑖 lots, then the current lot is 

accepted. On the other hand, if the current lot has one defective and the previous 𝑖 lots 

have at least one defective, then the current lot is rejected. 

Meanwhile, the number of succeeding lots, 𝑗 is the total number of subsequent lot 

considered when sentencing (accept or reject). There are only three acceptance 

sampling plans that have 𝑗 as the design parameters, which are TSCGChSP-1, 

NTSGChSP-1 and TSGChSP-1. The number of succeeding lots, 𝑗 functions like the 𝑖, 

which it can also determine whether the current lot is accepted or rejected. For 

example, in the TSCGChSP-1, if the current lot has one defective and no defective 
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found in the 𝑖 and 𝑗 lots, then the lot is accepted. However, if the current lot has one 

defective but there is at least one defective in the 𝑗 lots, then the current lot is rejected. 

There are two cases when deciding the values of 𝑖 and 𝑗, which are 𝑖 = 𝑗 and 𝑖 ≠ 𝑗. 

For the first case, if the values of 𝑖 = 3, then the value of 𝑗 = 3 too. For the second 

case, if the value of 𝑖 = 3, then the value of 𝑗 cannot be 3. This study only caters the 

first case, which it is assumed that 𝑖 = 𝑗. The assumption is important since it eases 

the derivation of probability of lot acceptance, 𝐿(𝑝) in Phase III, besides it helps to 

see the effect of 𝑖 and 𝑗 on the optimal number of groups. The second case is not 

considered in this study and other researchers might be interested to study all the three 

sampling plans when 𝑖 ≠ 𝑗. 

Number of items, 𝑟 is defined as the number of items placed into a particular group, 

and all the six sampling plans have 𝑟 as the design parameter. The value of 𝑟 must be 

greater than or equal to 2 and it cannot take 1 as its value. If 𝑟 = 1, then the proposed 

sampling plans (for instance GChSP-1) change to the ordinary sampling plans (in this 

case, ChSP-1). In this study, 𝑟 is set to have a range of 2 to 5 and the range helps to 

see the effect of 𝑟 on the optimal number of groups. 

Mean ratio is the fraction of the true mean life, 𝜇 to the specified mean life, 𝜇0, and it 

is written as 
𝜇

𝜇0
. The mean ratio is derived from the hypothesis of the study, which the 

true mean life, 𝜇 is always greater than or equal to the specified mean life, 𝜇0. Higher 

mean ratio indicates that an item has higher lifetime and vice versa. For instance, an 

item with mean ratio of 10 indicates that the item has 10 times longer lifetime 
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compared to its specified mean lifetime while an item with mean ratio of 2 shows that 

the item only has double lifetime compared to its stated mean lifetime.  

In this study, the mean ratio is used to calculate the fraction defective at the AQL and 

LQL, where the fraction defective at the AQL is denoted as 𝑝1 while 𝑝2 stands for the 

fraction defective at the LQL. Producers are always keen with the AQL while 

consumers are interested with the LQL. Based on Table 3.1, the mean ratio at the AQL 

and LQL is different: 2 to 12 for the AQL and only 1 for the LQL. The difference is 

contributed by the fact that the producers always want to produce an item with longer 

lifetime (indicated by higher mean ratio) while on the other hand, the customers will 

satisfy (at least) if the item reaches its minimum lifetime (indicated by mean ratio of 

1) (Montgomery, 2009). On the contrary, the mean ratio for the AQL does not start 

with 1 because if it starts with 1, then the 𝑝1 overlaps with 𝑝2 which contributes to the 

zero angle (see Figure 1.3). 

3.2 Phase II: Implementing the Operating Procedure 

Operating procedure is step by step in designing a sampling plan, and it is very 

important phase since changing one step in it would lead to the introduction of a new 

sampling plan. The six sampling plans have exactly the same steps (Step 1 to Step 4) 

as the four steps are fundamental steps in designing a new sampling plan. The MAM 

takes place in Step 1 where the optimal number of groups, 𝑔 is obtained when all the 

three conditions are satisfied. The six sampling plans differ in Step 5 onwards since 

Step 5 onwards is known as acceptance criteria. Acceptance criteria are the conditions 

imposed on the sampling plan in order to decide whether the current lot under 

inspection is accepted or rejected. Different sampling plans have different acceptance 
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criteria, which leads to the changes in the subsequent phases (Phase III to Phase V) for 

each sampling plan. 

Besides that, Phase II is also important as the three objectives of the study will be 

completed. The first objective of the study is to construct the GChSP-1, NGChSP-1, 

MGChSP-1, TSCGChSP-1, NTSGChSP-1 and TSGChSP-1 using the MAM, and this 

is completed when the operating procedure for all the six sampling plans is listed out. 

The second objective of the study is to obtain the optimal number of groups for all the 

six sampling plans using MAM, and it is completed in the Step 1 for each operating 

procedure of the sampling plans. Once the optimal number of groups for each 

sampling plan is obtained, then the third objective of the study is accomplished, where 

the optimal number of groups among the sampling plans is compared. 

3.2.1 Group Chain Acceptance Sampling Plans (GChSP-1) 

The operating procedure for the GChSP-1 is as follows: 

Operating procedure for GChSP-1 

Step 1: For each lot, the optimal number of groups, 𝑔 is found by using the MAM. 

Having said that, the 𝑔 is found when is satisfies the three conditions, 

which are (i) producer’s risk is less than 0.10, (ii) consumer’s risk is less 

than 0.10, and (iii) the 𝑔 has the smallest angle, 𝜃. 

Step 2: The number of items, 𝑟 is allocated to the 𝑔 groups. 

Step 3: The test termination time, 𝑡0 for the inspection activity is specified. 

Step 4: During the inspection activity, the number of defectives, 𝑑 is counted. 

Step 5: The current lot is accepted when 𝑑 = 0 and the current lot is rejected when 

𝑑 > 1. 

Step 6: The current lot is also accepted when 𝑑 = 1, given that there is no 

defectives found in the preceding 𝑖 lots. 
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Figure 3.2 illustrates the operating procedure for the GChSP-1, but it focuses more on 

the acceptance criteria for the sampling plan. 

 

Figure 3.2. Operating procedure for the GChSP-1 

3.2.2 New Group Chain Acceptance Sampling Plans (NGChSP-1) 

The NGChSP-1 is a new sampling plan introduced in this study. It succeeds to balance 

the acceptance criteria between the GChSP-1 and MGChSP-1. Having said that, the 

NGChSP-1 has four acceptance criteria while the GChSP-1 has five acceptance 

criteria and the MGChSP-1 has three acceptance criteria.  
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The operating procedure for the NGChSP-1 is given as follows: 

Operating procedure for NGChSP-1 

Step 1: For each lot, the optimal number of groups, 𝑔 is found by using the MAM. 

Having said that, the 𝑔 is found when is satisfies the three conditions, 

which are (i) producer’s risk is less than 0.10, (ii) consumer’s risk is less 

than 0.10, and (iii) the 𝑔 has the smallest angle, 𝜃. 

Step 2: The number of items, 𝑟 is allocated to the 𝑔 groups. 

Step 3: The test termination time, 𝑡0 for the inspection activity is specified. 

Step 4: During the inspection activity, the number of defectives, 𝑑 is counted. 

Step 5: Accept the current lot if 𝑑 = 0 given that the preceding lots have at most 

one defective. 

Step 6: The current lot is also accepted if 𝑑 = 1, given that there is no defective 

recorded in the preceding 𝑖 lots. 

Step 7: Reject the current lot if 𝑑 > 1. 

  

 

Figure 3.3. Operating procedure for the NGChSP-1 

  

Step 1 to Step 4 

𝑑 = 0 𝑑 = 1 𝑑 > 1 

Accept the 

current lot 
Reject the 

current lot 

𝑑𝑖 = 0 𝑑𝑖 > 0 
𝑑𝑖 ≤ 1 



 

 47 

3.2.3 Modified Group Chain Acceptance Sampling Plans (MGChSP-1) 

The operating procedure for the MGChSP-1 is listed below: 

Operating procedure for MGChSP-1 

Step 1: For each lot, the optimal number of groups, 𝑔 is found by using the MAM. 

Having said that, the 𝑔 is found when is satisfies the three conditions, 

which are (i) producer’s risk is less than 0.10, (ii) consumer’s risk is less 

than 0.10, and (iii) the 𝑔 has the smallest angle, 𝜃. 

Step 2: The number of items, 𝑟 is allocated to the 𝑔 groups. 

Step 3: The test termination time, 𝑡0 for the inspection activity is specified. 

Step 4: During the inspection activity, the number of defectives, 𝑑 is counted. 

Step 5: Accept the current lot if 𝑑 = 0 provided that the preceding  samples have 

at most one defective. 

Step 6: Reject the current lot if 𝑑 > 0. 

  

 

Figure 3.4. Operating procedure for the MGChSP-1 
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3.2.4 Two-Sided Complete Group Chain Acceptance Sampling Plans 

(TSCGChSP-1) 

The TSCGChSP-1 is another new sampling plan introduced in this study. The plan is 

added the group element (multiple inspection) from the TSCChSP-1. The operating 

procedure for the TSCGChSP-1 is listed below: 

Operating procedure for TSCGChSP-1 

Step 1: For each lot, the optimal number of groups, 𝑔 is found by using the MAM. 

Having said that, the 𝑔 is found when is satisfies the three conditions, 

which are (i) producer’s risk is less than 0.10, (ii) consumer’s risk is less 

than 0.10, and (iii) the 𝑔 has the smallest angle, 𝜃. 

Step 2: The number of items, 𝑟 is allocated to the 𝑔 groups. 

Step 3: The test termination time, 𝑡0 for the inspection activity is specified. 

Step 4: 

During the inspection activity, the number of defectives in 𝑑𝑖, 𝑑 and 𝑑𝑗 are 

calculated, where 𝑑𝑖  is the number of defectives in the preceding 𝑖 lots, 𝑑 

is the number of defectives in the current lot and 𝑑𝑗 is the number of 

defectives in the succeeding 𝑗 lots. 

Step 5: The current lot is accepted when 𝑑 = 0 and the current lot is rejected when 

𝑑 > 1. 

Step 6: The current lot is also accepted when 𝑑 = 1, given that there is no 

defectives found in the preceding 𝑖 and succeeding 𝑗 lots. Otherwise, reject 

the current lot. 
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Figure 3.5. Operating procedure for the TSCGChSP-1 

3.2.5 New Two-Sided Group Chain Acceptance Sampling Plans (NTSGChSP-1) 

The operating procedure for the NTSGChSP-1 is stated as follows: 

Operating procedure for NTSGChSP-1 

Step 1: For each lot, the optimal number of groups, 𝑔 is found by using the MAM. 

Having said that, the 𝑔 is found when is satisfies the three conditions, 

which are (i) producer’s risk is less than 0.10, (ii) consumer’s risk is less 

than 0.10, and (iii) the 𝑔 has the smallest angle, 𝜃. 

Step 2: The number of items, 𝑟 is allocated to the 𝑔 groups. 

Step 3: The test termination time, 𝑡0 for the inspection activity is specified. 

Step 4: 
During the inspection activity, the number of defectives in 𝑑𝑖, 𝑑 and 𝑑𝑗 are 

calculated. 

Step 5: The current lot is accepted when 𝑑 = 0 given that 𝑑𝑖 + 𝑑𝑗 ≤ 1. 

Step 6: The current lot is also accepted when 𝑑 = 1 given that 𝑑𝑖 and 𝑑𝑗 have no 

defectives. Otherwise, the current lot is rejected. 

Step 7: The current lot is rejected when 𝑑 > 1. 
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Figure 3.6. Operating procedure for the NTSGChSP-1 

3.2.6 Two-Sided Group Chain Acceptance Sampling Plans (TSGChSP-1) 

The operating procedure for the TGChSP-1 is as follows: 

Operating procedure for TSGChSP-1 

Step 1: For each lot, the optimal number of groups, 𝑔 is found by using the MAM. 

Having said that, the 𝑔 is found when is satisfies the three conditions, 

which are (i) producer’s risk is less than 0.10, (ii) consumer’s risk is less 

than 0.10, and (iii) the 𝑔 has the smallest angle, 𝜃. 

Step 2: The number of items, 𝑟 is allocated to the 𝑔 groups. 

Step 3: The test termination time, 𝑡0 for the inspection activity is specified. 

Step 4: 
During the inspection activity, the number of defectives in 𝑑𝑖, 𝑑 and 𝑑𝑗 are 

calculated. 

Step 5: The current lot is accepted when 𝑑 = 0 given that the following three 

situations hold: 

 i) 𝑑𝑖 = 0 and 𝑑𝑗 = 0. 

 ii) 𝑑𝑖 = 0 and 𝑑𝑗 = 1. 

 iii) 𝑑𝑖 = 1 and 𝑑𝑗 = 0. 

 Otherwise, the current lot is rejected. 

Step 6: The current lot is also rejected when 𝑑 ≥ 1. 
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Figure 3.7. Operating procedure for the TSGChSP-1 

3.3 Phase III:  Deriving the Probability of Lot Acceptance 

The probability of lot acceptance, 𝐿(𝑝) is defined as the probability that a given 

sampling plan would be accepted at different fraction defective (Stephens, 2001). It is 

a key major of the performance for a sampling plan where it has discriminatory power 

to distinguish between a good lot and a bad lot. The probability of lot acceptance, 𝐿(𝑝) 

for the six sampling plans is derived in the next subsections. 

3.3.1 Group Chain Acceptance Sampling Plans (GChSP-1) 

The operating procedure for the GChSP-1 states that the current lot is accepted when 

the number of defectives, 𝑑 in the current lot equals zero and it is rejected when 𝑑 >

1. The current lot may be accepted if 𝑑 = 1, given that there are no defectives detected 

in the previous 𝑖 lots. Otherwise, the current lot is rejected. 

Otherwise 𝑑𝑖 = 1  
and  
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In order to illustrate the lot acceptance clearer, tree diagram is used to show how the 

probability of lot acceptance for the GChSP-1 is derived. Figure 3.8 shows the tree 

diagram for the GChSP-1 where 𝐷 and �̅� stand for defectives and non-defectives, 

respectively. 

 

Figure 3.8. Tree diagram for the GChSP-1 
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Based on Figure 3.8, there are five accepted lots for the GChSP-1, which are 

𝐷𝐷�̅�, 𝐷�̅��̅�, �̅�𝐷�̅�, �̅��̅�𝐷 and �̅��̅��̅�. Thus, the probability of lot acceptance for the 

GChSP-1 can be written as 

 𝐿(𝑝)𝐺𝐶ℎ𝑆𝑃−1 = 𝑃0 + 𝑃0𝑃0𝑃1  

                            = 𝑃0 + 𝑃1(𝑃0)2, (3.1) 

where 𝑃0 and 𝑃1 are the probability of zero or one defective, respectively. 

Equation 3.1 is derived with an early assumption that 𝑖 = 2. For the general 

expression, the probability of lot acceptance for the GChSP-1 is given by 

 𝐿(𝑝)𝐺𝐶ℎ𝑆𝑃−1 = 𝑃0 + 𝑃1(𝑃0)𝑖, (3.2) 

where 𝑖 is the number of preceding lots. 

3.3.2 New Group Chain Acceptance Sampling Plans (NGChSP-1) 

The current lot in the NGChSP-1 is accepted if 𝑑 = 0 provided that the preceding 𝑖 

lots have at most one defective. The current lot is also accepted if 𝑑 = 1 given that 

there is no defective found in the preceding 𝑖 lots. Otherwise, the current lot is rejected. 
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Following the GChSP-1, the tree diagram is also drawn to illustrate the lot acceptance 

for the NGChSP-1 as portrayed in Figure 3.9. 

 

Figure 3.9. Tree diagram for the NGChSP-1 

 

  

𝐷 𝐷 𝐷 

𝐷 𝐷 �̅� 

𝐷 �̅� 𝐷 

𝐷 �̅� �̅� 

�̅� 𝐷 𝐷 

�̅� 𝐷 �̅� 

�̅� �̅� 𝐷 

�̅� �̅� �̅� 

Outcomes Decision 

Reject 

Reject 

Reject 

Accept 

Reject 

Accept 

Accept 

Accept 

𝐷 

�̅� 

𝐷 

�̅� 

𝐷 

�̅� 

𝐷 

�̅� 

Lot 3 

𝐷 

�̅� 

𝐷 

�̅� 

Lot 2 

𝐷 

�̅� 

Lot 1 

Current lot Preceding lots (𝑖 = 2) 



 

 55 

Based on Figure 3.9, the NGChSP-1 has four accepted lots which are 

𝐷�̅��̅�, �̅�𝐷�̅�, �̅��̅�𝐷 and �̅��̅��̅�. Therefore, the probability of lot acceptance for the 

NGChSP-1 can be stated as 

 𝐿(𝑝)𝑁𝐺𝐶ℎ𝑆𝑃−1            = 𝑃1𝑃0𝑃0 + 𝑃0𝑃1𝑃0 + 𝑃0𝑃0𝑃1 + 𝑃0𝑃0𝑃0  

                                        = 𝑃1(𝑃0)2 + 𝑃1(𝑃0)2 + 𝑃1(𝑃0)2 + (𝑃0)3  

   = 3𝑃1(𝑃0)2 + (𝑃0)3  

 = (𝑃0)2[3𝑃1 + 𝑃0]. (3.3) 

Upon simplification, the general expression for the probability of lot acceptance for 

the NGChSP-1 can be rewritten as 

 𝐿(𝑝)𝑁𝐺𝐶ℎ𝑆𝑃−1 = (𝑃0)𝑖[(𝑖 + 1)𝑃1 + 𝑃0]. (3.4) 

3.3.3 Modified Group Chain Acceptance Sampling Plans (MGChSP-1) 

The operating procedure for the MGChSP-1 lists out that the current lot is accepted 

given that there are no defectives found in the current and 𝑖 previous lot. The current 

lot is also accepted given that there are no defectives in the current lot and the previous 

𝑖 lots must contain one defective. Other than that, the current lot is rejected. 
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The tree diagram is used to derive the probability of lot acceptance for the MGChSP-

1 as shown in Figure 3.10. 

 

Figure 3.10. Tree diagram for the MGChSP-1 
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Based on Figure 3.10, there are three accepted lots for the MGChSP-1, which are 

𝐷�̅��̅�, �̅�𝐷�̅� and �̅��̅��̅�. Therefore, the probability of lot acceptance for the MGChSP-

1 can be written as 

 𝐿(𝑝)𝑀𝐺𝐶ℎ𝑆𝑃−1 = 𝑃1𝑃0𝑃0 + 𝑃0𝑃1𝑃0 + 𝑃0𝑃0𝑃0  

                            = 𝑃1(𝑃0)2 + 𝑃1(𝑃0)2 + (𝑃0)3  

          = 2𝑃1(𝑃0)2 + (𝑃0)3  

        = (𝑃0)2[2𝑃1 + 𝑃0]. (3.5) 

Equation 3.5 is derived with an assumption that 𝑖 = 2. The general expression for the 

probability of lot acceptance for the MGChSP-1 is given by 

 𝐿(𝑝)𝑀𝐺𝐶ℎ𝑆𝑃−1 = (𝑃0)𝑖[𝑖𝑃1 + 𝑃0]. (3.6) 

3.3.4 Two-Sided Complete Group Chain Acceptance Sampling Plans 

(TSCGChSP-1) 

The operating procedure for the TSCGChSP-1 emphasizes that the current lot is 

accepted if 𝑑 = 0. The current lot is also accepted if 𝑑 = 1 provided that there is no 

defective found the preceding 𝑖 and succeeding 𝑗 lots. Other than that, the current lot 

is rejected. 
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In order to illustrate the lot sentencing for the TSCGChSP-1, the tree diagram is used 

as shown in Figure 3.11, with an assumption that 𝑖 = 𝑗 = 1. 

 

Figure 3.11. Tree diagram for the TSCGChSP-1 

 

There are five accepted lots for the TSCGChSP-1 as portrayed in Figure 3.11. By using 

the five accepted lots [𝐷�̅�𝐷, 𝐷�̅��̅�, �̅�𝐷�̅�, �̅��̅�𝐷 and �̅��̅��̅�], the probability of lot 
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                                 = 𝑃0 + 𝑃1(𝑃0)2. (3.7) 
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In terms of 𝑖 and 𝑗, Equation 3.7 can be rewritten as 

 𝐿(𝑝)𝑇𝑆𝐶𝐺𝐶ℎ𝑆𝑃−1 = 𝑃0 + 𝑃1(𝑃0)𝑖+𝑗, (3.8) 

where 𝑖 and 𝑗 are the number of preceding and succeeding lots, respectively. 

This study assumes that 𝑖 = 𝑗, therefore the general expression for the probability of 

lot acceptance for the TSCGChSP-1 is given by 

 𝐿(𝑝)𝑇𝑆𝐶𝐺𝐶ℎ𝑆𝑃−1 = 𝑃0 + 𝑃1(𝑃0)2𝑖. (3.9) 

3.3.5 New Two-Sided Group Chain Acceptance Sampling Plans (NTSGChSP-1) 

The current lot for the NTSGChSP-1 is accepted when 𝑑 = 0 given that 𝑑𝑖 + 𝑑𝑗 ≤ 1. 

The current lot is also accepted when 𝑑 = 1 provided that 𝑑𝑖 = 0 and 𝑑𝑗 = 0. 

Otherwise, the current lot is rejected. 
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The probability of lot acceptance for the NTSGChSP-1 is derived by using the tree 

diagram (Figure 3.12) with an assumption that 𝑖 = 𝑗 = 1. 

 

Figure 3.12. Tree diagram for the NTSGChSP-1 
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Based on Figure 3.12, there are four accepted lots, which are 𝐷�̅��̅�, �̅�𝐷�̅�, �̅��̅�𝐷 and 

�̅��̅��̅�. By taking the four accepted lots, the probability of lot acceptance, 𝐿(𝑝) for the 

NTSGChSP-1 is written as 

 𝐿(𝑝)𝑁𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1       = 𝑃1𝑃0𝑃0 + 𝑃0𝑃1𝑃0 + 𝑃0𝑃0𝑃1 + 𝑃0𝑃0𝑃0  

                                         = 𝑃1(𝑃0)2 + 𝑃1(𝑃0)2 + 𝑃1(𝑃0)2 + (𝑃0)3    

  = 3𝑃1(𝑃0)2 + (𝑃0)3  

 
= (𝑃0)2[3𝑃1 + 𝑃0]. 

(3.10) 

In terms of 𝑖 and 𝑗, Equation 3.10 can be rewritten as 

 𝐿(𝑝)𝑁𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 = (𝑃0)𝑖+𝑗[(𝑖 + 𝑗 + 1)𝑃1 + 𝑃0]. (3.11) 

This study assumes that 𝑖 = 𝑗, therefore the general expression for the probability of 

lot acceptance for the NTSGChSP-1 is given by 

 𝐿(𝑝)𝑁𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 = (𝑃0)2𝑖[(2𝑖 + 1)𝑃1 + 𝑃0]. (3.12) 

3.3.6 Two-Sided Group Chain Acceptance Sampling Plans (TSGChSP-1) 

The current lot for the TSGChSP-1 is accepted when 𝑑 = 0 given that the three 

following situations hold: (i) 𝑑𝑖 = 0 and 𝑑𝑗 = 0, (ii) 𝑑𝑖 = 0 and 𝑑𝑗 = 1 and (iii) 𝑑𝑖 =

1 and 𝑑𝑗 = 0. Otherwise, the current lot is rejected. 
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Figure 3.13 shows the tree diagram for the TSGChSP-1 with an assumption that 𝑖 =

𝑗 = 1. 

 

Figure 3.13. Tree diagram for the TSGChSP-1 
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Based on Figure 3.13, the three accepted lots for the TSGChSP-1 are 𝐷�̅��̅�, �̅��̅�𝐷 and 

�̅��̅��̅�. By using the three accepted lots, the probability of lot acceptance for the 

TSGChSP-1 can be expressed as 

 𝐿(𝑝)𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 = 𝑃1𝑃0𝑃0 + 𝑃0𝑃0𝑃1 + 𝑃0𝑃0𝑃0  

                               = 𝑃1(𝑃0)2 + 𝑃1(𝑃0)2 + (𝑃0)3    

           = 2𝑃1(𝑃0)2 + (𝑃0)3  

         = (𝑃0)2[2𝑃1 + 𝑃0]. (3.13) 

In terms of 𝑖 and 𝑗, the general expression for the probability of lot acceptance for the 

TSGChSP-1 is given by 

 𝐿(𝑝)𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 = (𝑃0)𝑖+𝑗[(𝑖 + 𝑗)𝑃1 + 𝑃0]. (3.14) 

This study assumes that 𝑖 = 𝑗, therefore Equation 3.14 can be rewritten as 

 𝐿(𝑝)𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 = (𝑃0)𝑖+𝑖[(𝑖 + 𝑖)𝑃1 + 𝑃0]  

                    = (𝑃0)2𝑖[2𝑖𝑃1 + 𝑃0]. (3.15) 

The general expression for the probability of lot acceptance, 𝐿(𝑝) for the six sampling 

plans have 𝑃0 and 𝑃1, where 𝑃0 and 𝑃1 stand for the probability of zero or one defective 

respectively. 
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3.4 Phase IV: Deriving the Probability of Zero Defective and Probability of One 

Defective 

Probability of zero defective, 𝑃0 is the likelihood that zero defective is found in the 

sample while probability of one defective, 𝑃1 is the possibility of finding one defective 

in the sample. The 𝑃0 and 𝑃1 are essential since all the six sampling plans allow zero 

defective or one defective to be found during the inspection activity. 

In this study, the 𝑃0 and 𝑃1 are derived using the binomial distribution. Rosaiah and 

Kantam (2005) and Montgomery (2009) point out three factors that contribute to the 

use of binomial distribution as an underlying distribution, which are (i) the inspected 

lot is usually large in size (theoretically infinite), (ii) the inspection activity is an 

independent process, and (iii) the outcomes of the inspection activity are either 

defective or non-defective. Based on the three factors, this study opts to apply the 

binomial distribution when deriving the 𝑃0 and 𝑃1. 

The probability mass function (PMF) for the binomial distribution is given by 

 
𝑃𝑑(𝑝) = (

𝑛
𝑑

) 𝑝𝑑(1 − 𝑝)𝑛−𝑑, (3.16) 

where 𝑛 is the sample size, 𝑑 is the number of defective, and 𝑝 is the fraction defective. 

In this study, the novel family of GChSP is groups related sampling plans, therefore 

the 𝑛 is substituted with 𝑛 = 𝑔 × 𝑟, where 𝑔 is the optimal number of groups and 𝑟 is 

the number of items. Since the six sampling plans are classified as group, therefore 

Equation 3.16 is rewritten as 
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 𝑃𝑑(𝑝) = (
𝑔𝑟
𝑑

) 𝑝𝑑(1 − 𝑝)(𝑔𝑟)−𝑑. (3.17) 

As mentioned earlier, all the six sampling plans allow zero or one defective to be found 

during the inspection activity. By using Equation 3.17, the 𝑃0 and 𝑃1 can be written as 

 𝑃0(𝑝) = (
𝑔𝑟
0

) 𝑝0(1 − 𝑝)(𝑔𝑟)−0 (3.18) 

and 

 𝑃1(𝑝) = (
𝑔𝑟
1

) 𝑝1(1 − 𝑝)(𝑔𝑟)−1. (3.19) 

Upon simplification, Equations 3.18 and 3.19 become 

 𝑃0(𝑝) = (1 − 𝑝)𝑔𝑟 (3.20) 

and 

 𝑃1(𝑝) = (𝑔𝑟𝑝)(1 − 𝑝)(𝑔𝑟)−1. (3.21) 

By substituting Equations 3.20 and 3.21 into Equations 3.2, 3.4, 3.6, 3.9, 3.12 and 

3.15, the probability of lot acceptance, 𝐿(𝑝) for the six sampling plans can be 

simplified as 

 𝐿(𝑝)𝐺𝐶ℎ𝑆𝑃−1 = (1 − 𝑝)𝑔𝑟 [
(1 − 𝑝)𝑔𝑟𝑖𝑔𝑟𝑝

1 − 𝑝
+ 1], (3.22) 
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 𝐿(𝑝)𝑁𝐺𝐶ℎ𝑆𝑃−1 = (1 − 𝑝)𝑔𝑟(𝑖+1) [
(𝑖 + 1)𝑔𝑟𝑝

1 − 𝑝
+ 1], (3.23) 

 𝐿(𝑝)𝑀𝐺𝐶ℎ𝑆𝑃−1 = (1 − 𝑝)𝑔𝑟(𝑖+1) [
𝑔𝑟𝑖𝑝

1 − 𝑝
+ 1], (3.24) 

 𝐿(𝑝)𝑇𝑆𝐶𝐺𝐶ℎ𝑆𝑃−1 = (1 − 𝑝)𝑔𝑟 [
(1 − 𝑝)2𝑔𝑟𝑖𝑔𝑟𝑝

1 − 𝑝
+ 1], (3.25) 

 𝐿(𝑝)𝑁𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 =  (1 − 𝑝)𝑔𝑟(2𝑖+1) [
(2𝑖 + 1)(𝑔𝑟𝑝)

1 − 𝑝
+ 1], (3.26) 

 𝐿(𝑝)𝑇𝑆𝐺𝐶ℎ𝑆𝑃−1 = (1 − 𝑝)𝑔𝑟(2𝑖+1) [
2𝑔𝑟𝑖𝑝

1 − 𝑝
+ 1]. (3.27) 

The optimal number of groups, 𝑔 is calculated at the AQL and LQL. The probability 

of lot acceptance at the AQL is given by 

 𝐿(𝑝1) ≥ 1 − 𝛼 (3.28) 

where 𝛼 is the producer’s risk. On the other hand, the probability of lot acceptance at 

the LQL is given by 

 𝐿(𝑝2) ≤ 𝛽 (3.29) 

where 𝛽 is the consumer’s risk. In this study, both risks are set at 0.1 as given by Table 

3.1. 
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All the six sampling plans have the fraction defective, 𝑝 in the formulae. Next 

subsection will explain the derivation of the fraction defective, 𝑝 for the generalized 

exponential distribution. 

3.5 Phase V: Deriving the Fraction Defective for Generalized Exponential 

Distribution 

Fraction defective, 𝑝 is defined as the likelihood that an item would fail or stop to 

operate before a given period of time, and it is usually represented by the CDF (Pham, 

2006). In this study, the fraction defective is derived by using three elements, which 

are the CDF of generalized exponential distribution, the mean and the test termination 

time. 

The CDF of generalized exponential distribution is given by 

 𝑝 = [1 − 𝑒𝑥𝑝 (−
𝑡

𝜎
)]

𝜆

, 𝑡 > 0, 𝜆 > 0 (3.30) 

where 𝜎 and 𝜆 are the scale and shape parameters respectively. The mean of the 

generalized exponential distribution is given by 

 𝜇 = 𝜎. (3.31) 
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The test termination time, 𝑡0 is defined as the product of specified constant, 𝑎 and 

specified mean life, 𝜇0, and it can be written as 

 𝑡0 = 𝑎𝜇0. (3.32) 

Therefore, by substituting Equations 3.31 and 3.32 into Equation 3.30, the fraction 

defective, 𝑝 is given by 

 𝑝 = [1 − 𝑒𝑥𝑝 [−𝑎 (
1

𝜇
𝜇0

⁄
)]]

𝜆

. (3.33) 

The fraction defective, 𝑝 is calculated at the AQL and LQL. The fraction defective at 

the AQL is denoted by 𝑝1, where it is calculated when the values of mean ratio, 
𝜇

𝜇0
 are 

2, 4, 6, 8, 10 and 12. On the other hand, the fraction defective at the LQL is given by 

𝑝2, where it is calculated when the value of mean ratio, 
𝜇

𝜇0
 is 1.  

3.6 Phase VI: Measuring Performance 

Performance of a sampling plan depends on the method used in developing a sampling 

plan. For instance, when a sampling plan is developed by minimizing the consumer’s 

risk, then the performance is measured based on the minimum number of groups and 

the probability of lot acceptance. On the other hand, when a sampling plan is 

constructed using the MAM, the performance is only measured by the optimal number 

of groups. 
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In this study, the performance of the novel family of GChSP is measured based on two 

criteria. The first criterion measures the optimal number of groups at different 

combination of design parameters, and the second criterion deals with the effect of 

design parameters such as the specified constant, 𝑎, the number of preceding lots, 𝑖, 

the number of succeeding lots, 𝑗, and the number of items, 𝑟 affect the optimal number 

of groups. 
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CHAPTER FOUR 

FINDINGS 

This chapter focuses on measuring performance of the novel family of GChSP and it 

is organized into five sections. Section 4.1 lists out the fraction defective, 𝑝 for the 

generalized exponential distribution using Equation 3.33 from Chapter 3. The fraction 

defective, 𝑝 is very crucial as it is used to calculate the optimal number of groups, 𝑔 

for different combination of design parameters. Three different approaches are 

introduced in Section 4.2 where the approaches are used to obtain the optimal number 

of groups, 𝑔. The chapter continues with Section 4.3 where it summarizes the optimal 

number of groups, 𝑔 for six sampling plans at different combination of design 

parameters too. Apart from the summary, Section 4.3 also explains the effect of the 

design parameters on the optimal number of groups, 𝑔. Performance comparison of 

the six sampling plans is presented in Section 4.4, where it focuses on the optimal 

number of groups, 𝑔 and the smallest angle, 𝜃. The section also concludes the best 

sampling plan out of the six sampling plans. The chapter ends with Section 4.5 where 

it demonstrates the application of the novel family of GChSP using a set of real data. 

4.1 Fraction Defective 

Pham (2006) defines fraction defective, 𝑝 as the probability that an item will stop to 

operate for a given time, and it is usually characterized by the CDF. By using the CDF 

of the generalized exponential distribution, the fraction defective, 𝑝 formula is derived, 

and it is given by Equation 3.33. Table 4.1 displays the fraction defective, 𝑝 at the 

different values of shape parameter, 𝜆, specified constant, 𝑎 and mean ratio, 
𝜇

𝜇0
. 
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Table 4.1 

Fraction defective, 𝑝 for the generalized exponential distribution 

 𝜇

𝜇0
 

𝑎 1 2 4 6 8 10 12 

Generalized exponential distribution, 𝜆 = 1 

0.25 0.22120 0.11750 0.06059 0.04081 0.03077 0.02469 0.02062 

0.50 0.39347 0.22120 0.11750 0.07996 0.06059 0.04877 0.04081 

0.75 0.52763 0.31271 0.17097 0.11750 0.08949 0.07226 0.06059 

1.00 0.63212 0.39347 0.22120 0.15352 0.11750 0.09516 0.07996 

1.25 0.71350 0.46474 0.26838 0.18806 0.14465 0.11750 0.09892 

1.50 0.77687 0.52763 0.31271 0.22120 0.17097 0.13929 0.11750 

1.75 0.82623 0.58314 0.35435 0.25298 0.19648 0.16054 0.13570 

2.00 0.86466 0.63212 0.39347 0.28347 0.22120 0.18127 0.15352 

Generalized exponential distribution, 𝜆 = 2 

0.25 0.04893 0.01381 0.00367 0.00167 0.00095 0.00061 0.00043 

0.50 0.15482 0.04893 0.01381 0.00639 0.00367 0.00238 0.00167 

0.75 0.27840 0.09779 0.02923 0.01381 0.00801 0.00522 0.00367 

1.00 0.39958 0.15482 0.04893 0.02357 0.01381 0.00906 0.00639 

1.25 0.50908 0.21598 0.07203 0.03537 0.02092 0.01381 0.00979 

1.50 0.60353 0.27840 0.09779 0.04893 0.02923 0.01940 0.01381 

1.75 0.68265 0.34005 0.12556 0.06400 0.03860 0.02577 0.01841 

2.00 0.74765 0.39958 0.15482 0.08035 0.04893 0.03286 0.02357 

Generalized exponential distribution, 𝜆 = 3 

0.25 0.01082 0.00162 0.00022 0.00007 0.00003 0.00002 0.00001 

0.50 0.06092 0.01082 0.00162 0.00051 0.00022 0.00012 0.00007 

0.75 0.14689 0.03058 0.00500 0.00162 0.00072 0.00038 0.00022 

1.00 0.25258 0.06092 0.01082 0.00362 0.00162 0.00086 0.00051 

1.25 0.36322 0.10038 0.01933 0.00665 0.00303 0.00162 0.00097 

1.50 0.46886 0.14689 0.03058 0.01082 0.00500 0.00270 0.00162 

1.75 0.56402 0.19830 0.04449 0.01619 0.00758 0.00414 0.00250 

2.00 0.64646 0.25258 0.06092 0.02278 0.01082 0.00596 0.00362 

 

There is a difference between exponential distribution and generalized exponential 

distribution. The shape parameter, 𝜆 for the exponential distribution is always 1 (Al-

Saleh & Al-Hadhrami, 2003; Kumar & Ramyamol, 2016; Gogah & Al-Nasser, 2018). 

However, the shape parameter, 𝜆 for the generalized exponential distribution can be 

equal or greater than 1 as given by Equation 3.30. This study uses the generalized 

exponential distribution not the exponential distribution, therefore the shape 
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parameter, 𝜆 for the generalized exponential distribution used are 1, 2 and 3 as shown 

in Table 4.1. The shape parameter, 𝜆 for the generalized exponential distribution used 

are consistent with the previous studies such as Rao (2009), Aslam et al. (2010) and 

Al-Nasser and Gogah (2017). 

Based on Table 4.1, there are three factors that influence the fraction defective, 𝑝: 

shape parameter, 𝜆, specified constant, 𝑎 and mean ratio, 
𝜇

𝜇0
. For (𝜆, 𝑎,

𝜇

𝜇0
) =

(1,0.25,1), the fraction defective, 𝑝 is 0.22120. The fraction defective, 𝑝 decreases 

from 0.22120 to 0.04893 when the shape parameter, 𝜆 increases from 1 to 3. Similar 

trend is also observed for different combinations of design parameters by observing 

Table 4.1 vertically downward. Thus, the fraction defective, 𝑝 is inversely 

proportional to the shape parameter, 𝜆 of the generalized exponential distribution. 

Besides that, Table 4.1 also shows an increase in the fraction defective, 𝑝 for the 

generalized exponential distribution as the specified constant, 𝑎 increases. The 

fraction defective, 𝑝 is 0.22120 for (𝜆, 𝑎,
𝜇

𝜇0
) = (1,0.25,1). The fraction defective, 𝑝 

increases from 0.22120 to 0.86466 when the specified constant, 𝑎 increases from 0.25 

to 2.00. The increment in the fraction defective, 𝑝 is anticipated as an increase in the 

specified constant, 𝑎 leads to the increment in the test termination time, 𝑡0 as given by 

Equation 3.32. An item with low fraction defective, 𝑝 can operate well during shorter 

test termination time, 𝑡0, and it is likely to stop operating when the test termination 

time, 𝑡0 is longer. Therefore, the fraction defective, 𝑝 is proportional to the specified 

constant, 𝑎. 
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The effect of the mean ratio, 
𝜇

𝜇0
 on the fraction defective, 𝑝 can be determined by 

observing Table 4.1 from 
𝜇

𝜇0
= 1 to 

𝜇

𝜇0
= 12 horizontally. The fraction defective, 𝑝 is 

0.22120 when the design parameters are (𝜆, 𝑎,
𝜇

𝜇0
) = (1,0.25,1). The fraction 

defective, 𝑝 decreases from 0.22120 to 0.02062 when the mean ratio, 
𝜇

𝜇0
 increases from 

1 to 3. The trend is similar for the different shape parameter, 𝜆 and specified constant, 

𝑎. As explained in Section 3.1, the mean ratio, 
𝜇

𝜇0
 represents the quality of an item: an 

item with higher mean ratio has longer lifetime, and vice versa. Rationally, an item 

with higher mean ratio, 
𝜇

𝜇0
  has less chance to be found defect compared to an item 

with low mean ratio, 
𝜇

𝜇0
. Thus, the fraction defective, 𝑝 is inversely proportional to the 

mean ratio, 
𝜇

𝜇0
. 

4.2 Optimal Number of Groups 

The fraction defective, 𝑝 value is unique and it depends on the combination of shape 

parameter, 𝜆, specified constant, 𝑎 and mean ratio, 
𝜇

𝜇0
, as shown in Table 4.1. It is used 

to obtain the optimal number of groups, 𝑔 satisfying Equations 3.28 and 3.29 at 

different combination of design parameters. 

In this study, the optimal number of groups, 𝑔 is obtained when it satisfies three 

conditions, which are (i) producer’s risk, 𝛼 is less than 0.10, (ii) consumer’ risk, 𝛽 is 

less than 0.10 and, (ii) the 𝑔 produces the smallest angle, 𝜃. If one of the three 

conditions is violated, then no optimal number of groups, 𝑔 is recorded. 
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There is a problem in the established researches related to the MAM, which the 

established researches do not show the optimal number of groups, 𝑔. The established 

researches only show the random number of groups, 𝑔∗ corresponding to the specified 

design parameters and not the smallest angle as required by the MAM. Figure 4.1 

shows part of the finding from Ramaswamy and Sutharani (2013) for Weibull 

distribution when the design parameters are (𝑟, 𝑐, 𝛿) = (6,2,2), where 𝑐 is the 

acceptance number and 𝛿 stands for the shape parameter. 

 

Figure 4.1. Part of the finding for Weibull distribution using the MAM. Adapted from 

“Designing group acceptance sampling plans for Weibull distribution and gamma 

distribution using minimum angle method,” by A. R. S. Ramaswamy, and R. 

Sutharani, 2013, International Journal of Mathematics and Statistics Studies, 3(3), 23-

36. 2013 by European – American Journals. 
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There are three questions arise when looking at Figure 4.1, particularly at the (𝑎,
𝜆

𝜆0
) =

(0.7,4) as the design parameter, where Ramaswamy and Sutharani (2013) used 
𝜆

𝜆0
 as 

the mean ratio. The first question is how many groups are there for the selected design 

parameters that satisfy the producer’s and consumer’s risks as they only record four 

groups (𝑔∗ = 7, 𝑔∗ = 8, 𝑔∗ = 10, 𝑔∗ = 11) as highlighted in yellow. The second 

question is what is happening to 𝑔∗ = 9 as they only present 𝑔∗ = 7, 𝑔∗ = 8 and jump 

to 𝑔∗ = 10, and finally 𝑔∗ = 11. The final question is why 𝑔∗ = 11 is not recorded as 

the optimal number of groups, 𝑔 as 𝑔∗ = 11 has the smallest angle, 𝜃. 

In order to answer the three questions, simulation is run for the Weibull distribution 

when the design parameters are (𝑟, 𝑐, 𝛿, 𝑎,
𝜆

𝜆0
) = (6,2,2,0.7,4), and the full finding is 

presented in Table 4.2. 

Table 4.2 

Full finding for the number of groups for Weibull distribution 

𝑔∗ 𝐿(𝑝1) 𝐿(𝑝2) tan 𝜃 𝜃 

1 0.99949 0.57049 0.83266 39.78292° 

2 0.99898 0.32546 0.53037 27.94002° 

3 0.99846 0.18567 0.43949 23.72486° 

4 0.99795 0.10592 0.40045 21.82359° 

5 0.99744 0.06043 0.38122 20.86808° 

6 0.99693 0.03447 0.37115 20.36225° 

7 0.99642 0.01967 0.36571 20.08821° 

8 0.99591 0.01122 0.36277 19.93911° 

9 0.99540 0.00640 0.36119 19.85905° 

10 0.99489 0.00365 0.36037 19.81769° 

11 0.99438 0.00208 0.35999 19.79819° 
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Table 4.2 continued  

12 0.99387 0.00119 0.35985 19.79110° 

13 0.99336 0.00068 0.35985 19.79108° 

14 0.99285 0.00039 0.35993 19.79509° 

15 0.99234 0.00022 0.36005 19.80139° 

16 0.99183 0.00013 0.36020 19.80901° 

17 0.99133 7.2E-05 0.36036 19.81738° 

18 0.99082 4.1E-05 0.36054 19.82618° 

19 0.99031 2.3E-05 0.36072 19.83522° 

20 0.98980 1.3E-05 0.36090 19.84441° 

21 0.98929 7.6E-06 0.36108 19.85369° 

22 0.98879 4.3E-06 0.36126 19.86301° 

23 0.98828 2.5E-06 0.36145 19.87236° 

24 0.98777 1.4E-06 0.36163 19.88173° 

25 0.98727 8.1E-07 0.36182 19.89111° 

26 0.98676 4.6E-07 0.36200 19.90050° 

27 0.98626 2.6E-07 0.36219 19.90990° 

28 0.98575 1.5E-07 0.36238 19.91930° 

29 0.98525 8.5E-08 0.36256 19.92871° 

30 0.98474 4.9E-08 0.36275 19.93812° 

31 0.98424 2.8E-08 0.36293 19.94753° 

32 0.98373 1.6E-08 0.36312 19.95695° 

33 0.98323 9E-09 0.36331 19.96637° 

34 0.98273 5.2E-09 0.36349 19.97580° 

35 0.98222 2.9E-09 0.36368 19.98523° 

36 0.98172 1.7E-09 0.36386 19.99466° 

37 0.98122 9.6E-10 0.36405 20.00410° 

38 0.98071 5.5E-10 0.36424 20.01354° 

39 0.98021 3.1E-10 0.36442 20.02299° 

40 0.97971 1.8E-10 0.36461 20.03243° 

41 0.97921 1E-10 0.36480 20.04189° 
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Table 4.2 continued  

42 0.97870 5.8E-11 0.36499 20.05134° 

43 0.97820 3.3E-11 0.36517 20.06080° 

44 0.97770 1.9E-11 0.36536 20.07027° 

45 0.97720 1.1E-11 0.36555 20.07973° 

46 0.97670 6.1E-12 0.36573 20.08920° 

47 0.97620 3.5E-12 0.36592 20.09868° 

48 0.97570 2E-12 0.36611 20.10816° 

49 0.97520 1.1E-12 0.36630 20.11764° 

50 0.97470 6.5E-13 0.36648 20.12712° 

51 0.97420 3.7E-13 0.36667 20.13661° 

52 0.97370 2.1E-13 0.36686 20.14611° 

53 0.97320 1.2E-13 0.36705 20.15560° 

54 0.97270 6.9E-14 0.36724 20.16510° 

55 0.97221 3.9E-14 0.36743 20.17461° 

56 0.97171 2.2E-14 0.36761 20.18412° 

57 0.97121 1.3E-14 0.36780 20.19363° 

58 0.97071 7.3E-15 0.36799 20.20314° 

59 0.97021 4.2E-15 0.36818 20.21266° 

60 0.96972 2.4E-15 0.36837 20.22219° 

61 0.96922 1.4E-15 0.36856 20.23171° 

62 0.96872 7.7E-16 0.36875 20.24124° 

63 0.96823 4.4E-16 0.36893 20.25078° 

64 0.96773 2.5E-16 0.36912 20.26031° 

65 0.96724 1.4E-16 0.36931 20.26985° 

66 0.96674 8.2E-17 0.36950 20.27940° 

67 0.96624 4.7E-17 0.36969 20.28895° 

68 0.96575 2.7E-17 0.36988 20.29850° 

69 0.96525 1.5E-17 0.37007 20.30806° 

70 0.96476 8.7E-18 0.37026 20.31762° 

71 0.96427 4.9E-18 0.37045 20.32718° 
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Table 4.2 continued 

 

 

 

 

 

 

 

 

 

 

 

 

 

72 0.96377 2.8E-18 0.37064 20.33675° 

73 0.96328 1.6E-18 0.37083 20.34632° 

74 0.96278 9.2E-19 0.37102 20.35589° 

75 0.96229 5.2E-19 0.37121 20.36547° 

76 0.96180 3E-19 0.37140 20.37506° 

77 0.96130 1.7E-19 0.37159 20.38464° 

78 0.96081 9.7E-20 0.37178 20.39423° 

79 0.96032 5.5E-20 0.37197 20.40382° 

80 0.95983 3.2E-20 0.37216 20.41342° 

81 0.95934 1.8E-20 0.37235 20.42302° 

82 0.95884 1E-20 0.37255 20.43263° 

83 0.95835 5.9E-21 0.37274 20.44224° 

84 0.95786 3.3E-21 0.37293 20.45185° 

85 0.95737 1.9E-21 0.37312 20.46146° 

86 0.95688 1.1E-21 0.37331 20.47108° 

87 0.95639 6.2E-22 0.37350 20.48071° 

88 0.95590 3.5E-22 0.37369 20.49033° 

89 0.95541 2E-22 0.37388 20.49996° 

90 0.95492 1.2E-22 0.37408 20.50960° 

91 0.95443 6.6E-23 0.37427 20.51924° 

92 0.95394 3.8E-23 0.37446 20.52888° 

93 0.95345 2.1E-23 0.37465 20.53852° 

94 0.95297 1.2E-23 0.37484 20.54817° 

95 0.95248 7E-24 0.37504 20.55783° 

96 0.95199 4E-24 0.37523 20.56748° 

97 0.95150 2.3E-24 0.37542 20.57714° 

98 0.95101 1.3E-24 0.37561 20.58681° 

99 0.95053 7.4E-25 0.37581 20.59648° 

100 0.95004 4.2E-25 0.37600 20.60615° 

101 0.94955 2.4E-25 0.37619 20.61582° 
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The answer for the first question is that there are actually 96 groups (𝑔∗ = 5 to 𝑔∗ =

100) that satisfy the producer’s and consumer’s risks as shown in Table 4.2, but 

Ramaswamy and Sutharani (2013) only showed four groups. For the second question, 

𝑔∗ = 9 actually exists as it also satisfies the producer’s and consumer’s risks but again, 

Ramaswamy and Sutharani (2013) did not show it. For the final question, 𝑔∗ = 11 

does not have the smallest angle, 𝜃 but 𝑔∗ = 13 actually has. Therefore, 𝑔∗ = 13  

should be recorded as the optimal number of groups, 𝑔 as it satisfies the three 

conditions. 

The problem in obtaining the optimal number of groups, 𝑔 related to the MAM has 

been improved. Having said that, this study only shows the optimal number of groups, 

𝑔, not the random number of groups, 𝑔∗ as done by Ramaswamy and Sutharani (2013). 

However, before obtaining the optimal number of groups, 𝑔, this study generates 500 

number of groups, 𝑔∗ (𝑔∗ = 1 to 𝑔∗ = 500) by using Scilab Programming (see 

Appendices A – F). Within these 500 number of groups, 𝑔∗, there will be one group 

that satisfies the three conditions and therefore, that particular group is recorded as the 

optimal number of groups, 𝑔. However, when the number of groups, 𝑔∗ is greater than 

500, the angle created does not converge to zero. In fact, the angle created is getting 

larger and it almost reaches 900 for some design parameters. Since the angle created 

in getting larger, therefore this study decides to terminate at 500 number of groups, 

𝑔∗. 

500 number of groups, 𝑔∗ is generated for each combination of design parameters and 

this study has four design parameters as shown in Table 3.1. To iterate, the shape 

parameter has three different values (𝜆 = 1, 2, 3), six different values for the mean 
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ratio at the AQL (
𝜇

𝜇0
= 2, 4, 6, 8, 10, 12), eight different values for the specified 

constant (𝑎 = 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00) and four combinations of 

number of preceding lots and number of products [(1, 2), (2, 3), (3, 4), (4, 5)]. Based 

on the four design parameters, there are a total of 576 combinations of design 

parameters for one acceptance sampling plan. Since each combination of the design 

parameters generates 500 number of groups, 𝑔∗, therefore there are a total of 288000 

number of groups, 𝑔∗ generated for one acceptance sampling plan. In total, this study 

generates 17280000 number of groups, 𝑔∗ for all six acceptance sampling plans. 

Three different approaches are encountered when obtaining the optimal number of 

groups, 𝑔. The first approach happens when there is only one 𝑔∗ that satisfies the first 

two conditions: the producer’s and the consumer’s risks are below 0.10. Since only 

one 𝑔∗ meets the first two conditions, the 𝑔∗ and the corresponding angle, 𝜃∗ are 

recorded as the optimal number of groups, 𝑔 and the smallest angle, 𝜃, respectively. 

The second approach arises when there are multiple 𝑔∗ that satisfies the first two 

conditions, but there is only one 𝑔∗ with the smallest angle, 𝜃. Therefore, the 𝑔∗ and 

the corresponding angle, 𝜃∗ are recorded as the optimal number of groups, 𝑔 and the 

smallest angle, 𝜃. The third approach records no optimal number of groups, 𝑔 because 

there is no 𝑔∗ satisfies the first two conditions. 
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4.2.1 First Approach 

The first approach happens when there is only one 𝑔∗ that satisfies the first two 

conditions. Table 4.3 shows the number of groups, 𝑔∗ (𝑔∗ = 1 to 𝑔∗ = 20) for the 

GChSP-1 using generalized exponential distribution when the combination of design 

parameter are (𝜆, 𝑎,
𝜇

𝜇0
, 𝑖, 𝑟) = (1,1,12,2,3). 

Table 4.3 

Selecting the optimal number of groups for the first approach 

𝜆 𝑎 
𝜇

𝜇0
 𝑖 𝑟 𝑔∗ 𝛼 𝛽 𝜃∗ 

1 1 12 2 3 

1 0.09805 0.05042 32.96096° 

2 0.27712 0.00247 37.46919° 

3 0.44520 0.00012 44.86982° 

4 0.58020 6.14E-06 52.75541° 

5 0.68284 3.06E-07 60.12712° 

6 0.75949 1.52E-08 66.46340° 

7 0.81665 7.58E-10 71.63086° 

8 0.85950 3.78E-11 75.72337° 

9 0.89185 1.88E-12 78.91837° 

10 0.91647 9.36E-14 81.39799° 

11 0.93532 4.66E-15 73.31918° 

12 0.94983 2.32E-16 84.80801° 

13 0.96102 1.15E-17 85.96276° 

14 0.96970 5.75E-19 86.85927° 

15 0.97643 2.86E-20 87.55587° 

16 0.98166 1.43E-21 88.09751° 

17 0.98572 7.1E-23 88.51886° 

18 0.98889 3.53E-24 88.84676° 

19 0.99134 1.76E-25 89.10199° 

20 0.99326 8.76E-27 89.30070° 

 

Moving down the rows, a gradual increase of producer’s risk, 𝛼 can be observed with 

the increase of number of groups, 𝑔∗ as shown in Table 4.3. The producer’s risks, 𝛼 is 

0.09805 when 𝑔∗ = 1 and increases to 0.99326 when 𝑔∗ = 20. On the other hand, the 

increase of number of groups, 𝑔∗ leads to the decrease of the consumer’s risk, 𝛽. The 
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consumer’s risk, 𝛽 is 0.05042 when 𝑔∗ = 1  and decreases to 8.76E-27 when 𝑔∗ =

20. 

For the optimal number of groups, 𝑔, only 𝑔∗ = 1 satisfies the two conditions, where 

the producer’s risk is 0.09805 and the consumer’s risk is 0.05042,  therefore 𝑔∗ = 1 

is rewritten as 𝑔 = 1 as the optimal number of groups, 𝑔 with 32.96096° as the 

smallest angle, 𝜃 (printed in bold). The condition for the producer’s risk is violated 

when 𝑔∗ ≥ 2, therefore 𝑔∗ ≥ 2 cannot be recorded as the optimal number of groups, 

𝑔. For example, when 𝑔∗ = 2, the producer’s risk, 𝛼 is 0.27712, which is greater than 

0.10 (it violates the first condition) even though the consumer’s risk, 𝛽 is 0.00248, 

which is less than 0.10 (it satisfies the second condition). Since 𝑔∗ = 2 violates the 

first condition, therefore 𝑔∗ = 2 cannot be recorded as the optimal number of groups, 

𝑔. The above situation, indeed, happens for 𝑔∗ ≥ 2 where the producer’s risk, 𝛼 is 

greater than 0.10 (printed in red), therefore 𝑔∗ ≥ 2  violate the first condition and 

cannot be recorded as the optimal number of groups, 𝑔. 

4.2.2 Second Approach 

The second approach arises when there are multiple 𝑔∗ that satisfy the first two 

conditions, and this allow user to select one 𝑔∗ with the smallest angle. Table 4.4 

illustrates the number of groups, , 𝑔∗ (𝑔∗ = 20 to 𝑔∗ = 50) for GChSP-1 using 

generalized exponential distribution when the combination of design parameters are 

(𝜆, 𝑎,
𝜇

𝜇0
, 𝑖, 𝑟) = (2,0.25,4,1,2). 
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Table 4.4 

Selecting the optimal number of groups for the second approach 

𝜆 𝑎 
𝜇

𝜇0
 𝑖 𝑟 𝑔∗ 𝛼 𝛽 𝜃∗ 

2 0.25 4 1 2 

20 0.02698 0.17163 3.23233° 

21 0.02950 0.15355 3.17091° 

22 0.03211 0.13738 3.11922° 

23 0.03480 0.12292 3.07572° 

24 0.03758 0.11000 3.03917° 

25 0.04043 0.09845 3.00856° 

26 0.04336 0.08814 2.98304° 

27 0.04637 0.07893 2.96193° 

28 0.04945 0.07070 2.94464° 

29 0.05260 0.06336 2.93068° 

30 0.05582 0.05680 2.91965° 

31 0.05910 0.05093 2.91120° 

32 0.06245 0.04569 2.90502° 

33 0.06586 0.04100 2.90086° 

34 0.06932 0.03681 2.89851° 

35 0.07284 0.03306 2.89777° 

36 0.07642 0.02970 2.89848° 

37 0.08005 0.02669 2.90049° 

38 0.08373 0.02400 2.90369° 

39 0.08746 0.02158 2.90796° 

40 0.09123 0.01942 2.91321° 

41 0.09505 0.01748 2.91936° 

42 0.09891 0.01573 2.92633° 

43 0.10281 0.01417 2.93407° 

44 0.10675 0.01276 2.94250° 

45 0.11073 0.01150 2.95159° 

46 0.11475 0.01036 2.96129° 

47 0.11880 0.00934 2.97156° 

48 0.12288 0.00842 2.98236° 

49 0.12699 0.00760 2.99367° 

50 0.13114 0.00685 3.00545° 

 

As anticipated, the number of groups, 𝑔∗ has similar effect on the producer’s and 

consumer’s risks as portrayed in Table 4.4. That is, when the number of groups, 𝑔∗ 

increases, the producer’s risk, 𝛼  increases but the consumer’s risk, 𝛽 decreases. The 

producer’s risk, 𝛼 increases from 0.02698 to 0.13114 when the number of groups 
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increases from 20 to 50. With the same number of groups, the consumer’s risk, 𝛽 

decreases from 0.17163 to 0.00685. 

There are multiple 𝑔∗ (𝑔∗ = 25  to 𝑔∗ = 42) that meet the producer’s and consumer’s 

risks conditions. The second approach provides different 𝑔∗ that meets the item 

inspection capability. However, if an experimenter wants to choose the best 𝑔∗ for a 

particular plan, then the experimenter must select the 𝑔∗ that has the smallest angle. 

Plus, this study only highlights the 𝑔∗ with the smallest angle, not the other 𝑔∗.Out of 

these 𝑔∗, only 𝑔∗ = 35 has the smallest angle, therefore 𝑔 = 35 is recorded as the 

optimal number of groups, 𝑔 with 2.89777° when the combination of design 

parameters are (𝜆, 𝑎,
𝜇

𝜇0
, 𝑖, 𝑟) = (2,0.25,4,1,2). For 𝑔∗ = 25  to 𝑔∗ = 34 and 𝑔∗ = 36  

to 𝑔∗ = 42, it also satisfies the producer’s and consumer’s risks conditions, but these 

𝑔∗ cannot be recorded as the optimal number of groups, 𝑔 as these 𝑔∗ does not have 

the smallest angle, 𝜃. 

In order to provide better illustration for the second approach, Figure 4.2 is drawn 

where Figure 4.2 shows an example of OC curve when the combination of design 

parameters are (𝜆, 𝑎,
𝜇

𝜇0
, 𝑖, 𝑟) = (2,0.25,4,1,2). 
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Figure 4.2. An example of an OC curve for the second approach when selecting the 

smallest angle 

 

Based on the mentioned design parameters, the OC curve is plotted by using binomial 

distribution as underlying distribution at different values of fraction defective, 𝑝. The 

three coloured lines (green, blue and red) represent the fraction defective, 𝑝 and the 

probability of lot acceptance, 𝐿(𝑝) for the producer and consumer at different number 

of groups, 𝑔∗. The green line serves as 34 groups, the blue line portrays 35 groups and 

the red line illustrates 36 groups. The angle created by 34 groups is 2.89851𝑜, 

2.89777𝑜 for 35 groups and  2.89848𝑜 for 36 groups as seen in Figure 4.2. The 

smallest angle is created by 35 groups, therefore 35 is recorded as the optimal number 

of groups, 𝑔 and the corresponding 2.89777𝑜 is listed as the smallest angle, 𝜃. 
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4.2.3 Third Approach 

The third approach occurs when there is no 𝑔∗ satisfying the first two conditions. Table 

4.5 demonstrates the number of groups when the combination of design parameters 

are (𝜆, 𝑎,
𝜇

𝜇0
, 𝑖, 𝑟) = (2,1.5,4,1,2). 

Table 4.5 

Selecting the optimal number of groups for the third approach 

𝜆 𝑎 
𝜇

𝜇0
 𝑖 𝑟 𝑔∗ 𝛼 𝛽 𝜃∗ 

2 1.5 4 1 2 

1 0.04239 0.23241 34.89115° 

2 0.14710 0.02842 31.52519° 

3 0.27151 0.00402 34.91833° 

4 0.39389 0.00062 39.87003° 

5 0.50425 9.61E-05 45.57713° 

6 0.59909 1.51E-05 51.59598° 

7 0.67817 2.37E-06 57.52925° 

8 0.74286 3.73E-07 63.04945° 

9 0.79511 5.86E-08 67.94581° 

10 0.83696 9.21E-09 72.13159° 

11 0.87030 1.45E-09 75.61575° 

12 0.89677 2.28E-10 78.46364° 

13 0.91777 3.58E-11 80.76434° 

14 0.93440 5.62E-12 82.60986° 

15 0.94760 8.84E-13 84.08451° 

16 0.95807 1.39E-13 85.26078° 

17 0.96640 2.18E-14 86.19874° 

18 0.97302 3.43E-15 86.94708° 

19 0.97831 5.4E-16 87.54479° 

20 0.98254 8.48E-17 88.02288° 
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From Table 4.5, the producer’s and consumer’s risks exhibit similar trend as shown in 

Tables 4.3 and 4.4 when the number of groups, 𝑔∗ increases. The producer’s risk, 𝛼 

increases and the consumer’s risk, 𝛽 decreases when the number of groups, 𝑔∗ 

increases. The producer’s risk, 𝛼 increases from 0.04239 to 0.98254 when the number 

of groups increases from 1 to 20. With the same number of groups, the consumer’s 

risk, 𝛽 decreases from 0.23241 to 8.48E-17. 

There is no 𝑔∗ satisfying the conditions for the producer’s and consumer’s risks, 

therefore no optimal number of groups, 𝑔 is recorded. Even though  𝑔∗ = 1 satisfies 

the condition for the producer’s risk, but it violates the condition for the consumer’s 

risk. For instance, the producer’s risk, 𝛼 is 0.042385 (less than 0.10) but the 

consumer’s risk, 𝛽 is 0.232417 (printed in red), which is greater than 0.10, therefore  

𝑔∗ = 1 cannot be the optimal number of groups, 𝑔. 

The condition for the producer’s risk is violated when 𝑔∗ ≥ 2 even though 𝑔∗ ≥ 2 

satisfy the condition for the consumer’s risk. For example, the producer’s risk, 𝛼 

stands at 0.147097 (greater than 0.10 and printed in red) and the consumer’s risk, 𝛽 

marks at 0.028427, which is less than 0.10. Therefore, 𝑔∗ ≥ 2 cannot be recorded as 

the optimal number of groups, 𝑔. For the third approach, no optimal number of groups, 

𝑔 is recorded and it is denoted by (-). 

4.3 Tables for Optimal Number of Groups for Each Sampling Plan 

This section summarizes the findings on the optimal number of groups, 𝑔 for the six 

sampling plans at different combination of design parameters, where the optimal 

number of groups, 𝑔 is obtained based on the three approaches from Section 4.2. 
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Tables are used to show the optimal number of groups, 𝑔 at different combination of 

design parameters. 

Besides that, this section also aims to accomplish the first two objectives of the study. 

To reiterate, the first objective of the study is to construct the novel family of GChSP 

by using the MAM while the second objective is to obtain the optimal number of 

groups, 𝑔 for the novel family of GChSP at different combination of design 

parameters, and it is presented in Tables 4.6 to 4.8. 
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Table 4.6 

Optimal number of groups for GChSP-1 when 𝜆 = 1 

Generalized exponential distribution, 𝜆 = 1 

Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

6 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Table 4.6 continued 

8 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

10 

1 2 
6 3 2 

- - 
1 

- - 
(13.02769𝑜) (22.06895𝑜) (28.15353𝑜) (36.82788𝑜) 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

12 

1 2 
7 3 2 

- - 
1 1 1 

(12.87333𝑜) (21.96948𝑜) (28.10790𝑜) (37.05479𝑜) (38.01446𝑜) (38.93743𝑜) 

2 3 - - - 
1 

- - - - 
(32.96096𝑜) 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Table 4.7 

Optimal number of groups for GChSP-1 when 𝜆 = 2 

   Generalized exponential distribution, 𝜆 = 2 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
35 10 5 3 2 

- - 
1 

(2.89777𝑜) (9.11557𝑜) (16.05663𝑜) (22.33395𝑜) (27.48219𝑜) (36.08020𝑜) 

2 3 
21 5 

- - - - - - 
(2.99033𝑜) (9.50205𝑜) 

3 4 
14 

- - - - - - - 
(3.06901𝑜) 

4 5 
10 

- - - - - - - 
(3.14350𝑜) 
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Table 4.7 continued 

6 

1 2 
45 13 7 4 3 2 2 1 

(2.81734𝑜) (8.85343𝑜) (15.64222𝑜) (21.80763𝑜) (26.91111𝑜) (30.87681𝑜) (33.98673𝑜) (37.07765𝑜) 

2 3 
27 8 4 2 2 1 1 1 

(2.85835𝑜) (9.00141𝑜) (15.91036𝑜) (22.36883𝑜) (27.58403𝑜) (31.78167𝑜) (34.84853𝑜) (37.01575𝑜) 

3 4 
20 6 3 2 1 1 

- - 
(2.89264𝑜) (9.13428𝑜) (16.16847𝑜) (22.68767𝑜) (28.02016𝑜) (32.05372𝑜) 

4 5 
15 4 2 1 1 

- - - 
(2.92117𝑜) (9.23587𝑜) (16.35215𝑜) (23.23009𝑜) (28.26017𝑜) 

8 

1 2 
54 15 8 5 3 3 2 2 

(2.79842𝑜) (8.78962𝑜) (15.52165𝑜) (21.69015𝑜) (26.83012𝑜) (30.90278𝑜) (33.84333𝑜) (36.28545𝑜) 

2 3 
33 9 5 3 2 2 1 1 

(2.81932𝑜) (8.86874𝑜) (15.68015𝑜) (21.91715𝑜) (27.08711𝑜) (31.45080𝑜) (34.39014𝑜) (36.55307𝑜) 

3 4 
24 7 3 2 2 1 1 1 

(2.83710𝑜) (8.93395𝑜) (15.82500𝑜) (22.10861𝑜) (27.74819𝑜) (31.46859𝑜) (34.71191𝑜) (37.62910𝑜) 

4 5 
18 5 3 2 1 1 

- - 
(2.85235𝑜) (8.98982𝑜) (15.96483𝑜) (22.44268𝑜) (27.59032𝑜) (31.86063𝑜) 
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Table 4.7 continued 

10 

1 2 
61 17 9 5 4 3 2 2 

(2.79367𝑜) (8.77265𝑜) (15.49381𝑜) (21.66881𝑜) (26.78900𝑜) (30.82489𝑜) (33.95071𝑜) (36.25471𝑜) 

2 3 
38 11 5 3 2 2 1 1 

(2.80554𝑜) (8.81769𝑜) (15.58806𝑜) (21.81611𝑜) (27.01588𝑜) (31.09148𝑜) (34.51490𝑜) (36.55688𝑜) 

3 4 
27 8 4 2 2 1 1 1 

(2.81569𝑜) (8.85684𝑜) (15.66221𝑜) (21.97967𝑜) (27.21316𝑜) (31.37855𝑜) (34.37159𝑜) (36.94432𝑜) 

4 5 
21 6 3 2 1 1 1 1 

(2.82466𝑜) (8.88922𝑜) (15.72612𝑜) (22.03360𝑜) (27.44148𝑜) (31.38528𝑜) (34.85326𝑜) (37.88087𝑜) 

12 

1 2 
66 19 10 6 4 3 3 2 

(2.79292𝑜) (8.76969𝑜) (15.49133𝑜) (21.66302𝑜) (26.80002𝑜) (30.85682𝑜) (34.03428𝑜) (36.33265𝑜) 

2 3 
41 12 6 4 3 2 2 1 

(2.80019𝑜) (8.79764𝑜) (15.54668𝑜) (21.76003𝑜) (26.95438𝑜) (30.99933𝑜) (34.29240𝑜) (36.64806𝑜) 

3 4 
30 9 4 3 2 1 1 1 

(2.80649𝑜) (8.82328𝑜) (15.59880𝑜) (21.85132𝑜) (27.02905𝑜) (31.40237𝑜) (34.29415𝑜) (36.71559𝑜) 

4 5 
23 7 3 2 2 1 1 1 

(2.81212𝑜) (8.84520𝑜) (15.64803𝑜) (21.89181𝑜) (27.33358𝑜) (31.23251𝑜) (34.48590𝑜) (37.22584𝑜) 
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Table 4.8 

Optimal number of groups for GChSP-1 when 𝜆 = 3 

   Generalized exponential distribution, 𝜆 = 3 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
242 39 15 8 5 3 2 2 

(0.62009𝑜) (3.49181𝑜) (8.38097𝑜) (14.22287𝑜) (20.00795𝑜) (25.10898𝑜) (29.45128𝑜) (32.55332𝑜) 

2 3 
149 24 9 5 3 2 1 1 

(0.62521𝑜) (3.52987𝑜) (8.49388𝑜) (14.46347𝑜) (20.36611𝑜) (25.57734𝑜) (30.55544𝑜) (33.22290𝑜) 

3 4 
106 17 6 3 2 1 1 

- 
(0.62953𝑜) (3.56178𝑜) (8.59182𝑜) (14.64620𝑜) (20.64316𝑜) (26.46981𝑜) (30.34863𝑜) 

4 5 
82 13 5 3 

- 
1 

- - 
(0.63325𝑜) (3.58903𝑜) (8.66983𝑜) (14.88940𝑜) (26.30863𝑜) 
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Table 4.8 continued 

6 

1 2 
330 54 20 10 6 4 3 3 

(0.61844𝑜) (3.47548𝑜) (8.32758𝑜) (14.11757𝑜) (19.86467𝑜) (24.97131𝑜) (29.18959𝑜) (32.60721𝑜) 

2 3 
207 33 12 6 4 3 2 2 

(0.61948𝑜) (3.48402𝑜) (8.35587𝑜) (14.18074𝑜) (19.96037𝑜) (25.12398𝑜) (29.36996𝑜) (32.97510𝑜) 

3 4 
149 24 9 5 3 2 2 1 

(0.62040𝑜) (3.49141𝑜) (8.37915𝑜) (14.23378𝑜) (20.05182𝑜) (25.22947𝑜) (29.85702𝑜) (32.98831𝑜) 

4 5 
115 19 7 4 2 2 1 1 

(0.62123𝑜) (3.49812𝑜) (8.40038𝑜) (14.28685𝑜) (20.13679𝑜) (25.53931𝑜) (29.69650𝑜) (33.25292𝑜) 

8 

1 2 
397 65 24 13 8 5 4 3 

(0.61902𝑜) (3.47841𝑜) (8.33424𝑜) (14.12895𝑜) (19.88206𝑜) (25.00008𝑜) (29.24697𝑜) (32.63955𝑜) 

2 3 
251 41 15 8 5 3 3 2 

(0.61931𝑜) (3.48095𝑜) (8.34293𝑜) (14.14828𝑜) (19.91657𝑜) (25.06034𝑜) (29.35817𝑜) (32.73418𝑜) 

3 4 
182 30 11 6 4 2 2 1 

(0.61958𝑜) (3.48324𝑜) (8.35054𝑜) (14.16639𝑜) (19.95723𝑜) (25.13643𝑜) (29.39985𝑜) (33.00651𝑜) 

4 5 
141 23 9 4 3 2 2 1 

(0.61982𝑜) (3.48530𝑜) (8.35806𝑜) (14.18709𝑜) (19.98052𝑜) (25.14008𝑜) (29.62103𝑜) (32.88276𝑜) 



 96 

Table 4.8 continued 

10 

1 2 
451 74 28 15 9 6 5 4 

(0.61943𝑜) (3.48113𝑜) (8.34181𝑜) (14.14413𝑜) (19.90774𝑜) (25.03666𝑜) (29.30796𝑜) (32.72713𝑜) 

2 3 
287 47 18 9 6 4 3 2 

(0.61954𝑜) (3.48206𝑜) (8.34511𝑜) (14.15168𝑜) (19.92234𝑜) (25.05805𝑜) (29.33602𝑜) (32.76713𝑜) 

3 4 
208 34 13 7 4 3 2 2 

(0.61963𝑜) (3.48290𝑜) (8.34806𝑜) (14.15895𝑜) (19.93405𝑜) (25.07885𝑜) (29.36203𝑜) (32.83124𝑜) 

4 5 
162 27 10 5 3 2 2 1 

(0.61972𝑜) (3.48370𝑜) (8.35077𝑜) (14.16497𝑜) (19.94671𝑜) (25.09912𝑜) (29.41801𝑜) (32.87943𝑜) 

12 

1 2 
496 82 31 16 10 7 5 4 

(0.61967𝑜) (3.48281𝑜) (8.34676𝑜) (14.15429𝑜) (19.92530𝑜) (25.06315𝑜) (29.34292𝑜) (32.77156𝑜) 

2 3 
316 52 20 10 6 4 3 3 

(0.61972𝑜) (3.48320𝑜) (8.34820𝑜) (14.15770𝑜) (19.93200𝑜) (25.07478𝑜) (29.35841𝑜) (32.80122𝑜) 

3 4 
230 38 14 7 5 3 2 2 

(0.61976𝑜) (3.48357𝑜) (8.34950𝑜) (14.16109𝑜) (19.93832𝑜) (25.08260𝑜) (29.37955𝑜) (32.81192𝑜) 

4 5 
180 30 11 6 4 3 2 2 

(0.61979𝑜) (3.48391𝑜) (8.35071𝑜) (14.16372𝑜) (19.94465𝑜) (25.10012𝑜) (29.38517𝑜) (32.87426𝑜) 
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The findings in Tables 4.6 to 4.8 are summarized based on the three approaches in 

Section 4.2. The (-) indicates that there is no optimal number of groups, 𝑔 which the 

finding is obtained based on the third approach. For instance, there is no optimal 

number of groups, 𝑔 when the combination of design parameters are (𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) =

(1, 2, 1, 2, 0.25) as shown in Table 4.6. If the cell has the optimal number of groups, 

𝑔, then the 𝑔 is obtained by using the first approach or the second approach.. For 

example, the optimal number of groups, 𝑔 is 7 when the design parameters are 

(𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) = (1, 12, 1, 2, 0.25) as illustrated in Table 4.6. The previous mentioned 

finding is obtained by using the second approach and the approach is iterated in Table 

4.9. 

Table 4.9 

Second approach for (𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) = (1, 12, 1, 2, 0.25) 

𝜆 𝑎 
𝜇

𝜇0
 𝑖 𝑟 𝑔∗ 𝛼 𝛽 𝜃∗ 

1 0.25 12 1 2 

1 0.00207 0.81551 47.71456° 

2 0.00868 0.52163 23.12492° 

3 0.01913 0.30798 16.59869° 

4 0.03284 0.17695 14.24286° 

5 0.04928 0.10122 13.28524° 

6 0.06798 0.05824 12.92848° 

7 0.08852 0.03382 12.87333° 

8 0.11054 0.01984 12.98827° 

9 0.13372 0.01174 13.20951° 

10 0.15778 0.00670 13.50397° 

 

Based on Table 4.9, there are two groups that satisfy the producer’s and consumer’s 

risk: 𝑔∗ = 6 and 𝑔∗ = 7. Again, the experimenter has the option to choose either 𝑔∗ =

6 or 𝑔∗ = 7 as long as both producer and consumer agree with the decision before the 

inspection is conducted. However, this study is interested with the optimal number of 
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groups, 𝑔 which the optimal number of groups, 𝑔 is obtained when the angle created 

has the smallest value. Out of these two groups, 7 has the smallest angle, therefore 7 

is recorded as the optimal number of groups, 𝑔 and the corresponding 12.87333𝑜 is 

labelled as the smallest angle, 𝜃. 

Tables 4.6 to 4.8 are also analyzed in details emphasizing on four different aspects. 

The first aspect is the unexpected pattern revealed by Tables 4.6 to 4.8 as the pattern 

has never been highlighted by Ramaswamy and Sutharani (2013). The second aspect 

discusses the effect of the design parameters on the optimal number of groups, 𝑔. The 

third aspect reveals the effect of the specified constant, 𝑎 on the smallest angle, 𝜃 for 

a particular shape parameter. The final aspect portrays the applications of the optimal 

number of groups, 𝑔 in the industry. 

The first aspect reveals the unforeseen pattern particularly in Table 4.6, which most 

combination of the design parameters record (-) as the findings. The unexpected 

pattern indicates that most combinations of the design parameters fail to adhere to the 

conditions for the producer’s and consumer’s risks, which the risks should be less than 

0.10. By looking at the Table 4.6 closer, there are only 11 combinations of design 

parameters that have the optimal number of groups, 𝑔. For instance, the optimal 

number of groups, 𝑔 is 7 when the combination of the design parameters is 

(𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) = (1,12,1,2,0.25). The remaining 181 combinations of the design 

parameters fail to fulfill the two conditions that leads to no optimal number of groups, 

𝑔. For example, there is no optimal number of groups, 𝑔 when the combination of the 

design parameters is (𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) = (1,2,1,2,0.25). 
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The unexpected pattern seems to ease in Tables 4.7 and 4.8 as both tables now have 

more optimal number of groups, 𝑔 and less (-) at different combination of the design 

parameters. There are 287 combinations of the design parameters that satisfy the two 

conditions, and the optimal number of groups, 𝑔 for each combination of the design 

parameters is recorded in Tables 4.7 and 4.8. There are 61 (-) in Table 4.7 while Table 

4.8 only records 36 (-), which show that there is a total of 97 combinations of the 

design parameters that unable to meet the two conditions. 

The other unexpected pattern is no optimal number of groups, 𝑔 is recorded when the 

mean ratio is two, as illustrated in Tables 4.6 to 4.8. The unexpected pattern has never 

been highlighted by Ramaswamy and Sutharani (2013, 2014) and Tharani and 

Ramaswamy (2019). Initially, Ramaswamy and Sutharani (2013, 2014) proposed their 

study beginning with the mean ratio of two, but when they presented their findings, 

the optimal number of groups, 𝑔 was only obtained when the mean ratio was four, not 

two as shown in Figure 4.1. The unexpected pattern in Tables 4.6 to 4.8 and the 

findings presented by Ramaswamy and Sutharani (2013, 2014) and Tharani and 

Ramaswamy (2019) reveal a new conclusion regarding the MAM, which there is 

almost impossible to obtain the optimal number of groups, 𝑔 when the mean ratio is 

two. 

Shape parameters, 𝜆 and mean ratio, 
𝜇

𝜇0
 are the two factors that affect the unexpected 

pattern in Tables 4.6 to 4.8. As discussed in Section 4.1, the shape parameters, 𝜆 and 

the mean ratio, 
𝜇

𝜇0
 influence the fraction defective, 𝑝, which the fraction defective is 

very high when the shape parameter, 𝜆 and the mean ratio, 
𝜇

𝜇0
 are low, and vice versa. 
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The high value in the fraction defective, 𝑝 indicates that the likelihood to find a 

defective item is very high. As shown in Table 4.1, the fraction defective, 𝑝 is 0.22120 

when the design parameters are (𝜆,
𝜇

𝜇0
, 𝑎) = (1,1,0.25). It indicates that, if 100 items 

are inspected and all the items follow generalized exponential distribution with one as 

the shape parameter, then approximately 22 defective items will be found during the 

inspection. 22 defective items are too many for both producer and consumer: producer 

would have bad reputation as many defective items are produced and consumer would 

not take any chance to accept the items as the risk of having a defective item is too 

high. 

On the other hand, if the fraction defective, 𝑝 is low, then the possibility to locate a 

defective item is very low. Table 4.1 also shows that the fraction defective, 𝑝 is 

0.01082 when the design parameters are (𝜆,
𝜇

𝜇0
, 𝑎) = (3,1,0.25). If 100 items are 

examined and all the items follow generalized exponential distribution with three as 

the shape parameter, then approximately one defective item will be found during the 

inspection. One defective item is very crucial in the novel family of GChSP as the 

maximum number of defective allowed is one. 

The second aspect discusses the effect of the design parameters on the optimal number 

of groups, 𝑔. As illustrated in Tables 4.6 to 4.8, the optimal number of groups, 𝑔 

increases when the shape parameter, 𝜆 for the generalized exponential distribution 

increases. For instance, the optimal number of groups, 𝑔 increases from 7 (Table 4.6) 

to 496 (Table 4.8) when the shape parameter, 𝜆 increases from 1 to 3 when 

combination of the design parameters are (
𝜇

𝜇0
, 𝑎, 𝑖, 𝑟) = (12,0.25,1,2). The increment 
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in the optimal number of groups, 𝑔 seems huge but it actually discloses new 

information if the angle created is considered. The angle created by 𝑔 = 496 is 

0.61967𝑜, which is actually smaller compared to 12.87333𝑜 created by 𝑔 = 7. By 

applying the MAM theory, which says a sampling plan with smaller angle is a better 

plan since (i) it discriminates good and bad lots effectively and, (ii) it resembles the 

ideal OC curve (Montgomery, 2009), therefore the plan with 𝑔 = 496 is a better plan 

compared to the plan with 𝑔 = 7.  

The next finding shows that the optimal number of groups, 𝑔 decreases when the 

specified constant, 𝑎 increases. For example, the optimal number of groups, 𝑔 

decreases from 45 to 1 when the specified constant, 𝑎 increases from 0.25 to 2 for an 

inspection activity with (𝜆,
𝜇

𝜇0
, 𝑎, 𝑖, 𝑟) = (2,4,1,2) as the combination of design 

parameters as shown in Table 4.7. The finding is consistent for all other design 

parameters as shown in Tables 4.6 to 4.8. Thus, the finding provides confirmatory 

evidence that an increase in the specified constant, 𝑎 leads to the decrease in the 

optimal number of groups, 𝑔. 

By careful examining, the optimal number of groups, 𝑔 = 45 requires less inspection 

time compared to 𝑔 = 1. This is due to the fact that 𝑔 = 45 are tested at 0.25 as its 

specified constant, 𝑎 while the 𝑔 = 1 is performed at 𝑎 = 2. The specified constant, 

𝑎 represents how long the inspection is conducted. Higher specified constant, 𝑎 

indicates the inspection is conducted at longer inspection time and, vice versa. For 

instance, let’s say an item has 1000 hours as its lifetime. If the specified constant, 𝑎 is 

0.25, then the item is tested at approximately 250 hours. For the other case, if the item 
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is tested at 2 as its specified constant, 𝑎, then the inspection time would be 2000 hours. 

Based on the specified constant, 𝑎 itself, therefore 𝑔 = 45 needs less inspection time 

compared to the 𝑔 = 1. 

The mean ratio also has an effect on the optimal number of groups, 𝑔. The optimal 

number of groups, 𝑔 increases as the mean ratio increases. For instance, the optimal 

number of groups, 𝑔 is 35 when the combination of design parameters are 

(𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) = (2, 4, 1, 2, 0.25) as presented in Table 4.7. The optimal number of 

groups, 𝑔 increases to 66 when the mean ratio increases to 12 while the shape and 

design parameters remain the same. 

Finally, the optimal number of groups, 𝑔 is inversely proportional to the number of 

preceding lots and the number of items. By saying that, the optimal number of groups, 

𝑔 decreases as the number of preceding lots increase and the number of items increase. 

For example, the optimal number of groups, 𝑔 is 66 when the combination of design 

parameters are (𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) = (2, 12, 1, 2, 0.25). The optimal number of groups, 𝑔 

decreases to 23 when the number of items increases from 2 to 5 and the number of 

preceding lots increases from 1 to 4 while the other shape and design parameters 

remain unchanged, as presented in Table 4.7. 

The third aspect explains the effect of the specified constant, 𝑎 on the smallest angle, 

𝜃 for a shape parameter. Having said that, the smallest angle, 𝜃 is getting larger as the 

specified constant, 𝑎 increases. For instance, the smallest angle, 𝜃 is 0.62009𝑜 for the 

specified constant, 𝑎 of 0.25 when the combination of design parameters are 
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(𝜆,
𝜇

𝜇0
, 𝑖, 𝑟) = (3,4,1,2). The smallest angle, 𝜃 is 32.55332𝑜 when the specified 

constant, 𝑎 increases from 0.25 to 2.00 with the same design parameters. The findings 

reveal that if an experimenter wants to design an inspection activity, the experimenter 

should design the inspection activity at low testing time as low testing time would 

result in smaller angle for the OC curve. The smaller angle for the OC curve is 

important as it resembles the ideal OC curve better compared to the OC curve with 

larger angle (Montgomery, 2009). 

Besides that, the finding also reveals that the mean ratio, 
𝜇

𝜇0
, the number of preceding 

lots, 𝑖 and the number of items, 𝑟 do not have much effect on the smallest angle, 𝜃 

compared to the specified constant, 𝑎. Previous paragraph has mentioned that the 

smallest angle, 𝜃 is getting larger when the specified constant increases, 𝑎. However, 

that is not the pattern for the mean ratio, 
𝜇

𝜇0
, the number of preceding lots, 𝑖 and the 

number of items, 𝑟. If the specified constant, 𝑎 is held unchanged, then the smallest 

angle, 𝜃 is almost similar regardless of the mean ratio, 
𝜇

𝜇0
, the number of preceding 

lots, 𝑖 and the number of items, 𝑟. For instance, Tables 4.8 shows that the smallest 

angle, 𝜃 is approximately 0.6𝑜 when the specified constant, 𝑎 is 0.25 for different 

values of the mean ratio, 
𝜇

𝜇0
, the number of preceding lots, 𝑖 and the number of items, 

𝑟. If the specified constant, 𝑎 changes to 2.00, then the smallest angle, 𝜃 is 

approximately 33𝑜, and the same pattern can be spotted in Tables 4.6 and 4.7. 

Therefore, the mean ratio, 
𝜇

𝜇0
, the number of preceding lots, 𝑖 and the number of items, 

𝑟 do not have much effect on the smallest angle, 𝜃. 
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The fourth aspect of the discussion provides practical explanation for the values in 

Tables 4.4 to 4.6. Let say an experimenter assumes that the lifetime of an item follows 

generalized exponential distribution. The experimenter wants to know the true mean 

lifetime of the item under the assumption that the item will last for at least 1000 hours. 

If the combination of design parameters for the experiment are (𝜆,
𝜇

𝜇0
, 𝑖, 𝑟, 𝑎) =

(1, 12, 1, 2, 0.25), then the optimal number of groups, 𝑔 is 7. This means the 

experimenter must select a random sample of 14 items from the lot and place 2 items 

for each group for the inspection. The lot is accepted if no defective is found. Also, 

the lot is accepted if there is one defective found provided that there is no defective 

found in the preceding 1 sample. Otherwise, the lot is rejected. 

Findings for all the other five sampling plans are consistent with the GChSP-1 (see 

Appendices G to U), which mean the interpretation should be similar to the GChSP-

1. The first aspect still reveals that all the other five sampling plans have the 

unexpected pattern where there is no optimal number of groups, 𝑔 when the mean 

ratio, 
𝜇

𝜇0
 is 2. The second aspect also discloses the same effect of the design parameters 

on the optimal number of groups, 𝑔. Having said that, the optimal number of groups, 

𝑔 increases as the shape parameter, 𝜆, the mean ratio, 
𝜇

𝜇0
, the number of preceding lots, 

𝑖 and the number of items, 𝑟 increase. However, the optimal number of groups, 𝑔 

decreases when the specified constant, 𝑎 increases. The third aspect shows the effect 

of the specified constant, 𝑎 towards the smallest angle, 𝜃 which the smallest angle, 𝜃 

is getting larger when the specified constant, 𝑎 increases. Besides that, the third aspect 

also reveals that the mean ratio, 
𝜇

𝜇0
, the number of preceding lots, 𝑖 and the number of 
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items, 𝑟 do not have much effect on the smallest angle, 𝜃 compared to the specified 

constant, 𝑎. 

4.4 Performance Comparison 

This section compares the performance of the six acceptance sampling plans, which 

the performance is compared based on the optimal number of groups, 𝑔 and the 

corresponding smallest angle, 𝜃. The comparison of the optimal number of groups, 𝑔 

and the corresponding smallest angle, 𝜃 is actually the third objective of the study, as 

explained in Chapter 1. Tables 4.10 to 4.12 show the optimal number of groups, 𝑔 and 

the corresponding smallest angle, 𝜃 for all six acceptance sampling plans for the 

different shape parameters while the combination of design parameters are set at 

(
𝜇

𝜇0
, 𝑖, 𝑟) = (12,1,2). 
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Table 4.10 

Comparison on 𝑔 and 𝜃 for all six acceptance sampling plans (𝜆 = 1) 

Comparison on 𝑔 and 𝜃 

𝑎 GChSP-1 NGChSP-1 MGChSP-1 
TSCGChSP-

1 

NTSGChSP-

1 

TSGChSP-

1 

0.25 
7 6 

- - 
4 

- 
12.87333° 12.65115° 12.65115° 

0.50 
3 3 

- - 
2 

- 
21.96948° 21.51854° 21.51854° 

0.75 
2 2 

- 
2 1 

- 
28.10790° 27.56142° 28.77815° 28.29211° 

1.00 - - - - 
1 

- 
31.67923° 

1.25 - 
1 

- 
1 

- - 
35.08649° 36.04059° 

1.50 
1 1 

- 
1 

- - 
37.05479° 36.45447° 37.67326 

1.75 
1 1 

- - - - 
38.01446° 37.79965° 

2.00 
1 

- - - - - 
38.93743° 
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Table 4.11 

Comparison on 𝑔 and 𝜃 for all six acceptance sampling plans (𝜆 = 2) 

Comparison on 𝑔 and 𝜃 

𝑎 GChSP-1 NGChSP-1 MGChSP-1 
TSCGChSP-

1 

NTSGChSP-

1 

TSGChSP-

1 

0.25 
66 48 34 62 32 25 

2.79292° 2.78762° 2.87385° 2.80017° 2.78762° 2.84857° 

0.50 
19 14 10 18 9 7 

8.76969° 8.74988° 9.05375° 8.79764° 8.75029° 8.96597° 

0.75 
10 7 5 9 5 4 

15.49133° 15.45074° 16.02991° 15.54668° 15.45264° 15.86553° 

1.00 
6 5 3 6 3 2 

21.66302° 21.61565° 22.46844° 21.76003° 21.60483° 22.27857° 

1.25 
4 3 2 4 2 2 

26.80002° 26.72974° 27.88694° 26.91753° 26.72974° 27.54902° 

1.50 
3 3 2 3 2 1 

30.85682° 30.82628° 32.08844° 30.99933° 30.82628° 31.99449° 

1.75 
3 2 2 2 1 1 

34.03428° 33.87797° 35.66650° 34.17695° 34.10322° 34.91049° 

2.00 
2 2 1 2 1 1 

36.33265° 36.30742° 38.05923° 36.52981° 36.25519° 37.40091° 
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Table 4.12 

Comparison on 𝑔 and 𝜃 for all six acceptance sampling plans (𝜆 = 3) 

Comparison on 𝑔 and 𝜃 

𝑎 GChSP-1 NGChSP-1 MGChSP-1 
TSCGChSP-

1 

NTSGChSP-

1 

TSGChSP-

1 

0.25 
451 303 204 430 202 147 

0.61943° 0.61935° 0.62353° 0.61954° 0.61935° 0.62232° 

0.50 
74 50 34 70 34 25 

3.48113° 3.48039° 3.51061° 3.48206° 3.48040° 3.50185° 

0.75 
28 19 13 26 13 10 

8.34181° 8.33928° 8.42860° 8.34510° 8.33929° 8.40327° 

1.00 
15 10 7 14 7 5 

14.14413° 14.13830° 14.31735° 14.15165° 14.13838° 14.26542° 

1.25 
9 6 5 9 4 3 

19.90774° 19.89835° 20.19675° 19.92234° 19.89835° 20.10579° 

1.50 
6 5 3 6 3 2 

25.03666° 25.02383° 25.42526° 25.05805° 25.02106° 25.32692° 

1.75 
5 3 2 4 2 2 

29.30796° 29.28975° 29.85630° 29.33789° 29.28975° 29.67567° 

2.00 
4 3 2 3 2 2 

32.72713° 32.70075° 33.32497° 32.76713° 32.7075° 33.29183° 

 

Tables 4.10 to 4.12 reveal that the optimal number of groups, 𝑔 depends on the shape 

parameter, 𝜆 of the generalized exponential distribution. For instance, the lowest 

optimal number of groups, 𝑔 belongs to the NTSGChSP-1 when the shape parameter, 

𝜆 of the generalized exponential distribution is 1 as shown by Table 4.10 for all the 

specified constant, 𝑎. When the values of the shape parameter, 𝜆 for the generalized 

exponential distribution increases, the NTSGChSP-1 is no longer recorded the lowest 

optimal number of groups, 𝑔, but the TSGChSP-1 does. The findings are supported 

by Tables 4.11 and 4.12 as the TSGChSP-1 recorded the lowest optimal number of 

groups, 𝑔 compared to the other five sampling plans. 
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The tables also disclose another finding, which the lowest specified constant, 𝑎 creates 

the smallest angle, 𝜃. As seen in Table 4.10, the smallest angle, 𝜃 is approximately 

2.8° when the specified constant, 𝑎 is 0.25. The smallest angle, 𝜃 rises to 

approximately 38.9° when the specified constant, 𝑎 growths to 2.00. The same pattern 

can also be spotted in Tables 4.11 and 4.12, where the lowest specified constant, 𝑎 

creates the smallest angle, 𝜃. The finding suggests that if an experimenter wants to 

design an experiment and wishes to have an OC curve that resembles the ideal OC 

curve the most, then the experimenter should design the experiment at lowest test 

termination time (given by lowest specified constant, 𝑎). 

Besides that, the smallest angle, 𝜃 is getting smaller when the shape parameter, 𝜆 of 

generalized exponential increases. By way of illustration, the smallest angle, 𝜃 is 

approximately 12° when the design parameters are (𝜆, 𝑎) = (1, 0.25) as shown in 

Table 4.10. The smallest angle, 𝜃 decreases to approximately 0.6° when the design 

parameters are (𝜆, 𝑎) = (3, 0.25) as seen in Table 4.12. The increment of the shape 

parameter, 𝜆 of generalized exponential distribution contributes to the decrement of 

the fraction defective, 𝑝 as explained in Section 4.1, which later the fraction defective, 

𝑝 affects the quality of an item. Low fraction defective, 𝑝 results in high quality items, 

and vice versa. In short, if the shape parameter, 𝜆 of generalized exponential 

distribution is higher, then higher quality items are produced. The finding suggests 

that if an item has better quality (shape parameter, 𝜆 of generalized exponential 

distribution is higher), then the OC created resembles the ideal OC curve better, which 

means both parties (producer and consumer) are well-protected: producer can sell the 

item and consumer is guaranteed to receive a good quality item. 
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4.5 Application of Real Data Set 

In this section, one set of real data is presented to demonstrate the application of the 

novel family of GChSP, where the demonstration using real data for the novel family 

of GChSP is actually the fourth objective of the study. The failure times for 30 

electronic logging devices (ELD) data (shown in Table 4.13) are obtained from the 

literature, where the data has been used by Meeker and Escobar (2014) and Merovci 

and Elbatal (2015). 

Table 4.13 

Times of failure for 30 ELD 

ELD data Times of failure ELD data Times of failure 

1 0.02 16 2.12 

2 0.10 17 2.45 

3 0.13 18 2.47 

4 0.23 19 2.61 

5 0.23 20 2.66 

6 0.28 21 2.75 

7 0.30 22 2.93 

8 0.65 23 3 

9 0.80 24 3 

10 0.88 25 3 

11 1.06 26 3 

12 1.43 27 3 

13 1.47 28 3 

14 1.73 29 3 

15 1.81 30 3 

 

The appropriate lifetime distribution for the ELD data is analyzed through the 

Kolmogorov-Smirnov (KS) test by using EasyFit 5.5 software. The software provides 

the KS test values for 56 lifetime distributions, and the KS test values are presented in 

Table 4.14. 
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Table 4.14 

KS test value for 56 different lifetime distributions 

Lifetime distribution 
KS test 

value 
Lifetime distributions 

KS test 

value 

Generalized extreme 

value 
0.14635 Gumbel max 0.23534 

Weibull  

(3 parameters) 
0.16117 Gamma 0.23737 

Gumbel min 0.17083 Beta 0.23741 

Burr (4 parameters) 0.17302 Rayleigh 0.24448 

Log-logistic  

(3 parameters) 
0.17383 Log-logistic 0.24514 

Generalized Pareto 0.17926 
Pearson 5  

(3 parameters) 
0.24975 

Johnson SB 0.18001 Laplace 0.24992 

Normal 0.18942 Weibull 0.25216 

Fatigue life  

(3 parameters) 
0.19095 Frechet 0.25398 

Error 0.19123 
Dagum  

(4 parameters) 
0.25877 

Uniform 0.19131 Inverse Gaussian 0.26257 

Lognormal  

(3 parameters) 
0.19626 Cauchy 0.26468 

Pearson 6  

(4 parameters) 
0.19975 Triangular 0.26665 

Pareto 2 0.20676 Pert 0.26666 

Rayleigh  

(2 parameters) 
0.20883 Kumaraswamy 0.26905 

Logistic 0.21165 Levy 0.27364 

Frechet  

(3 parameters) 
0.21418 Pearson 5 0.27552 

Nakagami 0.23028 
Inverse Gaussian 

 (3 parameters) 
0.28246 

Lognormal 0.21610 Power function 0.29501 

Generalized 

Exponential 
0.21717 Erlang 0.30563 

Erlang  

(3 parameters) 
0.21723 Fatigue life 0.32178 

Burr 0.21924 Pareto 0.35637 

Gamma  

(3 parameters) 
0.21924 

Levy  

(2 parameters) 
0.36204 

Rice 0.22157 
Chi-squared  

(2 parameters) 
0.39828 

Hypersecant 0.22708 Chi-squared 0.40157 

Log-Pearson 3 0.22921 
Generalized gamma  

(4 parameters) 
0.47611 

Generalized gamma 0.22970 Reciprocal 0.48546 

Pearson 6 0.23012 Error function 0.52650 
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Based on Table 4.14, there are several lifetime distributions that fit the ELD data and 

the general exponential distribution is one of them. The critical value for all 56 lifetime 

distributions is 0.28987 at 1% significance level which implies that, if a particular 

lifetime distribution has the KS value less than the critical value, therefore the lifetime 

distribution fits the data too. There are 46 lifetime distributions that fit the data and the 

generalized exponential distribution is one of them. The general exponential 

distribution has 0.21717 for the KS value and the critical value for the test is 0.28987 

at 1% significance level. Since the KS value for the general exponential distribution 

is less than the critical value, therefore the data fits the general exponential. Besides 

the KS values, the EasyFit 5.5 software also provides the value for the shape 

parameter. The Easyfit 5.5 software shows that the shape parameter for the generalized 

exponential distribution is 𝜆 = 1.7503 ≈ 2. Therefore, the ELD data fits the general 

exponential distribution with 2 as the shape parameter. 

Based on the ELD data, the novel family of GChSP is applied for comparison purpose. 

The comparison are made based on the optimal number of groups, 𝑔 and the 

corresponding smallest angle, 𝜃, and the generated values are presented in Table 4.15. 
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Table 4.15 

Optimal number of groups, 𝑔 and smallest angle, 𝜃 for the ELD data 

Comparison on 𝑔 and 𝜃 

𝑎 GChSP-1 NGChSP-1 MGChSP-1 
TSCGChSP-

1 

NTSGChSP-

1 

TSGChSP-

1 

0.25 
66 48 34 62 32 25 

2.79292° 2.78762° 2.87385° 2.80017° 2.78762° 2.84857° 

0.50 
19 14 10 18 9 7 

8.76969° 8.74988° 9.05375° 8.79764° 8.75029° 8.96597° 

0.75 
10 7 5 9 5 4 

15.49133° 15.45074° 16.02991° 15.54668° 15.45264° 15.86553° 

1.00 
6 5 3 6 3 2 

21.66302° 21.61565° 22.46844° 21.76003° 21.60483° 22.27857° 

1.25 
4 3 2 4 2 2 

26.80002° 26.72974° 27.88694° 26.91753° 26.72974° 27.54902° 

1.50 
3 3 2 3 2 1 

30.85682° 30.82628° 32.08844° 30.99933° 30.82628° 31.99449° 

1.75 
3 2 2 2 1 1 

34.03428° 33.87797° 35.66650° 34.17695° 34.10322° 34.91049° 

2.00 
2 2 1 2 1 1 

36.33265° 36.30742° 38.05923° 36.52981° 36.25519° 37.40091° 

 

Table 4.15 shows that the TSGChSP-1 produces the lowest optimal number of groups, 

𝑔 compared to the other five sampling plans for all values of the specified constant, 𝑎. 

The TSGChSP-1 needs 25 groups when the design parameters are (𝜆, 𝑎) = (2, 0.25) 

while the other sampling plans require more than 32 groups. The similar trend is also 

observed for higher values of the specified constant, 𝑎 which the TSGChSP-1 still has 

the lowest optimal number of groups, 𝑔. The above mentioned example is true if both 

an experimenter looks for a sampling plan with lowest optimal number of groups, 𝑔. 
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If the experimenter wants to select a sampling plan that resembles the ideal OC curve, 

then NGChSP-1 and NTSGChSP-1 are better options. Both sampling plans create 

2.78762° as the smallest angle, 𝜃 compared to the other sampling plans when the 

design parameters are (𝜆, 𝑎) = (2, 0.25). However, both NGChSP-1 and NTSGChSP-

1 have different optimal number of groups, 𝑔 even though both plans create similar 

smallest angle, 𝜃. If the optimal number of groups, 𝑔 is taken into consideration, then 

the NTSGChSP-1 is better plan compared to the NGChSP-1 as the NTSGChSP-1 has 

lower optimal number of groups, 𝑔: the NTSGChSP-1 requires 32 optimal number of 

groups, 𝑔 while the NGChSP-1 needs 48 optimal number of groups, 𝑔. 
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CHAPTER FIVE 

CONCLUSION 

This chapter recaps all the works done throughout the study and it is divided into three 

sections. Section 5.1 provides a general discussion on the four objectives of the novel 

family of GChSP. Section 5.2 states the limitations and suggestions for the future 

research and the chapter ends with a conclusion in Section 5.3. 

5.1 Discussion 

The first objective of the study is to construct the novel family of GChSP using the 

MAM, where the novel family of GChSP consist of GChSP-1, NGChSP-1, MGChSP-

1, TSCGChSP-1, NTSGChSP-1 and TSGChSP-1. The novel family of GChSP is 

chosen as the plans managed to solve two problems in the previous sampling plans: 

(i) the probability of lot acceptance, 𝐿(𝑝) for the SSP starts to decreases rapidly when 

the acceptance number, 𝑐 is set to be zero or one (Montgomery, 2009), and (ii) the 

ChSP-1 does not provide a platform for multiple inspection. The MAM is selected as 

the method catered the producer’s and consumer’s risks while the established family 

of GChSP only considered the consumer’s risk, 𝛽 and ignored the producer’s risk, 𝛼. 

Having said that, the novel family of GChSP using the MAM made both parties 

(producer and consumer) satisfied while the established GChSP only pleased the 

consumer. 

The second objective is to obtain the optimal number of groups, 𝑔 and the 

corresponding smallest angle, 𝜃 for the novel family of GChSP using different 

combination of design parameters. The optimal number of groups, 𝑔 is obtained when 

it satisfies three conditions, which are (i) producer’s risk, 𝛼 is less than 0.10, (ii) 
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consumer’ risk, 𝛽 is less than 0.10 and, (ii) the 𝑔 produces the smallest angle, 𝜃. If any 

of the condition is violated, then no optimal number of groups, 𝑔 is recorded. 

Three different approaches are encountered when obtaining the optimal number of 

groups, 𝑔. The first approach happens when there is only one 𝑔∗ (number of groups) 

that satisfies the first two conditions, therefore the 𝑔∗ and the corresponding angle, 𝜃∗ 

are labelled as the 𝑔 (optimal number of groups) and the smallest angle, 𝜃 . The second 

approach occurs when there are multiple 𝑔∗ that satisfy the first two conditions, but 

there is only one 𝑔∗ and the corresponding angle, 𝜃∗ records the smallest angle, 𝜃. 

Therefore, the 𝑔∗ is taken as the optimal number of groups, 𝑔 and the corresponding 

angle, 𝜃∗ is written as the smallest angle, 𝜃. The third approach  has no optimal number 

of groups, 𝑔 because there is no 𝑔∗ satisfies the first two conditions. 

The findings have shown that the optimal number of groups, 𝑔 depends on the shape 

and design parameters while the smallest angle, 𝜃 depends on the specified constant, 

𝑎 only. Firstly, the optimal number of groups, 𝑔 increases as the mean ratio, 
𝜇

𝜇0
 and 

the shape parameter, 𝜆 of the generalized exponential distribution increase. Secondly, 

the other design parameters have different effect on the optimal number of groups, 𝑔. 

Having said that, the optimal number of groups, 𝑔 increases as the specified constant, 

𝑎, number of preceding lots, 𝑖 and number of items, 𝑟 decrease. On the other hand, the 

smallest angle, 𝜃 is getting larger when the specified constant, 𝑎 increases. Besides 

that, the value for the smallest angle, 𝜃 is approximately similar for one specified 

constant, 𝑎 regardless of the number of preceding lots, 𝑖 and number of items, 𝑟. 
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The third objective is to compare the optimal number of groups, 𝑔 and the 

corresponding smallest angle, 𝜃 for the novel family of GChSP. The optimal number 

of groups, 𝑔 depends on the shape parameter, 𝜆 of the generalized exponential 

distribution. When the shape parameter, 𝜆 of the generalized exponential distribution 

is one, then the NTSGChSP-1 has lowest optimal number of groups, 𝑔. In contrast, 

when the shape parameter, 𝜆 of the generalized exponential is greater than or equal to 

two, then the TSGChSP-1 has lowest optimal number of groups, 𝑔. On the other hand, 

the smallest angle, 𝜃 is created when the specified constant, 𝑎 is low. This finding 

indirectly suggest that the experiment should be designed at lower test termination 

time (lower specified constant, 𝑎) as the OC curve created resembles the ideal OC 

curve better. 

The fourth objective of the study is to demonstrate GChSP-1, NGChSP-1, MGChSP-

1, TSCGChSP-1, NTSGChSP-1 and TSGChSP-1 using real data. The ELD data is 

taken from the literature and analyzed using the KS test. Based on the KS test values, 

the ELD data follows the general exponential distribution with the shape parameter of 

2. Using the ELD data, the optimal number of groups, 𝑔 and the corresponding 

smallest angle, 𝜃 are compared among the six sampling plans. The comparison has 

revealed that the NTSCGhSP-1 is better sampling plan compared to the other sampling 

plans as it has lowest optimal number of groups, 𝑔 and the smallest angle, 𝜃. 

5.2 Limitations and Suggestions for Future Research 

Four limitations are highlighted in this study. The first limitation is this study only 

applied one lifetime distribution to the novel family of GChSP, which is the 

generalized exponential distribution. There are many lifetime distributions in the 
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literature such as generalized Rayleigh distribution, generalized Weibull distribution 

and generalized inverse Rayleigh distribution, which currently not the interest in this 

study. The second limitation is this study only applied the MAM to the novel family 

of GChSP, where the MAM catered the producer’s and consumer’s risks. The novel 

family of GChSP can be further studied by using different methods such as minimum 

sum of risks, different quality region and inspection errors. 

Quality parameter is another limitation in this study, where this study only used the 

mean as the quality parameter. Apart from the mean, median and percentile are the 

other two quality parameters that have been used consistently by previous researches. 

The fourth limitation identified is related to the underlying distribution. This study 

only took into account the binomial distribution as the underlying distribution where 

there are other underlying distributions that might be the interest of another researcher: 

weighted binomial distribution, Poisson distribution and weighted Poisson 

distribution. 

5.3 Conclusion 

The family of GChSP (established and novel)  is introduced to solve two problems in 

the previous acceptance sampling plans: the probability of lot acceptance, 𝐿(𝑝) for the 

SSP starts to decrease rapidly when the acceptance number is zero or one 

(Montgomery, 2009) and the ChSP-1 does not provide a platform for multiple 

inspection. By introducing the family of GChSP (established and novel), the two 

problems are solved: the probability of lot acceptance, 𝐿(𝑝) is stable compared to the 

SSP and the plan now has a platform for multiple inspection, which leads to a shorter 

inspection time.  
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There are two differences between the established and the novel family of GChSP. 

The first difference is the number of plans nested under both families: the established 

family of GChSP has four sampling plans (GChSP-1, MGChSP-1, TSGChSP-1 and 

TSMGChSP-1) while the novel family of GChSP has six sampling plans (GChSP-1, 

NGChSP-1, MGChSP-1, TSCGChSP-1, NTSGChSP-1 and TSGChSP-1). The second 

difference is the method used when developing both families: the established family 

of GChSP used minimizing the consumer’s risk method while the novel family of 

GChSP applied the MAM to the plan. 

The study reveals that a better sampling plan depends on the shape parameter, 𝜆 of 

generalized exponential distribution. Here, a better sampling plan has lowest optimal 

number of groups, 𝑔, and the optimal number of groups, 𝑔 rests on the shape 

parameter, 𝜆 of generalized exponential distribution. The NTSGChSP-1 has lowest 

optimal number of groups, 𝑔 when the shape parameter, 𝜆 of generalized exponential 

distribution is one. However, the TSGChSP-1 outdoes the NTSGChSP-1 when the 

shape parameter, 𝜆 of generalized exponential distribution is greater than or equal to 

2.  
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Appendix A 

Scilab Coding for the GChSP-1 

Coding to generate 500 groups with the corresponding angle. 

 

Coding to obtain the optimal number of groups with the smallest angle. 

 

 



 

 128 

Appendix B 

Scilab Coding for the NGChSP-1 

Coding to generate 500 groups with the corresponding angle. 

 

Coding to obtain the optimal number of groups with the smallest angle. 
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Appendix C 

Scilab Coding for the MGChSP-1 

Coding to generate 500 groups with the corresponding angle. 

 

Coding to obtain the optimal number of groups with the smallest angle. 
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Appendix D 

Scilab Coding for the TSCGChSP-1 

Coding to generate 500 groups with the corresponding angle. 

 

Coding to obtain the optimal number of groups with the smallest angle. 
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Appendix E 

Scilab Coding for the NTSGChSP-1 

Coding to generate 500 groups with the corresponding angle. 

 

Coding to obtain the optimal number of groups with the smallest angle. 
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Appendix F 

Scilab Coding for the TSGChSP-1 

Coding to generate 500 groups with the corresponding angle. 

 

Coding to obtain the optimal number of groups with the smallest angle. 
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Appendix G 

Optimal number of groups for NGChSP-1 when 𝝀 = 𝟏 

   Generalized exponential distribution, 𝜆 = 1 

      Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

6 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix G continued. 

8 

1 2 - - - - - - - - 

2 3 - 
1 

- - - - - - 
(21.98475𝑜) 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

10 

1 2 
5 

- - - 
1 1 

- - 
(12.74772𝑜) (34.85683𝑜) (36.32770𝑜) 

2 3 
2 1 

- - - - - - 
(12.86709𝑜) (21.93656𝑜) 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

12 

1 2 
6 3 2 

- 
1 1 1 

- 
(12.65115𝑜) (21.51854𝑜) (27.56142𝑜) (35.08649𝑜) (36.45447𝑜) (37.79965𝑜) 

2 3 - 
1 1 

- - - - - 
(21.96272𝑜) (27.75367𝑜) 

3 4 - - - - - - - - 

4 5 
1 

- - - - - - - 
(12.68661𝑜) 
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Appendix H 

Optimal number of groups for NGChSP-1 when 𝝀 = 𝟐 

   Generalized exponential distribution, 𝜆 = 2 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
28 8 4 

- - - 
1 

- 
(2.84350𝑜) (8.93913𝑜) (15.75748𝑜) (34.09136𝑜) 

2 3 
13 4 2 1 

- - - - 
(2.84460𝑜) (8.96397𝑜) (15.78105𝑜) (22.16875𝑜) 

3 4 
7 2 1 

- - - - - 
(2.84350𝑜) (8.93913𝑜) (15.75748𝑜) 

4 5 
5 1 

- - - - - - 
(2.85271𝑜) (9.20241𝑜) 
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Appendix H continued. 

6 

1 2 35 10 5 3 2 2 2 1 

  (2.79097𝑜) (8.76294𝑜) (15.46253𝑜) (21.61552𝑜) (26.78844𝑜) (30.62346𝑜) (34.22367𝑜) (36.15718𝑜) 
2 3 16 5 2 2 1 1 

- - 
  (2.79116𝑜) (8.77551𝑜) (15.52521𝑜) (21.96170𝑜) (26.63034𝑜) (30.86627𝑜) 

3 4 9 3 1 1 
- - - - 

  (2.79116𝑜) (8.79809𝑜) (15.70308𝑜) (21.73645𝑜) 
4 5 6 2 1 

- - - - - 
  (2.79256𝑜) (8.81739𝑜) (15.55422𝑜) 

8 

1 2 
40 12 6 4 3 2 2 2 

(2.78416𝑜) (8.73827𝑜) (15.42191𝑜) (21.55548𝑜) (26.66103𝑜) (30.61041𝑜) (33.79088𝑜) (36.49198𝑜) 

2 3 
18 5 3 1 1 1 1 1 

(2.78414𝑜) (8.73953𝑜) (15.44582𝑜) (21.61744𝑜) (26.74716𝑜) (30.63802𝑜) (34.00788𝑜) (36.87798𝑜) 

3 4 
10 3 2 1 1 1 

- - 
(2.78416𝑜) (8.73827𝑜) (15.53813𝑜) (21.55548𝑜) (27.03658𝑜) (31.92375𝑜) 

4 5 
7 2 1 1 1 

- - - 
(2.78541𝑜) (8.74096𝑜) (15.42573𝑜) (22.02555𝑜) (28.36073𝑜) 

  



 

 137 

Appendix H continued. 

10 

1 2 
45 13 7 4 3 2 2 2 

(2.78526𝑜) (8.74150𝑜) (15.43627𝑜) (21.57439𝑜) (26.67298𝑜) (30.74032𝑜) (33.79663𝑜) (36.29900𝑜) 

2 3 
20 6 3 2 1 1 1 1 

(2.78526𝑜) (8.74227𝑜) (15.43316𝑜) (21.58157𝑜) (26.89468𝑜) (30.69267𝑜) (33.88367𝑜) (36.48366𝑜) 

3 4 
11 3 2 1 1 1 1 1 

(2.78528𝑜) (8.74480𝑜) (15.46438𝑜) (21.57439𝑜) (26.81843𝑜) (31.25892𝑜) (35.02520𝑜) (38.31996𝑜) 

4 5 
7 2 1 1 1 1 

- - 
(2.78530𝑜) (8.74219𝑜) (15.43501𝑜) (21.75660𝑜) (27.44492𝑜) (32.53021𝑜) 

12 

1 2 
48 14 7 5 3 3 2 2 

(2.78762𝑜) (8.74988𝑜) (15.45074𝑜) (21.61565𝑜) (26.72974𝑜) (30.82628𝑜) (33.87797𝑜) (36.30742𝑜) 

2 3 
21 6 3 2 2 1 1 1 

(2.78765𝑜) (8.75029𝑜) (15.45226𝑜) (21.60483𝑜) (26.83931𝑜) (30.78107𝑜) (33.90944𝑜) (36.40387𝑜) 

3 4 
12 4 2 1 1 1 1 1 

(2.78762𝑜) (8.75467𝑜) (15.45889𝑜) (21.62000𝑜) (26.77939𝑜) (31.04092𝑜) (34.52097𝑜) (37.41780𝑜) 

4 5 
8 2 1 1 1 1 1 

- 
(2.78774𝑜) (8.75461𝑜) (15.46292𝑜) (21.68403𝑜) (27.11064𝑜) (31.73218𝑜) (35.73907𝑜) 
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Appendix I 

Optimal number of groups for NGChSP-1 when 𝝀 = 𝟑 

   Generalized exponential distribution, 𝜆 = 3 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
183 30 11 6 4 3 2 2 

(0.61661𝑜) (3.46669𝑜) (8.30933𝑜) (14.07898𝑜) (19.80127𝑜) (24.90914𝑜) (29.95912𝑜) (32.61997𝑜) 

2 3 
81 13 5 3 2 1 1 

- 
(0.61661𝑜) (3.46694𝑜) (8.30816𝑜) (14.11066𝑜) (19.89826𝑜) (24.98058𝑜) (29.06020𝑜) 

3 4 
46 8 3 2 1 1 

- - 
(0.61661𝑜) (3.46830𝑜) (8.31151𝑜) (14.24823𝑜) (19.80127𝑜) (25.59747𝑜) 

4 5 
29 5 2 1 1 

- - - 
(0.61661𝑜) (3.46735𝑜) (8.31828𝑜) (14.08314𝑜) (20.57428𝑜) 
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Appendix I continued. 

6 

1 2 
235 39 15 8 5 3 3 2 

(0.61766𝑜) (3.46925𝑜) (8.30808𝑜) (14.07634𝑜) (19.79390𝑜) (24.89549𝑜) (29.11415𝑜) (32.39584𝑜) 

2 3 
104 17 7 4 2 2 1 1 

(0.61766𝑜) (3.46926𝑜) (8.30931𝑜) (14.08813𝑜) (19.80111𝑜) (24.96502𝑜) (29.10505𝑜) (32.42816𝑜) 

3 4 
59 10 4 2 1 1 1 1 

(0.61766𝑜) (3.46934𝑜) (8.30995𝑜) (14.07634𝑜) (19.85186𝑜) (24.90168𝑜) (29.38343𝑜) (33.29620𝑜) 

4 5 
38 6 2 1 1 1 1 1 

(0.61766𝑜) (3.46935𝑜) (8.31859𝑜) (14.11914𝑜) (19.84801𝑜) (25.27242𝑜) (30.27362𝑜) (35.03113𝑜) 

8 

1 2 
273 45 17 9 6 4 3 2 

(0.61879𝑜) (3.47647𝑜) (8.32774𝑜) (14.11457𝑜) (19.85843𝑜) (24.96095𝑜) (29.20043𝑜) (32.62294𝑜) 

2 3 
121 20 8 4 3 2 2 1 

(0.61879𝑜) (3.47647𝑜) (8.32792𝑜) (14.11457𝑜) (19.86637𝑜) (24.96858𝑜) (29.29231𝑜) (32.58527𝑜) 

3 4 
68 11 4 2 2 2 1 1 

(0.61879𝑜) (3.47649𝑜) (8.32835𝑜) (14.11944𝑜) (19.88745𝑜) (24.96095𝑜) (29.25150𝑜) (32.77436𝑜) 

4 5 
44 7 3 2 1 1 1 1 

(0.61879𝑜) (3.47650𝑜) (8.32838𝑜) (14.12955𝑜) (19.86039𝑜) (25.03766𝑜) (29.47188𝑜) (33.23135𝑜) 
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Appendix I continued. 

10 

1 2 
303 50 19 10 6 5 3 3 

(0.61935𝑜) (3.48039𝑜) (8.33928𝑜) (14.13830𝑜) (19.89835𝑜) (25.02383𝑜) (29.28975𝑜) (32.70075𝑜) 

2 3 
135 22 9 5 3 2 2 1 

(0.61935𝑜) (3.48040𝑜) (8.33938𝑜) (14.13907𝑜) (19.89804𝑜) (25.02106𝑜) (29.30534𝑜) (32.71147𝑜) 

3 4 
76 13 5 3 2 1 1 1 

(0.61935𝑜) (3.48041𝑜) (8.33934𝑜) (14.14016𝑜) (19.90339𝑜) (25.02511𝑜) (29.29307𝑜) (32.74496𝑜) 

4 5 
48 8 3 2 1 1 1 1 

(0.61935𝑜) (3.48039𝑜) (8.33930𝑜) (14.14102𝑜) (19.89766𝑜) (25.03929𝑜) (29.36200𝑜) (32.89443𝑜) 

12 

1 2 
328 55 21 11 7 5 4 3 

(0.61964𝑜) (3.48249𝑜) (8.34564𝑜) (14.15168𝑜) (19.92057𝑜) (25.05592𝑜) (29.33408𝑜) (32.75898𝑜) 

2 3 
146 24 9 5 3 2 2 2 

(0.61964𝑜) (3.48249𝑜) (8.34565𝑜) (14.15169𝑜) (19.92064𝑜) (25.05674𝑜) (29.33822𝑜) (32.78500𝑜) 

3 4 
82 14 5 3 2 1 1 1 

(0.61964𝑜) (3.48249𝑜) (8.34567𝑜) (14.15192𝑜) (19.92172𝑜) (25.06402𝑜) (29.33408𝑜) (32.77437𝑜) 

4 5 
52 9 3 2 1 1 1 1 

(0.61964𝑜) (3.48249𝑜) (8.34592𝑜) (14.15217𝑜) (19.92177𝑜) (25.06084𝑜) (29.35942𝑜) (32.83180𝑜) 
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Appendix J 

Optimal number of groups for MGChSP-1 when 𝝀 = 𝟏 

   Generalized exponential distribution, 𝜆 = 1 

      Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

6 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix J continued. 

8 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

10 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

12 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix K 

Optimal number of groups for MGChSP-1 when 𝝀 = 𝟐 

   Generalized exponential distribution, 𝜆 = 2 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 
8 

- - - - - - - 
(3.20036𝑜) 

3 4 
5 

- - - - - - - 
(3.09885𝑜) 

4 5 
3 1 

- - - - - - 
(3.11437𝑜) (9.58979𝑜) 
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Appendix J continued. 

6 

1 2 26 7 3 2 
- 

1 
- - 

  (3.02676𝑜) (9.58665𝑜) (17.26457𝑜) (24.00782𝑜) (34.65002𝑜) 
2 3 13 4 2 1 

- - - - 
  (2.95460𝑜) (9.32650𝑜) (16.49435𝑜) (23.30124𝑜) 

3 4 8 2 1 
- - - - - 

  (2.91688𝑜) (9.20969𝑜) (16.30348𝑜) 
4 5 5 2 1 

- - - - - 
  (2.89149𝑜) (9.25798𝑜) (16.35366𝑜) 

8 

1 2 
30 9 4 3 2 1 1 1 

(2.94280𝑜) (9.28999𝑜) (16.48008𝑜) (23.05332𝑜) (28.49694𝑜) (34.30741𝑜) (36.53942𝑜) (38.63136𝑜) 

2 3 
14 4 2 2 1 1 

- - 
(2.89574𝑜) (9.12704𝑜) (16.15804𝑜) (23.00753𝑜) (27.93128𝑜) (32.49748𝑜) 

3 4 
9 3 1 1 

- - - - 
(2.87025𝑜) (9.06842𝑜) (16.14488𝑜) (22.47487𝑜) 

4 5 
6 2 1 1 

- - - - 
(2.85440𝑜) (9.01396𝑜) (15.92784𝑜) (23.10628𝑜) 
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Appendix J continued. 

10 

1 2 
32 9 5 3 2 2 1 1 

(2.89939𝑜) (9.14306𝑜) (16.19233𝑜) (22.67353𝑜) (28.10205𝑜) (32.46136𝑜) (36.28535𝑜) (38.26339𝑜) 

2 3 
16 5 2 2 1 1 1 

- 
(2.86580𝑜) (9.02935𝑜) (16.01795𝑜) (22.53592𝑜) (27.67012𝑜) (31.98313𝑜) (35.65662𝑜) 

3 4 
9 3 2 1 1 1 

- - 
(2.84739𝑜) (8.96597𝑜) (16.01076𝑜) (22.20321𝑜) (27.91273𝑜) (32.85646𝑜) 

4 5 
6 2 1 1 1 

- - - 
(2.83566𝑜) (8.92619𝑜) (15.77603𝑜) (22.51438𝑜) (28.71164𝑜) 

12 

1 2 
34 10 5 3 2 2 2 1 

(2.87385𝑜) (9.05375𝑜) (16.02991𝑜) (22.46844𝑜) (27.88694𝑜) (32.08844𝑜) (35.66650𝑜) (38.05923𝑜) 

2 3 
17 5 3 2 1 1 1 1 

(2.84867𝑜) (8.96493𝑜) (15.90147𝑜) (22.29668𝑜) (27.53719𝑜) (31.72109𝑜) (35.22518𝑜) (38.09578𝑜) 

3 4 
10 3 2 1 1 1 1 

- 
(2.83473𝑜) (8.91644𝑜) (15.85548𝑜) (22.07332𝑜) (27.58701𝑜) (32.23911𝑜) (36.12753𝑜) 

4 5 
7 2 1 1 1 1 

- - 
(2.82685𝑜) (8.88602𝑜) (15.70755𝑜) (22.24236𝑜) (28.06132𝑜) (33.11269𝑜) 
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Appendix L 

Optimal number of groups for MGChSP-1 when 𝝀 = 𝟑 

   Generalized exponential distribution, 𝜆 = 3 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
134 22 8 4 2 

- - - 
(0.65376𝑜) (3.71352𝑜) (8.98840𝑜) (15.38456𝑜) (22.40460𝑜) 

2 3 
66 11 4 2 1 

- - - 
(0.64262𝑜) (3.63888𝑜) (8.77934𝑜) (14.98385𝑜) (21.75001𝑜) 

3 4 
39 6 3 1 1 

- - - 
(0.63654𝑜) (3.60098𝑜) (8.72205𝑜) (14.99493𝑜) (20.93111𝑜) 

4 5 
26 4 2 1 

- - - - 
(0.63277𝑜) (3.57480𝑜) (8.65668𝑜) (14.67499𝑜) 
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Appendix L continued. 

6 

1 2 
165 27 11 6 4 3 2 2 

(0.63260𝑜) (3.57318𝑜) (8.60549𝑜) (14.65610𝑜) (20.71682𝑜) (26.17167𝑜) (30.57407𝑜) (34.50869𝑜) 

2 3 
80 13 5 3 2 1 1 1 

(0.62824𝑜) (3.54289𝑜) (8.51734𝑜) (14.49075𝑜) (20.45973𝑜) (25.85822𝑜) (30.13745𝑜) (33.98005𝑜) 

3 4 
47 8 3 2 1 1 1 

- 
(0.62584𝑜) (3.52598𝑜) (8.46904𝑜) (14.43386𝑜) (20.27551𝑜) (25.73959𝑜) (30.71202𝑜) 

4 5 
31 5 2 1 1 1 

- - 
(0.62433𝑜) (3.51580𝑜) (8.43894𝑜) (14.33341𝑜) (20.38582𝑜) (26.25711𝑜) 

8 

1 2 
187 31 12 6 4 3 2 2 

(0.62617𝑜) (3.52906𝑜) (8.48103𝑜) (14.42193𝑜) (20.33854𝑜) (25.63014𝑜) (30.05585𝑜) (33.65531𝑜) 

2 3 
90 15 6 3 2 2 1 1 

(0.62403𝑜) (3.51378𝑜) (8.43683𝑜) (14.33038𝑜) (20.19839𝑜) (25.58735𝑜) (29.79976𝑜) (33.36730𝑜) 

3 4 
53 9 4 2 1 1 1 1 

(0.62285𝑜) (3.50539𝑜) (8.41858𝑜) (14.28571𝑜) (20.14996𝑜) (25.37195𝑜) (29.93074𝑜) (33.77183𝑜) 

4 5 
35 6 2 1 1 1 1 1 

(0.62211𝑜) (3.50013𝑜) (8.40191𝑜) (14.27881𝑜) (20.12133𝑜) (25.53697𝑜) (30.27882𝑜) (34.39439𝑜) 
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Appendix L continued. 

10 

1 2 
204 34 13 7 5 3 2 2 

(0.62353𝑜) (3.51061𝑜) (8.42860𝑜) (14.31735𝑜) (20.19675𝑜) (25.42526𝑜) (29.85630𝑜) (33.32497𝑜) 

2 3 
98 16 6 3 2 2 1 1 

(0.62232𝑜) (3.50188𝑜) (8.40337𝑜) (14.27373𝑜) (20.10579𝑜) (25.36459𝑜) (29.67947𝑜) (33.14926𝑜) 

3 4 
57 10 4 2 1 1 1 1 

(0.62165𝑜) (3.49711𝑜) (8.38938𝑜) (14.23676𝑜) (20.10931𝑜) (25.25221𝑜) (29.67844𝑜) (33.32398𝑜) 

4 5 
38 6 3 2 1 1 1 1 

(0.62123𝑜) (3.49422𝑜) (8.38467𝑜) (14.25411𝑜) (20.04118𝑜) (25.32101𝑜) (29.82948𝑜) (33.58794𝑜) 

12 

1 2 
218 37 14 8 5 3 3 2 

(0.62224𝑜) (3.50147𝑜) (8.40221𝑜) (14.26765𝑜) (20.10736𝑜) (25.33049𝑜) (29.69651𝑜) (33.16980𝑜) 

2 3 
104 17 7 4 2 2 1 1 

(0.62148𝑜) (3.49597𝑜) (8.38597𝑜) (14.23581𝑜) (20.06434𝑜) (25.26530𝑜) (29.62535𝑜) (33.05119𝑜) 

3 4 
61 10 4 2 2 1 1 1 

(0.62107𝑜) (3.49294𝑜) (8.37677𝑜) (14.21562𝑜) (20.06061𝑜) (25.20097𝑜) (29.57135𝑜) (33.13586𝑜) 

4 5 
40 7 3 2 1 1 1 1 

(0.62081𝑜) (3.49107𝑜) (8.37287𝑜) (14.22020𝑜) (20.00831𝑜) (25.23358𝑜) (29.65060𝑜) (33.27143𝑜) 
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Appendix M 

Optimal number of groups for TSCGChSP-1 when 𝝀 = 𝟏 

   Generalized exponential distribution, 𝜆 = 1 

      Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

6 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix M continued. 

8 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

10 

1 2 - - - - 
1 

- - - 
(36.01867𝑜) 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

12 

1 2 - - 
2 

- 
1 1 

- - 
(28.77815𝑜) (36.04059𝑜) (37.67326𝑜) 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix N 

Optimal number of groups for TSCGChSP-1 when 𝝀 = 𝟐 

   Generalized exponential distribution, 𝜆 = 2 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
31 

- 
4 

- - - - - 
(2.98987𝑜) (16.66842𝑜) 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix N continued. 

6 

1 2 41 12 6 4 3 2 
- 

1 

  (2.85821𝑜) (9.00141𝑜) (15.91036𝑜) (22.26681𝑜) (27.58403𝑜) (31.46971𝑜) (36.97742𝑜) 

2 3 25 7 4 2 
- 

1 
- - 

  (2.92117𝑜) (9.22717𝑜) (16.39388𝑜) (22.88882𝑜) (32.49612𝑜) 

3 4 18 5 
- - 

1 
- - - 

  (2.96744𝑜) (9.39087𝑜) (28.81086𝑜) 

4 5 14 4 2 1 
- - - - 

  (3.00320𝑜) (9.51438𝑜) (16.87970𝑜) (23.84259𝑜) 

8 

1 2 
50 14 7 4 3 2 2 2 

(2.81935𝑜) (8.86673𝑜) (15.67146𝑜) (21.93282𝑜) (27.08711𝑜) (31.21618𝑜) (34.29567𝑜) (37.01149𝑜) 

2 3 
30 9 4 3 2 1 1 1 

(2.85235𝑜) (8.99016𝑜) (15.92101𝑜) (22.32056𝑜) (27.57260𝑜) (32.24423𝑜) (34.89525𝑜) (37.30802𝑜) 

3 4 
22 6 3 2 1 1 1 

- 
(2.87792𝑜) (9.08206𝑜) (16.09008𝑜) (22.54508𝑜) (28.26045𝑜) (32.08949𝑜) (35.66330𝑜) 

4 5 
17 5 2 2 1 1 

- - 
(2.89869𝑜) (9.15856𝑜) (16.31745𝑜) (23.10578𝑜) (28.14735𝑜) (32.77560𝑜) 
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Appendix N continued. 

10 

1 2 
56 16 8 5 4 3 2 2 

(2.80553𝑜) (8.81733𝑜) (15.58241𝑜) (21.79714𝑜) (27.01027𝑜) (31.09148𝑜) (34.15970𝑜) (36.61716𝑜) 

2 3 
35 10 5 3 2 2 1 1 

(2.82466𝑜) (8.88922𝑜) (15.72612𝑜) (22.01459𝑜) (27.25734𝑜) (31.55487𝑜) (34.76540𝑜) (36.94918𝑜) 

3 4 
25 7 4 2 2 1 1 1 

(2.84002𝑜) (8.94622𝑜) (15.86882𝑜) (22.20206𝑜) (27.71422𝑜) (31.70380𝑜) (34.89973𝑜) (37.71956𝑜) 

4 5 
19 6 3 2 1 1 1 

- 
(2.85293𝑜) (9.00226𝑜) (15.94997𝑜) (22.40468𝑜) (27.73935𝑜) (31.91603𝑜) (35.66751𝑜) 

12 

1 2 
62 18 9 6 4 3 2 2 

(2.80017𝑜) (8.79764𝑜) (15.54668𝑜) (21.76003𝑜) (26.91753𝑜) (30.99933𝑜) (34.17695𝑜) (36.52981𝑜) 

2 3 
38 11 5 3 2 2 2 1 

(2.81214𝑜) (8.84308𝑜) (15.64803𝑜) (21.91853𝑜) (27.16796𝑜) (31.26028𝑜) (34.73835𝑜) (36.86775𝑜) 

3 4 
28 8 4 2 2 1 1 1 

(2.82199𝑜) (8.88035𝑜) (15.71329𝑜) (22.08469𝑜) (27.31947𝑜) (31.58498𝑜) (34.60166𝑜) (37.18468𝑜) 

4 5 
21 6 3 2 1 1 1 1 

(2.83042𝑜) (8.91177𝑜) (15.77503𝑜) (22.10784𝑜) (27.59522𝑜) (31.54891𝑜) (34.99845𝑜) (37.96862𝑜) 
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Appendix O 

Optimal number of groups for TSCGChSP-1 when 𝝀 = 𝟑 

   Generalized exponential distribution, 𝜆 = 3 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
223 36 13 7 4 3 2 

- 
(0.62521𝑜) (3.52987𝑜) (8.49397𝑜) (14.44277𝑜) (20.35338𝑜) (25.57734𝑜) (29.85704𝑜) 

2 3 
137 22 8 4 3 2 1 1 

(0.63325𝑜) (3.58899𝑜) (8.66857𝑜) (14.79200𝑜) (21.01069𝑜) (26.42137𝑜) (31.13435𝑜) (34.25661𝑜) 

3 4 
97 16 6 3 2 1 

- - 
(0.63943𝑜) (3.63387𝑜) (8.80008𝑜) (15.03863𝑜) (21.31759𝑜) (27.10002𝑜) 

4 5 
75 12 5 2 

- - - - 
(0.64443𝑜) (3.66884𝑜) (8.91949𝑜) (15.30232𝑜) 
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Appendix O continued. 

6 

1 2 
310 50 19 10 6 4 3 2 

(0.61948𝑜) (3.48399𝑜) (8.35537𝑜) (14.17716𝑜) (19.96037𝑜) (25.10237𝑜) (29.36996𝑜) (32.82027𝑜) 

2 3 
192 31 12 6 4 3 2 2 

(0.62123𝑜) (3.49804𝑜) (8.40123𝑜) (14.27210𝑜) (20.13696𝑜) (25.42167𝑜) (29.70269𝑜) (33.59242𝑜) 

3 4 
138 22 8 4 3 2 1 1 

(0.62269𝑜) (3.50966𝑜) (8.43757𝑜) (14.35403𝑜) (20.28981𝑜) (25.55616𝑜) (30.17161𝑜) (33.41742𝑜) 

4 5 
107 17 6 3 2 1 1 1 

(0.62397𝑜) (3.51965𝑜) (8.47105𝑜) (14.42654𝑜) (20.35298𝑜) (26.01973𝑜) (30.09242𝑜) (33.93315𝑜) 

8 

1 2 
376 61 23 12 7 5 4 3 

(0.61931𝑜) (3.48095𝑜) (8.34286𝑜) (14.14828𝑜) (19.91774𝑜) (25.04853𝑜) (29.32534𝑜) (32.73418𝑜) 

2 3 
236 38 14 7 5 3 2 2 

(0.61982𝑜) (3.48531𝑜) (8.35764𝑜) (14.18265𝑜) (19.98052𝑜) (25.13601𝑜) (29.46334𝑜) (32.90915𝑜) 

3 4 
170 28 10 5 3 2 2 1 

(0.62027𝑜) (3.48908𝑜) (8.37027𝑜) (14.21096𝑜) (20.02900𝑜) (25.22314𝑜) (29.59966𝑜) (33.12730𝑜) 

4 5 
132 21 8 4 3 2 1 1 

(0.62068𝑜) (3.49245𝑜) (8.38115𝑜) (14.23339𝑜) (20.09319𝑜) (25.29930𝑜) (29.73836𝑜) (33.10061𝑜) 
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Appendix O continued. 

10 

1 2 
430 70 26 14 9 6 4 3 

(0.61954𝑜) (3.48206𝑜) (8.34510𝑜) (14.15165𝑜) (19.92234𝑜) (25.05805𝑜) (29.33789𝑜) (32.76713𝑜) 

2 3 
271 44 17 9 5 4 3 2 

(0.61972𝑜) (3.48369𝑜) (8.35083𝑜) (14.16513𝑜) (19.94671𝑜) (25.09902𝑜) (29.39519𝑜) (32.82575𝑜) 

3 4 
196 32 12 6 4 3 2 2 

(0.61989𝑜) (3.48514𝑜) (8.35576𝑜) (14.17642𝑜) (19.96646𝑜) (25.13752𝑜) (29.43001𝑜) (32.97083𝑜) 

4 5 
153 25 9 5 3 2 2 1 

(0.62004𝑜) (3.48646𝑜) (8.36045𝑜) (14.18680𝑜) (19.98372𝑜) (25.15293𝑜) (29.54594𝑜) (32.95619𝑜) 

12 

1 2 
474 78 29 15 10 7 5 4 

(0.61972𝑜) (3.48320𝑜) (8.34819𝑜) (14.15770𝑜) (19.93187𝑜) (25.07391𝑜) (29.35733𝑜) (32.79201𝑜) 

2 3 
300 49 19 10 6 4 3 2 

(0.61979𝑜) (3.48391𝑜) (8.35074𝑜) (14.16372𝑜) (19.94243𝑜) (25.09027𝑜) (29.38119𝑜) (32.83724𝑜) 

3 4 
218 36 13 7 4 3 2 2 

(0.61987𝑜) (3.48455𝑜) (8.35301𝑜) (14.16883𝑜) (19.95356𝑜) (25.10519𝑜) (29.40605𝑜) (32.86841𝑜) 

4 5 
170 28 10 5 3 2 2 1 

(0.61993𝑜) (3.48513𝑜) (8.35517𝑜) (14.17492𝑜) (19.96498𝑜) (25.12874𝑜) (29.43697𝑜) (32.94595𝑜) 
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Appendix P 

Optimal number of groups for NTSGChSP-1 when 𝝀 = 𝟏 

   Generalized exponential distribution, 𝜆 = 1 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

6 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix P continued. 

8 

1 2 - - 
1 

(28.10992𝑜) 
- - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

10 

1 2 - - 
1 

- - - - - 
(28.17869𝑜) 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

12 

1 2 
4 2 1 1 

- - - - 
(12.65115𝑜) (21.51854𝑜) (28.29211𝑜) (31.67923𝑜) 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix Q 

Optimal number of groups for NTSGChSP-1 when 𝝀 = 𝟐 

   Generalized exponential distribution, 𝜆 = 2 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
19 6 3 

- - - - - 
(2.84352𝑜) (8.96397𝑜) (15.78105𝑜) 

2 3 
8 2 1 

- - - - - 
(2.84680𝑜) (8.96411𝑜) (15.81887𝑜) 

3 4 
4 1 

- - - - - - 
(2.84350𝑜) (9.02370𝑜) 

4 5 
3 

- - - - - - - 
(2.87140𝑜) 
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Appendix Q continued. 

6 

1 2 23 7 4 2 2 1 1 1 

  (2.79114𝑜) (8.76326𝑜) (15.51850𝑜) (21.61552𝑜) (26.93998𝑜) (30.83203𝑜) (33.51599𝑜) (36.03540𝑜) 

2 3 9 3 2 1 1 
- - - 

  (2.79176𝑜) (8.77551𝑜) (15.80034𝑜) (21.65168𝑜) (27.68790𝑜) 

3 4 5 2 1 
- - - - - 

  (2.79097𝑜) (8.88965𝑜) (15.69116𝑜) 

4 5 3 1 
- - - - - - 

  (2.79176𝑜) (8.77551𝑜) 

8 

1 2 
27 8 4 3 2 2 1 1 

(2.78414𝑜) (8.73827𝑜) (15.42191𝑜) (21.61744𝑜) (26.66103𝑜) (31.06636𝑜) (33.70170𝑜) (35.94415𝑜) 

2 3 
11 3 2 1 1 1 

- - 
(2.78422𝑜) (8.73953𝑜) (15.49612𝑜) (21.54629𝑜) (26.92301𝑜) (31.68964𝑜) 

3 4 
6 2 1 1 

- - - - 
(2.78444𝑜) (8.75995𝑜) (15.46044𝑜) (22.24616𝑜) 

4 5 
4 1 1 

- - - - - 
(2.78643𝑜) (8.73953𝑜) (15.89712𝑜) 
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Appendix Q continued. 

10 

1 2 
30 9 4 3 2 2 1 1 

(2.78526𝑜) (8.74227𝑜) (15.44162𝑜) (21.58157𝑜) (26.67298𝑜) (30.85157𝑜) (33.92820𝑜) (36.09705𝑜) 

2 3 
12 4 2 1 1 1 1 1 

(2.78526𝑜) (8.75044𝑜) (15.44786𝑜) (21.59052𝑜) (26.76741𝑜) (31.14627𝑜) (34.82756𝑜) (38.00946𝑜) 

3 4 
6 2 1 1 1 

- - - 
(2.78577𝑜) (8.74418𝑜) (15.43627𝑜) (21.85897𝑜) (27.70522𝑜) 

4 5 
4 1 1 1 

- - - - 
(2.78526𝑜) (8.75365𝑜) (15.62546𝑜) (22.62185𝑜) 

12 

1 2 
32 9 5 3 2 2 1 1 

(2.78762𝑜) (8.75029𝑜) (15.45264𝑜) (21.60483𝑜) (26.72974𝑜) (30.82628𝑜) (34.10322𝑜) (36.25519𝑜) 

2 3 
13 4 2 1 1 1 1 1 

(2.78764𝑜) (8.75130𝑜) (15.45264𝑜) (21.64644𝑜) (26.75453𝑜) (30.98056𝑜) (34.41267𝑜) (37.24418𝑜) 

3 4 
7 2 1 1 1 1 1 

- 
(2.78765𝑜) (8.74988𝑜) (15.45074𝑜) (21.73740𝑜) (27.25047𝑜) (31.01666𝑜) (36.23381𝑜) 

4 5 
4 1 1 1 1 

- - - 
(2.78802𝑜) (8.77115𝑜) (15.53961𝑜) (22.14209𝑜) (28.27908𝑜) 
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Appendix R 

Optimal number of groups for NTSGChSP-1 when 𝝀 = 𝟑 

   Generalized exponential distribution, 𝜆 = 3 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
122 20 8 4 3 2 1 1 

(0.61661𝑜) (3.46669𝑜) (8.31151𝑜) (14.07898𝑜) (19.89826𝑜) (24.90914𝑜) (29.62835𝑜) (32.21185𝑜) 

2 3 
49 8 3 2 1 1 

- - 
(0.61661𝑜) (3.46669𝑜) (8.30816𝑜) (14.18459𝑜) (19.78793𝑜) (25.38892𝑜) 

3 4 
26 4 2 1 

- - - - 
(0.61661𝑜) (3.46870𝑜) (8.35326𝑜) (14.13174𝑜) 

4 5 
16 3 1 1 

- - - - 
(0.61662𝑜) (3.47179𝑜) (8.30816𝑜) (14.80780𝑜) 
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Appendix R continued. 

6 

1 2 
157 26 10 5 3 2 2 2 

(0.61766𝑜) (3.46925𝑜) (8.30808𝑜) (14.07652𝑜) (19.80111𝑜) (24.89549𝑜) (29.11415𝑜) (32.72683𝑜) 

2 3 
63 10 4 2 1 1 1 1 

(0.61766𝑜) (3.46935𝑜) (8.30808𝑜) (14.07652𝑜) (19.90690𝑜) (24.87864𝑜) (29.30591𝑜) (33.14087𝑜) 

3 4 
34 6 2 1 1 1 1 

- 
(0.61766𝑜) (3.46981𝑜) (8.30876𝑜) (14.08397𝑜) (19.89969𝑜) (25.43196𝑜) (30.63882𝑜) 

4 5 
21 4 1 1 1 1 

- - 
(0.61766𝑜) (3.47101𝑜) (8.34250𝑜) (14.13949𝑜) (20.30387𝑜) (26.60346𝑜) 

8 

1 2 
182 30 12 6 4 3 2 2 

(0.61879𝑜) (3.47647𝑜) (8.32792𝑜) (14.11457𝑜) (19.85843𝑜) (24.96858𝑜) (29.20043𝑜) (32.63148𝑜) 

2 3 
73 12 5 3 2 1 1 1 

(0.61879𝑜) (3.47647𝑜) (8.32838𝑜) (14.12208𝑜) (19.87830𝑜) (24.96358𝑜) (29.23349𝑜) (32.73463𝑜) 

3 4 
39 7 3 2 1 1 1 1 

(0.61879𝑜) (3.47663𝑜) (8.33065𝑜) (14.13984𝑜) (19.87004𝑜) (25.07568𝑜) (29.56458𝑜) (33.42068𝑜) 

4 5 
24 4 2 1 1 1 1 1 

(0.61879𝑜) (3.47647𝑜) (8.33260𝑜) (14.12208𝑜) (19.96193𝑜) (25.36242𝑜) (30.25192𝑜) (34.80061𝑜) 
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Appendix R continued. 

10 

1 2 
202 34 13 7 4 3 2 2 

(0.61935𝑜) (3.48040𝑜) (8.33929𝑜) (14.13838𝑜) (19.89835𝑜) (25.02106𝑜) (29.28975𝑜) (32.70075𝑜) 

2 3 
81 13 5 3 2 1 1 1 

(0.61935𝑜) (3.48041𝑜) (8.33930𝑜) (14.13907𝑜) (19.90083𝑜) (25.03311𝑜) (29.28818𝑜) (32.73223𝑜) 

3 4 
43 7 3 2 1 1 1 1 

(0.61935𝑜) (3.48040𝑜) (8.33955𝑜) (14.14396𝑜) (19.89877𝑜) (25.05096𝑜) (29.39164𝑜) (32.95741𝑜) 

4 5 
27 5 2 1 1 1 1 1 

(0.61935𝑜) (3.48051𝑜) (8.34002𝑜) (14.13907𝑜) (19.92570𝑜) (25.14069𝑜) (29.61601𝑜) (33.42798𝑜) 

12 

1 2 
218 36 14 7 5 3 3 2 

(0.61964𝑜) (3.48249𝑜) (8.34564𝑜) (14.15180𝑜) (19.92095𝑜) (25.05674𝑜) (29.33822𝑜) (32.75898𝑜) 

2 3 
87 15 6 3 2 2 1 1 

(0.61964𝑜) (3.48249𝑜) (8.34573𝑜) (14.15169𝑜) (19.92095𝑜) (25.06827𝑜) (29.33291𝑜) (32.76958𝑜) 

3 4 
47 8 3 2 1 1 1 1 

(0.61964𝑜) (3.48249𝑜) (8.34564𝑜) (14.15317𝑜) (19.92057𝑜) (25.06512𝑜) (29.37064𝑜) (32.85624𝑜) 

4 5 
29 5 2 1 1 1 1 1 

(0.61964𝑜) (3.48249𝑜) (8.34573𝑜) (14.15169𝑜) (19.92973𝑜) (25.09861𝑜) (29.45666𝑜) (32.04189𝑜) 
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Appendix S 

Optimal number of groups for TSGChSP-1 when 𝝀 = 𝟏 

   Generalized exponential distribution, 𝜆 = 1 

      Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

6 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

  



 

 166 

Appendix S continued. 

8 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

10 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

12 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 
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Appendix T 

Optimal number of groups for TSGChSP-1 when 𝝀 = 𝟐 

   Generalized exponential distribution, 𝜆 = 2 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
12 

- - - - - - - 
(3.20036𝑜) 

2 3 
6 

- - - - - - - 
(3.02207𝑜) 

3 4 
3 1 

- - - - - - 
(3.01436𝑜) (9.34815𝑜) 

4 5 
2 

- - - - - - - 
(2.96454𝑜) 
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Appendix T continued. 

6 

1 2 
19 6 3 

- 
1 

- - - 
(2.95479𝑜) (9.32650𝑜) (16.49435𝑜) (29.07976𝑜) 

2 3 
8 3 1 1 

- - - - 
(2.89256𝑜) (9.17497𝑜) (16.28044𝑜) (22.73111𝑜) 

3 4 
5 1 1 

- - - - - 
(2.86625𝑜) (9.20348𝑜) (16.31258𝑜) 

4 5 
3 1 

- - - - - - 
(2.84779𝑜) (8.99307𝑜) 

8 

1 2 
22 6 3 2 2 1 1 

- 
(2.89534𝑜) (9.12704𝑜) (16.15804𝑜) (22.58917𝑜) (28.29692𝑜) (32.24972𝑜) (35.38906𝑜) 

2 3 
9 3 2 1 1 

- - - 
(2.85386𝑜) (8.98464𝑜) (16.09126𝑜) (22.23032𝑜) (28.08961𝑜) 

3 4 
5 2 1 1 

- - - - 
(2.83478𝑜) (8.97492𝑜) (15.85578𝑜) (23.08260𝑜) 

4 5 
3 1 1 

- - - - - 
(2.82660𝑜) (8.87404𝑜) (16.35659𝑜) 
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Appendix T continued. 

10 

1 2 
24 7 4 2 2 1 1 1 

(2.86580𝑜) (9.02287𝑜) (15.99249𝑜) (22.38353𝑜) (27.80135𝑜) (32.07930𝑜) (35.07084𝑜) (37.65745𝑜) 

2 3 
10 3 2 1 1 1 

- - 
(2.83566𝑜) (8.91703𝑜) (15.85670𝑜) (22.05620𝑜) (27.58838𝑜) (32.34722𝑜) 

3 4 
6 2 1 1 1 

- - - 
(2.82251𝑜) (8.89053𝑜) (15.70779𝑜) (22.45002𝑜) (28.68481𝑜) 

4 5 
4 1 1 1 

- - - - 
(2.81585𝑜) (8.84367𝑜) (15.94728𝑜) (23.29918𝑜) 

12 

1 2 
25 7 4 2 2 1 1 1 

(2.84857𝑜) (8.96597𝑜) (15.86553𝑜) (22.27857𝑜) (27.54902𝑜) (31.99449𝑜) (34.91049𝑜) (37.40091𝑜) 

2 3 
11 3 2 1 1 1 1 1 

(2.82599𝑜) (8.88641𝑜) (15.74927𝑜) (21.98008𝑜) (27.36019𝑜) (31.88106𝑜) (35.62190𝑜) (38.76251𝑜) 

3 4 
6 2 1 1 1 1 

- - 
(2.81558𝑜) (8.85534𝑜) (15.64749𝑜) (22.17544𝑜) (27.99070𝑜) (33.08356𝑜) 

4 5 
4 1 1 1 

- - - - 
(2.80987𝑜) (8.83481𝑜) (15.77676𝑜) (22.65199𝑜) 
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Appendix U 

Optimal number of groups for TSGChSP-1 when 𝝀 = 𝟑 

   Generalized exponential distribution, 𝜆 = 3 

   Specified constant, 𝑎 

Mean ratio 𝑖 𝑟 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

2 

1 2 - - - - - - - - 

2 3 - - - - - - - - 

3 4 - - - - - - - - 

4 5 - - - - - - - - 

4 

1 2 
98 16 6 3 2 

- 
1 

- 
(0.64262𝑜) (3.63904𝑜) (8.77934𝑜) (14.98385𝑜) (21.10026𝑜) (31.12524𝑜) 

2 3 
43 7 3 2 1 

- - - 
(0.63276𝑜) (3.57303𝑜) (8.61278𝑜) (14.88640𝑜) (20.62569𝑜) 

3 4 
24 4 2 1 

- - - - 
(0.62831𝑜) (3.54374𝑜) (8.61842𝑜) (14.59664𝑜) 

4 5 
15 3 1 

- - - - - 
(0.62577𝑜) (3.54184𝑜) (8.47470𝑜) 
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Appendix U continued. 

6 

1 2 
120 20 8 4 3 2 2 1 

(0.62824𝑜) (3.54268𝑜) (8.51788𝑜) (14.48041𝑜) (20.45973𝑜) (25.73296𝑜) (30.50596𝑜) (33.68106𝑜) 

2 3 
52 9 3 2 1 1 1 1 

(0.62433𝑜) (3.51567𝑜) (8.44653𝑜) (14.34297𝑜) (20.21334𝑜) (25.50591𝑜) (30.30393𝑜) (34.55071𝑜) 

3 4 
29 5 2 1 1 1 

- - 
(0.62254𝑜) (3.50314𝑜) (8.40609𝑜) (14.25962𝑜) (20.32158𝑜) (26.19727𝑜) 

4 5 
19 3 1 1 1 

- - - 
(0.62152𝑜) (3.49593𝑜) (8.39998𝑜) (14.35441𝑜) (20.79469𝑜) 

8 

1 2 
135 23 9 5 3 2 2 1 

(0.62403𝑜) (3.51380𝑜) (8.43683𝑜) (14.33330𝑜) (20.19839𝑜) (25.43350𝑜) (29.89288𝑜) (33.46673𝑜) 

2 3 
58 10 4 2 1 1 1 1 

(0.62211𝑜) (3.50013𝑜) (8.39744𝑜) (14.25020𝑜) (20.15510𝑜) (25.27018𝑜) (29.74339𝑜) (33.48439𝑜) 

3 4 
33 6 2 1 1 1 1 1 

(0.62123𝑜) (3.49446𝑜) (8.37868𝑜) (14.22176𝑜) (20.07696𝑜) (25.46875𝑜) (30.19578𝑜) (34.32412𝑜) 

4 5 
21 4 2 1 1 1 1 

- 
(0.62072𝑜) (3.49131𝑜) (8.38831𝑜) (14.22541𝑜) (20.21040𝑜) (25.82440𝑜) (30.97625𝑜) 
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Appendix U continued. 

10 

1 2 
147 25 10 5 3 2 2 2 

(0.62232𝑜) (3.50185𝑜) (8.40327𝑜) (14.26542𝑜) (20.10579𝑜) (25.32692𝑜) (29.67567𝑜) (33.29183𝑜) 

2 3 
63 11 4 2 2 1 1 1 

(0.62123𝑜) (3.49407𝑜) (8.37952𝑜) (14.22209𝑜) (20.07265𝑜) (25.20155𝑜) (29.57725𝑜) (33.16711𝑜) 

3 4 
35 6 2 1 1 1 1 1 

(0.62073𝑜) (3.49040𝑜) (8.37200𝑜) (14.21444𝑜) (20.01327𝑜) (25.27423𝑜) (29.76057𝑜) (33.50205𝑜) 

4 5 
22 4 2 1 1 1 1 1 

(0.62045𝑜) (3.48845𝑜) (8.37013𝑜) (14.19559𝑜) (20.06562𝑜) (25.40947𝑜) (30.05261𝑜) (34.05994𝑜) 

12 

1 2 
156 26 10 5 4 3 2 2 

(0.62148𝑜) (3.49593𝑜) (8.38577𝑜) (14.23519𝑜) (20.06153𝑜) (25.26530𝑜) (29.57824𝑜) (33.12476𝑜) 

2 3 
67 11 4 2 2 1 1 1 

(0.62081𝑜) (3.49104𝑜) (8.37203𝑜) (14.21054𝑜) (20.02509𝑜) (25.17424𝑜) (29.51076𝑜) (33.04093𝑜) 

3 4 
37 6 3 2 1 1 1 1 

(0.2050𝑜) (3.48882𝑜) (8.36723𝑜) (14.20740𝑜) (19.98993𝑜) (25.20251𝑜) (29.60158𝑜) (33.20375𝑜) 

4 5 
24 4 2 1 1 1 1 1 

(0.62032𝑜) (3.48746𝑜) (8.36370𝑜) (14.18568𝑜) (20.01533𝑜) (25.26628𝑜) (29.73519𝑜) (33.45510𝑜) 
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